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2Al-Farabi Kazakh National University,
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Well-posedness criteria for one family of boundary value problems
This paper considers a family of linear two-point boundary value problems for systems of ordinary differential
equations. The questions of existence of its solutions are investigated and methods of finding approximate
solutions are proposed. Sufficient conditions for the existence of a family of linear two-point boundary value
problems for systems of ordinary differential equations are established. The uniqueness of the solution
of the problem under consideration is proved. Algorithms for finding an approximate solution based on
modified of the algorithms of the D.S. Dzhumabaev parameterization method are proposed and their
convergence is proved. According to the scheme of the parameterization method, the problem is transformed
into an equivalent family of multipoint boundary value problems for systems of differential equations. By
introducing new unknown functions we reduce the problem under study to an equivalent problem, a Volterra
integral equation of the second kind. Sufficient conditions of feasibility and convergence of the proposed
algorithm are established, which also ensure the existence of a unique solution of the family of boundary
value problems with parameters. Necessary and sufficient conditions for the well-posedness of the family of
linear boundary value problems for the system of ordinary differential equations are obtained.

Keywords: Family of linear boundary value problems, multipoint boundary value problem, existence of
solution, singular solution, well-posedness, necessary and sufficient condition.

Introduction

Problem statement and research methods

This paper is devoted to the study of a family of linear boundary value problems for differential
equations

∂v

∂t
= A(x, t)v + f(x, t), (x, t) ∈ [0, ω]× (0, T ), (1)

B1(x)v(x, 0) +B2(x)v(x, T ) = d(x), x ∈ [0, ω], (2)

where (n× n)-matrix A(x, t) e n-vector-function f(x, t) are continuous on [0, ω]× [0, T ], B1(x), B2(x)
and n-vector-function d(x) are continuous on [0, ω], x is a parameter of the family (x ∈ [0, ω]);
‖A(x, t)‖ ≤ a0, ‖v(x, t)‖ = max

i=1,n
‖vi(x, t)‖.

∗Corresponding author.
E-mail: temeshevasvetlana@gmail.com
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In the present paper problem (1), (2) is investigated by the parameterization method [1].
The originallity of the parameterization method lies in the simple idea of introducing parameters at

some points of the set on which the boundary value problem is considered, which subsequently allows
us to construct an algorithm for finding a solution, obtain sufficient solvability conditions, establish
solvability criteria for linear and nonlinear two-point boundary value problems, multipoint boundary
value problems, boundary value problems with impulse influence, singular boundary value problems,
nonlocal boundary value problems for differential equations, loaded differential equations, integro-
differential Fredholm equations, differential equations with delayed argument, partial differential equa-
tions and others. These results are presented in the works of Dzhumabaev and his students (Assanova
[2], Temesheva [3–7], Orumbayeva [8–10], Uteshova [11, 12], Iskakova [13, 14], Imanchiyev [15, 16],
Bakirova [17], Kadirbayeva [18], Tleulessova [19], Abildayeva [20], Abdimanapova [21]).

Dzhumabaev and Assanova [22] studied a nonlocal boundary value problem for systems of linear
hyperbolic equations with mixed derivative. A special substitution allowed to reduce this problem to
an equivalent boundary value problem, which can be considered as a family of two-point boundary
value problems for systems of ordinary differential equations, where the spatial variable servers as a
parameter of the family.

This approach can also be used to study the linear nonlocal boundary value problem for a system
of partial differential equations (m = 1, 2, . . .)

∂m+1u

∂t∂xm
= A(x, t)

∂mu

∂xm
+ f (x, t) , u ∈ Rn, (x, t) ∈ [0, ω]× (0, T ),

∂ku

∂xk

∣∣∣∣
x=0

= ψk(t), t ∈ [0, T ], k = 0, 1, . . . ,m− 1,
∂0u

∂x0
= 0,

B1(x)
∂mu(x, t)

∂xm

∣∣∣∣
t=0

+B2(x)
∂mu(x, t)

∂xm

∣∣∣∣
t=T

= d(x).

This fact motivated us to investigate problem (1), (2).
In this paper problem (1), (2) is investigated by the parameterization method with a modified

algorithm. Sufficient conditions for the existence of a unique solution are obtained. The well-posedness
criteria for problem (1), (2) are established.

Notation

• N is a natural number;
• ν is a natural number;
• Ωr = [0, ω]× [(r − 1)h, rh), h = T/N , r = 1, N ;
• C([0, ω],Rn) is the space of continuous functions d : [0, ω] → Rn with the norm ‖d‖0 =

max
x∈[0,ω]

‖d(x)‖;

• C([0, ω]× [0, T ], Rn) is the space of continuous functions v : [0, ω]× [0, T ]→ Rn with the norm
‖v‖1 = max

(x,t)∈[0,ω]×[0,T ]
‖v(x, t)‖;

• the index r takes on the values 1, 2, . . . , N ;
• the index s takes on the values 1, 2, . . . , N + 1;
• C([0, ω]×[0, T ], Ωr,RnN ) is the space of systems of functions v(x, [t]) = (v1(x, t), v2(x, t), . . . , vN (x, t))
with the norm ‖v‖2 = max

r=1,N
sup

(x,t)∈Ωr

‖vr(x, t)‖, where the function vr : Ωr → Rn is continuous

and has a finite limit at t→ rh− 0 uniformly with respect to x ∈ [0, ω] for all r;
• C([0, ω], Rn(N+1)) is the space of functions λ(x) = (λ1(x), λ2(x), . . . , λN+1(x)) with the norm
‖λ‖3 = max

s=1,N+1
max
x∈[0,ω]

‖λs(x)‖, where λs : [0, ω]→ Rn are continuous for all s;

6 Bulletin of the Karaganda University



Well-posedness criteria for one ...

• C([0, T ], Rn) is the space of continuous functions v : [0, T ] → Rn with the norm ‖v‖4 =
max
t∈[0,T ]

‖v(t)‖;

• I is the identity matrix of size n;
• O is the zero matrix of size n× n;
• O〈1〉 is the first column of the matrix O.

1 Solvability of a family problems (1), (2)

Definition 1. v∗(x, t) ∈ C([0, ω] × [0, T ], Rn), continuously differentiable with respect to t and
satisfying equation (1) and boundary conditions (2) for each fixed x ∈ [0, ω], is called a solution of the
problem (1), (2).

Problem (1), (2) is investigated by the parameterization method [1]. For a fixed N , we make the

partition [0, ω]× [0,T ) =
N⋃
r=1

Ωr.

According to the scheme of the parameterization method, the problem (1), (2) is transformed into
the equivalent family of multipoint boundary value problems with parameter for systems of differential
equations

∂ṽr
∂t

= A(x, t)(ṽr + λr(x)) + f(x, t), (3)

ṽr(x, (r − 1)h) = 0, (4)

B1(x)λ1(x) +B2(x)λN+1(x) = d(x), (5)

λr(x) + lim
t→rh−0

ṽr(x, t)− λr+1(x) = 0, r = 1, N, (6)

where (x, t) ∈ Ωr, x ∈ [0, ω], λr(x) = v(x, (r − 1)h), λN+1(x) = lim
t→T−0

v(x, t), ṽr(x, t) = v(x, t) −

λr(x), r = 1, N . A solution of problem (3)–(6) is a pair (λ∗(x), ṽ∗(x, [t]))
(
λ∗(x) ∈ C([0, ω],Rn(N+1)),

ṽ∗(x, [t]) ∈ C([0, ω]×[0, T ],Ωr,RnN )
)
such that for each r is continuous and continuously differentiable

with respect to t on Ωr function ṽ∗r (x, t) at λr(x) = λ∗r(x) satisfies equation (3), condition (4), and
λ∗1(x), λ∗N+1(x), λ∗r(x), lim

t→rh−0
ṽ∗r (x, t), satisfy (5), (6).

If the family of pairs (λ∗(x), ṽ∗(x, [t])) is a solution of the family of problems (3)–(6), then the
family of functions

v∗(x, t) =

{
λ∗r(x) + ṽ∗r (x, t) for (x, t) ∈ Ωr, r = 1, N,
λ∗N+1(x) for x ∈ [0, ω], t = T

is a solution to the family of boundary value problems (1), (2).
If the family of systems of functions v̂(x, [t]) = (v̂1(x, t), v̂2(x, t), . . . , v̂N (x, t)) is a solution to

problem (1)-(2), then the solution to problem (3)–(6) is the pair (λ̂(x), ̂̃v(x, [t])) with elements λ̂(x) =
(λ̂1(x), λ̂2(x), . . . , λ̂N+1(x)), λ̂r(x) = v̂r(x, (r − 1)h), r = 1, N , λ̂N+1(x) = lim

t→T−0
v̂N (x, t), x ∈ [0, ω],̂̃v(x, [t]) = (̂̃v1(x, t), ̂̃v2(x, t), . . . , ̂̃v2(x, t)), ̂̃vr = v̂r(x, t)− v̂r(x, (r − 1)h), (x, t) ∈ Ωr, r = 1, N .

In problem (3)–(6), the initial conditions (4) appeared for elements of the family of systems of
functions ṽ(x, [t]). For a known λr(x), the Cauchy problem (3), (4) on Ωr is equivalent to the family
of Volterra integral equations of the second kind:

ṽr(x, t) =

t∫
(r−1)h

A(x, τ)ṽr(x, τ)dτ +

t∫
(r−1)h

A(x, τ)dτ · λr(x) +

t∫
(r−1)h

f(x, τ)dτ. (7)

Mathematics series. No. 4(112)/2023 7
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In (7), replacing ṽr(x, τ) by the right hand side of (7) and repeating this process ν times, we obtain
the following representation of the function ṽr(x, t):

ṽr(x, t) = Dν,r(x, t) · λr(x) + Fν,r(x, t) +Gν,r(x, t, ṽ), (8)

where

Dν,r(x, t) =

t∫
(r−1)h

A(x, τ1)dτ1 +

t∫
(r−1)h

A(x, τ1)

τ1∫
(r−1)h

A(x, τ2)dτ2dτ1 + . . .+

+

t∫
(r−1)h

A(x, τ1)

τ1∫
(r−1)h

A(x, τ2) . . .

τν−1∫
(r−1)h

A(x, τν)dτν . . . dτ2dτ1,

Fν,r(x, t) =

t∫
(r−1)h

f(x, τ1)dτ1 +

t∫
(r−1)h

A(x, τ1)

τ1∫
(r−1)h

f(x, τ2)dτ2dτ1 + . . .+

+

t∫
(r−1)h

A(x, τ1) . . .

τν−2∫
(r−1)h

A(x, τν−1)

τν−1∫
(r−1)h

f(x, τν)dτνdτν−1 . . . dτ1,

Gν,r(t, x, ṽ) =

t∫
(r−1)h

A(x, τ1) . . .

τν−1∫
(r−1)h

A(x, τν)ṽr(x, τν)dτν . . . dτ1,

t ∈ [(r − 1)h, rh), r = 1, N.
Determining from (8) the limits

lim
t→rh−0

ṽr(x, t) = Dν,r(x, rh) · λr(x) + Fν,r(x, rh) +Gν,r(rh, x, ṽ), x ∈ [0, ω], r = 1, N,

substituting them into (5), (6) and multiplying (5) by h > 0, we obtain the family of systems of linear
algebraic equations with respect to λr(x), x ∈ [0, ω]:

hB1(x)λ1(x) + hB2(x)λN+1(x) = hd(x), (9)

(I +Dν,r(x, rh))λr(x)− λr+1(x) = −Fν,r(x, rh)−Gν,r(rh, x, ṽ), r = 1, N. (10)

We write system (9), (10) in the form:

Qν(h, x)λ(x) = −Fν(h, x)−Gν(h, x, ṽ), λ(x) ∈ C([0, ω],Rn(N+1)),

where

Qν(h, x) =



hB1(x) O O . . . O hB2(x)
I +Dν,1(x, h) −I O . . . O O

O I +Dν,2(x, 2h) −I . . . O O
. . . . . . . . . . . . . . . . . .
O O O . . . −I O
O O O . . . I +Dν,N (x,Nh) −I

 ,

8 Bulletin of the Karaganda University



Well-posedness criteria for one ...

Fν(h, x) = (−hd(x), Fν,1(h, x), Fν,2(2h, x), . . . , Fν,N (Nh, x)),

Gν(h, x, ṽ) = (O〈1〉, Gν,1(h, x, ṽ), Gν,2(2h, x, ṽ), . . . , Gν,N (Nh, x, ṽ)).

As can be seen, the process of finding a solution to problem (1), (2) is reduced to solving a family of
systems of linear algebraic equations (10) for some ṽ(x, [t]) and solving the family of Cauchy problems
(3), (4) on Ωr when λr(x), r = 1, N is found.

Let us describe the algorithm for finding a solution to problem (3)–(6). Let the matrix Qν(h, x) be
reversible for all x ∈ [0, ω].

Step 0. (a) The family of parameters λ(1)(x) is found from the equation Qν(h, x)λ(x) = −Fν(h, x).
(b) We determine the components of the system of functions ṽ(0)(x, [t]) by solving the Cauchy

problems (3), (4) on Ωr at λr(x) = λ
(0)
r (x), r = 1, N .

(c) On [0, ω]× [0, T ] we define the function

v(0)(x, t) =

{
λ

(0)
r (x) + ṽ

(0)
r (x, t) for (x, t) ∈ Ωr, r = 1, N,

λ
(0)
N+1(x) for x ∈ [0, ω], t = T.

Step 1. (a) The family of parameters λ(1)(x) is found from the equation Qν(h, x)λ(x) = −Fν(h, x)−
Gν(h, x, ṽ(0)).

(b) We determine the components of the system of functions ṽ(1)(x, [t]) by solving the Cauchy
problems (3), (4) on Ωr at λr(x) = λ

(1)
r (x), r = 1, (N + 1).

(c) On [0, ω]× [0, T ] we define the function

v(1)(x, t) =

{
λ

(1)
r (x) + ṽ

(1)
r (x, t) for (x, t) ∈ Ωr, r = 1, N,

λ
(1)
N+1(x) for x ∈ [0, ω], t = T.

At the k-th step, we find the pair (λ(k)(x), ṽ(k)(x, [t])), k = 0, 1, 2, . . .. On Ω̄ we define the piecewise
continuous function

v(k)(x, t) =

{
λ

(k)
r (x) + ṽ

(k)
r (x, t) for (x, t) ∈ Ωr, r = 1, N,

λ
(k)
N+1(x) for x ∈ [0, ω], t = T.

Condition 1. For some h > 0 : Nh = T , ν and for any x ∈ [0, ω] the matrix Qν(h, x) : Rn(N+1) →
Rn(N+1) is invertible and the following inequalities are satisfied:

‖(Qν(h, x))−1‖ ≤ γν(h, x) ≤ γν(h),

qν(h) = γν(h)
{
ea0h −

ν∑
j=0

(a0h)j

j!

}
< 1. (11)

The following statement establishes sufficient conditions for the feasibility and convergence of the
proposed algorithm. It should be noted that this statement ensures the existence of a unique solution
of the family of boundary value problems with parameters (3)–(6).

Theorem 1. Let Condition 1 be met. Then the sequence of pairs (λ(k)(x), ṽ(k)(x, [t])) converges to
the unique solution (λ∗(x), ṽ∗(x, [t])) of problem (3)–(6) and the following estimates hold true:

‖λ∗ − λ(k)‖3 6
qν(h)

1− qν(h)
‖λ(k) − λ(k−1)‖3, (12)

‖ṽ∗r (x, t)− ṽ(k)
r (x, t)‖ ≤

(
ea0(t−(r−1)h) − 1

)
‖λ∗r(x)− λ(k)

r (x)‖, (13)

where k = 1, 2, . . ., (x, t) ∈ Ωr, r = 1, N .
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Proof. The continuity of the matricesA(x, t) andB1(x),B2(x) on [0, ω]×[0, T ] and [0, ω], respectively,
implies the continuity of the matrix Qν(h, x) : Rn(N+1) → Rn(N+1) on [0, ω]. Let us fix x̃, x̂ ∈ [0, ω].
The matrix (Qν(h, x))−1 : Rn(N+1) → Rn(N+1) is continuous for all x ∈ [0, ω], since the inequality
‖(Qν(h, x̃))−1 − (Qν(h, x̂))−1‖ ≤ γ2

ν(h))‖Qν(h, x̂)−Qν(h, x̃)‖ holds.
The solution of problem (3)-(6) is found by the algorithm. Solving the equation Qν(h, x)λ(x) =

−Fν(h, x), we find λ(0)(x). Since the matrix (Qν(h, x))−1 and the vector Fν(h, x) are continuous for
all x ∈ [0, ω], we have λ(0)(x) ∈ C([0, ω],Rn(N+1)) and

‖λ(0)‖3 ≤ γν(h)hmax
{

1,
ν−1∑
j=0

(a0h)j

j!

}
max{‖d‖0, ‖f‖1}.

For any r and x ∈ [0, ω], we find the function ṽ
(0)
r (x, t) from the Cauchy problem (3), (4) with

λr(x) = λ
(0)
r (x):

∂ṽr
∂t

= A(x, t)ṽr +A(x, t)λ(0)
r (x) + f(x, t), ṽr(x, (r − 1)h) = 0, r = 1, N.

Then for ṽ(0)
r (x, t) we have the estimate

‖ṽ(0)
r (x, t)‖ ≤

(
ea0(t−(r−1)h) − 1

)
‖λ(0)

r (x)‖+ (t− (r − 1)h)ea0(t−(r−1)h)‖f‖1,

whence it follows that
‖ṽ(0)‖2 ≤

(
ea0h − 1

)
‖λ(0)‖3 + hea0h‖f‖1.

Then, following the algorithm, we solve the equation Qν(h, x)λ(x) = −Fν(h, x)−Gν(h, x, ṽ(0)) and
find λ(1)(x). We have

‖λ(1) − λ(0)‖3 = ‖ − (Qν(h, x))−1 ·Gν(h, x, ṽ(0))‖ ≤ γν(h) max
r=1,N

‖Gν,r(rh, x, ṽ(0))‖
}
≤

≤ γν(h) max
r=1,N

{ rh∫
(r−1)h

a0 . . .

τν−1∫
(r−1)h

a0‖ṽ(0)
r (x, τν)‖dτν . . . dτ1

}
≤ γν(h)

(a0h)ν

ν!
‖ṽ(0)‖2.

We define the components of the system of functions ṽ(1)(x, [t]) = (ṽ
(1)
1 (x, t), ṽ

(1)
2 (x, t), . . . , ṽ

(1)
N (x, t))

by solving the Cauchy problem (3), (4) with λr(x) = λ
(1)
r (x):

∂ṽr
∂t

= A(x, t)ṽr +A(x, t)λ(1)
r (x) + f(x, t), ṽr(x, (r − 1)h) = 0, r = 1, N.

The difference (ṽ
(1)
r (x, t)− ṽ(0)

r (x, t)) is estimated as follows:

‖ṽ(1)
r (x, t)− ṽ(0)

r (x, t)‖ ≤
(
ea0(t−(r−1)h) − 1

)
‖λ(1)

r (x)− λ(0)
r (x)‖.

We assume that the pair (λ(k−1)(x), ṽ(k−1)(x, [t])) is determined and for all (x, t) ∈ Ωr the following
inequalities hold:

‖λ(k−1) − λ(k−2)‖3 ≤ qν(h)‖λ(k−2) − λ(k−3)‖3,

‖ṽ(k−1)
r (x, t)− ṽ(k−2)

r (x, t)‖ ≤
(
ea0(t−(r−1)h) − 1

)
‖λ(k−1)

r (x)− λ(k−2)
r (x)‖. (14)

At the k-th step of the algorithm, solving the equation Qν(h, x)λ(x) = −Fν(h, x)−Gν(h, x, ṽ(k−1)),
we find λ(k)(x). Taking into account (14), we establish that

‖λ(k) − λ(k−1)‖3 ≤ qν(h)‖λ(k−1) − λ(k−2)‖3, k = 2, 3, . . . . (15)

10 Bulletin of the Karaganda University



Well-posedness criteria for one ...

We define the components of the system of functions ṽ(k)(x, [t]) = (ṽ
(k)
1 (x, t), ṽ

(k)
2 (x, t), . . . , ṽ

(k)
N (x, t))

by solving the Cauchy problem (3), (4) with λr(x) = λ
(k)
r (x):

∂ṽr
∂t

= A(x, t)ṽr +A(x, t)λ(k)
r (x) + f(x, t), ṽr(x, (r − 1)h) = 0, r = 1, N.

For all (x, t) ∈ Ωr, r = 1, N (k = 1, 2, 3, . . .) we estimate the difference (ṽ
(k)
r (x, t)− ṽ(k−1)

r (x, t)):

‖ṽ(k)
r (x, t)− ṽ(k−1)

r (x, t)‖ ≤
(
ea0(t−(r−1)h) − 1

)
‖λ(k)

r (x)− λ(k−1)
r (x)‖. (16)

By the condition of Theorem, qν(h) < 1, so it follows from (15), (16) that the pair (λ(k)(x), ṽ(k)(x, [t])),
k = 0, 1, 2, . . ., converges to (λ∗(x), ṽ∗(x, [t])), the solution of problem (3)–(6) in C([0, ω],Rn(N+1)) ×
C([0, ω]× [0, T ],Ωr,RnN ).

It is not difficult to establish the validity of the inequalities:

‖λ(k+`) − λ(k)‖3 6
qν(h)

1− qν(h)
‖λ(k) − λ(k−1)‖3, (17)

‖λ(k) − λ(0)‖3 6
1− qkν (h)

1− qν(h)
γν(h)

(a0h)ν

ν!
‖ṽ(0)‖2,

‖ṽ(k+`)
r (x, t)− ṽ(k)

r (x, t)‖ ≤
(
ea0(t−(r−1)h) − 1

)
‖λ(k+`)

r (x)− λ(k)
r (x)‖, (18)

‖ṽ(k)
r (x, t)− ṽ(0)

r (x, t)‖ ≤
(
ea0(t−(r−1)h) − 1

)
‖λ(k)

r (x)− λ(0)
r (x)‖,

(x, t) ∈ Ωr, r = 1, N , k = 1, 2, . . .. In the inequalities (17), (18), letting ` → ∞, we establish the
validity of the estimates (12), (13).

Let us show the uniqueness of the solution of problem (3)–(6). Let v∗(x, t) and v̂(x, t) be two
solutions of problem (1), (2). Then the pairs (λ∗(x), ṽ∗(x, [t])) and (λ̂(x), ̂̃v(x, [t])) are solutions to the
boundary value problem (3)–(6), here

λ∗(x) ∈ C([0, ω], Rn(N+1)), λ∗s(x) = v∗(x, (s− 1)h), s = 1, N + 1,

ṽ∗r (x, [t]) ∈ C([0, ω]× [0, T ], Ωr,RnN ),

ṽ∗r (x, t) = v∗(x, t)− v∗(x, (r − 1)h), (x, t) ∈ Ωr, r = 1, N,

λ̂(x) ∈ C([0, ω], Rn(N+1)), λ̂s(x) = v̂(x, (s− 1)h), s = 1, N + 1,̂̃v(x, [t]) ∈ C([0, ω]× [0, T ], Ωr,RnN ),̂̃vr(x, t) = v̂(x, t)− v̂(x, (r − 1)h), (x, t) ∈ Ωr, r = 1, N.

Under our assumptions, the following equations hold:

ṽ∗r (x, t) =

t∫
(r−1)h

A(x, τ)ṽ∗r (x, τ)dτ +

t∫
(r−1)h

A(x, τ)dτ · λ∗r(x) +

t∫
(r−1)h

f(x, τ)dτ,

̂̃vr(x, t) =

t∫
(r−1)h

A(x, τ)̂̃vr(x, τ)dτ +

t∫
(r−1)h

A(x, τ)dτ · λ̂r(x) +

t∫
(r−1)h

f(x, τ)dτ,

Q−1
ν (h, x)λ∗(x) = −

(
Fν(h, x) +Gν(h, x, ṽ∗)

)
,
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Q−1
ν (h, x)λ̂(x) = −

(
Fν(h, x) +Gν(h, x, ̂̃v)

)
.

Then the following inequalities are true

‖ṽ∗ − ̂̃v‖2 ≤ (ea0h − 1
)
· ‖λ∗ − λ̂‖3, (19)

‖λ∗ − λ̂‖3 ≤ qν(h)‖λ∗ − λ̂‖3.

Hence, by virtue of inequality (11), λ∗(x) = λ̂(x). Then from (19) we obtain that v∗(x, t) = v̂(x, t)
for (x, t) ∈ [0, ω]× [0, T ]. Theorem 1 is proved.

Since problem (1), (2) and problem (3)–(6) are equivalent, the following statement holds true.

Corollary 1. Let Condition 1 be met. Then the sequence v(k)(x, t) (k = 0, 1, 2, . . .) converges to the
unique solution v∗(x, t) of problem (1), (2) and the following estimates are true:

‖v∗ − v(0)‖1 ≤
γν(h)ea0h

1− qν(h)
· (a0h)ν

ν!

((
ea0h − 1

)
max

s=1,N+1
max
x∈[0,ω]

‖v(0)(x, (s− 1)h)‖+ hea0h‖f‖1
)
.

2 Well-posedness criteria for the family of problems (1), (2)

Definition 2. The boundary value problem (1), (2) is called well-posed if for any f(x, t) ∈ C([0, ω]×
[0, T ],Rn), d(x) ∈ C([0, ω],Rn) it has a unique solution v(x, t) and

‖v‖1 ≤ K max
{
‖d‖1, ‖f‖1

}
,

where K is a constant, independent of f(x, t) and d(x). The number K is called the well-posedness
constant of problem (1), (2).

Let us consider the equation

1

h
Q∗(h, x)λ(x) = −F∗(h,A, f, d, x), λ(x) ∈ C([0, ω],Rn(N+1)),

where Q∗(h, x) = lim
ν→∞

Qν(h, x), F∗(h,A, f, d, x) = lim
ν→∞

1

h
Fν(h, x).

Theorem 2. The boundary value problem (1), (2) is well-posed for all x ∈ [0, ω] if and only if there
exists h0 ∈ (0, T ] such that for any h ∈ (0, h0] : Nh = T there is a number ν = ν(h), such that the
matrix Qν(h, x) : Rn(N+1) → Rn(N+1) is invertible and the following inequalities hold:

‖(Qν(h, x))−1‖ ≤ γν(h), (20)

qν(h) = γν(h)
{
ea0h −

ν∑
j=0

(a0h)j

j!

}
< 1. (21)

Proof. The sufficiency of the conditions of Theorem 2 for the well-posedness of problem (1), (2)
follows from Corollary 1.

Necessity. Let problem (1), (2) be well-posed with a constant K. Problem (1), (2) for every fixed
x̂ ∈ [0, ω] is a linear two-point boundary value problem for the ordinary differential equation:

dv̂

dt
= Â(t)v̂ + f̂(t), t ∈ (0, T ), v̂ ∈ Rn, (22)

B̂1v̂(0) + B̂2v̂(T ) = d̂. (23)
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Here v̂(t) = v(x̂, t), Â(t) = A(x̂, t), f̂(t) = f(x̂, t),B̂1 = B1(x̂), B̂2 = B2(x̂), d̂ = d(x̂).
Since for f(x, t) = f̂(t), d(x) = d̂ we have:

‖v̂∗‖4 = max
t∈[0,T ]

‖v∗(x̂, t)‖ ≤ max
(x,t)∈[0,ω]×[0,T ]

‖v∗(x, t)‖ ≤ K max{‖d‖0, f‖1} = K max{‖d̂‖, ‖f̂‖4},

then the correct solvability of problem (1), (2) follows from the correct solvability of problem (22), (23)
with constant K for every fixed x̂ ∈ [0, ω].

For any ε > 0 there is h0 ∈ (0, T ], satisfying the inequality

1

a0h0
(ea0h0 − 1− a0h0) ≤ ε

(2 + ε)(1 + ε)
.

Then, by Theorem 3 [1; p. 42], we obtain the following estimate for all h ∈ (0, h0] : Nh = T :

‖(Q∗(h, x̂))−1‖ 6 (1 + ε)K

h
.

In view of the arbitrariness of x̂ ∈ [0, ω], we obtain

‖(Q∗(h, x))−1‖ 6 (1 + ε)K

h
, ∀x ∈ [0, ω].

Let us choose ν1 such that:

2(1 + ε)K

h

{
ea0h −

ν1∑
j=0

(a0h)j

j!

}
< 1.

For any ν, we have there is the inequality

‖Q∗(h, x)−Qν(h, x)‖ 6
∞∑

j=ν+1

(a0h)j

j!
=
{
ea0h −

ν∑
j=0

(a0h)j

j!

}
.

Then it follows from the theorem on small perturbations of boundedly invertible operators that for all
ν ≥ ν1 the matrix Qν(h, x) : Rn(N+1) → Rn(N+1) is invertible and

‖(Qν(h, x))−1‖ 6 ‖(Q∗(h, x))−1‖
1− ‖(Q∗(h, x))−1‖ · ‖Q∗(h, x)−Qν(h, x)‖

<
2(1 + ε)K

h
.

Thus, for all ν ≥ ν1, h ∈ (0, h0] : Nh = T and x ∈ [0, ω], taking γν(h) =
2(1 + ε)K

h
, we obtain

that the inequalities (20), (21). Theorem 2 is proved.

Theorem 3. The boundary value problem (1), (2) is well-posed if and only if for any ν there exists
h = h(ν) : Nh = T , such that the matrix Qν(h, x) : Rn(N+1) → Rn(N+1) is invertible for all x ∈ [0, ω]
and the inequalities (20), (21) are true.

Proof. Sufficiency. The well-posedness of problem (1), (2) under the conditions of Theorem follows
from Corollary 1.

Necessity. Let the problem (1), (2) be well-posed with constant K. Reasoning as in the proof of
Theorem 2, for a given ε > 0 we find h0 = h0(ε) such that for all h ∈ (0, h0] : Nh = T and x ∈ [0, ω]
the matrix Q∗(h, x) : Rn(N+1) → Rn(N+1) is invertible and

‖(Q∗(h, x))−1‖ 6 (1 + ε)K

h
.
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We choose h1 ∈ (0, h0] such that the relation is satisfied:

2(1 + ε)K

h1

{
ea0h1 −

ν∑
j=0

(a0h1)j

j!

}
< 1. (24)

Since ‖(Q∗(h, x))−1‖ · ‖Q∗(h, x)−Qν(h, x)‖ < 0.5, then, by virtue of (24), by the small perturbation
theorem of boundedly reversible operators, for all h ∈ (0, h1] : Nh = T and x ∈ [0, ω] the inequality

holds ‖(Qν(h, x))−1‖ < 2(1 + ε)K

h
.

Taking γν(h) =
2(1 + ε)K

h
, by virtue of choosing h ∈ (0, h1] : Nh = T , we obtain the fulfillment of

inequalities (20) and (21). Theorem 3 is proved.

Theorem 4. Let for some ν there exist h0 = h0(ν) such that for all h ∈ (0, h0] : Nh = T and
x ∈ [0, ω] the matrix Qν(h, x) : Rn(N+1) → Rn(N+1) is invertible and

‖(Qν(h, x))−1‖ ≤ γ

h
,

where γ is a constant, independent of h and x. Then problem (1), (2) is well-posed with constant
K = γ.

Proof. For any ε > 0 there is h0 ∈ (0, T ] satisfying the inequality

1

a0h0
(ea0h0 − 1− a0h0) ≤ ε

(2 + ε)(1 + ε)
.

We choose h1 ∈ (0, h0] : Nh1 = T such that the following inequality is satisfied:

γ

h1

{
ea0h1 −

ν∑
j=0

(a0h1)j

j!

}
< 1.

Then qν(h) ≤ qν(h1) < 1 for all h ∈ (0, h1] : Nh = T and, by Corollary 1, the problem (1), (2) has a
unique solution v∗(x, t) and

max
(x,t)∈[0,ω]×[0,T ]

‖v∗(x, t)‖ ≤ ea0h
(( γ

1− qν(h)
· (a0h)ν

ν!
· e

a0h − 1

h
+ 1
)
×

× γmax
{

1,

ν−1∑
j=0

(a0h)j

j!

}
+

γ

1− qν(h)

(a0h)ν

ν!
ea0h

)
max{‖d‖0, ‖f‖1}+ hea0h‖f‖1.

Letting h→ 0 in the above inequality, we obtain that

max
(x,t)∈[0,ω]×[0,T ]

‖v∗(x, t)‖ ≤ γmax{‖d‖0, ‖f‖1}.

Theorem 4 is proved.

Theorem 5. Let problem (1), (2) be well-posed with constant K. Then for any ν and ε > 0 there
exists h0 = h0(ν, ε) such that for all h ∈ (0, h0] : Nh = T and x ∈ [0, ω] the matrix Qν(h, x) :
Rn(N+1) → Rn(N+1) is invertible and

‖(Qν(h, x))−1‖ ≤ (1 + ε)K

h
.
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Proof. For a given ε > 0, find h0 = h0(ε) such that for all h ∈ (0, h0] : Nh = T and x ∈ [0, ω] the
matrix Q∗(h, x) : Rn(N+1) → Rn(N+1) is invertible and the following estimate holds true:

‖(Q∗(h, x))−1‖ 6 (2 + ε)K

2h
.

Let us choose h1 ∈ (0, h0] satisfying the inequality:

(2 + ε)K

h1

{
ea0h1 −

ν∑
j=0

(a0h1)j

j!

}
<

ε

1 + ε
.

Since ‖(Q∗(h, x))−1‖ · ‖Q∗(h, x) − Qν(h, x)‖ < 1

2
· ε

1 + ε
then, the theorem on small perturbations of

boundedly invertible operators, for all h ∈ (0, h1] : Nh = T and x ∈ [0, ω] the following estimate holds

‖(Qν(h, x))−1‖ < (1 + ε)K

h
= γν(h) and, based on (24),

qν(h) = γν(h)
{
ea0h −

ν∑
j=0

(a0h)j

j!

}
<

ε

2 + ε
< 1.

Then, according Corollary 1, there exists a unique solution v∗(x, t) of problem (1), (2) and the
following estimate holds:

max
(x,t)∈[0,ω]×[0,T ]

‖v∗(x, t)‖ ≤ ea0h
(( (1 + ε)K

1− qν(h)
· (a0h)ν

ν!
· e

a0h − 1

h
+ 1
)

(1 + ε)K×

×max
{

1,
ν−1∑
j=0

(a0h)j

j!

}
+

(1 + ε)K

1− qν(h)

(a0h)ν

ν!
ea0h

)
max{‖d‖0, ‖f‖1}+ hea0h‖f‖1.

Letting h→ 0, we obtain the estimate max
(x,t)∈[0,ω]×[0,T ]

‖v∗(x, t)‖ ≤ (1 + ε)K max{‖d‖0, ‖f‖1}.

Theorem 5 is proved.

Conclusion

The paper proposes a modified algorithm of the parameterization method: an additional parameter
is introduced and at the last point of the segment on which the boundary value problem is considered.
This is the difference between the proposed modified algorithm and the classical algorithm of the
parameterization method. This modification allows us to simplify the structure of the linear operator
equation with respect to the introduced parameters. Sufficient conditions for the existence of a single
solution of the problem (1), (2) and criteria of correct solvability of the family of linear boundary
value problems for the system of ordinary differential equations are obtained. Note that the idea of
the methodology used in this paper has wide prospects of development for the study of problems of
solutions of linear and nonlinear boundary value problems.
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Шеттiк есептiң бiр үйiрiнiң қисынды шешiмдiлiк
критерийлерi туралы

Мақалада дифференциалдық теңдеулер жүйелерi үшiн сызықтық екi нүктелi шеттiк есептер үй-
iрi карастырылған. Оның шешiмдерiнiң бар болу сұрақтары зерттелiп, жуық шешiмдi табу әдiстерi
ұсынылған. Жәй дифференциалдық теңдеулер жүйесi үшiн сызықтық екi нүктелi шеттiк есептер үй-
iрiнiң жеткiлiктi шарттары анықталған. Қарастырылған есептiң шешiмiнiң жалғыздығы дәлелдендi.
Д.С. Жұмабаевтың параметрлеу әдiсiнiң алгоритмдерiнiң бiр модификациясы негiзiнде зерттелетiн
есептiң жуық шешiмiн табу алгоритмдерi берiлген және олардың жинақтылығы дәлелденген. Па-
раметрлеу әдiсiнiң схемасы бойынша есеп дифференциалдық теңдеулер жүйелерi үшiн көп нүктелi
шеттiк есептерiнiң эквиваленттi үйiрiне түрлендiрiлген. Жаңа белгiсiз функцияларды енгiзу арқы-
лы бiз зерттелетiн есептi баламалы есепке, екiншi тектi Вольтерра интегралдық теңдеуiне келтiремiз.
Параметрметрлi шеттiк есептер үйiрiнiң жалғыз шешiмiнiң бар болуын қамтамасыз ететiн ұсынылған
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алгоритмнiң орындылығы мен жинақтылығының жеткiлiктi шарттары анықталды. Жәй дифферен-
циалдық теңдеулер жүйесi үшiн сызықтық шеттiк есептер үйiрiнiң қисынды шешiмдiлiгiнiң қажеттi
және жеткiлiктi шарттары алынды.

Кiлт сөздер: сызықтық шеттiк есептер үйiрi, көпнүктелi шеттiк есеп, шешiмнiң бар болуы, жалғыз
шешiм, қисынды шешiмдiлiк, қажеттi және жеткiлiктi шарт.

П.Б. Абдиманапова1, С.M. Темешева2

1Алматинский технологический университет, Алматы, Казахстан;
2Казахский национальный университет имени аль-Фараби;
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О критериях корректной разрешимости одного семейства
краевых задач

В статье рассмотрено семейство линейных двухточечных краевых задач для систем дифференциаль-
ных уравнений. Исследованы вопросы существования его решений и предложены методы нахожде-
ния приближенных решений. Установлены достаточные условия существования семейства линейных
двухточечных краевых задач для системы обыкновенных дифференциальных уравнений. Доказана
единственность решения рассматриваемой задачи. Даны алгоритмы нахождения приближенного ре-
шения исследуемой задачи, основанные на одной модификации алгоритмов метода параметризации
Д.С. Джумабаева, и доказана их сходимость. По схеме метода параметризации задача будет преоб-
разована в эквивалентное семейство многоточечных краевых задач для систем дифференциальных
уравнений. Введя новые неизвестные функции, сведем исследуемую задачу к эквивалентной задаче,
интегральному уравнению Вольтерра второго рода. Установлены достаточные условия осуществимо-
сти, сходимости предложенного алгоритма, вместе с тем обеспечивающие существование единственно-
го решения семейства краевых задач с параметрами. Получены необходимые и достаточные условия
корректной разрешимости семейства линейных краевых задач для системы обыкновенных диффе-
ренциальных уравнений.

Ключевые слова: семейство линейных краевых задач, многоточечная краевая задача, существование
решения, единственное решение, корректная разрешимость, необходимое и достаточное условие.
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Coefficients of multiple Fourier-Haar series and variational modulus
of continuity

In this paper, we introduce the concept of a variational modulus of continuity for functions of several
variables, give an estimate for the sum of the coefficients of a multiple Fourier-Haar series in terms of the
variational modulus of continuity, and prove theorems of absolute convergence of series composed of the
coefficients of multiple Fourier-Haar series. In this paper, we study the issue of the absolute convergence
for multiple series composed of the Fourier-Haar coefficients of functions of several variables of bounded
p-variation. We estimate the coefficients of a multiple Fourier-Haar series in terms of the variational
modulus of continuity and prove the sufficiency theorem for the condition for the absolute convergence
of series composed of the Fourier-Haar coefficients of the considered function class. This paper researches
the question: under what conditions, imposed on the variational modulus of continuity of the fractional
order of several variables functions, there is the absolute convergence for series composed of the coefficients
of multiple Fourier-Haar series.

Keywords: Fourier-Haar series, variational modulus of continuity, coefficients of multiple Fourier-Haar series.

Introduction

It is known that the definition of p-variation functions for one variable was introduced by Wiener [1],
for functions of two variables this definition was given by Clarkson and Adams [2]. Similar questions for
trigonometric and multiplicative systems were considered in the works [3,4]. Let us give the necessary
definitions.

Let f(x1, ...xn) be defined on the set [0, 1]N and ρ = ρ1 × ρ2 × ...× ρN , here ρj = {0 = x0
j < x1

j <

... < xsj = 1}, sj ≥ 1, j = 1, ..., N is an arbitrary partition of a set [0, 1]N . Variational sum of order p
of the function f(x1, ...xn) with respect to the partitions ρ is called the quantity (1 ≤ p ≤ ∞)

ℵpρ(f) =

(
s1∑
r1=1

...

sN∑
rN=1

|∆1(f ;xr1−1
1 , ..., xrN−1

N ;hr11 , ..., h
rN
N )|p

)1/p

,

here
∆1(f ;x1, ..., xN ;h1, ..., hN ) :=

∑1
η1=0 ...

∑1
ηn=0(−1)η1+...+ηN f(x1 + η1h1, ..., xN + ηNhN ),

(x1, ..., xN ) ∈ [0, 1]N , hj > 0, h
rj
j := x

rj
j − x

rj−1
j , rj = 1, 2, ...sj , j = 1, 2, ..., n.

Variational modulus of continity ω1−1/p(f, δ1, ..., δN ) of an order 1 − 1
p of the function f(x1, ...xn) is

called the value

ω1−1/p(f, δ1, ..., δN ) = sup
|ρj |≤δj

ℵpρ(f), (1)

∗Corresponding author.
E-mail: talgat_a2008@mail.ru
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here |ρj | = max
1≤ρj≤sj

(x
rj
j − x

rj
j−1).

We say that f ∈ Vp[0, 1]N , 1 ≤ p ≤ ∞, if Vp
(
f, [0, 1]N

)
≡ ω1−1/p(f, 1, ..., 1) < ∞, and if f ∈

Cp[0, 1]N , 1 ≤ p < ∞, if lim
δi→0

ω1−1/p(f, δ1, ..., δN ) = 0.. The properties of a variational modulus of

continuity was studied by А.P. Terekhin (see [5, 6]).
Modulus of continuity ω(f, δ1, ..., δN ) for function f(x1, ...xn) is called the value

ω(f, δ1, ..., δN ) = sup
0<hi≤δi

|f(x1 + h1, ..., xN + hN )...− f(x1, ..., xi + hi, ..., xN )− ...+ f(x1, ..., xN )|.

The functions of the Haar system on the semi-open interval [0, 1) is defined by h0(x) = 1 if x ∈ [0, 1);
if n = 2k + j, k ∈ P = N ∪ {0}, 0 ≤ j < 2k and ∆

(k)
j =

[
j

2k
, j+1

2k

)
, then

hn(x) =


2k/2, x ∈ ∆

(k+1)
2j

−2k/2, x ∈ ∆
(k+1)
2j+1

0, x ∈ [0, 1) \∆
(k)
j

,

(see [7]).
Then the multiplicative Haar system is defined as follows:

hk1,...,kn(x1, ..., xn) = hk1(x1)...hkn(xn),

(x1, ..., xn) ∈ [0, 1)N .

The Fourier-Haar coefficients for functions of several variables are determined by the equality:
an1,...,nN (f) =

∫ 1
0 ...

∫ 1
0 f(x1, ..., xN )hn1(x1)...hnN (xN )dx1...dxN , n1, ..., nN ∈ N .

This paper researches the question: under what conditions, imposed on the variational modulus of
continuity of the fractional order of several variables functions, does the series converge?

∞∑
n1=1

...

∞∑
nN=1

|an1,...,nN (f) |β, β > 0,

where an1,...,nN (f) are the Fourier-Haar coefficients of the function f . For the case of functions of one
variable, such questions were considered by S.S. Volosivets [8].

1 Formulas and theorems

Theorem 1. Let f ∈ Cp[0, 1], 1 < p < ∞ and an(f) =
∫ 1

0 f(x)hn(x)dx, n ∈ N . The following
inequality is valid 2k+1−1∑

i=2k

|ai(f)|p
 1

p

≤ ω1−1/p

(
f,

1

2k

)
2−

k
2
−1.

You can see the proof of Theorem 1 in [8].
Further, we are considering the functions of several variables. We need the following auxiliary

statements.

Lemma 1. Let f ∈ Vp[0, 1]N , 1 ≤ p <∞ и 0 < δ1, δ2 < 1. The following inequality is valid

ω(f, δ1, ..., δN )Lp ≤ ω1−1/p(f, δ1, ..., δN )δ
1
p

1 ...δ
1
p

N .
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This lemma is an analogue of the corresponding lemma from the work [5], it is proved for the case
of functions of one variable, for functions of several variables, the proof is proved similarly to the one
variable case.

The following theorem gives an estimate for the Fourier-Haar coefficients of two variables functions
in terms of the variational modulus of continuity of the order (1− 1/p).

Theorem 2. Let f ∈ Cp[0, 1]N , 1 < p <∞ and

an1,...,nN (f) =

∫ 1

0
...

∫ 1

0
f(x1, ..., xN )hn1(x1)...hnN (xN )dx1...dxN , n1, ..., nN ∈ N,

the following inequality is valid2k1+1−1∑
i=2k1

...
2kN+1−1∑
iN=2kN

|ai1...iN (f)|p
 1

p

≤ ω1−1/p

(
f,

1

2k1
, ...,

1

2kN

)
2−

k1+...+kN
2

−2. (2)

Proof of Theorem 2. We present the proof for the two variables case [9, 10]. In many variables it
is proved in a similar way. Using the definition of the Haar function hn1,n2(x, y) = hn1 (x)hn2 (x) if
n1 = 2k1 +m1,n2 = 2k2 +m2, we have

an1,n2(f) =

∫ 1

0

∫ 1

0
f(x, y)hn1(x)hn2(y)dxdy =

=

∫ m1+1

2k1

m1

2k1

∫ m2+1

2k2

m2

2k2

f(x, y)hn1(x)hn2(y)dxdy =

= 2
k1+k2

2

(∫ 2m1+1

2k1+1

m1

2k1

∫ 2m2+1

2k2+1

m2

2k2

f(x, y)dxdy −
∫ m1+1

2k1

2m1+1

2k1+1

∫ 2m2+1

2k2+1

2m2+1

2k2

f(x, y)dxdy−

−
∫ 2m1+1

2k1+1

m1

2k1

∫ m2+1

2k2

2m2+1

2k2+1

f(x, y)dxdy +

∫ m1+1

2k1

2m1+1

2k1+1

∫ m2+1

2k2

2m2+1

2k2+1

f(x, y)dxdy

)
,

then, replacing the variables taking the shift of the arguments, we get

an1,n2(f) = 2
k1+k2

2

(∫ 2m1+1

2k1+1

m1

2k1

∫ 2m2+1

2k2+1

m2

2k2

f(x, y)dxdy −
∫ m1+1

2k1

2m1+1

2k1+1

∫ 2m2+1

2k2+1

2m2+1

2k2

f(x+ 2−k1−1, y)dxdy−

−
∫ 2m1+1

2k1+1

m1

2k1

∫ m2+1

2k2

2m2+1

2k2+1

f(x, y + 2−k2−1)dxdy+

+

∫ m1+1

2k1

2m1+1

2k1+1

∫ m2+1

2k2

2m2+1

2k2+1

f(x+ 2−k1−1, y + 2−k2−1)dxdy

)
=

= 2
k1+k2

2

(∫ 2m1+1

2k1+1

m1

2k1

∫ 2m2+1

2k2+1

m2

2k2

(f(x, y)− f(x+ 2−k1−1, y)−

−f(x, y + 2−k2−1) + f(x+ 2−k1−1, y + 2−k2−1))dxdy
)
.
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Now, based on Holder and Lemma 1, we have (here 1
p + 1

q = 1)

an1,n2(f) ≤ 2
k1+k2

2

(∫
∆

(k1+1)
2m1

∫
∆

(k2+1)
2m2

|(f(x, y)− f(x+ 2−k1−1, y)−

−f(x, y + 2−k2−1) + f(x+ 2−k1−1, y + 2−k2−1))|pdxdy
) 1
p

(
1

2k1+k2+2

) 1
q

≤

≤ 2
k1+k2

2

 sup
h1≤

1

2k1+1

h2≤
1

2k2+1

∫
∆

(k1+1)
2m1

∫
∆

(k2+1)
2m2

|∆2(f, x, y, h1, h2)|pdxdy


1
p (

1

2k1+k2+2

) 1
q

≤

≤ 2
k1+k2

2 Vp

(
f,

[
m1

2k1
,
m1 + 1

2k1

]
,

[
m2

2k2
,
m2 + 1

2k2

])
×

×
(

1

2k1+k2+2

) 1
q
(

1

2k1+k2+2

) 1
p

=

= 2
k1+k2

2 Vp

(
f,

[
m1

2k1
,
m1 + 1

2k1

]
,

[
m2

2k2
,
m2 + 1

2k2

])(
1

2k1+1

) 1
q

+ 1
p
(

1

2k2+1

) 1
q

+ 1
p

=

= 2
k1+k2

2 Vp

(
f,

[
m1

2k1
,
m1 + 1

2k1

]
,

[
m2

2k2
,
m2 + 1

2k2

])(
1

2k1+1

)(
1

2k2+1

)
=

= 2
k1+k2

2
−k1−k2−2Vp

(
f,

[
m1

2k1
,
m1 + 1

2k1

]
,

[
m2

2k2
,
m2 + 1

2k2

])
=

= 2−
k1+k2

2
−2Vp

(
f,

[
m1

2k1
,
m1 + 1

2k1

]
,

[
m2

2k2
,
m2 + 1

2k2

])
.

Therefore

|an1,n2(f)|p ≤ 2−
p
2

(k1+k2)−2p

(
Vp

(
f,

[
m1

2k1
,
m1 + 1

2k1

]
,

[
m2

2k2
,
m2 + 1

2k2

]))p
. (3)

We take ε > 0 such that m1 = 0, 1, ..., 2k1 − 1 and m2 = 0, 1, ..., 2k2 − 1 and find partition ξm1 and ηm2

squares
[
m1

2k1
, m1+1

2k1

]
and

[
m2

2k2
, m2+1

2k2

]
(look (1)) such that(

ℵpξm1 ,ηm2
(f)
)p
≥
(
V p
p

(
f,

[
m1

2k1
,
m1 + 1

2k1

]
,

[
m2

2k2
,
m2 + 1

2k2

]))p
− ε

2k1−k2
.

Combining all these partitions of the square [0, 1]2 with a diameter no more 1
2k1

, 1
2k2

accordingly and,
summing inequalities (3), we get

2k1+1−1∑
i=2k1

2k2+1−1∑
i=2k2

|aij(f)|p ≤ ωp1−1/p

(
f,

1

2k1
,

1

2k2
− ε
)

2−
k1+k2

2
p−2p,

and since ε we can be made arbitrarily small, then inequality (2) is proved. Theorem 2 is proved.
In the case of one variable functions, a similar estimate for the Fourier-Haar coefficients was obtained
in [8].

The following theorem gives sufficient conditions for the convergence of double series, composed of
Fourier-Haar coefficients.
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Theorem 3. Let f ∈ Cp[0, 1]N , 1 < p <∞ and

an1,...,nN (f) =

∫ 1

0
...

∫ 1

0
f(x1, ..., xN )hn1(x1)...hnN (xN )dx1...dxN , n1, ..., nN ∈ N.

1) Let β > 0, p ≥ β. Then, under the condition of convergence for the series

∞∑
n1=1

...
∞∑

nN=1

(n1...nN )
−β

2
−β
pωβ1−1/p

(
f,

1

n1
, ...,

1

nN

)
,

the following series converges
∞∑

n1=1

...

∞∑
nN=1

|an1...nN (f) |β.

2) Let β > 0, p ≥ β, γ > 1
p + 1

2 , γ ∈ R. Then, under the condition of convergence for the series

∞∑
n1=1

...
∞∑

nN=1

(n1...nN )
γ− 1

p
− 1

2ωp1−1/p

(
f,

1

n1
, ...,

1

nN

)
,

the following series converges

∞∑
n1=1

...

∞∑
nN=1

(n1...nN )γ |an1...nN (f) | <∞.

Proof of Theorem 3. We present the proof for the two variables case [9,10]. In many variables it is
proved in a similar way. Consider the case 1).

Using Holder’s inequality and Theorem 2, we have

2k+1−1∑
m=2k

2l+1−1∑
n=2l

|amn (f) |β ≤

2k+1−1∑
m=2k

2l+1−1∑
n=2l

|amn (f) |β
p
β


β
p
2k+1−1∑

m=2k

2l+1−1∑
n=2l

1

1−β
p

=

= (2k2l)
1−β

p

2k+1−1∑
m=2k

2l+1−1∑
n=2l

|amn (f) |β
p
β


β
p

≤ (2k+l)
1−β

p 2(− k+l
2
−2)βωβ1−1/p

(
f,

1

2k
,

1

2l

)
=

= 2
(k+l)

(
1−β

p
−β

2

)
ωβ1−1/p

(
f,

1

2k
,

1

2l

)
.

Summing up both sides of the resulting inequality, we have

∞∑
k=0

∞∑
l=0

2k+1−1∑
m=2k

2l+1−1∑
n=2l

|amn (f) |β
 ≤

≤ C
∞∑
k=0

∞∑
l=0

2
(k+l)

(
1−β

p
−β

2

)
ωβ1−1/p

(
f,

1

2k
,

1

2l

) ∞∑
k=1

∞∑
l=l

|amn (f) |β ≤

≤ C
∞∑
k=0

∞∑
l=0

2
(k+l)

(
1−β

p
−β

2

)
ωβ1−1/p

(
f,

1

2k
,

1

2l

) ∞∑
m=1

∞∑
n=1

(mn)
−β

2
−β
pωβ1−1/p

(
f,

1

m
,

1

n

)
=
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= C
∞∑
k=0

∞∑
l=0

2m+1−1∑
k=2m

2n+1−1∑
l=2n

(kl)
−β
p
−β

2 ωβ1−1/p

(
f,

1

k
,
1

l

)
≥

≥
∞∑
m=0

∞∑
n=0

2−(n+m)2
−β

2
−β
pωβ1−1/p

(
f,

1

2m
,

1

2n

)
2(n+m) =

=

∞∑
m=0

∞∑
n=0

2
(n+m)

(
1−β

2
−β
p

)
ωβ1−1/p

(
f,

1

2m
,

1

2n

)
.

Therefore
∞∑
m=1

∞∑
n=1

(mn)
−β

2
−β
pωβ1−1/p

(
f,

1

m
,

1

n

)
<∞,

∞∑
m=1

∞∑
n=1

|amn (f) |β <∞.

Now we consider the case 2)

2k+1−1∑
m=2k

2l+1−1∑
n=2l

(mn)γ |amn (f) |β ≤

2k+1−1∑
m=2k

2l+1−1∑
n=2l

|amn (f) |p
 1

p
2k+1−1∑

m=2k

2l+1−1∑
n=2l

(mn)γq

 1
q

≤

≤
(

2(k+1)γq2(l+1)γq2(k+l)
) 1
q
ωβ1−1/p

(
f,

1

2k
,

1

2l

)
2−

k+l
2
−2 =

= 2γ−22
(k+l)

(
γ+ 1

q
− 1

2

)
ωβ1−1/p

(
f,

1

2k
,

1

2l

)
2−

k+l
2
−2.

Summing up both sides
∞∑
k=0

∞∑
l=0

2k+1−1∑
m=2k

2l+1−1∑
n=2l

(mn)γ |amn (f) |β
 ≤

≤
∞∑
k=0

∞∑
l=0

2γ−22
(k+l)

(
γ+ 1

q
− 1

2

)
ωβ1−1/p

(
f,

1

2k
,

1

2l

)
2−

k+l
2
−2

∞∑
m=1

∞∑
n=1

(mn)γ |amn (f) | ≤

≤ C
∞∑
m=1

∞∑
n=1

(mn)
γ− 1

p
− 1

2ωβ1−1/p

(
f,

1

m
,

1

n

)
.

Theorem 3 is proved.
Theorem 3 is an extension to the two-dimensional case of the corresponding theorem from the

work [8].
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Т.Б. Ахажанов1, Н.А. Бокаев1, Д.Т. Матин1, Т. Актосун2
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Еселi Фурье-Хаар қатарының коэффициенттерi және
вариациялық үзiлiссiздiк модулi

Мақалада көп айнымалы функциялар үшiн вариациялық үзiлiссiздiк модулiнiң ұғымы енгiзiлген,
Фурье-Хаар коэффициенттерiнен құрылған еселi қатарларды вариациялық үзiлiссiздiк модулi арқы-
лы бағалау және Фурье-Хаар коэффициенттерiнен құрылған еселi қатарлардың абсолюттi жинақта-
луының теоремалары дәлелденген. Авторлар Фурье-Хаар коэффициенттерiнен құрылған еселi қа-
тарлардың вариациялық үзiлiссiздiк модулi арқылы бағалануын және қарастырылып отырған функ-
циялар класынан алынған Фурье-Хаар коэффициенттерiнен құрылған еселi қатарлардың абсолюттi
жинақталуының жеткiлiктi шартын дәлелдеген. Көп айнымалы функциялардың (1−1/p) реттi вари-
ациялық үзiлiссiздiк модулiне қандай шарттар қойғанда, Фурье-Хаар коэффициенттерiнен құрылған
еселi қатарлардың абсолюттi жинақталу деген мәселе зерттелген.

Кiлт сөздер: Фурье-Хаар қатары, вариациялық үзiлiссiздiк модулi, еселi Фурье-Хаар коэффициент-
терi.
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1Евразийский национальный университет имени Л.Н. Гумилева, Астана, Казахстан;
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Коэффициенты кратного ряда Фурье–Хаара и вариационный
модуль непрерывности

В статье введено понятие вариационного модуля непрерывности для функций многих переменных,
приведены оценка суммы коэффициентов кратного ряда Фурье–Хаара через вариационный модуль
непрерывности, и доказаны теоремы об абсолютной сходимости рядов, составленных из коэффициен-
тов кратных рядов Фурье–Хаара. Авторами исследован вопрос об абсолютной сходимости кратных
рядов, составленных из коэффициентов Фурье–Хаара функций многих переменных ограниченной
p-вариации. Приведена оценка коэффициентов кратного ряда Фурье–Хаара через вариационный мо-
дуль непрерывности, и доказана теорема достаточности условия абсолютной сходимости рядов, со-
ставленных из коэффициентов Фурье–Хаара рассматриваемого класса функции. Здесь изучен вопрос:
«При каких условиях, накладываемых на вариационный модуль непрерывности дробного порядка
функций многих переменных, имеет место абсолютная сходимость кратных рядов, составленных из
коэффициентов Фурье–Хаара?»

Ключевые слова: ряды Фурье–Хаара, вариационный модуль непрерывности, коэффициенты кратного
ряда Фурье–Хаара.
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On a boundary problem for the fourth order equation with the third
derivative with respect to time

In this paper, we consider a boundary value problem in a rectangular domain for a fourth-order homogeneous
partial differential equation containing the third derivative with respect to time. The uniqueness of the
solution of the stated problem is proved by the method of energy integrals. Using the method of separation
of variables, the solution of the considered problem is sought as a multiplication of two functions X (x)
and Y (y). To determine X (x),we obtain a fourth-order ordinary differential equation with four boundary
conditions at the segment boundary [0, p], and for a Y (y) – third-order ordinary differential equation
with three boundary conditions at the boundary of the segment [0, q]. Imposing conditions on the given
functions, we prove the existence theorem for a regular solution of the problem. The solution of the problem
is constructed in the form of an infinite series, and the possibility of term-by-term differentiation of the
series with respect to all variables is substantiated. When substantiating the uniform convergence, it is
shown that the “small denominator” is different from zero.

Keywords: Initial boundary problem, Fourier method, uniqueness, existence, eigenvalue, eigenfunction,
functional series, absolute and uniform convergence.

Introduction

Problems about the vibrations of rods, beams and plates, which are of great importance in structural
mechanics, lead to differential equations with a higher order than the string equation.

The study of many problems of gas dynamics, the theory of elasticity, the theory of plates and
shells comes to the consideration of differential equations with higher order partial derivatives. From
the point of view of physical applications, the fourth order differential equations are also of great
interest (see [1–6]).

In the field of modern science and technology, initial-boundary value problems for fourth-order
equations are of great importance. For example, aircraft wings, bridge slabs, floor systems, and window
panes are modeled as plates with various types of end supports, which are successfully described in
terms of fourth-order equations [7–9].

The monograph by T.D. Dzhuraev, A. Sopuev [10] is devoted to the classification of differential
equations with partial derivatives of the fourth order, the formulation and solution of boundary value
problems for such equations.

In the paper [11], a problem with boundary conditions for a non-homogeneous fourth-order equation
with multiple characteristics and one lower term was considered.

In [12], a boundary value problem for a fourth-order equation of the form

uxxxx − utt = f (x, t)

was investigated.
∗Corresponding author.
E-mail: meliquziyevadilshoda@gmail.com
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In [13], a problem was solved with initial and boundary conditions for the beam oscillation equation
of the form

a2uxxxx + utt = 0,

in which a beam of length l is clamped with ends in a massive vise.
In [14], a boundary value problem for a degenerate higher order equation with lower terms was

studied.
In [15–19], the boundary value problems for a third-order equation with multiple characteristics

containing second derivatives with respect to time were discussed.
The boundary value problems for fourth-order equations with the third derivative in time have

been little studied [20,21].

1 Formulation of the problem

In the domain D = {(x, y) : 0 < x < p, 0 < y < q} we consider the equation

 L [u] ≡ ∂4u

∂x4
− ∂3u

∂y3
= 0, (1)

where p, q ∈ R.
Problem A. Find a solution to equation (1) in the domain D from the class u (x, y) ∈ C4,3

x,y (D) ∩
C3,2
x,y

(
D
)
such that satisfies the following boundary conditions:

u (0, y) = u (p, y) = uxx (0, y) = uxx (p, y) = 0, 0 ≤ y ≤ q, (2)

uy (x, 0) = ψ1 (x) , uyy (x, 0) = ψ2 (x) , uyy (x, q) = ψ3 (x) , 0 ≤ x ≤ p, (3)

where ψi (x), i = 1, 3 are the given sufficiently smooth functions, and

ψ1 (0) = ψ1 (p) = ψ
′′
1 (0) = ψ

′′
1 (p) = 0, ψi (0) = ψi (p) = 0, i = 2, 3. (4)

2 The uniqueness of the solution to the problem A

Theorem 1. If the problem A has a solution, then it is unique.
Proof. Let the problem A have two solutions u1 (x, y) and u2 (x, y). Then the function u (x, y) =

u1 (x, y) − u2 (x, y) satisfies equation (1) and the uniform boundary conditions. Let us prove that
u (x, y) ≡ 0 in D̄.

In the domain D the following identity is valid:

uL [u] ≡ ∂

∂x
(uuxxx − uxuxx)− ∂

∂y

(
uuyy −

1

2
u2
y

)
+ u2

xx = 0.

Integrating the identity over the domain D, we have

q∫
0

[u (p, y)uxxx (p, y)− u (0, y)uxxx (0, y)]dy−

−
q∫
0

[ux (p, y)uxx (p, y)− ux (0, y)uxx (0, y)]dy−

−
p∫
0

[u (x, q)uyy (x, q)− u (x, 0)uyy (x, 0)]dx+

+
1

2

p∫
0

[
u2
y (x, q)− u2

y (x, 0)
]
dx+

p∫
0

q∫
0

u2
xxdxdy = 0.
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Taking the homogeneous boundary conditions into consideration we obtain

1

2

p∫
0

u2
y (x, q) dx+

p∫
0

q∫
0

u2
xxdxdy = 0.

From the second term we obtain

uxx = 0 ⇒ u (x, y) = x · f1 (y) + f2 (y) , (x, y) ∈ D.

Assuming x = 0 we get
u (0, y) = f2 (y) = 0 ⇒ f2 (y) = 0,

and supposing x = p we attain

u (p, y) = p · f1 (y) = 0 ⇒ f1 (y) = 0.

Hence, u (x, y) ≡ 0, (x, y) ∈ D.
Theorem 1 is proved.

3 Existence of a solution to the problem A

In order to prove the existence of the solution of the problem A, we will first consider the following
auxiliary problem: find a nontrivial solution of equation (1) such that satisfies conditions (2) and can
be represented as

u (x, y) = X (x) Y (y) . (5)

Substituting (5) into equation (1) and separating the variables, we find the following ordinary
differential equations with respect to the functions X (x) and Y (y):

X(4) (x)− λ4X (x) = 0, (6)

Y (3) (y)− λ4Y (y) = 0, (7)

where λ4 is the split parameter.
Considering the boundary conditions (2), we generate the following problem for equation (6):{

X(4) − λ4X = 0,
X (0) = X (p) = X ′′ (0) = X ′′ (p) = 0.

(8)

A nontrivial solution to problem (8) exists if and only if

λ4
n =

(
πn

p

)4

, n = 1, 2, 3, ... .

These numbers are the eigenvalues of problem (8), and their corresponding eigenfunctions have the
following form:

Xn (x) =

√
2

p
sin

πn

p
x. (9)

A general solution (7) has the form

Yn (y) = C1e
kny + e−

1
2
kny

(
C2 cos

(√
3

2
kny

)
+ C3 sin

(√
3

2
kny

))
, (10)
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where kn = 3
√
λ4
n =

(
πn
p

)4/3
, n ∈ N аnd Ci, i = 1, 3 are unknown constants for now.

According to (9) and (10), it follows from equation (5) that the functions

un (x, y) =

√
2

p

(
C1e

kny + e−
1
2
kny

(
C2 cos

(√
3

2
kny

)
+ C3 sin

(√
3

2
kny

)))
sin

πn

p
x

are the particular solutions of equation (1), which satisfy homogeneous conditions (2).
Due to the linearity and homogeneity of (1), the sum of the particular solutions can also be the

solution of equation (1). Taking this into account we will seek the solution of problem A in the form

u (x, y) =

√
2

p

∞∑
n=1

(
C1e

kny + e−
1
2
kny

(
C2 cos

(√
3

2
kny

)
+ C3 sin

(√
3

2
kny

)))
sin

πn

p
x. (11)

Assuming temporarily that the series in (11) and its derivatives converge uniformly and requiring
the function defined by the series (11) to satisfy the boundary conditions (3) we obtain

uy (x, 0) = ψ1 (x) =

√
2

p

∞∑
n=1

ψ1n sin
πn

p
x,

uyy (x, 0) = ψ2 (x) =

√
2

p

∞∑
n=1

ψ2n sin
πn

p
x,

uyy (x, q) = ψ3 (x) =

√
2

p

∞∑
n=1

ψ3n sin
πn

p
x,

where

knC1 −
1

2
knC2 +

√
3

2
knC3 = ψ1n,

k2
nC1 −

1

2
k2
nC2 −

√
3

2
k2
nC3 = ψ2n,

k2
ne
knqC1 + k2

ne
−

1

2
knq

cos

(√
3

2
knq −

2π

3

)
C2 + k2

ne
−

1

2
knq

sin

(√
3

2
knq −

2π

3

)
C3 = ψ3n.

(12)

We can see from (12) that the numbers ψin are the Fourier coefficients of the function ψi (x) when
they are expanded into the Fourier series in terms of sines on the interval (0, p) , i.e.

ψin =

√
2

p

p∫
0

ψi (ξ) sin
πn

p
ξdξ, i = 1, 3.

Let us calculate the determinant of the system (12), i.e.

∆ =

∣∣∣∣∣∣∣∣∣∣∣∣

kn −1

2
kn

√
3

2
kn

k2
n −1

2
k2
n −

√
3

2
k2
n

k2
ne
knq k2

ne
− 1

2
knq cos

(√
3

2
knq −

2π

3

)
k2
ne
− 1

2
knq sin

(√
3

2
knq −

2π

3

)
∣∣∣∣∣∣∣∣∣∣∣∣

=

=
√

3k5
ne
knq∆̄, ∆̄ =

1

2
+ e−

3
2
knq sin

(√
3

2
knq −

π

6

)
.
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Lemma. For an arbitrary positive q, the inequality ∆ > 0 holds .
Proof. Write the determinant in the form

∆ =
√

3k5
ne
knq∆̄(xn), ∆̄(xn) =

1

2
+ e−

√
3xn sin

(
xn −

π

6

)
,

where, xn =

√
3

2
knq =

√
3

2
3
√
λ4
nq > 0, n ∈ N .

Find the minimum value of ∆̄(xn). To do this, calculate the first order derivative

d∆̄(xn)

dxn
= 2e−

√
3xn sin

(π
3
− xn

)
.

1) When 0 < xn <
π
3 , we have ∆̄′(xn) > 0 .This means that ∆̄(xn) increases at finite discrete

values of xn , but it does not reach its maximum value. Then the function ∆̄(xn) takes its minimum
value at n = 1 and we have the estimation

∆̄(xn) ≥ 1

2
+ e−

√
3x1 sin

(
x1 −

π

6

)
= δ1> 0,

where x1 =

√
3

2
3
√
λ4

1q.

2) If xn ≥
π

3
, then the function ∆̄(xn) takes its first minimum when the argument is

4π

3
and we

achieve
∆ (xn) ≥ 1

2

(
1− e−4/

√
3π
)

= δ2 > 0.

3) For sufficiently large values of x , it is obvious that the function ∆̄(x) tends to 1
2 . From here we

find
∆̄ ≥ δ = min {δ1; δ2} > 0.

Considering the above considerations we conclude that ∆n > 0 . The lemma is proved.
Hence, the system of equations (12) has a unique solution.
Below, we determine all unkown numbers Ci, i = 1, 3:

C1 =
1

∆

[
ψ1nk

4
ne
− 1

2
knq sin

(√
3

2
knq

)
− ψ2nk

3
ne
− 1

2
knq cos

(√
3

2
knq +

π

6

)
+

√
3

2
ψ3nk

3
n

]
,

C2 =
1

∆

[
ψ1nk

4
n

(
e−

1
2
knq sin

(√
3

2
knq +

π

3

)
−
√

3

2
eknq

)
−

− ψ2nk
3
n

(
e−

1
2
knq sin

(√
3

2
knq +

π

3

)
+

√
3

2
eknq

)
+
√

3ψ3nk
3
n

]
,

C3 =
1

∆

[
ψ1nk

4
ne
knq

(
1

2
− e−

3
2
knq cos

(√
3

2
knq +

π

3

))
+ ψ2nk

3
ne
knq

(
e−

3
2
knq cos

(√
3

2
knq +

π

3

)
− 1

2

)]
.

In what follows, the maximum value of all found positive known numbers in estimates will be
denoted by M .

Taking account condition (4), we integrate ψ1 (x) by parts four times, and ψi (x), i = 2, 3 by parts
two times we get the following estimates:

|ψ1| ≤M
|Ψ1n|
n4

, |ψi| ≤M
|Ψin|
n2

, i = 2, 3, (13)
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where

Ψ1n =

p∫
0

ψ
(4)
1 (ξ)Xn (ξ) dξ, Ψin =

p∫
0

ψ
′′
i (ξ)Xn (ξ) dξ, i = 2, 3.

For Ci, i = 1, 3 we can write the following estimations:

|C1| eknq ≤M
(
|ψ1n|
kn

e−
1
2
knq +

|ψ2n|
k2
n

e−
1
2
knq +

|ψ3n|
k2
n

)
≤M

(
|Ψ1n|
n

16
3

+
|Ψ2n|
n

14
3

+
|Ψ3n|
n

14
3

)
,

|C2| ≤M

((
|ψ1n|
kn

+
|ψ2n|
k2
n

)(
e−

3
2
knq +

√
3

2

)
+
|ψ3n|
k2
n

e−knq

)
≤M

(
|Ψ1n|
n

16
3

+
|Ψ2n|
n

14
3

+
|Ψ3n|
n

14
3

)
,

|C3| ≤M
(
|ψ1n|
kn

(
1

2
+ e−

3
2
knq

)
+
|ψ2n|
k2
n

(
1

2
+ e−

3
2
knq

))
≤M

(
|Ψ1n|
n

16
3

+
|Ψ2n|
n

14
3

)
.

Theorem 2. If ψ1(x) ∈ C4 [0, p], ψi (x) ∈ C2 [0, p], i = 2, 3 and the corresponding conditions (4) are
satisfied, then the solution of the problem A exists and it is represented by the series (11).

Proof. If the series (11) and its derivatives uxxxx, uyyy converge uniformly in the region D̄, then
the function u (x, y) defined by this series will be the solution of the problem A.

From (11) we have

|u (x, y)| ≤
∞∑
n=1

(
|C1| eknq + |C2|+ |C3|

)
|Xn (x)|. (14)

Then, taking account of (13) it is obtained from (14) that

|u (x, y)| ≤M

( ∞∑
n=1

|Ψ1n|
n

16
3

+

∞∑
n=1

|Ψ2n|
n

14
3

+

∞∑
n=1

|Ψ3n|
n

14
3

)
<∞.

This implies that the series (11) converges absolutely and uniformly.
Now let us prove that the partial derivatives of the series (11) with respect to both variables included

in the equation also converge absolutely and uniformly in the region D̄. Calculating the derivatives
with respect to y, it follows from (11) we obtain

∂3u

∂y3
=

∞∑
n=1

k3
n

[
C1e

kny + e−
1
2
kny

(
C2 cos

(√
3

2
kny

)
+ C3 sin

(√
3

2
kny

))]
Xn (x) . (15)

From (15) we determine the estimation∣∣∣∣∂3u

∂y3

∣∣∣∣ ≤ ∞∑
n=1

k3
n

(
|C1| eknq + |C2|+ |C3|

)
|Xn (x)| ≤M

( ∞∑
n=1

|Ψ1n|
n

4
3

+
∞∑
n=1

|Ψ2n|
n

2
3

+
∞∑
n=1

|Ψ3n|
n

2
3

)
. (16)

Using the Cauchy-Bunyakovsky and Bessel inequality we attain

∣∣∣∂3u∂y3

∣∣∣ ≤M (
∞∑
n=1

|Ψ1n|
n

4
3

+

√
∞∑
n=1
|Ψ2n|2

√
∞∑
n=1

1

n
4
3

+

√
∞∑
n=1
|Ψ3n|2

√
∞∑
n=1

1

n
4
3

)
≤

≤M

(
∞∑
n=1

|Ψ1n|
n

4
3

+ ‖Ψ2n‖
√
∞∑
n=1

1

n
4
3

+ ‖Ψ3n‖
√
∞∑
n=1

1

n
4
3

)
<∞,
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where
∞∑
n=1

|Ψ1n|2 ≤
∥∥∥ψ(4)

1 (x)
∥∥∥2

L2[0;p]
,

∞∑
n=1

|Ψin|2 ≤
∥∥∥ψ(2)

i (x)
∥∥∥2

L2[0,p]
, i = 2, 3.

Therefore, the series (16) converges absolutely and uniformly. The absolute and uniform convergence

of the partial derivative of the fourth order in x series (11) follows from the equality
∂4u

∂x4
=
∂3u

∂y3
.

Theorem 2 is proved.

Conclusion

The article considers an initial boundary value problem for a fourth-order equation containing the
third time derivative with multiple characteristics. Uniqueness theorems are proved using the method
of energy integrals. The existence of a solution is shown with the help of conditions imposed on given
functions constructed as a series by the Fourier method and a regular solution of this series.
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1Өзбекстан Республикасы Ғылым академиясының
В.И. Романовский атындағы Математика институты, Ташкент, Өзбекстан;

2Наманган инженерлiк құрылыс институты, Наманган, Өзбекстан

Уақыт бойынша үшiншi туындысы бар төртiншi реттi теңдеу үшiн
шекаралық есеп жайында

Мақалада уақыт бойынша үшiншi туындысы бар бiртектi төртiншi реттi дербес туындылы диффе-
ренциалдық теңдеу үшiн тiкбұрышты облыстағы шекаралық есеп қарастырылды. Қойылған есептiң
шешiмiнiң жалғыздығы энергия интегралдары әдiсiмен дәлелденген. Айнымалыларды бөлу әдiсiн
қолданып, есептiң шешiмi X(x) және Y (y) екi функцияның көбейтiндiсi түрiнде iздестiрiледi. X(x)
анықтау үшiн [0, p] кесiндiсiнiң шекарасында төрт шекаралық шарты бар төртiншi реттi қарапайым
дифференциалдық теңдеуiн, ал Y (y) анықтау үшiн [0, q] кесiндiсiнiң шекарасында үш шекаралық
шарты бар үшiншi реттi қарапайым дифференциалдық теңдеудi аламыз. Берiлген функцияларға
шарттарды қою арқылы есептiң тұрақты шешiмiнiң бар екендiгi туралы теорема дәлелденедi. Қой-
ылған есептiң шешiмi шексiз қатар түрiнде құрылып, қатардың барлық айнымалыларға қатысты
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қатарды мүшелеп дифференциалдау мүмкiндiгi анықталған. Бiрқалыпты жинақталуды табу кезiнде
«кiшi бөлгiш» нөлге тең емес екенi анықталды.

Кiлт сөздер: бастапқы-шеттiк есеп, Фурье әдiсi, шешiмнiң жалғыздығы, бар болуы, меншiктi мән,
меншiктi функция, функционалдық қатар, абсолюттi және бiрқалыпты жинақталу.

Ю.П. Апаков1,2, Д.М. Меликузиева2

1Институт математики имени В.И. Романовского Академии наук Республики Узбекистан, Ташкент,
Узбекистан;

2Наманганский инженерно-строительный институт, Наманган, Узбекистан

О граничной задаче для уравнения четвёртого порядка,
содержащего третью производную по времени

В статье рассмотрена краевая задача в прямоугольной области для однородного дифференциального
уравнения в частных производных четвёртого порядка, содержащего третью производную по време-
ни. Единственность решения поставленной задачи доказана методом интегралов энергии. Используя
метод разделения переменных, решение задачи ищется в виде произведения двух функций X (x) и
Y (y). Для определения X (x) получаем обыкновенное дифференциальное уравнение четвёртого по-
рядка с четырьмя граничными условиями на границе сегмента [0, p], а для Y (y) – обыкновенное
дифференциальное уравнение третьего порядка с тремя граничными условиями на границе сегмента
[0, q]. Налагая определенные условия на заданные функции, доказана теорема существования регу-
лярного решения задачи. Решение поставленной задачи построено в виде бесконечного ряда, обос-
нована возможность почленного дифференцирования ряда по всем переменным. При доказательстве
равномерной сходимости установлена отличность от нуля «малого знаменателя».

Ключевые слова: начально-краевая задача, метод Фурье, единственность, существование, собственное
значение, собственная функция, функциональный ряд, абсолютная и равномерная сходимость.
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Boundary value problems with displacement for one mixed
hyperbolic equation of the second order

The paper studies two nonlocal problems with a displacement for the conjugation of two equations of second-
order hyperbolic type, with a wave equation in one part of the domain and a degenerate hyperbolic equation
of the first kind in the other part. As a non-local boundary condition in the considered problems, a linear
system of FDEs is specified with variable coefficients involving the first-order derivative and derivatives of
fractional (in the sense of Riemann-Liouville) orders of the desired function on one of the characteristics
and on the line of type changing. Using the integral equation method, the first problem is equivalently
reduced to a question of the solvability for the Volterra integral equation of the second kind with a weak
singularity; and a question of the solvability for the second problem is equivalently reduced to a question
of the solvability for the Fredholm integral equation of the second kind with a weak singularity. For the
first problem, we prove the uniform convergence of the resolvent kernel for the resulting Volterra integral
equation of the second kind and we prove that its solution belongs to the required class. As to the second
problem, sufficient conditions are found for the given functions that ensure the existence of a unique solution
to the Fredholm integral equation of the second kind with a weak singularity of the required class. In some
particular cases, the solutions are written out explicitly.

Keywords: wave equation, degenerate hyperbolic equation of the first kind, Volterra integral equation,
Fredholm integral equation, Tricomi method, method of integral equations, methods of fractional calculus
theory.

Introduction. Notation. Formulation of the problem

In the Euclidean plane with independent variables x and y we consider the equation

0 =

{
(−y)m uxx − uyy + λ (−y)

m−2
2 ux, y < 0,

uxx − uyy + f, y > 0,
(1)

where λ, m are given numbers, and m > 0, |λ| ≤ m
2 ; f = f (x, y) is the given function; u = u (x, y) is

the desired function.
Equation (1) for y < 0 coincides with the equation form

(−y)m uxx − uyy + λ (−y)
m−2

2 ux = 0, (2)

and for y > 0 equation (1) is a inhomogeneous wave equation

uxx − uyy + f (x, y) = 0. (3)

Equation (2) belongs to the class of degenerate hyperbolic equations of the first kind [1; 21]. An
important property in equation (2) is that at |λ| ≤ m

2 the Cauchy problem is valid in its ordinary
formulation with type degeneration along the line y = 0, even though it violates Protter condition [2].

∗Corresponding author.
E-mail: Giraslan@yandex.ru
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At m = 2 equation (2) turns into the Bitsadze-Lykov equation [3; 37], [4], [5; 234], while when λ = 0
equation (2) turns into the Gellerstedt equation [6], applicable to determine the shape of a slot in a
dam [7; 234]. A special case of equation (2) is also the Tricomi equation, which plays an important role
in the theory of aerodynamics and gas dynamics [8; 38], [9; 280], [10; 373] .

Equation (1) is considered in the domain Ω = Ω1 ∪ Ω2 ∪ I, where Ω1 is the domain bounded by
characteristics σ1 = AC : x − 2

m+2 (−y)
m+2

2 = 0, σ2 = CB : x + 2
m+2 (−y)

m+2
2 = r of equation (2)

at y < 0, emanating from the point C = (r/2, yc), yc = −
[

(m+2)r
4

] 2
m+2 , passing through the points

A = (0, 0) and B = (r, 0), and the segment I = AB of the line y = 0; Ω2 is the domain bounded by
characteristics σ3 = AD : x− y = 0, σ4 = BD : x+ y = r of equation (3), emanating from the points
A and B, intersecting at the point D =

(
r
2 ,

r
2

)
and the line segment I = AB.

By a regular solution to Eq. (1) in the domain Ω we mean the function u = u (x, y) which belongs
to the class C

(
Ω̄
)
∩ C1 (Ω) ∩ C2 (Ω1 ∪ Ω2), ux, uy ∈ L1 (I), substitution of which turns Eq. (1) into

an identity.
Problem 1. Find a regular solution of equation (1) in the domain Ω that satisfies the conditions

u [θr1(x)] = ψ1(x), 0 ≤ x ≤ r, (4)

α1(x) (r − x)β2 D1−β1
rx {u [θr0 (t)]}+ α2(x)D1−β

rx u (t, 0) + α3(x)uy (x, 0) = ψ2(x), 0 < x < r, (5)

where α1(x), α2(x), α3(x), ψ1(x), ψ2(x) are defined functions on the segment 0 ≤ x ≤ r and α2
1(x) +

α2
2(x) + α2

3(x) 6= 0 ∀x ∈ [0, r].
Problem 2. Find a regular solution to equation (1) in the domain Ω that satisfies the nonlocal

condition (5) and the boundary condition

u [θ01(x)] = ψ1(x), 0 ≤ x ≤ r, (6)

where α1(x), α2(x), α3(x), ψ1(x), ψ2(x) defined functions on the segment 0 ≤ x ≤ r while α2
1(x) +

α2
2(x) + α2

3(x) 6= 0 ∀x ∈ [0, r].
Hence θ00(x) =

(
x
2 , − (2− 2β)β−1 x1−β

)
; θ01(x) =

(
x
2 ,

x
2

)
; θr0(x) =

(
r+x

2 , − (2− 2β)β−1 (r − x)1−β
)
;

θr1(x) =
(
r+x

2 , r−x2

)
are affixes of intersection of characteristics emanating from the point (x, 0) with

characteristics of AC, AD, BC, BD correspondingly; affixes of points β1 = m−2λ
2(m+2) , β2 = m+2λ

2(m+2) ,
β = β1 + β2 = m

m+2 ; D
α
cxg (t) is a fractional integro-differential operator (in the sense of Riemann-

Liouville) of an order |α| with origin at the point c [5], [7], [11].
The Goursat problem for a hyperbolic equation degenerating inside a domain was previously studied

in [12, 13]. In [12], the criterion for the continuity of the solution to the Goursat problem for an
equation of form (2) is studied and in [13], the solution to the Goursat problem for a model equation
that degenerates inside the domain is written explicitly. Paper [14] considers the first boundary value
problem for a hyperbolic equation degenerating inside a domain. Papers [15–17] study boundary value
problems for degenerate hyperbolic equations in a characteristic quadrangle with data on opposite
characteristics.

Problems 1 and 2 formulated above and studied in this paper belong to the class of boundary
problems with the Zhegalov-Nakhushev displacement [18–20]. Problems with a displacement for hyper-
bolic equations degenerate inside the domain were previously studied in [21–25]. Previously, various
problems with a displacement for parabolic-hyperbolic type equations of the second and third orders
were studied in the works [26, 27]. A more complete scientific literature review on boundary value
problems with a displacement one can find in monographs [28–34]. As part of this work, we established
sufficient conditions for the given functions α1(x), α2(x), α3(x), ψ1(x), ψ2(x) and f (x, y), for a unique
regular solution to problems 1 and 2 in the considered domain. In some special cases, the solutions are
written out explicitly.
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Study of Problem 1

The study of problem 1. The following Theorem holds.
Theorem 1. Assume the given functions α1(x), α2(x), α3(x), ψ1(x), ψ2(x) and f (x, y) are such

that
α1(x), α2(x), α3(x), ψ2(x) ∈ C[0, r] ∩ C2(0, r), (7)

ψ1(x) ∈ C1[0, r] ∩ C2(0, r), (8)

f (x, y) ∈ C
(
Ω̄2

)
, (9)

and one of the below conditions is met: either

α3(x)− γ2α1(x) 6= 0 ∀ x ∈ [0, r] (10)

or
α3(x)− γ2α1(x) ≡ 0, α2(x) + γ1α1(x) 6= 0 ∀ x ∈ [0, r]. (11)

Then there exists a unique regular solution to Problem 1 in the domain Ω.
Proof. Let there is a solution to problem (1), (4), (5) and let

u (x, 0) = τ(x), 0 ≤ x ≤ r, (12)

uy (x, 0) = ν(x), 0 < x < r. (13)

At |λ| ≤ m
2 the solution to Cauchy problem (12)-(13) for equation (2) is written out according to

one of the formulas [35; 14]

u (x, y) =
1

B (β1, β2)

1∫
0

τ
[
x+ (1− β) (−y)1/(1−β) (2t− 1)

]
tβ2−1 (1− t)β1−1 dt+

+
y

B (1− β1, 1− β2)

1∫
0

ν
[
x+ (1− β) (−y)1/(1−β) (2t− 1)

]
t−β1 (1− t)−β2 dt, |λ| < m

2
, (14)

u (x, y) = τ
[
x+ (1− β) (−y)1/(1−β)

]
+

+ (1− β) y

1∫
0

ν
[
x+ (1− β) (−y)1/(1−β) (2t− 1)

]
(1− t)−β dt, λ =

m

2
, (15)

u (x, y) = τ
[
x− (1− β) (−y)1/(1−β)

]
+

+ (1− β) y

1∫
0

ν
[
x+ (1− β) (−y)1/(1−β) (1− 2t)

]
(1− t)−β dt, λ = −m

2
, (16)

where τ(x) ∈ C[0, r] ∩C2(0, r), ν(x) ∈ C1(0, r) ∩L1(0, r); β1 = m−2λ
2(m+2) , β2 = m+2λ

2(m+2) , β = β1 + β2 =

m
m+2 ; Γ (p) =

∞∫
0

exp (−t) tp−1dt, B (p, q) =
1∫
0

tp−1 (1− t)q−1 dt are Euler integrals of the first and

second kind, B (p, q) = Γ(p) Γ(q)
Γ(p+q) .
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Consider first the case for |λ| < m
2 . By (14) and taking into account (8), we have

u [θr0(x)] = u

(
r + x

2
, − (2− 2β)β−1 (r − x)1−β

)
=

=
1

B (β1, β2)

1∫
0

τ [x+ (r − x) t] tβ2−1 (1− t)β1−1 dt−

− 1

B (1− β1, 1− β2)
(2− 2β)β−1 (r − x)1−β

1∫
0

ν [x+ (r − x) t] t−β1 (1− t)−β2 dt.

Introducing a new variable z = x+ (r − x) t, we can rewrite the last equality as follows

u [θr0(x)] =
(r − x)1−β

B (β1, β2)

r∫
x

τ (z) (r − z)β1−1

(z − x)1−β2 dz − (2− 2β)ε−1

B (1− β1, 1− β2)

r∫
x

ν (z) (r − z)−β2

(z − x)β1
dz.

In terms of fractional differentiation operators (in the sense of Riemann-Liouville) defined above, we
rewrite the last equality

u [θr0(x)] =
Γ (β)

Γ (β1)
(r − x)1−β D−β2rx

[
τ (t) (r − t)β1−1

]
−

− Γ (2− β)

Γ (1− β2)
(2− 2β)β−1 Dβ1−1

rx

[
ν (t) (r − t)−β2

]
. (17)

Next, let us use the laws of weighted composition operators of fractional differentiation and integration
with the same origins [5], [7; 18], [36; 20]

D−γcx Dγ
ctϕ (s) = ϕ(x), (18)

Dα
cx |t− c|

α+γ Dγ
ctϕ (s) = |x− c|γ Dα+γ

cx |t− c|α ϕ (t) , (19)

where 0 < α ≤ 1, γ < 0, α + γ > −1; ϕ(x) ∈ L [a, b], and for α + γ > 0 the function ϕ(x) has a
fractional derivative Dα+γ

cx ϕ (t).
Applying the operator D1−β1

rx to both parts of equality (17) and using composition laws (18), and
(19) we obtain

(r − x)β2 D1−β1
rx u [θr0 (t)] = γ1D

1−β
rx τ (t)− γ2ν(x), (20)

where γ1 = Γ(β)
Γ(β1) , γ2 = Γ(2−β) (2−2β)β−1

Γ(1−β2) .

Substituting (r − x)β2 D1−β1
rx u [θr0 (t)] by (20) we can specify condition (5) as follows

[α2(x) + γ1α1(x)]D1−β
rx τ (t) + [α3(x)− γ2α1(x)] ν(x) = ψ2(x). (21)

Relation (21) is fundamental between the desired functions τ(x) and ν(x), the domain Ω1 to the line
y = 0 for |λ| < m

2 . At λ = m
2 by (15) under condition (5) we arrive again at (21) but in this case for

β1 = 0, β2 = β = m
m+2 , γ1 = 0, γ2 = 2β−1 (1− β)β , while for λ = −m

2 by (16) and (5) we get (21) for
β1 = β = m

m+2 , β2 = 0, γ1 = 1, γ2 = Γ (2− β) (2− 2β)β−1.
Next, we should obtain the fundamental relation between τ(x) and ν(x) transferred to the liney = 0

from Ω2.
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For this purpose, we study a representation of the regular solution to problem (12), (13) in Ω2 for
equation (3), which is written out by the d’Alembert formula [37; 59]:

u (x, y) =
τ (x+ y) + τ (x− y)

2
+

1

2

x+y∫
x−y

ν (t) dt+
1

2

y∫
0

x+y−t∫
x−y+t

f (s, t) ds dt, (22)

where τ(x) ∈ C[0, r] ∩ C2(0, r), ν(x) ∈ C1(0, r) ∩ L1(0, r), f (x, y) ∈ C
(
Ω̄2

)
.

Satisfying condition (4) in (22) obtain

u [θr1(x)] = u

(
r + x

2
,
r − x

2

)
=
τ (r) + τ(x)

2
+

1

2

r∫
x

ν (t) dt+
1

2

r−x
2∫

0

r−t∫
x+t

f (s, t) ds dt = ψ1(x),

whence, using the differentiation, we get the relation form

τ ′(x)− ν(x)−

r−x
2∫

0

f (x+ t, t) dt = 2ψ′1(x). (23)

Relation (23) is the fundamental relation between τ(x) and ν(x), transferred from Ω2 to the segment
I of the straight line y = 0.

Eliminating the desired function ν(x) from the above relations (21) and (23) and taking into account
the matching condition τ (r) = ψ1 (r) and condition (10) of Theorem 1, with respect to τ(x) we arrive
at the first-order ordinary differential equation with a fractional-order derivative in lower terms

τ ′(x) + a(x)D1−β
rx τ (t) = 2ψ′1(x) +

ψ2(x)

α3(x)− γ2α1(x)
+

r−x
2∫

0

f (x+ t, t) dt, 0 < x < r, (24)

τ (r) = ψ1 (r) , (25)

where a(x) = α2(x)+γ1α1(x)
α3(x)−γ2α1(x) .

We integrate equation (24) from x to r, in view of the initial condition (25), and get the integral
equation corresponding to problem (24)-(25)

τ(x)− 1

Γ (β)

r∫
x

K (x, t) τ (t) dt = F1(x), (26)

where K (x, t) = a(x)

(t−x)1−β
+

t∫
x

a′(s)dt

(t−s)1−β
,

F1(x) = 2ψ1(x)− ψ1 (r)−
r∫
x

ψ2(t)
α3(t)−γ2α1(t)dt−

r∫
x

(r−t)/2∫
0

f (t+ s, s) ds dt.

The properties of the given functions (7), (8), (9) suggest that equation (26) is a Volterra integral
equation of the second kind with the kernel K (x, t) ∈ L1 ([0, r]× [0, r]) having a weak singularity for
x = t and the right side F1(x) ∈ C[0, r]∩C2(0, r). According to the general theory of Volterra integral
equations, a solution to Eq. (26), is the unique solution, and can be written out by the formula

τ(x) = F1(x) +

r∫
x

K (x, t) F1 (t) dt, (27)
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where R (x, t) =
∞∑
n=0

Kn(x, t)
Γn+1(β)

is the resolvent kernel K (x, t); K0 (x, t) = K (x, t), Kn+1 (x, t) =

x∫
t

K (x, s) Kn (s, t) ds are the iterated kernels.

Let us show that the resolvent R (x, t), like the kernel K (x, t) of Eq. (26), belongs to the class
R (x, t) ∈ L1 ([0, r]× [0, r]) and has a weak singularity at x = t, and the solution to Eq. (27), and its
right-hand side F1(x), belongs to τ(x) ∈ C[0, r] ∩ C2(0, r).

Indeed, considering α(x) ∈ C1[0, r] ∩ C2(0, r) we get estimates for iterated kernels Kn(x, t)
Γn+1(β)

. Let
|α(x)| ≤M1 and |α′(x)| ≤M2 ∀ x ∈ [0, r] . Then for the first iterated kernel we have the estimate∣∣∣∣K0 (x, t)

Γ (β)

∣∣∣∣ =

∣∣∣∣K (x, t)

Γ (β)

∣∣∣∣ =
1

Γ (β)

∣∣∣∣∣∣ α(x)

(t− x)1−β +

t∫
x

α′ (s) dt

(t− s)1−β

∣∣∣∣∣∣ ≤ M1 (t− x)β−1

Γ (β)
+
M2 (t− x)β

Γ (β + 1)
.

Next ∣∣∣∣K1 (x, t)

Γ2 (β)

∣∣∣∣ =

∣∣∣∣∣∣
t∫

x

K (x, s)

Γ (β)

K0 (s, t)

Γ (β)

∣∣∣∣∣∣ ≤
t∫

x

[
M1 (s− x)β−1

Γ (β)
+
M2 (s− x)β

Γ (β + 1)

]
×

×

[
M1 (t− s)β−1

Γ (β)
+
M2 (t− s)β

Γ (β + 1)

]
dt =

M2
1

Γ2 (β)

t∫
x

(s− x)β−1 (t− s)β−1 dt+

+
M1M2

Γ (β) Γ (β + 1)

t∫
x

(s− x)β−1 (t− s)β dt+
M1M2

Γ (β) Γ (β + 1)

t∫
x

(s− x)β (t− s)β−1 dt+

+
M2

2

Γ2 (β + 1)

t∫
x

(s− x)β (t− s)β dt =
M2

1 (t− x)2β−1

Γ (2β)
+

2M1M2 (t− x)2β

Γ (2β + 1)
+
M2

2 (t− x)2β+1

Γ (2β + 2)
.

Similarly,∣∣∣∣K2 (x, t)

Γ3 (β)

∣∣∣∣ =

∣∣∣∣∣∣
x∫
t

K (x, s)

Γ (β)

K1 (s, t)

Γ2 (β)

∣∣∣∣∣∣ ≤ M3
1 (t− x)3β−1

Γ (3β)
+

3M2
1M2 (t− x)3β

Γ (3β + 1)
+

+
3M1M

2
2 (t− x)3β+1

Γ (3β + 2)
+
M3

2 (t− x)3β+2

Γ (3β + 3)
.

It’s clear that ∣∣∣∣Kn−1 (x, t)

Γn (β)

∣∣∣∣ ≤ n∑
k=0

CknM
n−k
1 Mk

2 (t− x)nβ+k−1

Γ (nβ + k)
, (28)

where Ckn = n!
k! (n−k) ! is a number of combinations of n elements taken k.

Noting that Γ (nβ + k) ≥ Γ (nβ) ∀ k = 0, 1, 2, ... from (28) we obtain the estimate∣∣∣∣Kn−1 (x, t)

Γn (β)

∣∣∣∣ < (t− x)nβ−1

Γ (nβ)

n∑
k=0

CknM
n−k
1 Mk

2 (t− x)k =
(t− x)nβ−1

Γ (nβ)
[M1 +M2 (t− x)]n . (29)

For sufficiently large n index nβ−1 at (t− x) in (29) is positive. And in this case, the difference (t− x)
can be replaced by a higher numerical value r. Thus, for the resolvent R (x, t) of the kernel K (x, t)
we obtain the estimate:

|R (x, t)| =

∣∣∣∣∣
∞∑
n=1

Kn−1 (x, t)

Γn (β)

∣∣∣∣∣ <
∞∑
n=1

(M1 +M2r)
n rnβ−1

Γ (nβ)
. (30)
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Using the Stirling formula for the Gamma function:

Γ (n) =
1√
2πn

nne−n+ η
12n , 0 < η < 1.

Cauchy criterion for the convergence of numerical series, it is easy to see that the right side series of
inequality (30) converges. Thus, the series for the resolvent R (x, t) of the kernel K (x, t) in Eq. (26)
converges absolutely and uniformly, and we can conclude that the resolvent of the kernel is continuous
for any 0 < β < 1 and any x 6= t ∈ [0, r], having a weak singularity for x = t.

Further, by representation (27) and estimates (29), (30) with a continuous right-hand side, obtain
the estimate

|τ(x)| =

∣∣∣∣∣∣F1(x) +

r∫
x

K (x, t) F1 (t) dt

∣∣∣∣∣∣ < M3

[
1 +

∞∑
n=1

(M1 +M2r)
n rnβ

Γ (nβ)

]
, (31)

where M3 = max
0≤x≤r

|F1(x)|.

The convergence of the majorizing sequences (the right side of inequality (31) ) implies the absolute
and uniform convergence according to the Weierstrass test. Whence we conclude the continuity of the
limit function τ(x) ∈ C[0, r].

Now F1(x) ∈ C2(0, r). In this case, by double integration by parts on the right side of representation
(27), we can see clearly that τ(x) ∈ C2(0, r) that is, the solution to Eq. (26), as well as its right side
is belong to τ(x) ∈ C[0, r] ∩ C2(0, r).

When a(x) = a = const, the solution to (26) is written out explicitly using the formula:

τ(x) = F1(x) + a

r∫
x

R (x, t; a) F1 (t) dt,

where R (x, t; a) = (t− x)β−1 E 1
β

[
a (t− x)β ; β

]
, and Eρ (z;µ) =

∞∑
n=0

zn

Γ(µ+nρ−1)
is the Mittag-Leffler

type function [38; 117], which coincides with the Mittag-Leffler function Eρ (z; 1) = E1/ρ (z) at µ = 1.
If condition (11) is satisfied, then using system (21), (23) we can immediately get:

τ(x) = Dβ−1
rx

[
ψ2 (t)

α2 (t) + γ1α1 (t)

]
, ν(x) = Dβ

rx

[
ψ2 (t)

α2 (t) + γ1α1 (t)

]
− 2ψ′1(x)−

(r−x)/2∫
0

f (x+ t, t) dt.

Study of Problem 2

Now we proceed to the study of problem 2. Satisfying condition (6) for (22) we obtain:

u [θ01(x)] = u
(x

2
,
x

2

)
=
τ(x) + τ (0)

2
+

1

2

x∫
0

ν (t) dt+
1

2

x/2∫
0

x−t∫
t

f (s, t) dsdt = ψ1(x),

then by differentiation, we get

ν(x) + τ ′(x) +

x/2∫
0

f (x− t, t) dt = 2ψ′1(x). (32)
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Relation (32) is the fundamental relation between τ(x) and ν(x), transferred from Ω2 to the segment
I of the strait line y = 0, in case with Problem 2.

Thus, when |λ| < m
2 with respect to the desired τ(x) and ν(x) one gets a system of equations

expressed through (21) and (32). Eliminating from (21) and (32) the unknown ν(x) with respect to
τ(x), in view of the matching condition τ (0) = ψ1 (0), the same way as with problem 1, we arrive at the
following boundary value problem for a first-order ordinary differential equation with a fractional-order
derivative in lower terms

τ ′(x)− a(x)D1−β
rx τ (t) = F2(x), 0 < x < r, (33)

τ (0) = ψ1 (0) , (34)

where F2(x) = 2ψ′1(x)− ψ2(x)
α3(x)−γ2α1(x) −

x/2∫
0

f (x− t, t) dt.

Integrating equation (33) with respect to the variable x from x to r, considering condition (34), we
obtain the integral equation corresponding to problem (33)-(34)

τ(x) +
1

Γ (β)

r∫
0

L (x, t) τ (t) dt = ψ1 (0) +

x∫
0

F2 (t) dt, (35)

where L (x, t) =

{
K (0, t)−K (x, t) , 0 ≤ x < t,
K (0, t) , t < x ≤ r.

If the given functions α1(x), α2(x), α3(x), ψ1(x), ψ2(x) and f (x, y) have the properties (7)–(9)
listed in Theorem 1, then equation (35) is a Fredholm integral equation of the second kind with
the kernel L (x, t) ∈ L1 ([0, r]× [0, r]), with a weak singularity at x = t, and a right-hand side of
C[0, r] ∩ C2(0, r).

Let us further find sufficient conditions that ensure the unique solvability to Eq. (35). To this end,
let’s consider a homogeneous problem corresponding to Problem 2, setting ψ1(x) ≡ 0, ψ2(x) ≡ 0
∀x ∈ [0, r] and f (x, y) ≡ 0 ∀ (x, y) ∈ Ω̄2. In this case, problem (33)-(34) turns into the corresponding
homogeneous problem

1

a(x)
τ ′(x)− D1−β

rx τ (t) = 0, 0 < x < r, (36)

τ (0) = 0. (37)

Multiplying equation (36) by the function τ(x), and integrating the resulting equality with respect
to the variable x from 0 to r, with condition (37) we have

r∫
0

a−1(x) τ(x) τ ′(x)dx−
r∫

0

τ(x)D1−β
rx τ (t) dx =

=
τ2 (r)

2a (r)
+

r∫
0

a′(x)

2a2(x)
τ2(x)dx−

r∫
0

τ(x)D1−β
rx τ (t) dx = 0. (38)

To estimate
r∫
0

τ(x)D1−β
rx τ (t) dx, we use Lemma 1 by [39], according to which τ(x)Dα

rxϕ (t) ≥ 1
2 D

α
rxϕ

2 (t),

0 < α ≤ 1. With this inequality, we have
r∫

0

τ(x)D1−β
rx τ (t) dx ≥ 1

2

r∫
0

D1−β
rx τ2 (t) dx =

1

2Γ (β)

r∫
0

tβ−1 τ2 (t) dt ≥ 0. (39)
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If the function a(x) is a nonincreasing negative, then, as follows by (39), equality (38) can take place
if and only if τ(x) ≡ 0 ∀x ∈ [0, r]. Then by (21) and (32) at ψ1(x) ≡ 0, ψ2(x) ≡ 0 ∀x ∈ [0, r],
f (x, y) ≡ 0 ∀ (x, y) ∈ Ω̄2 and [α3(x)− γ2α1(x)] [α2(x) + γ1α1(x)] 6= 0 ∀x ∈ [0, r] it follows that
ν(x) ≡ 0 ∀x ∈ [0, r] as well. Therefore, under the above conditions Eq. (32) has a unique solution
within τ(x) ∈ C[0, r] ∩ C2(0, r).

Thus, we have proved the following theorem.
Theorem 2. Let the given functions α1(x), α2(x), α3(x), ψ1(x), ψ2(x) and f (x, y) be such that

they have properties (7)–(9) and let

a(x) < 0, a′(x) ≤ 0 ∀x ∈ [0, r], (40)

[α3(x)− γ2α1(x)] [α2(x) + γ1α1(x)] 6= 0 ∀x ∈ [0, r]. (41)

Then there exists a unique regular solution to Problem 2 in Ω.
In the case when a(x) = a = const the solution to problem (33)-(34) is written out explicitly

according to

τ(x) =
Eβ

[
−a (r − x)β

]
Eβ [−a rβ]

ψ1 (0)+
Eβ

[
−a (r − x)β

]
Eβ [−a rβ]

r∫
0

Eβ

[
−atβ

]
F2 (t) dt−

r∫
x

Eβ

[
−a (r − x)β

]
F2 (t) dt,

and
Eβ

[
−arβ

]
6= 0. (42)

As follows from conditions (40)-(41) Theorem 2, inequality (42) will be satisfied, for example, for all
a < 0.
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Ж.А. Балкизов

Қолданбалы математика және автоматика институты — Ресей Ғылым академиясының
Кабардин-Балқар ғылыми орталығының филиалы, Нальчик, Ресей

Екiншi реттi аралас-гиперболалық теңдеу үшiн ығысуы бар
шеттiк есептер

Мақалада облыстың бiр бөлiгiнде толқындық теңдеуден және екiншi бөлiгiнде бiрiншi типтi гипербо-
лалық теңдеуден тұратын екiншi реттi гиперболалық типтi екi теңдеудiң түйiндесуiнде ығысуы бар
екi бейлокалды есеп зерттелген. Зерттелген есептердегi бейлокалды шеттiк шарт ретiнде сипаттама-
лардың бiрiнде және типтi өзгерту сызығында қажет функцияның бiрiншi реттi туынды және бөлшек
реттi туынды (Риман-Лиувилль мағынасында) мәндерiнiң айнымалы коэффициенттерi бар сызықтық
комбинациясы берiлген. Интегралдық теңдеулер әдiсiн қолдана отырып, бiрiншi есептiң шешiмдiлi-
гi екiншi тектi әлсiз сингулярлығы бар Вольтерра интегралдық теңдеуiнiң шешiмдiлiгiне, ал екiншi
есептiң шешiлетiндiгi туралы мәселе әлсiз сингулярлығы бар екiншi тектi Фредгольм интегралдық
теңдеуiнiң шешiмдiлiгiне көшедi. Бiрiншi есеп үшiн екiншi тектi Вольтерра интегралдық теңдеуiнiң
нәтижесiнде алынған ядроның резольвентасына бiрқалыпты жинақтылығын және оның шешiмi қа-
жеттi класқа жататыны дәлелденген. Екiншi есеп үшiн талап етiлетiн кластан әлсiз ерекшелiкпен
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екiншi тектi Фредгольм интегралдық теңдеуiнiң жалғыз шешiмiнiң болуын қамтамасыз ететiн берiл-
ген функциялар үшiн жеткiлiктi шарттар табылды. Кейбiр ерекше жағдайлар үшiн есептердiң ше-
шiмдерi анық жазылған.

Кiлт сөздер: толқындық теңдеу, бiрiншi тектi өзгешеленген гиперболалық теңдеу, Вольтерра ин-
тегралдық теңдеуi, Фредгольм интегралдық теңдеуi, Трикоми әдiсi, интегралдық теңдеулер әдiсi,
бөлшектi есептеу теориясының әдiстерi.

Ж.А. Балкизов

Институт прикладной математики и автоматизации — филиал Кабардино-Балкарского научного центра
Российской академии наук, Нальчик, Россия

Краевые задачи со смещением для одного
смешанно-гиперболического уравнения второго порядка

В статье исследованы две нелокальные задачи со смещением на сопряжение двух уравнений ги-
перболического типа второго порядка, состоящего из волнового уравнения в одной части области и
вырождающегося гиперболического уравнения первого рода — в другой. В качестве нелокального
граничного условия в исследуемых задачах задана линейная комбинация с переменными коэффици-
ентами значений производной первого порядка и производных дробного (в смысле Римана–Лиувилля)
порядка от искомой функции на одной из характеристик и на линии изменения типа. С использова-
нием метода интегральных уравнений вопрос разрешимости первой задачи эквивалентным образом
редуцирован к вопросу разрешимости интегрального уравнения Вольтерра второго рода со слабой
особенностью, а вопрос разрешимости второй задачи — к вопросу разрешимости интегрального урав-
нения Фредгольма второго рода со слабой особенностью. По первой задаче доказаны равномерная
сходимость резольвенты ядра получающегося интегрального уравнения Вольтерра второго рода и
принадлежность его решения требуемому классу. По второй задаче найдены достаточные условия на
заданные функции, обеспечивающие существование единственного решения интегрального уравне-
ния Фредгольма второго рода со слабой особенностью из требуемого класса. В некоторых частных
случаях решения задач выписаны в явном виде.

Ключевые слова: волновое уравнение, вырождающееся гиперболическое уравнение первого рода, ин-
тегральное уравнение Вольтерра, интегральное уравнение Фредгольма, метод Трикоми, метод инте-
гральных уравнений, методы теории дробного исчисления.
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Best approximation by «angle» and the absolute Cesàro summability
of double Fourier series

This article is devoted to the topic of absolute summation of series or Cesaro summation. The relevance of
this article lies in the fact that a type of absolute summation with vector index which has not been previously
studied is considered. In this article, a sufficient condition for the vector index absolute summation method
was obtained in terms of the best approximation by «angle» of the functions from Lebesgue space. The
theorem that gives a sufficient condition proves the conditions that are sufficient in different cases, which
may depend on the parameters. From this proved theorem, a sufficient condition on the term mixed
smoothness modulus of the function from Lebesgue space, which is easily obtained by a well-known
inequality, is also presented.

Keywords: trigonometric series, Fourier series, Lebesgue space, best approximation by «angle», absolute
summability of the series.

Introduction and preliminaries

Let I2 = {(x1, x2) ∈ R2 : 0 ≤ xj < 2π}.
We denote by Lq(I2) the space of all measurable by Lebesque, 2π-periodic on each variable functions

f(x1, x2), such that

‖f‖q =

(∫ 2π

0

∫ 2π

0
|f(x1, x2)|qdx1dx2

) 1
q

< +∞, 1 ≤ q < +∞.

Let Yn1n2(f)q is two-dimensional best approximation by «angle» of function f ∈ Lq(I2). By
definition [1–3],

Yn1n2(f)q = inf
Tn1,∞,T∞,n2

‖f − Tn1,∞ − T∞,n2‖q ,

where the function Tn1,∞ ∈ Lq(I2) is a trigonometric polynomial of degree at most n1 in x1, and the
function T∞,n2 ∈ Lq(I2) is a trigonometric polynomial of degree at most n2 in x2.

Let r ∈ N, h1, h2 ∈ R. For a function f ∈ Lq(I2), the difference of order r ∈ N with respect to
the variable x1 and the difference of order r ∈ N with respect to the variable x2 are defined as follows
[1–3]:

∆r
h1,x1f(x1, x2) =

r∑
ν1=0

(−1)r−ν1 · Cν1r · f(x1 + h1ν1, x2),

and, respectively

∆r
h,x2f(x1, x2) =

r∑
ν2=0

(−1)r−ν2 · Cν2r · f(x1, x2 + h2ν2).

∗Corresponding author.
E-mail: bitimsamat10@gmail.com
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Denote by Ωr(f ; t1, t2)q the mixed module of smoothness of an order r of function f ∈ Lq(I2) [1–3]:

Ωr(f ; t1, t2)q = sup
|hj |≤ tj
j=1,2

‖∆r
h2,x2

(
∆r
h1,x1(f)

)
‖q.

Consider a double trigonometric series

∞∑
n1=1

∞∑
n2=1

(an1,n2 cosn1x1 cosn2x2 + bn1,n2 sinn1x1 cosn2x2 +

+cn1,n2 cosn1x1 sinn2x2 + dn1,n2 sinn1x1 sinn2x2) ≡
∞∑

n1=1

∞∑
n2=1

Bn1,n2(x1, x2). (1)

Let’s write it down

A(β)
n =

(β + 1)(β + 2) . . . (β + n)

n!
,

where β is a real number, n is a natural number.
The sum

σ(β1,β2)n1,n2
(x1, x2) =

n1∑
k1=1

n2∑
k2=1

2∏
j=1

A
(βj−1)
nj−kj

(
A

(βj)
nj

)−1
Bk1,k2(x1, x2)

called (C;β1, β2) mean of series (1).
The series (1) called |C;β1, β2|λ1,λ2-summable (or absolute summable with vector index), λj ≥ 1,

j = 1, 2, at the point (x1, x2) ∈ I2, if the following series converges:

∞∑
n2=1

nλ2−12

[ ∞∑
n1=1

nλ1−11

∣∣∣∣σ(β1,β2)n1,n2
(x1, x2)− σ(β1,β2)n1−1,n2

(x1, x2)−

−σ(β1,β2)n1,n2−1(x1, x2) + σ
(β1,β2)
n1−1,n2−1(x1, x2)

∣∣∣∣λ1
]λ2
λ1

. (2)

Let

τ (β1,β2)n1,n2
(x1, x2) =

 2∏
j=1

A
(βj)
nj

−1 n1∑
k1=1

n2∑
k2=1

 2∏
j=1

kjA
(βj−1)
nj−kj

Bk1,k2(x1, x2).

Then the convergence of the series (2) is equivalent to the convergence of the following series

∞∑
n2=1

n−12

[ ∞∑
n1=1

n−11

∣∣∣∣τ (β1,β2)n1,n2
(x1, x2)

∣∣∣∣λ1
]λ2
λ1

.

In case λ2 = λ1 = λ we will write |C;β1, β2|λ (absolute summability with scalar index) instead of
|C;β1, β2|λ1,λ2 .

Issues related to the absolute Cesàro summability of series began to be studied intensively in the
twentieth century. Among the many scientists we can mention the work of F.T. Wang [4], I.E. Zhak and
M.F. Timan [5], K. Tandori [6], L. Leindler [7], M.F. Timan [8], Yu.A. Ponomarenko and M.F. Timan [9],
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I. Szalay [10, 11], G. Sunouchi [12], who studied the conditions of the absolute Cesàro summability
of trigonometric and orthogonal series. In recent years, various generalizations of absolute Cesàro
summability have been defined, and the former classical results have been proved for these generalizations.
For example, we can cite the works of H. Bor [13–15], Yu. Dansheng and Zhou Guanzhen [16], S. Sonker
and A. Munjal [17, 18], E. Savaş [19, 20], B. Rhoades and E. Savaş [21]. In addition, L. Leindler [22]
and H. Bor [23] gave a new application of power increasing sequence by applying absolute Cesàro
summability for an infinity series. Problems of absolute Cesàro summability of multiple trigonometric
Fourier series of functions from different spaces studied in works [24–29]. Almost all of this work is
devoted to the topic of absolute Cesàro summability with scalar index. The absolute Cesàro summability
with vector index was first defined in [24]. In the article [24] the condition β1 = β2 is considered and
only sufficient conditions are obtained. Feature of our work is that under sufficient conditions β1 6= β2.

Main results

Now we prove the main results.
We denote ρk1k2 =

√
a2k1k2 + b2k1k2 + c2k1k2 + d2k1k2 .

Theorem 1. Let 1 < q ≤ 2, 1 ≤ λ2 ≤ λ1 ≤ q, 1
q + 1

q′
= 1. Then for |C;β1, β2|λ1,λ2-summability

almost everywhere on I2 Fourier series of function f(x1, x2) ∈ Lq(I2) is sufficiently,
1) in case of 1

q′
< β1 < +∞, 1

q′
= β2, for the condition to be met:

∞∑
n2=2

(lnn2)
λ2
q n

λ2
(

2
q
−1

)
−1

2

[ ∞∑
n1=1

n
λ1

(
2
q
−1

)
−1

1 · Y λ1
n1n2

(f)q

]λ2
λ1

< +∞;

2) in case of 1
q′
< β1 < +∞, −1 < β2 <

1
q′
, for the condition to be met:

∞∑
n2=1

n

(
1
q
−β2

)
λ2−1

2

[ ∞∑
n1=1

n

(
2
q
−1

)
λ1−1

1 · Y λ1
n1n2

(f)q

]λ2
λ1

< +∞;

3) in case of −1 < β1 <
1
q′
, 1

q′
= β2 for the condition to be met:

∞∑
n2=2

n
λ2

(
2
q
−1

)
−1

2 (lnn2)
λ2
q

[ ∞∑
n1=1

n

(
1
q
−β1

)
λ1−1

1 · Y λ1
n1n2

(f)q

]λ2
λ1

< +∞.

Proof of item 1). It was proved in work [29] that in case of 1
q′
< β1 < +∞, 1

q′
= β2, if the next

series

∞∑
n2=0

 ∞∑
n1=0

2n1+1−1∑
k1=2n1

2n2+1−1∑
k2=2n2

ρqk1k2 ln k2


λ1
q


λ2
λ1

converges, then series (1) is |C;β1, β2|λ1,λ2-summable almost everywhere on I2.
By simple calculations, we get

S =

∞∑
n2=0

 ∞∑
n1=0

2n1+1−1∑
k1=2n1

2n2+1−1∑
k2=2n2

ρqk1k2 ln k2


λ1
q


λ2
λ1

=
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=

∞∑
n2=0

 ∞∑
n1=0

2n1+1−1∑
k1=2n1

2n2+1−1∑
k2=2n2

ρqk1k2(k1k2)
q−2 ln k2(k1k2)

2−q


λ1
q


λ2
λ1

≤

≤ C
∞∑

n2=0

 ∞∑
n1=0

2n1(2−q)2n2(2−q)n2

2n1+1−1∑
k1=2n1

2n2+1−1∑
k2=2n2

ρqk1k2(k1k2)
q−2


λ1
q


λ2
λ1

≤

≤ C
∞∑

n2=1

2
n2λ2

(
2
q
−1

)
n
λ2
q

2

 ∞∑
n1=0

2
n1λ1

(
2
q
−1

)2n1+1−1∑
k1=2n1

2n2+1−1∑
k2=2n2

ρqk1k2(k1k2)
q−2


λ1
q


λ2
λ1

.

Hence, using the Hardy-Littlewood theorem [30], we obtain

S ≤ C
∞∑

n2=1

2
n2λ2

(
2
q
−1

)
n
λ2
q

2

 ∞∑
n1=0

2
n1λ1

(
2
q
−1

) ∥∥∥∥∥∥
2n1+1−1∑
k1=2n1

2n2+1−1∑
k2=2n2

Bk1k2(·, ·)

∥∥∥∥∥∥
λ1

q


λ2
λ1

. (3)

Now, using inequality [1]∥∥∥∥∥∥
2n1+1−1∑
k1=2n1

2n2+1−1∑
k2=2n2

Bk1k2(·, ·)

∥∥∥∥∥∥
q

≤ C · Y2n1−1,2n2−1(f)q, (4)

due to the monotonicity of the best approximation by an «angle» from (3), we have

S ≤ C
∞∑

n2=1

2
n2λ2

(
2
q
−1

)
n
λ2
q

2

[ ∞∑
n1=0

2
n1λ1

(
2
q
−1

)
Y λ1
2n1−1,2n2−1(f)q

]λ2
λ1

≤

≤ C
∞∑

n2=2

(lnn2)
λ2
q n

λ2
(

2
q
−1

)
−1

2

[ ∞∑
n1=1

n
λ1

(
2
q
−1

)
−1

1 Y λ1
n1n2

(f)q

]λ2
λ1

.

Proof of item 2). In case of 1
q′
< β1 < +∞, −1 < β2 <

1
q′
, by Theorem 2 in [29], the convergence

of series

∞∑
n2=0

 ∞∑
n1=0

2n1+1−1∑
k1=2n1

2n2+1−1∑
k2=2n2

ρqk1k2k
q(1−β2)−1
2


λ1
q


λ2
λ1

implies the |C;β1, β2|λ1,λ2-summability of series (1) almost everywhere on I2.
Carrying out simple calculations, using the Hardy-Littlewood theorem [30] and inequality (4), we

obtain

∞∑
n2=0

 ∞∑
n1=0

2n1+1−1∑
k1=2n1

2n2+1−1∑
k2=2n2

ρqk1k2k
q(1−β2)−1
2


λ1
q


λ2
λ1

=
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=

∞∑
n2=0

 ∞∑
n1=0

2n1+1−1∑
k1=2n1

2n2+1−1∑
k2=2n2

ρqk1k2(k1k2)
q−2k

q(1−β2)−1
2 (k1k2)

2−q


λ1
q


λ2
λ1

≤

≤ C
∞∑

n2=0

2
n2λ2

(
1
q
−β2

)  ∞∑
n1=0

2
n1λ1

(
2
q
−1

)2n1+1−1∑
k1=2n1

2n2+1−1∑
k2=2n2

ρqk1k2(k1k2)
q−2


λ1
q


λ2
λ1

≤

≤ C
∞∑

n2=0

2
n2λ2

(
1
q
−β2

)  ∞∑
n1=0

2
n1λ1

(
2
q
−1

) ∥∥∥∥∥∥
2n1+1−1∑
k1=2n1

2n2+1−1∑
k2=2n2

Bk1k2(·, ·)

∥∥∥∥∥∥
λ1

q


λ2
λ1

≤

≤ C
∞∑

n2=0

2
n2λ2

(
1
q
−β2

) [ ∞∑
n1=0

2
n1λ1

(
2
q
−1

)
· Y λ1

2n1−1,2n2−1(f)q

]λ2
λ1

≤

≤ C
∞∑

n2=1

n

(
1
q
−β2

)
λ2−1

2

[ ∞∑
n1=1

n

(
2
q
−1

)
λ1−1

1 · Y λ1
n1n2

(f)q

]λ2
λ1

.

Proof of item 3). Let −1 < β1 <
1
q′
, 1

q′
= β2. Then by Theorem 2 in [29] the convergence of series

∞∑
n2=0

 ∞∑
n1=0

2n1+1−1∑
k1=2n1

2n2+1−1∑
k2=2n2

ρqk1k2k
q(1−β1)−1
1 · ln k2


λ1
q


λ2
λ1

implies the |C;β1, β2|λ1,λ2-summability of series (1) almost everywhere on I2.
In a similar way to the proof of the previous points, using the Hardy-Littlewood theorem [30] and

inequality (4), we get

∞∑
n2=0

 ∞∑
n1=0

2n1+1−1∑
k1=2n1

2n2+1−1∑
k2=2n2

ρqk1k2k
q(1−β1)−1
1 · ln k2


λ1
q


λ2
λ1

=

=
∞∑

n2=0

 ∞∑
n1=0

2n1+1−1∑
k1=2n1

2n2+1−1∑
k2=2n2

ρqk1k2(k1k2)
q−2k

q(1−β1)−1
1 (k1k2)

2−q · ln k2


λ1
q


λ2
λ1

≤

≤ C
∞∑

n2=1

2
n2λ2

(
2
q
−1

)
n
λ2
q

2

 ∞∑
n1=0

2
n1λ1

(
1
q
−β1

)2n1+1−1∑
k1=2n1

2n2+1−1∑
k2=2n2

ρqk1k2(k1k2)
q−2


λ1
q


λ2
λ1

≤

≤ C
∞∑

n2=1

2
n2λ2

(
2
q
−1

)
n
λ2
q

2

 ∞∑
n1=0

2
n1λ1

(
1
q
−β1

) ∥∥∥∥∥∥
2n1+1−1∑
k1=2n1

2n2+1−1∑
k2=2n2

Bk1k2(·, ·)

∥∥∥∥∥∥
λ1

q


λ2
λ1

≤
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≤ C
∞∑

n2=2

n
λ2

(
2
q
−1

)
−1

2 (lnn2)
λ2
q

[ ∞∑
n1=1

n

(
1
q
−β1

)
λ1−1

1 · Y λ1
n1n2

(f)q

]λ2
λ1

.

Thus, the theorem is fully proved.
Using the following inequality [1]:

Yn1n2(f)q ≤ C · Ωr(f ;
1

n1 + 1
,

1

n2 + 1
)q

we can formulate another result.
Theorem 2. Let 1 < q ≤ 2, 1 ≤ λ2 ≤ λ1 ≤ q, 1

q + 1
q′

= 1 and r is a natural number. Then for
|C;β1, β2|λ1,λ2-summability almost everywhere on I2 Fourier series of function f(x1, x2) ∈ Lq(I2) is
sufficiently,

1) in case of 1
q′
< β1 < +∞, 1

q′
= β2, for the condition to be met:

∞∑
n2=2

(lnn2)
λ2
q n

λ2
(

2
q
−1

)
−1

2

[ ∞∑
n1=1

n
λ1

(
2
q
−1

)
−1

1 · Ωλ1
r (f ;

1

n1
,

1

n2
)q

]λ2
λ1

< +∞;

2) in case of 1
q′
< β1 < +∞, −1 < β2 <

1
q′
, for the condition to be met:

∞∑
n2=1

n

(
1
q
−β2

)
λ2−1

2

[ ∞∑
n1=1

n

(
2
q
−1

)
λ1−1

1 · Ωλ1
r (f ;

1

n1
,

1

n2
)q

]λ2
λ1

< +∞;

3) in case of −1 < β1 <
1
q′
, 1

q′
= β2 for the condition to be met:

∞∑
n2=2

n
λ2

(
2
q
−1

)
−1

2 (lnn2)
λ2
q

[ ∞∑
n1=1

n

(
1
q
−β1

)
λ1−1

1 · Ωλ1
r (f ;

1

n1
,

1

n2
)q

]λ2
λ1

< +∞.
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10 Szalay I. On generalized absolute Cesàro summability of orthogonal series / I. Szalay // Acta
Sci. Math. — 1971. — 32. — P. 51–59.

11 Szalay I. Absolute summability of trigonometric series / I. Szalay // Mathematical Notes of
the Academy of Sciences of the USSR. —1981. — 30. — P. 912–919. https://doi.org/10.1007/
BF01145770

12 Sunouchi G. Absolute summability of Fourier series / G. Sunouchi // Acta Math. Acad. Sci.
Hungar. — 1982. — 39(4). — P. 323–329.

13 Bor H. A new theorem on generalized absolute Cesàro summability factors / H. Bor // J.
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«Бұрышпен» ең жақсы жуықтау және екi еселi Фурье қатарының
Чезаро бойынша абсолюттi қосындылануы

Мақала қатарлардың абсолюттi қосындылануы немесе Чезаро бойынша қосындылану тақырыбына
арналған. Бұл жүмыстың өзектiлiгi мынада: бұрын көп зерттелмеген векторлық индекстiң абсолюттi
қосындылану түрi қарастырылатындығында. Авторлар векторлық индекстiң абсолюттi қосындылану
тәсiлi үшiн Лебег кеңiстiгi функциясының «бұрышпен» ең жақсы жуықтауы терминiндегi жеткiлiктi
шартты алған. Жеткiлiктi шартты беретiн теорема параметрлерге байланысты әртүрлi жағдайларда
жеткiлiктi шарттарды дәлелдейдi. Осы дәлелденген теоремадан белгiлi теңсiздiктiң көмегiмен Лебег
кеңiстiгi функциясының аралас тегiстiк модулi терминiндегi жеткiлiктi шарт алынады.

Кiлт сөздер: тригонометриялық қатар, Фурье қатары, Лебег кеңiстiгi, «бұрышпен» ең жақсы жуық-
тау, қатардың абсолюттi қосындылануы.
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Наилучшее приближение «углом» и абсолютная суммируемость
по Чезаро двойных рядов Фурье

Cтатья посвящена теме абсолютного суммирования рядов, или суммирования Чезаро. Актуальность
данной работы заключается в том, что рассматривается не изученный ранее вид абсолютного сум-
мирования с векторным индексом. Авторами получено достаточное условие для метода абсолютного
суммирования с векторным индексом в терминах наилучшего приближения «углом» функций из
пространства Лебега. Теорема, дающая достаточное условие, доказывает достаточные условия в раз-
личных случаях, которые могут зависеть от параметров. Из этой доказанной теоремы выводится
также достаточное условие в термине смешанного модуля гладкости функции из пространства Лебе-
га, которое легко получается с помощью известного неравенства.

Ключевые слова: тригонометрический ряд, ряд Фурье, пространство Лебега, наилучшее приближение
«углом», абсолютная суммируемость ряда.
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Kelvin-Voigt equations with memory: existence, uniqueness and
regularity of solutions

In general, the study of inverse problems is realizable only in the case when the corresponding direct
problems have the unique solution with some necessary properties such as continuity and regularity. In this
paper, we study initial-boundary value problems for the system of 2D-3D nonlinear Kelvin-Voigt equations
with memory, which describes a motion of an incompressible homogeneous non-Newtonian fluids with
viscoelastic and relaxation properties. The investigation of these direct problems is related to the study of
inverse problems for this system, which requires the continuity and regularity of solutions to these direct
problems and their derivatives. The system, in addition to the initial condition, is supplemented with one
of the boundary conditions: stick and slip boundary conditions. In both cases of these boundary conditions,
the global in time existence and uniqueness of strong solutions to these initial-boundary value problems were
proved. Moreover, under suitable assumptions on the data, the regularity of solutions and their derivatives
were established.

Keywords: Kelvin-Voigt system, slip and stick boundary conditions, strong solutions, global existence and
uniqueness, smoothness.

Introduction

Let Ω ∈ Rd, d = 2, 3, be a bounded domain with a smooth boundary ∂Ω, and QT = Ω× (0, T ) be
a cylinder with a lateral ΓT = ∂Ω× [0, T ]. Let us consider the following initial-boundary value problem
for the system of nonlinear Kelvin-Voigt (Navier-Stokes-Voigt) equations with memory

vt + (v · ∇) v − κ∆vt − ν∆v −
t∫

0

K(t− τ)∆v(x, τ)dτ +∇p = f, (x, t) ∈ QT , (1)

div v(x, t) = 0, (x, t) ∈ QT , (2)

supplemented with the initial condition

v(x, 0) = v0 (x) , x ∈ Ω (3)

and one of the following boundary conditions: stick boundary condition

v(x, t) = 0, (x, t) ∈ ΓT (4)

or slip boundary condition

vn(x, t) = v · n = 0, rot v× n = 0, (x, t) ∈ ΓT . (5)

System (1)-(2) is called a Kelvin-Voigt (also called Navier-Stokes-Voigt) system with memory
or an integro-differential Kelvin-Voigt system, and models a motion of viscoelastic incompressible

∗Corresponding author.
E-mail: nugymanovank@gmail.com

66 Bulletin of the Karaganda University



Kelvin-Voigt equations ...

non-Newtonian fluids [1–5]. Most of hydrodynamics problems were considered with stick-boundary
condition (4), however, in recent years works have appeared on initial-boundary value problems with
a slip-boundary condition like (5), see for instance [6–8] et al. Because this is related to the fact that
these boundary conditions have an important meaning for non-Newtonian fluids [9, 10]. In the case of
slip boundary condition (5), we assume that Ω is a simply connected bounded domain [11]. System
(1)-(2), in some particular cases, can be considered as a nonlinear pseudoparabolic equation due to
the term ∆vt, therefore all established below results will be hold true also for initial-boundary value
problems for such type PDEs.

The issue of study of problems (1)–(4) and (1)–(3), (5) is aroused due to the investigation of inverse
problems for system (1)-(2) that is supplemented with some additional conditions on solutions of the
corresponding direct problem. In generally, the study of inverse problems are realizable only there is
information such as unique solvability of the corresponding direct problems and smoothness of their
solutions [12–14]. The direct problems for (1)-(2) with various statements have been studied before in
some works as [5,7,15,16], where the existence and uniqueness of weak solutions were established. The
existence, uniqueness, and the regularities of smooth solutions of the initial-boundary value problems
for system (1)-(2) without the memory term have been investigated in [17] for homogeneous fluids,
and in [18], in the case for non-homogeneous fluids. However, by our knowledge, there is not work for
smooth solutions for problems (1)–(4) and (1)–(3), (5). By this purpose, in this paper, we investigate the
existence and uniqueness of strong solutions of problems (1)–(4) and (1)–(3), (5), and their regularities.
First we work on problem (1)–(4) and the study problem (1)–(3), (5) is similar to the first one, therefore,
we omit some details of proofs.

1 Preliminaries

In this section, we introduce the main functional spaces and some useful inequalities related to
boundary conditions (4) and (5) from [8]. We distinguish vectors from scalars by using boldface letters.
The symbol C will denote a generic constant – generally a positive one, value of which will not be
specified; it can change from one inequality to another. We denote by L2(Ω) the usual Lebesgue space
of square integrable vector-valued functions on Ω, and by Wm,2(Ω) the Sobolev space of functions
in L2(Ω) whose weak derivatives of an order not greater than m are in L2(Ω). The norm and inner
product in L2(Ω) denoted by ‖ · ‖2,Ω and (·, ·)2,Ω, respectively.

Let us introduce the function spaces regarding to the slip and stick boundary conditions (5) and
(4), respectively (see [3, 6]):

Hn(Ω) ≡ {v ∈ L2(Ω) : div v = 0, vn|∂Ω = 0}; H(Ω) ≡ {v ∈ L2(Ω) : div v = 0, v|∂Ω = 0};
H1

n(Ω) ≡ {v ∈W1
2(Ω) : div v = 0, vn|∂Ω = 0}; H1(Ω) ≡ {v ∈W1

2(Ω) : div v = 0, v|∂Ω = 0};
H2

n(Ω) ≡ {v ∈ H1
n(Ω) ∩W2,2(Ω) : (rot v × n)|∂Ω = 0}; H2(Ω) ≡ {v ∈ H1(Ω) ∩W2,2(Ω)}

and for the simplicity, we use the following common notation for both cases

V :=

{
H(Ω), in the case (4);
Hn(Ω), in the case (5), Vi :=

{
Hi(Ω), in the case (4);
Hi

n(Ω), in the case (5), i = 1, 2.

The scalar product and the norm in V1
n(Ω) we define by (rot v, rot u)2,Ω and ‖v‖V1

n(Ω) := ‖rot v‖2,Ω,
respectively. According to [3, 6, 8, 11] and the references cited in them (see for example [9, 19]), the
following inequalities are hold:
Poincare’s inequality

‖v‖2,Ω ≤ C1(Ω) ‖∇v‖2,Ω , v ∈ V1(Ω); (6)

N1(Ω) ‖v‖W1,2(Ω) ≤ ‖rot v‖2,Ω ≤ N2(Ω) ‖v‖W1,2(Ω) , ∀v ∈ V1(Ω);
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N3(Ω) ‖v‖W2,2(Ω) ≤ ‖∆v‖2,Ω = ‖rot rot v‖2,Ω ≤ N4(Ω) ‖v‖W2,2(Ω) , ∀v ∈ V2(Ω); (7)

and Ladyzhenskaya inequalities [6].
Let us introduce a bilinear and continuous form a on V1, associated with the operator ∆:

a(v,u) = (∇v,∇u)2,Ω , ∀v,u ∈ V1(Ω) (8)

in case (4), and
a(v,u) = (rot v, rot u)2,Ω , ∀v,u ∈ V1(Ω) (9)

in case (5). It is clear that a(v,v) is a norm on V1(Ω), which is equivalent to W1,2(Ω)-norm. In
particular, due to (6), in V1 the norm ‖ rot v‖2,Ω is equivalent to the norm ‖v‖W1,2(Ω), and therefore
equivalent to the norm ‖∇v‖2,Ω.

Thus, a defines an isomorphism A from V1(Ω) to V−1(Ω),

〈Av,u〉 ≡ a(v,u), ∀v,u ∈ V1(Ω),

where 〈·, ·〉 denotes the pairing of V1 and V−1. There hold the following continuous inclusions

V1(Ω) ↪→ L2(Ω) ↪→ V−1(Ω),

where each of the first two spaces is dense in the next one.
It follows from (7) also that in V2 the norm ‖∆v‖2,Ω = ‖rotrot v‖2,Ω is equivalent to the norm

‖v‖W2,2(Ω).
Regarding to sliding condition (5), we have the Green formulas (see [6] and [8, 9]):

(−∆v,u)2,Ω = − (∇ div v,u)2,Ω +
(
rot2 v,u

)
2,Ω

= −
∫
∂Ω

div v · un dS+

+ (div v,div u)2,Ω +

∫
∂Ω

u · (rot v × n) dS + (rot v, rot u)2,Ω = (rot v, rot u)2,Ω

(10)

in case d = 3, and

(−∆v,u)2,Ω = (div v, div u)2,Ω +
(
rot(rot v),u

)
2,Ω

=

=

∫
∂Ω

(rot v × n) u dS + (rot v, rot u)2,Ω = (rot v, rot u)2,Ω ,
(11)

in case d = 2, where rotϕ is the vector (ϕx2 ,−ϕx1)2,Ω for the scalar function ϕ.
The regularity properties of solutions will be proved under the following lemma, which the proof is

given in [20].

Lemma 1. If f ∈ Lp(0, T ;X) and ∂f
∂t ∈ Lp(0, T ;X) (1 ≤ p ≤ ∞), then f , after, which can be

changing on a set of measure zero (from segment (0, T )) be a continuous mapping [0, T ]→ X.

Definition 1. A vector function v(x, t) is a strong solution to problem (1)–(4) ((1)–(3), (5)) if:
1 v(x, t) ∈ C(0, T ; V1(Ω) ∩V2(Ω)) ∩W1

2(0, T ; V1(Ω) ∩V2(Ω));
2 Each equation in (1)–(4) ((1)–(3), (5)) holds in the distribution sense in the their corresponding

domain.
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2 Main results

Throughout the work, we assume that

K(t) ∈ L2([0, T ]) and ‖K‖L2([0,T ]) ≡ K0 <∞. (12)

For the problems (1)–(4) and (1)–(3), (5) the following results are hold.

Theorem 1. Suppose that

f ∈ L2(0, T ; L2(Ω)), v0 ∈ V1(Ω) ∩V2(Ω),

and (12) are hold. Then problems (1)–(4) and (1)–(3), (5) have a unique strong solution and the
following estimate is valid

‖v‖2L∞(0,T ;V1(Ω)∩V2(Ω)) + ‖vt‖2L2(0,T ;V1(Ω)∩V2(Ω)) + ‖v‖2L2(0,T ;V1(Ω)) ≤ C <∞,

where C is a positive constant depending on data of the problem.

Proof. The proof consists of following steps: by Gelerkin’s method constructing a sequence of
approximated solutions; obtaining a priori estimates and passage to limit.

2.1 Galerkin’s approximations

To prove the existence of a strong solution to problem (1)–(5), we use the Faedo–Galerkin method
with a special basis of eigenfunctions of the spectral problem

−∆ϕj +∇q = λjϕj , ϕj ∈ V2(Ω)

is closely connected with problems (1)–(4) and (1)–(3), (5). In case (5), it is equivalent to the problem
[6,8]

Aϕj ≡ −∆ϕj = λjϕj , ϕj ∈ V2(Ω)

since ∇q ≡ 0 due to the fact

(∆ϕ,∇p) = 0, for any ϕ ∈ V2(Ω) and any p ∈W 1
2 (Ω).

For the problem (1)–(3), (4), Aϕj ≡ ∆̃ϕj [21]. Given m ∈ N , let us consider the m-dimensional spaces
Xm spanned by the first m eigenfunctions ϕ1, ..., ϕm. For each m ∈ N , we search for approximate
solutions in the form

vm(x, t) =

m∑
j=1

cmj (t)ϕj(x), ϕj ∈ Xm,

where unknown coefficients cmj (t), j = 1, ...,m are defined as solutions of the following system of
ordinary differential equations derived from

d

dt

(
(vm, ϕk)2,Ω − κ (∆vm, ϕk)2,Ω

)
+ ((vm · ∇) vm, ϕk)2,Ω − ν (∆vm, ϕk)2,Ω−

−
t∫

0

K(t− τ) (∆vm, ϕk)2,Ω dτ = (f , ϕk)2,Ω ,
(13)
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for k = 1, 2, . . . , m. System (13) is supplemented with the Cauchy data

vm(0) = vm0 , (14)

where

vm0 =

m∑
j=1

(v0, ϕj)2,Ω ϕj

is a sequence in L2(Ω) ∩V1(Ω) such that

vm0 → v0(x) strong as m→∞ in V1(Ω) ∩V2(Ω). (15)

According to a general theory of ordinary differential equations, Cauchy problem (13)–(14) has a
solution cmj (t) in [0, T∗]. By a priori estimates which we shall establish below, [0, T∗] can be extended
to [0, T ].

2.2 A priori estimates

Lemma 2. Assume that
f ∈ L2(0, T ; L2(Ω)), v0(x) ∈ V1(Ω),

and the conditions (12) and (15) are fulfilled. Then, for all t ∈ [0, T ], the following a priori estimate is
valid

‖vm‖2L∞(0,T ;V(Ω)∩V1(Ω)) + ‖vm‖2L2(0,T ;V1(Ω)) ≤M0 <∞, (16)

where M0 is a positive constant depending only on data of the problem.

Proof. Multiply k-th equation of (13) by cmk (t) and summing up from 1 to m, then using Green’s
formulas (10)-(11), we obtain

d

dt

(
‖vm‖22,Ω + κ ‖vm‖2V1(Ω)

)
+ ν ‖vm‖2V1(Ω) =

=

t∫
0

K(t− τ)a (vm(t),vm(τ)) dτ + (f ,vm)2,Ω ≡ I1, (17)

where a is defined by (8) and (9), regarding to the boundary conditions. Next, we estimate the terms
on the right-hand side of (17) by Hölder’s and Young’s inequalities

I1 ≤
t∫

0

|K(t− τ)| ‖vm(τ)‖V1(Ω) ‖v
m(t)‖V1(Ω) dτ + ‖vm‖2,Ω ‖f‖2,Ω ≤

≤ ν

2
‖vm‖2V1(Ω) +

K2
0

2ν

t∫
0

‖vm(τ)‖2V1(Ω) dτ +
1

2
‖vm‖22,Ω +

1

2
‖f‖22,Ω .

Substituting last inequality into (17), and integrating by s from 0 to t, we obtain

‖vm‖22,Ω + κ ‖vm‖2V1(Ω) + ν

t∫
0

‖vm‖2V1(Ω) ds ≤ ‖v0(x)‖22,Ω + κ ‖v0(x)‖2V1(Ω) +

t∫
0

‖vm‖22,Ω ds+

+
K2

0

ν

t∫
0

s∫
0

‖vm(s)‖2V1(Ω) dτds+ ‖f‖22,QT
≤ C1

t∫
0

(
‖vm‖22,Ω + κ ‖vm‖2V1(Ω)

)
ds+ C2,

(18)
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where

C1 = max{1, K
2
0T

νκ
}, C2 = ‖v0(x)‖22,Ω + κ ‖v0(x)‖2V1(Ω) + ‖f‖22,QT

.

Omitting the third term on the left hand side of (18) and applying Grönwall’s lemma and taking
supremum, we get

sup
t∈(0,T ]

(
‖vm‖22,Ω + ‖vm‖2V1(Ω)

)
≤ C3 <∞, (19)

where C3 = C3(ν,κ, T, C1, C2). Plugging (19) with (18), we obtain the first energy estimate (16).

Lemma 3. Assume that all conditions of Lemma 2 are fulfilled. Then the following estimate is valid

‖vm‖2L∞(0,T ;V(Ω)∩V1(Ω)) + ‖vmt ‖
2
L2(0,T ;V(Ω)∩V1(Ω)) ≤M1 <∞, ∀t ∈ [0, T ], (20)

where M1 is a positive constant depending on data of the problem.

Proof. Multiplying both sides of k-th equation of (13) by d cmk
d t and summing up from k = 1 to

k = m, we obtain

‖vmt ‖
2
2,Ω +κ ‖vmt ‖

2
V1(Ω) +

ν

2

d

dt
‖vm‖2V1(Ω) = ((vm · ∇) vmt ,v

m)2,Ω−

−
t∫

0

K(t− τ)a (vm(τ),vmt (t)) dτ + (f ,vmt )2,Ω ≡ I21 + I22.
(21)

Using Hölder and Ladyzhenskaya together with Young inequalities, we have

I21 ≤ |((vm · ∇) vmt ,v
m)| ≤ ‖vmt ‖4,Ω ‖v

m‖24,Ω ≤
ε1

2
‖vmt ‖

2
V1(Ω) +

C4(Ω)

2ε1
‖vm‖4V1(Ω) , (22)

I22 ≤
ε2

2
‖vmt (t)‖2V1(Ω) +

K2
0

2ε2

t∫
0

‖vm(τ)‖2V1(Ω) dτ +
ε3

2
‖vmt (t)‖22,Ω +

1

2ε3
‖ f‖22,Ω . (23)

Plugging (22)-(23) with εi = κ
3 , i = 1, 2, 3 into (21), and integrating the result by s in [0, t], t ≤ T ,

we have

ν ‖vm‖2V1(Ω) +2 ‖vmt (t)‖22,QT
+ κ ‖vmt (t)‖2L2(0,T ;V1(Ω)) ≤

≤ ν ‖v0‖2V1(Ω) +
3C4(Ω)

κ
M2

0 +
3K2

0

κ
M0T +

3

κ
‖f‖22,QT

:= C4 <∞

which follows that (20).

Lemma 4. Assume that in addition to the conditions of Lemma 2 holds

v0 ∈ V(Ω) ∩V2(Ω).

Then for all t ∈ [0, T ], the estimate is valid

sup
t∈[0,T ]

‖Avm‖22,Ω + ‖Avmt ‖
2
2,QT

≤M2 <∞, (24)

where A ≡ ∆̃ for the problem with (4), and A ≡ ∆ for the problem with (5).

Mathematics series. No. 4(112)/2023 71



Kh. Khompysh, N.K. Nugymanova

Proof. Let us multiply the kth equation of (13) by −µk
dcmk (t)
dt and sum with respect to k, from 1 to

m to obtain

‖vmt ‖
2
V1(Ω) + κ ‖Avmt ‖

2
2,Ω +

ν

2

d

dt
‖Avm‖22,Ω = ((vm · ∇) vm,Avmt )2,Ω−

−
t∫

0

K(t− τ) (∆vm(τ),Avmt (t))2,Ω dτ + (f(t),Avmt )2,Ω ≡ I31 + I32.
(25)

Estimating the terms on right hand side (25) by using Hölder, Ladyzhenskaya, Sobolev and Young
inequalities, we get the following inequalities

I31 ≤ ‖Avmt ‖2,Ω ‖v
m‖4,Ω ‖∇vm‖4,Ω ≤

ε1

2
‖Avmt ‖

2
2,Ω +

C2(Ω)

2ε1
‖vm‖2V1(Ω) ‖Avm‖22,Ω ,

I32 ≤
ε2

2
‖Avmt (t)‖22,Ω +

K2
0

2ε2

t∫
0

‖Avm(τ)‖22,Ω dτ +
ε3

2
‖Avmt (t)‖22,Ω +

1

2ε3
‖f‖22,Ω , (26)

where C(Ω) is a constant from embedding inequalities.
Substituting (26) with εi = κ

3 , i = 1, 2, 3 into (25) and integrating the result by τ ∈ (0, t) and using
estimates (16), (20), we have

ν ‖Avm‖22,Ω +

t∫
0

‖vmt (τ)‖2V1(Ω) dτ + κ
t∫

0

‖Avmt (τ)‖22,Ω dτ ≤ C5

t∫
0

‖Avm(τ)‖22,Ω dτ + C6, (27)

where
C5 =

3K0

κ
(
C2(Ω) +K0T

)
, C6 = ν ‖v0‖2V2(Ω) +

3

κ
‖f‖22,QT

.

By applying Granwall’s lemma and the standard techniques, we get from (27) estimate (24).

Along with the above estimates, one can establish the following more regular estimate assuming
an additional smoothness for data.

Lemma 5. Assume that in addition to the conditions of Lemma 5 holds

f ∈ L∞(0, T ; L2(Ω)).

Then for all t ∈ [0, T ] the following estimate is valid

sup
t∈[0,T ]

‖vnt ‖
2
V1(Ω) + sup

t∈[0,T ]
‖Avnt ‖

2
2,Ω ≤M3 <∞. (28)

Proof. Let us multiply the kth equation of (13) by −µk
dcmk (t)
dt , and sum with respect to k, from 1

to m. Then we have

‖vmt ‖
2
V1(Ω) + κ ‖Avmt ‖

2
2,Ω = ((vm · ∇) vm,Avmt )2,Ω−

−
t∫

0

K(t− τ) (∆vm(τ),Avmt (t))2,Ω dτ + (f(t),Avmt )2,Ω − ν (∆vm,Avmt )2,Ω ≡ I41 + I42,
(29)

where
I41 = ((vm · ∇) vm,Avmt )2,Ω ,
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I42 = −
t∫

0

K(t− τ) (∆vm(τ),Avmt (t))2,Ω dτ + (f(t),Avmt )2,Ω − ν (∆vm,Avmt )2,Ω .

Estimating I41 and I42 by using Hölder and Cauchy inequalities as above, we obtain the following
inequality

I41 ≤ ‖Avmt ‖2,Ω ‖v
m‖4,Ω ‖∇vm‖4,Ω ≤

ε1

2
‖Avmt ‖

2
2,Ω +

C2(Ω)

2ε1
‖vm‖2V1(Ω) ‖Avm‖22,Ω , (30)

I42 ≤
ε2

2
‖Avmt (t)‖22,Ω +

K2
0

2ε2

t∫
0

‖∆vm(τ)‖22,Ω dτ +
ε3

2
‖Avmt (t)‖22,Ω +

1

2ε3
‖f‖22,Ω +

+
ν

2ε4
‖∆vm‖22,Ω +

ε4

2
‖Avmt (t)‖22,Ω .

(31)

Choosing εi = κ
4 , i = 1, 2, 3, 4 in (30), (31), and substituting into (29), we get

‖vmt ‖
2
V1(Ω) +

κ
2
‖Avmt ‖

2
2,Ω ≤

2C2(Ω)

κ
‖vm‖2V1(Ω) ‖Avm‖22,Ω +

+
2K2

0

κ

t∫
0

‖∆vm(τ)‖22,Ω dτ +
2

κ
‖f‖22,Ω +

2ν

κ
‖∆vm‖22,Ω .

(32)

Now, taking the supremum by t ∈ [0, T ] on both sides of (32), and using (20) and (24), we obtain

sup
t∈[0,T ]

(
‖vmt ‖

2
V1(Ω) +

κ
2
‖Avmt ‖

2
2,Ω

)
≤ 2C2(Ω)

κ
M1M2+

2K2
0

κ
M2T+

2

κ
‖f‖2L∞(0,T ;L(Ω))+

2ν

κ
M2 ≤ K <∞.

2.3 Passage to the limit as m→∞

By means of reflexivity and up to some subsequences, estimates (16), (20), (28) imply that

vm ⇀ v weakly-∗ in L∞(0, T ; V(Ω) ∩V1(Ω)), as m→∞, (33)

vm ⇀ v weakly in L2(0, T ; V(Ω) ∩V1(Ω)), as m→∞, (34)

vmt ⇀ vt weakly in L2(0, T ; V(Ω) ∩V1(Ω)), as m→∞, (35)

vm ⇀ v weakly-∗ in L∞(0, T ; V2(Ω)), as m→∞, (36)

vm ⇀ v weakly in L2(0, T ; V2(Ω)), as m→∞, (37)

vmt ⇀ vt weakly in L2(0, T ; V2(Ω)), as m→∞. (38)

On the other hand, due to the compact embedding W1,2
0 (Ω) ↪→↪→ L2(Ω) and the Aubin-Lions

compactness lemma, it follows that

vm −→ v strongly in L2(QT ) as m→∞. (39)

Let ζ(t) ∈ C∞0 ([0, T ]) be an arbitrary function. Multiplying (13) by ζ(t) and integrating the result by
t from 0 to T , we obtain∫

QT

vmt · ϕkζdxdt+

∫
QT

(vm · ∇) vm · ϕkζdxdt+ ν

∫
QT

∆vm · ϕkζdxdt+

+ κ
∫
QT

∆vmt · ϕkζdxdt =

∫
QT

∫ τ

0
K(τ − s)∆vm · ϕkζdsdτ +

∫
QT

f · ϕkζdxdt
(40)
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for k ∈ {1, . . . ,m}. Then, fixing k, we can pass in equation (40) to the limit m → ∞, by using the
convergence results (33)–(39). Then, we obtain

∫
QT

vt · ϕkζdxdt+

∫
QT

(v · ∇) v · ϕkζdxdt+ ν

∫
QT

∆v · ϕkζdxdt+

+ κ
∫
QT

∆vt · ϕkζdxdt =

∫
QT

∫ τ

0
K(τ − s)∆v · ϕkζdsdτ +

∫
QT

f · ϕkζdxdt.
(41)

for k ∈ {1, . . . ,m}.
By linearity, equation (41) holds for any finite linear combination of {zk = ϕk · ζ(t)}mk=1 with ζ(t) ∈

C∞0 ([0, T ]), and, by a continuity argument, it is still true for any z ∈ L2(0, T ; V(Ω)). Hence, we can
see that v satisfies to∫

QT

vt · zdxdt+

∫
QT

(v · ∇) v · zdxdt+ ν

∫
QT

∆v · zζdxdt+

+κ
∫
QT

∆vt · zdxdt =

∫
QT

∫ τ

0
K(τ − s)∆v · zdsdτ +

∫
QT

f · zdxdt,

i.e. v is a strong solution to problem (1)–(4).

3 Regularity of solutions

Theorem 2. Let all conditions of Theorem 1 be fulfilled. Then

v ∈ C(0, T ; V(Ω) ∩V2(Ω)), p ∈ C(0, T ;G(Ω)).

If, in addition,
f ∈ C(0, T ;L2(Ω))

holds, then for all t ∈ (0, T )

v ∈ C1(0, T ; V(Ω) ∩V2(Ω)), p ∈ C(0, T ;G(Ω)) (42)

holds.

Proof. Embedding (42) follows from Lemma 1, under estimates (16), (20), (24). The second assertion
follows from the embedding theorems under the estimates from [20,22].
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Х. Хомпыш, Н.К. Нугыманова

Әл-Фараби атындағы Қазақ ұлттық университетi, Алматы, Қазақстан

Жады мүшесi бар Кельвин-Фойгт теңдеулерi: шешiмдердiң бар
болуы, жалғыздығы және регулярлығы

Жалпы алғанда керi есептердi зерттеу оларға сәйкес келетiн тура есептердiң бiрмәндi шешiмдiлi-
гi және шешiмдерiнiң үзiлiссiздiгi мен жоғары регулярлығы сияқты кейбiр қажеттi қасиеттерге ие
болған жағдайда ғана жүзеге асырылады. Мақалада тұтқыр серпiмдi және релаксациялық қасиет-
терi ескерiлген сығылмайтын бiртектi Ньютондық емес сұйықтардың қозғалысын сипаттайтын жады
мүшесi бар 2D-3D өлшемдi сызықты емес Кельвин-Фойгт теңдеулер жүйесi үшiн қойылған бастапқы-
шектiк есептер зерттелген. Бұл тура есептердi зерттеу осы жүйе үшiн қойылған керi есептердi зерт-
теумен байланысты. Себебi, онда осы тура есептердiң шешiмдерiнiң және олардың туындыларының
үзiлiссiздiгi мен регулярлығы сияқты қасиеттерi қажет етiледi. Қарастырылып отырған есептерде
теңдеулер жүйесi бастапқы шартпен қатар жұғу және сырғанау сияқты шекаралық шарттарының
бiрiмен толықтырылады. Осы екi шекаралық шарттар жағдайында бастапқы-шекаралық есептердiң
әлдi шешiмдерiнiң уақыт бойынша глобальды бар болуы және жалғыздығы дәлелденген. Сонымен
қатар, есептiң берiлгендерi үшiн қолайлы ұйғарымдар жасай отырып, шешiмдермен олардың туын-
дыларының регулярлығы көрсетiлдi.

Кiлт сөздер: Кельвин-Фойгт жүйесi, жұғу және сырғанаудың шекаралық шарттары, әлдi шешiмдер,
глобальды бар болуы және жалғыздығы, тегiстiк.

Х. Хомпыш, Н.К. Нугыманова

Казахский национальный университет имени аль-Фараби, Алматы, Казахстан

Уравнения Кельвина–Фойгта с памятью: существование,
единственность и регулярность решений

В общем случае изучение обратных задач осуществимо только в том случае, когда соответствующие
прямые задачи имеют единственное решение, обладающее некоторыми необходимыми свойствами, та-
кими как непрерывность и регулярность. В статье исследованы начально-краевые задачи для системы
2D–3D нелинейных уравнений Кельвина–Фойгта с памятью, описывающей движение несжимаемой
однородной неньютоновской жидкости с вязкоупругими и релаксационными свойствами. Исследова-
ние таких прямых задач связано с изучением соответствующих обратных задач для данной системы,
которое требует свойств как непрерывности и регулярности решения и их производных этих прямых
задач решений. Система уравнений, помимо начального условия, дополняется одним из граничных
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условий: условием прилипания или скольжения. В обоих случаях доказаны глобальное во времени
существование и единственность сильных решений этих начально-краевых задач. Более того, при
соответствующих предположениях на данные была установлена регулярность решений и их произ-
водных.

Ключевые слова: система Кельвина–Фойгта, граничные условия скольжения и прилипания, сильные
решения, глобальное существование и единственность, гладкость.
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A study on new classes of binary soft sets in topological rough
approximation space

Soft binary relation is used to define new classes of soft sets, namely BR-soft simply open set and BR-soft
simply* alpha open set, in topological rough approximation space over two different universes. The defined
set provides information on the missing elements of a BR-soft set and can help in simplifying decision
making. Approximation operators are defined and the characteristics of the proposed sets are studied with
examples. The relationship between the defined sets and other soft sets is brought out. An accuracy check
was done to compare the proposed method with other methods. It is identified that the proposed method
is more accurate.

Keywords: Soft set, rough set, simply open, approximation space, topological space.

Introduction

Decision making becomes complicated while handling problems with inappropriate or uncertain
data. To deal with complex problems with uncertainty, many researchers developed various mathematical
tools and theories. Soft set theory, one of the prominent theories of uncertainty, is highly helpful in
decision making due to the presence of its parameters. This theory was developed by Molodtsov [1] in
1999. Further developments in soft set theory and its application were done by many researchers [2–6].
Though soft and rough set theories are different for handling problems with uncertainty, efforts have
been made to combine both for solving complex problems [7, 8]. The relationship between soft sets,
soft rough sets and topologies were investigated by Li [9]. Covering soft rough sets and their topologies
were also studied by many other researchers [10,11]. While dealing with soft rough sets, Feng [12] used
parametrized subsets to find upper and lower approximations of a subset. These soft rough sets, soft
β rough sets, soft rough approximations, soft pre-rough approximations etc., are further studied by
many researchers in decision making [13–17].

Soft set theory was also extended over rough approximation space, nearness approximation spaces
and ideal rough topological spaces in [18–20]. In recent years, theories of uncertainty have been extended
over two universal sets. However, approximation operators between two different universal sets are less
explored. Zhang and Wu [21] were the first to study approximation operators between two different
universal sets by the constructive approach of a random approximation space. Following them, a few
other authors started working over two different universes using fuzzy rough set, intuitionistic fuzzy
rough set, neutrosophic set, etc. [22–25]. In [26], the author constructed a topological space, using the
fuzzy b-q neighbourhood of one fuzzy topology and fuzzy b-closure of another fuzzy topology.

The concepts of simply-open and its irresoluteness were studied by Dontchev et al. [27]. Continuous
functions, separation axioms of the e-I set and many other concepts like a-local function are studied
in ideal topological spaces by Al-Omeri et al. [28–31]. El Sayed et al. [32] extended simply-open to soft
set theory. In addition, El Safty et al. [33] defined the concept of Simply* alpha open sets in rough set
theory which is a union of an alpha open set and nowhere dense set. This set is useful in the field of
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decision making as it contributes to attribute reduction. Though it is studied in the rough set, since the
soft set contains a parametrization tool, it is appropriate to study simply* alpha open set over soft set.
The choice of soft sets in decision making problems varies among different researchers. It is also seen
from the literature that every soft set may not include all elements of the universal set. In such cases,
information regarding the left-out elements of the universal sets is not emphasized. A decision-making
process is highly reliable only by considering every option (element) related to the problem. For this,
new classes of soft sets will have to be defined.

In this paper, BR soft simply* alpha open set and BR-soft simply open set are defined in BR-soft
topological rough approximation space. The complement of soft sets is taken as in [34]. Apart from this,
other classes of BR-soft near sets, namely BR-soft delta, BR-soft nowhere dense, BR-soft alpha open,
BR-soft beta open, etc., are also defined over different universes to obtain their relationship between
the defined sets. The topological properties of defined sets are studied. In addition, the accuracy of the
proposed method is demonstrated using example problems and compared with the methods of Feng
[12] and Yao [35].

In the following section (section 2) of the paper, the required preliminary definitions are given.
In section 3, the sets are defined and their properties are studied. Example problems illustrating
the application of the sets and their accuracy measures are given in section 4. This is followed by a
conclusion and scope for future work.

1 Preliminaries

Definition 1.1. A soft set mk is a mapping from a subset of a parameter set (A ⊆ E) to the power
set of a universal set U . The collection of soft sets mki over U forms soft topology τ, if the following
conditions are satisfied.

i ∅, U ∈ τ .
ii The arbitrary union of soft sets in τ is in τ.
iii The finite intersection of soft sets in τ is in τ .

Then, (U,E, τ) is said to be a soft topological space.
Proposition 1.2. The following conditions hold in the soft topological space (U,E, τ).
i ∅, U are soft closed sets over U .
ii The arbitrary intersection of a soft closed set is soft closed.
iii A finite union of soft closed set is soft closed.
Proposition 1.3. [34] The following conditions hold in the soft topological space (U,E, τ).
i ∅C ,mC

k are soft closed sets over U .
ii The arbitrary intersection of soft closed set is soft closed.
iii A finite union of soft closed set is soft closed.
Definition 1.4. (U,R) denotes Pawlak’s approximation space, R is an equivalence relation and

X ⊆ S. Using R following operators were defined.

R(X) = {x ∈ S : [x]R ⊆ X},

R(X) = {x ∈ S : [x]R∩X 6= ∅}.

If R(X) 6= R(X), X is a rough set. Otherwise, X is definable.

2 Soft set over “n” different nonempty finite sets

Definition 2.1. S1, S2, ...Sn be nonempty finite sets. K be the subset of a parameter set E. A pair
(m,K) or mK is called a soft binary relation over S1, ...Sn, if (m,K) is a soft set (BR-soft set) over
S1 × S2 × ...× Sn.
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Throughout this paper, we consider n=2, i.e., two non-empty finite sets say, S and T .
Definition 2.2. Let (S, T,Rm(s,t)) be a rough approximation space and τBR be a soft topology

obtained from a soft binary relation over S, T . Thus, (S, T,Rm(s,t), τBR) is said to be BR-topological
rough approximation space where the elements of τBR are BR-soft open and its complements are closed.

Example 2.3. Let S = {2, 3, 5}, T = {4, 6}, E = {e1, e2} = K. Let S×T = {(2, 4), (2, 6), (3, 4), (3, 6),
(5, 4), (5, 6)}. Thus, the soft binary relation over S×T ismk = {(e1, {(3, 4), (5, 4)}), (e2, {(2, 4), (3, 6)})}.
The soft relations induced from soft binary relation are as follows:

R(3, 4) = {(e1, {(5, 4)})},
R(5, 4) = {(e1, {(3, 4)})},
R(2, 4) = {(e2, {(3, 6)})},
R(3, 6) = {(e2, {(2, 4)})}.

Subbasis SB = {{(e1, {(5, 4)})}, {(e1, {(3, 4)})}, {(e2, {(3, 6)})}, {(e2, {(2, 4)})}}.

The topology obtained by taking the finite intersection of an arbitrary union of elements of a subbasis
is as follows:

τBR ={∅,mk, {(e1, {(5, 4)})}, {(e1, {(5, 4)})}, {(e1, {(5, 4)})}, {(e1, {(5, 4)})}, {e1, {(5, 4), (3, 4)}},
{(e1, {(5, 4)}), (e2, {(3, 6)}}, {(e1, {(5, 4)}), (e2, {(2, 4)}}, {(e1, {(3, 4)}), (e2, {(3, 6)}}, {(e1,
{(3, 4)}), (e2, {(2, 4)}}, {(e2, {(2, 4), (3, 6)})}, {(e1, {(5, 4), (3, 4)}), (e2, {(2, 4)})},
{(e1, {(5, 4), (3, 4)}), (e2, {(3, 6)})}, {(e1, {(5, 4)}), (e2, {(2, 4), (3, 6)})}, {(e1, {(3, 4)}), (e2,
{(2, 4), (3, 6)})}}.

Then, (S, T,Rm(s,t), τBR) is BR-topological rough approximation space.

Definition 2.4. Let (S, T,Rm(s,t), τBR) be a BR-topological rough approximation space. For each
mki ⊆ mk, the BR-topological approximation operators are defined as follows:

τBR(mki) = ∪{mkj ∈ τBR;mkj ⊆ mki},
τBR(mki) = ∩{mkj ∈ τBR

C ;mki ⊆ mkj}.

In other words, τBR, τBR is considered as interior and closure of the BR-topological approximation
space respectively.

3 BR-Soft simply open, BR-Soft simply* alpha open sets

Definition 3.1. In a BR-topological rough approximation space, a BR-soft subset is called BR-soft
nowhere dense if τBR(τBR(mki)) = ∅.

Definition 3.2. In a BR-topological rough approximation space a BR-soft subset is called a BR-soft
simply* alpha open set if mki ∈ {∅,mk, (mkj ∪mkl) : mkj is BR-soft α open, mkl is BR-soft nowhere
dense and mk is BR-soft set}.

The collection of BR-soft simply* alpha open set is denoted by BRSS
∗αO(mki), the complement

is BR-soft simply* alpha closed.
Definition 3.3. In a BR-topological rough approximation space, a BR-soft subset is called
i BR-soft simply open set if mk = (mki)∪(mkj), where (mki) is BR-soft open and (mkj) is BR-soft
nowhere dense.
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ii BR-soft delta set if τBR(τBR(mki)) ⊆ τBR(τBR(mki)).
iii BR-soft semi locally closed set if mk equals the intersection of BR-soft semi open set and BR-soft

semi closed set.
iv BR-soft b open set if mki ⊆ (τBR(τBR(mki)) ∪ τBR(τBR(mki))).
v BR-soft alpha open if mki ⊆ τBR(τBR(τBR(mki))).
vi BR-soft beta open if mki ⊆ τBR(τBR(τBR(mki))).

BR-soft simply open set, BR-soft delta set, BR-soft nowhere dense, and BR-soft b open are denoted
as BRsSO(mki), BRsδO(mki), BRsNO(mki), and BRsbO(mki) respectively.

Proposition 3.4. Every BR-soft open set is BR-soft alpha open.
Example 3.5. Considering the topology taken in Example 2.3, where

mk = {(e1, {(3, 4), (5, 4)}), (e2, {(2, 4), (3, 6)})}. Here,BRsNO(mk) = {∅, {(e1, {(5, 6)}, (e2, {(2, 6)})}}.
It is clear that the BR-soft set mk1 = {(e1, {(3, 4), (5, 6)}), (e2, {(2, 4), (2, 6)})} is BR-soft simply open,
mk2 = {(e1, {(3, 4), (5, 6)}), (e2, {(2, 4), (2, 6), (3, 6)})} is a BR-soft δ set.

Theorem 3.6. Every BR-soft simply open is BR-soft simply* alpha open.
Proof. Let mk be a BR-soft simply open set. That is, mk is a union of BR-soft open set and BR-soft

nowhere dense set. Since every BR-soft open set is BR-soft alpha open, we denote mk as a union of
BR-soft alpha open set and BR-soft nowhere dense set. This proves the theorem.

The converse of Theorem 3.6 need not be true and is explained in the following example.
Example 3.7. Consider the topology taken in Example 2.3. Let the BR-soft subset be

mk = {(e1, {(3, 4)}), (e2, {(2, 4)})} which is a BR-soft alpha set.
Thus, {(e1, {(3, 4), (5, 6)}), (e2, {(2, 4), (2, 6), (3, 6)})}, mk1 = {(e1, {(3, 4), (5, 6)}), (e2, {(2, 4), (2, 6)})}
are both BR-soft simply* alpha open and BR-soft simply open. The BR-soft nowhere dense set mk2 =
{(e1, {(5, 6)}), (e2, {(2, 6)})} is BR-soft simply open but not BR-soft simply* alpha open.

Theorem 3.8. Every BR-soft open set is BR-soft simply open and BR-soft simply* alpha open set.
Proof. The proof is obvious for BR-soft simply open and by Theorem 3.6, the BR-soft open set is

BR-soft simply* alpha open.
Remark 3.9. Though the union of the BR-soft alpha open set and the BR-soft nowhere dense set

is BR-soft simply* alpha open, a BR-soft simply* alpha open set need not be BR-soft alpha open.
The following example explains Remark 3.9.
Example 3.10. The BR-soft set mk1 = {(e1, {(3, 4), (5, 6)}), (e2, {(2, 4), (2, 6)})} taken in example

3.7 is BR-soft simply* alpha open but not BR-soft alpha open. Since τBR is obtained by considering
mk, τ

C
BR is also taken with respect to mk. Let us consider mk2 = {(e1, {(5, 6)}), (e2, {(2, 6)})}.

Then, we have BRS(BRS(mk2)) = ∅, and BRS(BRS(BRS(mk2))) = ∅ which implies
BRS(BRS(mk2)) ⊂ mk2, BRS(BRS(BRS(mk2))) ⊂ mk2.

Theorem 3.11. For a BR-soft subset mki in a BR-topological rough approximation space, the
following conditions are equivalent:

i mki is BR-soft simply open.
ii mki is BR-soft semi locally closed.
iii mki is BR-soft delta.
iv mki is BR-soft nowhere dense.
Proof. (i)⇐⇒ (ii) is obvious.
(ii)⇐⇒ (iii) Let mki be BR-soft semi locally closed.

Then,

τBR(τBR(mki)) ⊆ (τBR(τBR(mki)) ∩ τBR(τBR(mki)))

and

τBR(τBR(mki)) ⊆ τBR(τBR(mki)).
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Thus, mki is a BR-soft delta set.

(iii)⇐⇒ (iv) Let mki be a BR-soft delta set. Then,

τBR(τBR(mki)) = τBR(τBR(mki)) ∩ τBR(τBR(S × T \mki))

= τBR(τBR(mki)) ∩ (S × T \ τBR(τBR(mki)))

= τBR(τBR(mki)) \ τBR(τBR(mki))

= ∅.

Theorem 3.12. Consider the BR-topological rough approximation space, then
i The arbitrary union of a BR-soft simply open set is BR-soft simply open.
ii The finite intersection of BR-soft simply open set is BR-soft simply open.
Proof.
i Let mk1,mk2 be two BR-soft simply open sets. Then

τBR(τBR(mk1)) ⊆ τBR(τBR(mk1))

and

τBR(τBR(mk2)) ⊆ τBR(τBR(mk2)).

By taking union we get,

τBR(τBR(mk1)) ∪ τBR(τBR(mk2)) ⊆ τBR(τBR(mk1)) ∪ τBR(τBR(mk2))

=⇒ τBR(τBR(mk1 ∪mk2)) ⊆ τBR(τBR(mk1 ∪mk2)).

Let mk1 ∪mk2 be mk3. Then, τBR(τBR(mk3)) ⊆ τBR(τBR(mk3)).
ii mki be the collection of BR-soft simply open sets where i = 1, 2, ...

Then,

τBR(τBR(∩ni=1(mki))) ⊆ τBR(τBR(∩ni=1(mki))).

Hence, ∩ni=1(mki) is BR-soft simply open.
Remark 3.13. In the BR-topological rough approximation space,
i BR-soft simply open, BR-soft simply* alpha open and BR-soft beta open are not comparable.
ii BR-soft simply open, BR-soft simply* alpha open and BR-soft b open are not comparable.
iii BR-soft simply open, BR-soft simply* alpha open and BR-soft preopen are not comparable.
Proposition 3.14. In the BR-topological rough approximation space,
i The union of the BR-soft simply* alpha open set is BR-soft simply* alpha open.
ii The finite intersection of the BR-soft simply* alpha open set is BR-soft simply* alpha open.
Remark 3.15. Every BR-soft delta set is BR-soft nowhere dense.
Theorem 3.16. In a BR-topological rough approximation space, every BR-soft simply* alpha open

set is BR-soft alpha closed.
Proof. The proof is obvious from Definition 3.2.
Theorem 3.17. In a BR-topological rough approximation space, every BR-soft simply* alpha open

set is BR-soft pre closed (resp. BR-soft beta closed).
Proof. Let mki be BR-soft simply* alpha open. From Theorem 3.16,

τBR(τBR(τBR(mki)) ⊆ mki.
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Since,

τBR(τBR(mki)) ⊆ τBR(τBR(τBR(mki)) ⊆ mki.

Thus,

τBR(τBR(mki)) ⊆ mki.

The proof is similar for BR-soft beta closed.
Theorem 3.18. For a BR-topological rough approximation space, the following conditions are

equivalent:
i Every BR-soft simply* alpha open set is a BR-soft δ set.
ii Every BR-soft simply* alpha open set is BR-soft beta closed.
iii Every BR-soft simply* alpha open set is BR-soft pre closed.
iv Every BR-soft simply* alpha open set is BR-soft b closed.
Proof. (i)⇐⇒ (ii) mki be BR-soft simply* alpha open, BR-soft delta set.

Thus, we have

τBR(τBR(mki)) ⊆ τBR(τBR(mki)).

τBR(τBR(mki)) ⊆ τBR(τBR(τBR(mki)))

⊆ τBR(τBR(mki))

⊆ mki.

Therefore, τBR(τBR(τBR(mki))) ⊆ mki.
(ii)⇐⇒ (iii) It is obvious from the above proof that τBR(τBR(mki)) ⊆ mki.
(iii)⇐⇒ (iv) Since mki is preclosed and τBR(τBR(mki)) ⊆ τBR(τBR(mki)).

We have,

τBR(τBR(mki)) ∩ τBR(τBR(mki)) = τBR(τBR(mki))

⊆ mki.

A diagrammatic representation of the above-mentioned concepts is given below (Fig)

Figure. Diagrammatic representation

Proposition 3.19. Every BR-soft simply* alpha open is BR-soft semi open (resp. BR-soft beta open)
based on Proposition 1.3.

Proof. For every BR-soft simply* alpha open mki,

BRS(mki) ⊆ mki ⊆ BRS(mki)

=⇒ BRS(BRS(mki)) ⊆ BRS(mki)

=⇒ mki ⊆ BRS(BRS(mki)).
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Hence, BR-soft simply* alpha open is BR-soft semi open.
The proof is similar for BR-soft beta open.
Example 3.20. Consider the topology taken in Example 2.3.

Let mk = {(e1, {(3, 4), (5, 4)}), (e2, {(2, 4), (3, 6)})} be the BR-soft simply* alpha open set. Then, by
taking interior and closure with respect to Proposition 1.3, we have
BRS(BRS(mk)) = mE , BRS(BRS(BRS(mk))) = mE . That is, mk is BR-soft semi open, BR-soft beta
open.

Definition 3.21. Let (S, T,Rm(s,t), τBR) be a BR-topological rough approximation space. For each
BR-soft simply* alpha open sets mki ⊆ mk, the BR-topological approximation operators are defined
as follows:

BRS(mki) = ∪{mkj ∈ τBR;mkj ⊆ mki},
BRS(mki) = ∩{mkj ∈ τCBR;mki ⊆ mkj},

where mkj is the BR-soft set, BRS(mki), BRS(mki) are the interior and closure of BR soft simply*
alpha open sets in BR-topological rough approximation space respectively.

Theorem 3.22. The collection of all BR soft simply* alpha open sets obtained from BR-topological
rough approximation space forms a BR-soft topology τ∗BR.

Proof. It is obvious from Definition 3.2 and Proposition 3.12.
Definition 3.23. Let τ∗BR be the BR-soft topology obtained from the collection of BR soft simply*

alpha open sets. For each BR-soft simply* alpha open sets mki ⊆ mk and mkj , the approximation
operators are defined as follows:

BRS(mki) = ∪{mkj ∈ τ∗BR;mkj ⊆ mki},
BRS(mki) = ∩{mkj ∈ τ∗BR

C ;mki ⊆ mkj}.

Here, BRS(mki) and BRS(mki) are lower approximation (interior) and upper approximation (closure)
of BR soft simply* alpha open sets in the BR-soft topology obtained from the collection of BR soft
simply* alpha open sets.

The boundary region is the difference between the upper and lower approximation operators.
Concerning the quality of the approximation, accuracy is defined as the ratio of cardinality of the

lower approximation (interior) and cardinality of the upper approximation (closure).
Proposition 3.24. Let τ∗BR be a BR-soft topology and mki,mkj be two BR-soft simply* alpha open

subsets of a BR-soft simply* alpha open setmk, then the BR-topological operators satisfy the following
properties:

i BRS(∅) = BRS(∅) = ∅,
ii BRS(mki) = BRS(mki) = mki,

iii If mki ⊆ mkj , then BRS(mki) ⊆ BRS(mkj),

iv If mki ⊆ mkj , then BRS(mki) ⊆ BRS(mkj),

v BRS(mki ∩mkj) = BRS(mki) ∩BRS(mkj),

vi BRS(mki) ∪BRS(mkj) ⊆ BRS(mki) ∪ (mkj)),

vii BRS(mki ∪mkj) = BRS(mki) ∪BRS(mkj),

viii BRS(mki ∩mkj) ⊆ BRS(mki) ∩BRS(mkj).

Example 3.25. Let S = {2, 3, 5}, T = {4, 6}, andE = {e1, e2} = K. Let S×T = {(2, 4), (2, 6), (3, 4), (3, 6),
(5, 4), (5, 6)}. Thus, the soft binary relation over S×T ismk = {(e1, {(3, 4), (5, 4)}), (e2, {(2, 4), (3, 6)})}.
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The soft relations induced from soft binary relation are as follows:

R(3, 4) = {(e1, {(5, 4)})},
R(5, 4) = {(e1, {(3, 4)})},
R(2, 4) = {(e2, {(3, 6)})},
R(3, 6) = {(e2, {(2, 4)})}.

Subbasis SB = {{(e1, {(5, 4)})}, {(e1, {(3, 4)})}, {(e2, {(3, 6)})}, {(e2, {(2, 4)})}}.
The topology obtained by taking the finite intersection of an arbitrary union of elements of subbasis
is as follows:

τBR = {∅,mk, {(e1, {(5, 4)})}, {(e1, {(5, 4)})}, {(e1, {(5, 4)})}, {(e1, {(5, 4)})}, {e1, {(5, 4), (3, 4)}},
{(e1, {(5, 4)}), (e2, {(3, 6)}}, {(e1, {(5, 4)}), (e2, {(2, 4)}}, {(e1, {(3, 4)}), (e2, {(3, 6)}}, {(e1,
{(3, 4)}), (e2, {(2, 4)}}, {(e2, {(2, 4), (3, 6)})}, {(e1, {(5, 4), (3, 4)}), (e2, {(2, 4)})},
{(e1, {(5, 4), (3, 4)}), (e2, {(3, 6)})}, {(e1, {(5, 4)}), (e2, {(2, 4), (3, 6)})}, {(e1, {(3, 4)}), (e2,
{(2, 4), (3, 6)})}}.

Let {(e1, {(5, 6)}), (e2, {(2, 6)})} be BR-soft nowhere dense set. Then, τ∗BR is the BR-soft topology
obtained by taking the union of BR-soft alpha open sets and BR-soft nowhere dense set. Consider
BR-soft simply* alpha open sets mk1 = {(e1, {(5, 6)})} and mk2 = {(e1, {(5, 6)}), (e2, {(2, 6)})} where
mk1 ⊂ mk2. Therefore, we have,

BRS(mk1) = mk1, BRS(mk1) = mk1.

BRS(mk2) = mk2, BRS(mk2) = mk2.

=⇒ BRS(mk1) ⊂ BRS(mk2) and

BRS(mk1) ⊂ BRS(mk2).

Now, let mk1 = {(e1, {(5, 6)})} and mk2 = {(e2, {(2, 6)})}. Then,

BRS(mk1) = mk1, BRS(mk1) = mk1.

BRS(mk2) = mk2, BRS(mk2) = mk2.

Thus,

mk1 ∩mk2 = ∅, (1)
BRS(mk1 ∩mk2) = ∅, (2)

BRS(mk1) ∩BRS(mk2) = ∅. (3)

From (1), (2) and (3) we have, BRS(mk1 ∩mk2) = BRS(mk1) ∩BRS(mk2).
Similarly, BRS(mk1 ∩mk2) = BRS(mk1) ∩BRS(mk2).

Theorem 3.26. Let mki and mkj be two BR-soft subsets of BR-topological rough approximation
space. If mki is BR-soft simply* alpha closed, then BRS(mki ∩mkj) ⊆ mki ∩BRS(mkj).

Proof. Let mki be BR-soft simply* alpha closed, such that BRS(mki) = mki. From Proposition
3.24 we have,

BRS(mki ∩mkj) ⊆ BRS(mki) ∩BRS(mkj)

⊆ mki ∩BRS(mkj).
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Example 3.27. Consider the topology taken in Example 2.3. Let mk1 = {(e1, {(3, 4), (5, 4)})} be a
BR-soft simply* alpha closed and mk2 = {(e1, {(3, 4)})} be BR-soft subset. Then,

mk1 ∩mk2 = mk2, (4)

BRS(mk1 ∩mk2) = mk2, (5)

BRS(mk2) = {(e1, {(3, 4), (5, 6)}, (e2, {(2, 6)})}. (6)

From (4),(5),(6) we have, BRS(mk1 ∩mk2) = mk1 ∩BRS(mk2).

Theorem 3.28. Let mki be a BR-soft subset of BR-topological rough approximation space, then
BRSS

∗αd(mki) = ∅.
Proof. Let (s, t) ∈ (S, T,Rm(s,t), τBR) and BR-topological rough approximation space be discrete,

then every BR-soft subset is BR-soft open and BR-soft simply* alpha open. Thus, every (si, tj) is
BR-soft simply* alpha open. Let mkj = (s, t). Then, mki ∩mkj = mki ∩ (s, t) ⊆ (s, t).

Hence, (s, t) is not a BR-soft simply* alpha limit point of mki which implies BRSS
∗αd(mki) = ∅.

Theorem 3.29. For any BR-soft simply* alpha subsets mki of (S, T,Rm(s,t), τBR), BR(mki) = mki∪
BRSS

∗αd(mki).
Proof. Let (s, t) ∈ BR(mki). Assume (s, t) /∈ mki and mkj ∈ τ∗BR with (s, t) ∈ mkj . Then, (mki ∩

mkj)− (s, t) 6= ∅ implies (s, t) ∈ BRSS
∗αd(mki). Hence, BR(mki) ⊆ mki ∪BRSS

∗αd(mki).
Let (s, t) ∈ mki ∪ BRSS

∗αd(mki) implies mki ⊆ BR(mki). Since, all BR-soft simply* alpha limit
points of mki are soft preclosure of mki. mki ∪BRSS

∗αd(mki) ⊆ BR(mki).
Hence, BR(mki) = mki ∪BRSS

∗αd(mki).

4 Application

To observe the accuracy of the proposed method, two examples have been demonstrated in this
section.

Example 4.1. Decision making on the infections of COVID-19 in humans is taken as an application
of our approach. Since we use soft binary relation, this method helps to find people affected by COVID
and the reasons for getting affected at the same time.

Let S = {S1, S2, S3, S4} be four people considered and T = {T1, T2, T3, T4} be the reasons for
getting affected where,
T1 = stay at home.
T2 = go out and contact infected people.
T3 = low immunity; rarely go out.
T4 = Stay at home but any one in family go out.

Let E = {e1 (fever), e2 (fatigue), e3 (loss of smell/taste), e4 (Cough)} be the parameter set and
A = {e1, e3} subset of E.

S × T = {(S1, T1), (S1, T2), (S1, T3), (S1, T4), (S2, T1), (S2, T2), (S2, T3), (S2, T4), (S3, T1), (S3, T2), (S3, T3),
(S3, T4), (S4, T1), (S4, T2), (S4, T3), (S4, T4)}.

The following table (Table 1) represents the BR-soft set over S × T with respect to E.
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T a b l e 1

Soft matrix

S × T e1 e2 e3 e4 Yes/No
(S1, T1) 1 0 0 1 0
(S1, T2) 1 1 1 0 1
(S1, T3) 0 1 0 1 0
(S1, T4) 1 0 1 1 1
(S2, T1) 0 1 0 0 0
(S2, T2) 0 1 1 1 1
(S2, T3) 1 1 0 0 0
(S2, T4) 0 1 0 1 0
(S3, T1) 1 0 0 0 0
(S3, T2) 0 0 1 0 1
(S3, T3) 0 0 0 0 0
(S3, T4) 1 0 1 0 1
(S4, T1) 0 0 0 1 0
(S4, T2) 1 1 1 1 1
(S4, T3) 0 0 0 0 0
(S4, T4) 1 0 0 0 0

Let the soft set over the parameter set A be

F (e1) = {(S1, T1), (S1, T2), (S1, T4), (S2, T3), (S3, T1), (S3, T4), (S4, T2), (S4, T4)},
F (e3) = {(S1, T2), (S1, T4), (S2, T2), (S3, T2), (S3, T4), (S4, T2)}

in which the BR-soft set represents the people infected with COVID and their reason.
Let the BR-soft subset be

mki = {(e1, {(S1, T1), (S1, T2), (S2, T3), (S4, T2)}), (e3, {(S1, T2), (S3, T2), (S4, T2)})}.

According to Feng’s method,

Sapr(mki) = {(s, t) ∈ S × T : for every k ∈ K, (s, t) ∈ m(k) ⊆ S × T},
Sapr(mki) = {(s, t) ∈ S × T : for every k ∈ K, (s, t) ∈ m(k) ∩ S × T 6= ∅},

where Sapr(m, ki), Sapr(m, ki) are lower and upper approximation operators. Thus we have,

Sapr(mki) = ∅,
Sapr(mki) = {(S1, T1), (S1, T2), (S1, T4), (S2, T2), (S2, T3), (S3, T1),

(S3, T2), (S3, T4), (S4, T2), (S4, T4)}.

Accuracy = cardinality of Sapr(m, ki)/ cardinality of Sapr(m, ki) = 0/10 = 0 which implies that no
patient is infected with COVID which contradicts the data given in Table 1.

To find the approximation operators of the proposed method, the subbase are obtained from Soft
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relations as follows:

R(S1, T3) = R(S2, T1) = R(S2, T4) = R(S3, T3) = R(S4, T1) = R(S4, T3) = ∅,
R(S1, T1) = {(e1, {(S1, T2), (S1, T4), (S2, T3), (S3, T1), (S3, T4), (S4, T2), (S4, T4)})},
R(S1, T2) = {(e1, {(S1, T1), (S1, T4), (S2, T3), (S3, T1), (S3, T4), (S4, T2), (S4, T4)},

(e3, {(S1, T4), (S2, T2), (S3, T2), (S3, T4), (S4, T2)})},
R(S1, T4) = {(e1, {(S1, T1), (S1, T2), (S2, T3), (S3, T1), (S3, T4), (S4, T2), (S4, T4)},

(e3, {(S1, T2), (S2, T2), (S3, T2), (S3, T4), (S4, T2)})},
R(S2, T2) = {(e3, {(S1, T2), (S1, T4), (S3, T2), (S3, T4), (S4, T2)})},
R(S2, T3) = {(e1, {(S1, T1), (S1, T2), (S1, T4), (S3, T1), (S3, T4), (S4, T2), (S4, T4)})},
R(S3, T1) = {(e1, {(S1, T1), (S1, T2), (S1, T4), (S2, T3), (S3, T4), (S4, T2), (S4, T4)})},
R(S3, T2) = {(e3, {(S1, T2), (S1, T4), (S2, T2), (S3, T4), (S4, T2)})},
R(S3, T4) = {(e1, {(S1, T1), (S1, T2), (S1, T4), (S2, T3), (S3, T1), (S4, T2), (S4, T4)},

(e3, {(S1, T2), (S2, T2), (S3, T2), (S4, T2)})},
R(S4, T2) = {(e1, {(S1, T1), (S1, T2), (S1, T4), (S2, T3), (S3, T1), (S3, T4), (S4, T4)},

(e3, {(S1, T2), (S1, T4), (S2, T2), (S3, T2), (S3, T4)})},
R(S4, T4) = {(e1, {(S1, T1), (S1, T2), (S1, T4), (S2, T3), (S3, T1), (S3, T4), (S4, T2)})}.

Thus, topological rough approximation space τBR with soft binary relation over S, T as subbase is
obtained by taking an arbitrary union of finite intersection of elements of a subbasis.
According to proposed method,

τBR(mki) = {(e1, ∅), (e3, {(S1, T2), (S3, T2), (S4, T2)})},
τBR(mki) = mk.

Accuracy = cardinality of τBR(mki)/ cardinality of τBR(mki) = 3/5=0.6.
If the people infected with COVID and their reasons be

mkj = {(e1, {(S1, T1), (S1, T2), (S1, T4), (S2, T3), (S3, T1), (S3, T4), (S4, T2), (S4, T4)}),
(e3, {(S1, T2), (S1, T4), (S2, T2), (S3, T2), (S3, T4), (S4, T2)})}.

Then, according to Feng’s method,

Sapr(mkj) = S × T,
Sapr(mkj) = S × T.

Accuracy is one.
Similarly, according to the proposed method,

τBR(mkj) = mkj ,

τBR(mkj) = mkj .

Accuracy is one.
From the above two cases, it is obvious that, in the case of soft topological approximation space,

accuracy of the proposed method is higher than Feng’s method.
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Example 4.2. Consider Example 2.3 where S is the set of all prime numbers less than or equal to
6, T is the set of all composite numbers less than or equal to 6. The soft relation induced from soft
binary relation are as follows:

R(3, 4) = {(e1, {(5, 4)})},
R(5, 4) = {(e1, {(3, 4)})},
R(2, 4) = {(e2, {(3, 6)})},
R(3, 6) = {(e2, {(2, 4)})}.

Subbasis SB = {{(e1, {(5, 4)})}, {(e1, {(3, 4)})}, {(e2, {(3, 6)})}, {(e2, {(2, 4)})}}.
The topology obtained by taking the finite intersection of an arbitrary union of elements of subbasis

is as follows:

τBR = {∅,mk, {(e1, {(5, 4)})}, {(e1, {(3, 4)})}, {(e2, {(3, 6)})}, {(e2, {(2, 4)})}, {e1, {(5, 4), (3, 4)}},
{(e1, {(5, 4)}), (e2, {(3, 6)}}, {(e1, {(5, 4)}), (e2, {(2, 4)}}, {(e1, {(3, 4)}), (e2, {(3, 6)}},
{(e1, {(3, 4)}), (e2, {(2, 4)}}, {(e2, {(2, 4), (3, 6)})}, {(e1, {(5, 4), (3, 4)}), (e2, {(2, 4)})},
{(e1, {(5, 4), (3, 4)}), (e2, {(3, 6)})}, {(e1, {(5, 4)}), (e2, {(2, 4), (3, 6)})},
{(e1, {(3, 4)}), (e2, {(2, 4), (3, 6)})}},

where

mk = {(e1, {(3, 4), (5, 4)}), (e2, {(2, 4), (3, 6)}},
mE = {(e1, {(3, 4), (5, 4), (5, 6)}), (e2, {(2, 4), (2, 6), (3, 6)}}.

Then, (S, T,Rm(s,t), τBR) is BR-topological rough approximation space.

τCBR = {mE , {(e1, {(5, 6)}), (e2, {(2, 6)}, {(e1, {(3, 4), (5, 6)}), (e2, {(2, 4), (2, 6), (3, 6)})},
{(e1, {(5, 4), (5, 6)}), (e2, {(2, 4), (2, 6), (3, 6)})}, {(e1, {(3, 4), (5, 4), (5, 6)}), (e2,
{(2, 4), (2, 6)})}, {(e1, {(3, 4), (5, 4), (5, 6)}), (e2, {(2, 6), (3, 6)})}, {(e1, {(5, 6)}),
(e2, {(2, 4), (2, 6), (3, 6)})}, {(e1, {(3, 4), (5, 6)}), (e2, {(2, 4), (2, 6)})}, {(e1, {(5, 4),
(3, 4)}), (e2, {((2, 6), (3, 6)})}, {(e1, {(5, 4), (5, 6)}), (e2, {(2, 4), (2, 6)})}, {(e1, {(5, 4),
(5, 6)}), (e2, {(2, 6), (3, 6)})}, {(e1, {(3, 4), (5, 4), (5, 6)}), (e2, {(2, 6)})}, {(e1, {(5, 6)}),
(e2, {(2, 4), (2, 6)})}, {(e1, {(5, 6)}), (e2, {(2, 6), (3, 6)})}, {(e1, {(3, 4), (5, 6)}), (e2, {(2, 6)})},
{(e1, {(5, 4), (5, 6)}), (e2, {(2, 6)})}}.

The BR-soft nowhere dense sets are ∅, {(e1, {(5, 6)}), (e2, {(2, 6)})}, {(e1, {(5, 6)})} and {(e2, {(2, 6)})}.
Then, the collection of BR-soft simply* alpha open sets are as follows:
τ
′
BR = τBR, when ∅ is the BR-soft nowhere dense set (Since all BR-soft open sets are BR-soft alpha
open sets).

τ
′′
BR = τBR ∪ {(e1, {(5, 6)}), (e2, {(2, 6)})}.

τ
′′′
BR = τBR ∪ {(e1, {(5, 6)})}.

τ
′′′′
BR = τBR ∪ {(e2, {(2, 6)})}.

τ∗BR = ∪{τ iBR} where i =′,′′ ,′′′ ,′′′′ .
The accuracy of BR-soft subsets of S × T is obtained by the Pawlak accuracy measure as follows:
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Table 2 describes the accuracy of BR-soft subsets in τBR containing BR-soft open sets based on Yao’s
method where accuracy = cardinality of int(mk)/ cardinality of cl(mk).
Table 3 describes the accuracy of BR-soft subsets in τ∗BR containing BR-soft simply* alpha open sets.
Accuracy = cardinality of BRS/ cardinality of BRS , BRS and BRS are lower and upper approximation
operators.

T a b l e 2

Accuracy of BR-soft subsets

BR-soft subsets Yao’s method Accuracy
int cl

A = {(e1, {(5, 6)})} ∅ {(e1, {(5, 6)}), (e2, {(2, 6)})} 0
B = {(e2, {(2, 6)})} ∅ {(e1, {(5, 6)}), (e2, {(2, 6)})} 0
C = {(e1, {(2, 4)})} C {(e1, {(5, 6)}), (e2, {(2, 4), (2, 6)})} 0.3

D = {(e1, {(3, 4)}), (e2, {(2, 4)})} D {(e1, {(3, 4), (5, 6)}), (e2, {(2, 4), (2, 6)})} 0.5
E = {(e1, {(3, 4)}), (e2, {(2, 6)})} {(e1, {(3, 4)})} {(e1, {(3, 4), (5, 6)}), (e2, {(2, 6)})} 0.3

F = {(e1, {(3, 4), (5, 4)}), (e2, {(2, 4)})} F {(e1, {(3, 4), (5, 4), (5, 6)}), (e2, {(2, 6)})} 0.75
G = {(e1, {(3, 4), (5, 4)}), (e2, {(2, 4), (3, 6)})} G mE 0.7

H = {(e1, {(3, 4)}), (e2, {(2, 4), (3, 6)})} H {(e1, {(3, 4), (5, 6)}), (e2, {(2, 4), (3, 6), (2, 6)})} 0.6
I = {(e1, {(5, 4), (5, 6)}), (e2, {(3, 6)})} {(e1, {(5, 4)}), (e2, {(3, 6)})} {(e1, {(5, 4), (5, 6)}), (e2, {(3, 6), (2, 6)})} 0.5
J = {(e1, {(3, 4), (5, 6)}), (e2, {(2, 6)})} {(e1, {(3, 4)})} J 0.3

K = mE mk mE 0.7

T a b l e 3

Accuracy of BR-soft subsets

BR-soft subsets Proposed method Accuracy
BRS BRS

A = {(e1, {(5, 6)})} A A 1
B = {(e2, {(2, 6)})} B B 1
C = {(e1, {(2, 4)})} C C 1

D = {(e1, {(3, 4)}), (e2, {(2, 4)})} D D 1
E = {(e1, {(3, 4)}), (e2, {(2, 6)})} E E 1

F = {(e1, {(3, 4), (5, 4)}), (e2, {(2, 4)})} F F 1
G = {(e1, {(3, 4), (5, 4)}), (e2, {(2, 4), (2, 6)})} G G 1

H = {(e1, {(3, 4)}), (e2, {(2, 4), (3, 6)})} H H 1
I = {(e1, {(5, 4), (5, 6)}), (e2, {(3, 6)})} I I 1
J = {(e1, {(3, 4), (5, 6)}), (e2, {(2, 6)})} J J 1

K = mE mE mE 1

From the above tables (Table 2 and 3), it is obvious that the accuracy of the proposed method is higher
than that of Yao’s model.

Conclusion

In the current research, new classes of BR-soft open sets are introduced in BR-topological rough
approximation space and their properties are studied. The accuracy measure of BR-soft subsets in
BR-soft topology obtained from the collection of BR-soft simply* alpha open sets is evaluated. It is
shown that the accuracy of the proposed method is high in comparison with the methods proposed by
Feng and Yao. From Example 4.2, it is observed that, by using the proposed method, properties of the
missing elements can also be studied. This gives a new view on solving decision making problems for
a reliable solution.

Further to this work, efforts are being taken to study other topological properties like continuity,
compactness, filters etc. Statistical properties of the defined set are being studied and attempts are made
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to develop new methods for attribute reduction. In addition, the proposed method can be extended to
other areas like fuzzy, intuitionistic fuzzy, hesitant fuzzy etc., and their properties can be studied in
advanced topological areas. The proposed method can also be implemented for problems with missing
information.
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Ч.Р. Парвати, А. София

PSGR Кришнаммал Қыздар колледжi, Тамил Наду, Индия

Аппроксимациясы шамамен алынған топологиялық кеңiстiгiнде
бинарлы жұмсақ жиындардың жаңа кластарын зерттеу

Жұмсақ бинарлы қатынас жұмсақ жиындардың жаңа кластарын анықтау үшiн қолданылады, атап
айтқанда, екi түрлi универсумның аппроксимациясы шамамен алынған топологиялық кеңiстiгiнде
BR-жұмсақ қарапайым ашық жиынды және BR-жұмсақ қарапайым альфа ашық жиынын анықтау
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үшiн қолданылады. Анықталған жиын BR бағдарламалық құрал жинағының жетiспейтiн элемент-
терi туралы ақпаратты бередi және шешiм қабылдауды жеңiлдетуге көмектеседi. Аппроксимация
операторлары анықталып, ұсынылған жиындардың сипаттамалары мысалдар арқылы зерттелген.
Анықталатын жиындар мен басқа жұмсақ жиындар арасында байланыс табылды. Ұсынылған әдiстi
басқа әдiстермен салыстыру үшiн дәлдiк сынағы жүргiзiлдi. Ұсынылған әдiстiң дәлiрек екенi анық-
талды.

Кiлт сөздер: жұмсақ жиын, шамамен алынған жиын, қарапайым ашық, жуықтау кеңiстiгi, тополо-
гиялық кеңiстiк.

Ч.Р. Парвати, А. София

Женский колледж PSGR Кришнаммал, Тамил Наду, Индия

Исследование новых классов бинарных мягких множеств в
топологическом пространстве грубой аппроксимации

Мягкое бинарное отношение используется для определения новых классов мягких множеств, а имен-
но BR-мягкого просто открытого множества и BR-мягкого просто* альфа открытого множества, в
топологическом пространстве грубой аппроксимации двух разных универсумов. Определенный на-
бор предоставляет информацию о недостающих элементах программного набора BR и может помочь
упростить принятие решений. Определены операторы аппроксимации и на примерах изучены харак-
теристики предложенных множеств. Выявлена связь между определимыми множествами и другими
мягкими множествами. Проведена проверка точности для сравнения предложенного метода с други-
ми методами. Установлено, что предложенный метод является более точным.

Ключевые слова: мягкое множество, грубое множество, просто открытое, аппроксимационное про-
странство, топологическое пространство.
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Implementation of summation theorems of Andrews and
Gessel-Stanton

Generalized hypergeometric functions and their natural generalizations in one and several variables appear
in many mathematical problems and their applications. Solving partial differential equations encountered
in many applied problems of mathematics physics is expressed in terms of such generalized hypergeometric
functions. In particular, the Srivastava-Daoust double hypergeometric function (S-D function) has proved
its practical utility in representing solutions to a wide range of problems in pure and applied mathematics.
In this paper, we introduce two general double-series identities involving bounded sequences of arbitrary
complex numbers employing the finite summation theorems of Gessel-Stanton and Andrews for terminating
3F2 hypergeometric series with arguments 3/4 and 4/3, respectively. Using these double-series identities,
we establish two reduction formulas for the (S-D function) with arguments z, 3z/4 and z,−4z/3 expressed
in terms of two generalized hypergeometric function of arguments proportional to z3 and −z3 respectively.
All the results mentioned in the paper are verified numerically using Mathematica Program.

Keywords: Generalized hypergeometric function; Srivastava-Daoust double hypergeometric function; Reduction
formulas; Mathematica Program.

1 Introduction and preliminaries

The pFq (p, q ∈ N0) is the generalized hypergeometric series defined by (see, e.g., [1; Section 1.5]):

pFq

[
α1, . . . , αp ;

β1, . . . , βq ;
z

]
=
∞∑
n=0

(α1)n · · · (αp)n
(β1)n · · · (βq)n

zn

n!

= pFq(α1, . . . , αp; β1, . . . , βq; z),

(1)

being a natural generalization of the Gaussian hypergeometric series 2F1, where (λ)ν denotes the
Pochhammer symbol (for λ, ν ∈ C) defined by

(λ)ν :=
Γ(λ+ ν)

Γ(λ)
(λ, ν + λ ∈ C\Z−0 )

=

{
1 (ν = 0; λ ∈ C\Z−0 ),

λ(λ+ 1) · · · (λ+ n− 1) (ν = n ∈ N; λ ∈ C) .

Here Γ is the familiar Gamma function (see, e.g., [1; Section 1.1]) and it is assumed that (0)0 := 1, an
empty product as 1, and that the variable z, the numerator parameters α1, . . . , αp and the denominator
parameters β1, . . . , βq take on complex values, provided that no zero appear in the denominator of
(1), that is, that

(βj ∈ C\Z−0 ; j = 1, . . . , q).

∗Corresponding author.
E-mail: tafazuldiv@gmail.com
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Here and elsewhere, let Z, R and C be respectively the sets of integers, real numbers, and complex
numbers, and let

N := {1, 2, 3 . . . }; N0 := N ∪ {0} ;Z−0 := Z− ∪ {0} = {0,−1,−2,−3, · · · } .

For more details of pFq including its convergence, its various special and limiting cases, and its
further diverse generalizations, one may referred, for example [2, 3].

Whenever the generalized hypergeometric function pFq, including 2F1, can be expressed in terms of
Gamma functions through summation of its specified argument, which may include unit or 1

2 argument,
the outcome holds significant value from both theoretical and practical perspectives.

The generalized hypergeometric series has classical summation theorems, including those of Gauss,
Gauss second, Kummer, and Bailey for the 2F1 series, as well as Watson’s, Dixon’s, Whipple’s,
and Saalschütz’s summation theorems for the 3F2 series and others. These theorems have significant
importance in both theory and application.

From 1992 to 1996, Lavoie et al. [4–6] published a series of works that generalized the aforementioned
classical summation theorems for the 3F2 series of Watson, Dixon, and Whipple. They also presented
many special and limiting cases of their results, which have been further extended and generalized by
Rakha-Rathie [7], Kim et al. [8], and more recently by Qureshi et al. [9]. These results have also been
verified, using computer programs such as Mathematica.

Srivastava and Daoust [10; 199] introduced a generalization of the Kampé de Fériet function [11;
150] by means of the double hypergeometric series (see also [12,13]):

FA: B; B′

C: D; D′

(
[(aA) : ϑ, ϕ] : [(bB) : ψ]; [(b′B′) : ψ′];
[(cC) : δ, ε] : [(dD) : η]; [(d′D′) : η′];

x, y

)

=
∞∑
m=0

∞∑
n=0

A∏
j=1

(aj)mϑj+nϕj

B∏
j=1

(bj)mψj

B′∏
j=1

(b′j)nψ′j

C∏
j=1

(cj)mδj+nεj
D∏
j=1

(dj)mηj
D′∏
j=1

(d′j)nη′j

xm

m!

yn

n!
,

(2)

where the coefficients

ϑ1, ..., ϑA; ϕ1, ..., ϕA; ψ1, ..., ψB; ψ′1, ..., ψ
′
B′ ; δ1, ..., δC ;

ε1, ..., εC ; η1, ..., ηD; η′1, ..., η
′
D′

are real and positive. Let

∆1 := 1 +

 C∑
j=1

δj +
D∑
j=1

ηj

−
 A∑
j=1

ϑj +
B∑
j=1

ψj


and

∆2 := 1 +

 C∑
j=1

εj +

D′∑
j=1

η′j

−
 A∑
j=1

ϕj +

B′∑
j=1

ψ′j

 .

Then
(i) The double power series in (2) converges for all complex values of x and y when ∆1 > 0 and

∆2 > 0.
(ii) The double power series in (2) is convergent for suitably constrained values of |x| and |y| when

∆1 = 0 and ∆2 = 0.
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(iii) The double power series in (2) would diverge except when, trivially, x = y = 0 when ∆1 < 0
and ∆2 < 0.

Qureshi et al. [14] provided insightful remarks on previous studies, specifically [15–17]. They
employed a double-series manipulation technique, utilizing Whipple’s transformation (see [18; 266,
Eq.(6.6)]):

5F4

[
−m

2 ,
−m+1

2 , E, 1−m−B − C, 1−m−D ;

1−m−B, 1−m− C, 1+E−D−m
2 , 2+E−D−m

2 ;
1

]

=
(D)m

(D − E)m
4F3

[
−m, B, C, E ;

1−m−B, 1−m− C, D ;
1

]
(
m ∈ N0; B, C D,

1+E−D−m
2 , 2+E−D−m

2 ∈ C \ Z−0
)
,

and (see [19; p. 537, Eq.(10.11)]; see also [17; Eq. (2.5)])

4F3

[
−m, X, Y, Z ;

U, W, X + Y + Z + 1− U −W −m ;
1

]

=
(U −X)m(Y + Z + 1− U −W −m)m
(U)m(X + Y + Z + 1− U −W −m)m

× 4F3

[
−m, W − Y, W − Z, X ;

1−m+X − U, U +W − Y − Z, W ;
1

]
(m ∈ N0; U, W, X + Y + Z + 1− U −W −m,

1−m+X − U, U +W − Y − Z, W ∈ C \ Z−0

)
.

Through this approach, they introduced three double-series identities, which incorporated a bounded
sequence of complex numbers. In addition, they [14] demonstrated that the application of double-series
identities enables the provision of numerous reduction formulas, whether they are already known or
newly discovered. Subsequently and concurrently, a number of papers have utilized series manipulation
techniques along with, among several others, transformation formulas for 2F1 in Chan et al. [20],
the reduction and transformation formulas of Kampé de Fériet and Srivastava-Daoust functions [21],
implications of Bailey transformations in double-series and their consequences [22], the reduction
formula for 2F1 in Karlsson [23], terminating 3F2

(
4
3

)
[24; Eq.(1.3)] (see also Gessel-Stanton summation

theorem [25; Eq.(5.21)] and terminating 3F2

(
3
4

)
[24; Eq.(1.4)] (see also [26; Eq.(1.12)]) in Qureshi et

al. [24]. These papers have presented multiple or double series identities, which have been employed to
derive a range of reduction formulas for the Kampé de Fériet, Srivastava-Daoust function and other
intriguing identities for the pFq functions.

Inspired by the aforementioned papers, especially [14, 21], and utilizing the reversing order of the
finite summation theorem of Gessel-Stanton [25; 305, Eq.(5.21)])

3F2

 −n,−2b− 2n
3 ,−6b− n;

3
4

−3b− n, 1
2 − 3b− n;

 =

0 ;n = 3m+ 1 and 3m+ 2,
( 1
3)

m
( 2
3)

m
(6b+1)3m(2b+1)2m(3)3m

(1+2b)m(3b+1)3m(3b+ 1
2
)3m(4)3m

;n = 3m,
(3)

where m = 0, 1, 2, 3, ...
(also, reversing order of the terms in finite summation theorem of George Andrews [26; 4, Eq.(1.12);
see also p.16, Eq.(4.8)])

3F2

 −n, 1−3b−2n
2 , 2−3b−2n2 ;

4
3

1− b− n, 1− 3b− 2n;

 =

{
0 ;n = 3m+ 1 and 3m+ 2,
(3m)!(−1)m(b)m
m!(b)3m(3)3m

;n = 3m,
(4)
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where m = 0, 1, 2, 3, ...

Our objective is to introduce two double-series identities. These identities incorporating bounded
sequences of complex numbers are derived using series rearrangement techniques and Pochhammer
symbol identities. These issues are further discussed in Section 2. In Section 3, we employ these general
double-series identities to establish two reduction formulas for Srivastava-Daoust double hypergeometric
function in terms of generalized hypergeometric functions with arrangements proportional to z3 and
−z3. We achieve this by using Cauchy’s double series identity (see, e.g., [27; 56])

∞∑
n=0

∞∑
r=0

Θ(n, r) =
∞∑
n=0

n∑
r=0

Θ(n− r, r), (5)

provided that the associated double series are absolutely convergent. We also have the following
identities involving the Pochhammer symbol:

(−n)r =
n!(−1)r

(n− r)!
; 0 ≤ r ≤ n, (6)

D∏
i=1

(di)3n = 33nD
D∏
i=1

(
di
3

)
n

D∏
i=1

(
1 + di

3

)
n

D∏
i=1

(
2 + di

3

)
n

, (7)

E∏
j=1

(ej)3n = 33nE
E∏
j=1

(ej
3

)
n

E∏
j=1

(
1 + ej

3

)
n

E∏
j=1

(
2 + ej

3

)
n

. (8)

Remark 1.1 Wolfram’s MATHEMATICA has implemented the pFq function as Hypergeometric
PFQ, which is appropriate for performing both symbolic and numerical computations.

Throughout this article, we assume that any values of parameters and arguments, which would
render the results in Sections 2 to 3 invalid or undefined, are tacitly excluded.

2 Two general double-series identities

This section demonstrates two double-series identities that involve bounded sequences by primarily
utilizing Gessel-Stanton and George Andrews (3) and (4). The first identity takes the following form:

Theorem 1. Let {Ψ(µ)}∞µ=1 be a bounded sequence of essentially arbitrary complex numbers or real
numbers such that Ψ(0) 6= 0. Then, the following general double-series identity holds true:

∞∑
n=0

∞∑
r=0

Ψ(n+ r)
(−2b)− 2n

3
+ r

3
(1 + 6b)n+r

(
1
2 + 3b

)
n

(1 + 3b)n(3)rzn+r

(−2b)− 2n
3
− 2r

3

(
1
2 + 3b

)
n+r

(1 + 3b)n+r(1 + 6b)n(4)r r!n!

=
∞∑
n=0

Ψ(3n)

(
6b+1
3

)
n

(
6b+2
3

)
n
z3n(

3b+1
3

)
n

(
3b+2
3

)
n

(
6b+1
6

)
n

(
6b+5
6

)
n

(432)n n!
(9)

provided
(
−2b, 12 + 3b, 1 + 3b, 1 + 6b, 3b+1

3 , 3b+2
3 , 6b+1

6 , 6b+5
6 ∈ C\Z−0

)
, and the infinite series occurring

on both sides of equation (9), are absolutely convergent.
Proof.

Let Ξ1(z) =

∞∑
n=0

∞∑
r=0

Ψ(n+ r)
(−2b)− 2n

3
+ r

3
(1 + 6b)n+r

(
1
2 + 3b

)
n

(1 + 3b)n(3)rzn+r

(−2b)− 2n
3
− 2r

3

(
1
2 + 3b

)
n+r

(1 + 3b)n+r(1 + 6b)n(4)r r!n!
. (10)
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Replacing n by (n− r) in equation (10) and using Cauchy’s double-series identity (5), we have

Ξ1(z) =
∞∑
n=0

n∑
r=0

Ψ(n)

(
−2b− 2n

3

)
r

(−6b− n)r(−3)rzn

(−3b− n)r (12 − 3b− n)r(4)r(n− r)!r!
. (11)

Multiplying numerator and denominator by n! and using Pochhammer symbol identity (6) to the right
hand side of equation (11), we obtain

Ξ1(z) =
∞∑
n=0

Ψ(n)
zn

n!

n∑
r=0

(−n)r
(
−2b− 2n

3

)
r

(−6b− n)r(3)r

(−3b− n)r (12 − 3b− n)r(4)r r!

=
∞∑
n=0

Ψ(n)
zn

n!
3F2

 −n,−2b− 2n
3 ,−6b− n;

3
4

1
2 − 3b− n,−3b− n;

 . (12)

We now apply the decomposition identity

∞∑
n=0

Φ(n) =
∞∑
n=0

Φ(3n) +
∞∑
n=0

Φ(3n+ 1) +
∞∑
n=0

Φ(3n+ 2),

provided that each of the sums is absolutely convergent, to the right-hand side of (12). This produces

Ξ1(z) =
∞∑
n=0

Ψ(3n)
z3n

(3n)!
3F2

 −(3n),−2b− 2n,−6b− 3n;
3
4

−3b− 3n, 12 − 3b− 3n;

+
∞∑
n=0

Ψ(3n+ 1)
z3n+1

(3n+ 1)!
×

×3F2

 −(3n+ 1),−2b− 2n− 2
3 ,−6b− 3n− 1;

3
4

−3b− 3n− 1,−3b− 3n− 1
2 ;

+
∞∑
n=0

Ψ(3n+ 2)
z3n+2

(3n+ 2)!
×

×3F2

 −(3n+ 2),−6b− 2n− 4
3 ,−6b− 3n− 2;

3
4

−3b− 3n− 2,−3b− 3n− 3
2 ;

 . (13)

Finally, using the summation theorem (3) to the right hand side of equation (13), we get

Ξ1(z) =
∞∑
n=0

Ψ(3n)
z3n

(3n)!

[(
1
3

)
n

(
2
3

)
n

(6b+ 1)3n(2b+ 1)2n(3)3n

(2b+ 1)n(3b+ 1)3n
(
6b+1
2

)
3n

(4)3n

]
.

After further simplification, we get the required result (9).
The second identity is given by the following theorem:
Theorem 2. Let {Ψ(µ)}∞µ=1 be a bounded sequence of essentially arbitrary complex numbers or real

numbers such that Ψ(0) 6= 0. Then, the following general double-series identity holds true:

∞∑
n=0

∞∑
r=0

Ψ(n+ r)
(3b)2n+r

(
1+3b
2

)
n+r

(
3b
2

)
n+r

(b)n(−4)rzn+r

(3b)2n+2r(b)n+r
(
1+3b
2

)
n

(
3b
2

)
n

(3)r r! n!

=

∞∑
n=0

Ψ(3n)
(b)n(−z3)n(

b
3

)
n

(
b+1
3

)
n

(
b+2
3

)
n

(729)n n!
(14)

provided
(
3b, 1+3b

2 , b, 3b2 ,
b
3 ,

b+1
3 , b+2

3 ∈ C\Z−0
)
, and the infinite series occurring on both sides of equation

(14) are absolutely convergent.
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Proof.

Let Ξ2(z) =

∞∑
n=0

∞∑
r=0

Ψ(n+ r)
(3b)2n+r

(
1+3b
2

)
n+r

(
3b
2

)
n+r

(b)n(−4)rzn+r

(3b)2n+2r(b)n+r
(
1+3b
2

)
n

(
3b
2

)
n

(3)r r! n!
. (15)

Replacing n by (n− r) in equation (15) and using Cauchy’s double-series identity (5), we have

Ξ2(z) =
∞∑
n=0

n∑
r=0

Ψ(n)

(
1−3b−2n

2

)
r

(
2−3b−2n

2

)
r

(−4)rzn

(1− b− n)r(1− 3b− 2n)r(3)r r! (n− r)!
. (16)

Multiplying numerator and denominator by n! and using Pochhammer symbol identity (6) to right
hand side of equation (16), we obtain

Ξ2(z) =
∞∑
n=0

Ψ(n)
zn

n!

n∑
r=0

(−n)r
(
1−3b−2n

2

)
r

(
2−3b−2n

2

)
r

(4)r

(1− b− n)r(1− 3b− 2n)r(3)r r!

=

∞∑
n=0

Ψ(n)
zn

n!
3F2

 −n, 1−3b−2n2 , 2−3b−2n2 ;
4
3

1− b− n, 1− 3b− 2n;

 (17)

We now apply the decomposition identity

∞∑
n=0

Φ(n) =

∞∑
n=0

Φ(3n) +

∞∑
n=0

Φ(3n+ 1) +

∞∑
n=0

Φ(3n+ 2),

provided that each of the sums is absolutely convergent, to the right-hand side of (17). This produces

Ξ2(z) =
∞∑
n=0

Ψ(3n)
z3n

(3n)!
3F2

 −3n, 1−3b−6n2 , 2−3b−6n2 ;
4
3

1− b− 3n, 1− 3b− 6n;

+
∞∑
n=0

Ψ(3n+1)
z3n+1

(3n+ 1)!
×

×3F2

 −(3n+ 1), −3b−6n−12 , −3b−6n2 ;
4
3

−b− 3n,−3b− 6n− 1;

+

∞∑
n=0

Ψ(3n+ 2)
z3n+2

(3n+ 2)!
×

×3F2

 −(3n+ 2), −3b−6n−32 , −3b−6n−22 ;
4
3

−b− 3n− 1,−3b− 6n− 3;

 . (18)

Finally, using the summation theorem (4) to the right hand side of equation (18), we get

Ξ2(z) =

∞∑
n=0

Ψ(3n)
z3n

(3n)!

[
(3n)!(−1)n(b)n
n!(b)3n(3)3n

]

=

∞∑
n=0

Ψ(3n)
(b)n(−z3)n

(3)3n(b)3nn!
.

After simplification, we get the result (14).
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3 Certain consequences of general double-series identities (9) and (14)

In this section, we establish a result for reducibility of Srivastava-Daoust double hypergeometric
function as in the following theorem.

Theorem 3. The following results hold true:

FD+2:2;0
E+3:1;0

 [(dD) : 1, 1], [−2b : −2
3 ,

1
3 ], [1 + 6b : 1, 1] : [12 + 3b : 1], [1 + 3b : 1] ; ;

z, 3z4
[(eE) : 1, 1], [−2b : −2

3 ,−
2
3 ], [12 + 3b : 1, 1], [1 + 3b : 1, 1] : [1 + 6b : 1] ; ;



= 2+3DF4+3E


∆[3; (dD)], 6b+1

3 , 6b+2
3 ;

z3

16×(27)(1+E−D)

∆[3; (eE)], 3b+1
3 , 3b+2

3 , 6b+1
6 , 6b+5

6 ;

 , (19)

and

FD+3:1;0
E+2:2;0

 [(dD) : 1, 1], [3b : 2, 1], [1+3b
2 : 1, 1], [3b2 : 1, 1] : [b : 1] ; ;

z,−4z
3

[(eE) : 1, 1], [3b : 2, 2], [b : 1, 1] : [3b2 : 1], [1+3b
2 : 1]; ;



= 1+3DF3+3E

 ∆[(3; (dD)], b;
−z3

(27)(2+E−D)

∆[3; (eE)], b3 ,
b+1
3 , b+2

3 ;

 , (20)

where (e1, e2, ..., eE , b,−2b, 3b, 1 + 6b, 3b2 ,
1+3b
2 , 1+6b

2 , b3 ,
b+1
3 , b+2

3 , 3b+1
3 , 3b+2

3 , 6b+1
6 , 6b+5

6 ∈ C\Z−0 ). When
D 6 E then above transformations are always convergent for |z| < ∞. When D = 1 + E then above
transformations are convergent for suitably constrained values of |z|.

Proof.

Put Ψ(µ) =
(d1)µ(d2)µ...(dD)µ
(e1)µ(e2)µ...(eE)µ

=

∏D
i=1(di)µ∏E
i=1(ei)µ

; µ = 0, 1, 2, 3, ...,

on the both sides of general double-series identity (9), we obtain

∞∑
n=0

∞∑
r=0

∏D
i=1(di)n+r(−2b)− 2n

3
+ r

3
(1 + 6b)n+r

(
1
2 + 3b

)
n

(1 + 3b)n(3)rzn+r∏E
i=1(ei)n+r(−2b)− 2n

3
− 2r

3

(
1
2 + 3b

)
n+r

(1 + 3b)n+r(1 + 6b)n (4)r r!n!

=

∞∑
n=0

∏D
i=1(di)3n

(
6b+1
3

)
n

(
6b+2
3

)
n
z3n∏E

i=1(ei)3n
(
3b+1
3

)
n

(
3b+2
3

)
n

(
6b+1
6

)
n

(
6b+5
6

)
n

(432)nn!
. (21)

Now applying the definition of double hypergeometric function (2) of Srivastava-Daoust to the left
hand side of equation (21) and definition of the generalized hypergeometric function (1), together with
the Pochhammer symbol identities (7) and (8) to the right hand side of equation (21), we get the
desired result (19).

The proof of (20) follows exactly the same procedure and will be omitted. This completes the proof
of Theorem 3.
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4 Conclusions and Remarks

In our present investigation, we have obtained two general double-series identities by using the finite
summation theorems of Gessel-Stanton and George Andrews for the terminating hypergeometric series
3F2 with arguments 3/4 and 4/3 respectively. These results have been used to derive two reduction
formulas for the (S-D function) with arguments (z, 3z/4) and (z,−4z/3) in terms of two generalized
hypergeometric functions 2+3DF4+3E and 1+3DF3+3E with arguments z3

16×27(1+E−D) and −z3
(27)(2+E−D)

respectively. We believe that the results established in this paper have not appeared in the literature and
represent a contribution to the theory of generalized hypergeometric functions of one and two variables.
The various results, which we have presented in this article, are potentially useful in mathematical
analysis and applied mathematics.
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2Инженерлiк және технология университетiнiң институты; Гуру Нанак университетi, Ибрахим Патнам,

Телангана, Үндiстан

Эндрюс пен Гессель-Стэнтонның қосындылау теоремаларын
жүзеге асыру

Жалпыланған гипергеометриялық функциялар мен олардың бiр және бiрнеше айнымалылардағы
заңды жалпылануы көптеген математикалық есептер мен олардың қосымшаларында кездеседi. Ма-
тематикалық физиканың көптеген қолданбалы есептерi бар дербес туындылы дифференциалдық тең-
деулердiң шешiмi осындай жалпыланған гипергеометриялық функциялар арқылы өрнектеледi. Атап
айтқанда, Шривастава-Даусттың қос гипергеометриялық функциясы (S-D функциясы) iргелi және
қолданбалы математикадағы кең ауқымды есептердiң шешiмдерiн ұсыну үшiн өзiнiң практикалық
пайдалылығын дәлелдедi. Мақалада сәйкесiнше 3/4 және 4/3 аргументтерi бар 3F2 аяқталатын ги-
пергеометриялық қатарға арналған Гессель-Стэнтон және Эндрюстiң ақырлы қосындылар теорема-
ларын пайдалана отырып, еркiн кешендi сандардың шектелген тiзбегiнен тұратын қос қатарлар үшiн
екi жалпы сәйкестендiру енгiзiлген. Осы қос қатар сәйкестiктерiн пайдалана отырып, z, 3z/4 және
z,−4z/3 аргументтерi бар (S-D функциясы) екi келтiру формуласы дәлелденген, олар z3 және −z3

аргументiне пропорционал екi жалпыланған гипергеометриялық функциялар арқылы өрнектеледi.
Сонымен қатар мақалада айтылған барлық нәтижелер «Mathematica» бағдарламасы арқылы сандық
түрде тексерiлдi.

Кiлт сөздер: жалпыланған гипергеометриялық функция,Шривастава-Даусттың қос гипергеометрия-
лық функциясы, келтiру формулалары, «Mathematica» бағдарламасы.

М.И. Куреши1, Т.Р. Шах1,2

1Джамия Миллиа Исламия (Центральный университет), Нью-Дели, Индия;
2Институт Университета инженерии и технологий; Университет Гуру Нанака, Ибрагим Патнам,

Телангана, Индия

Реализация теорем суммирования Эндрюса и Гесселя–Стэнтона

Обобщенные гипергеометрические функции и их естественные обобщения от одной и нескольких
переменных встречаются во многих математических задачах и их приложениях. Решение уравне-
ний в частных производных, возникающих во многих прикладных задачах математической физики,
выражается через такие обобщенные гипергеометрические функции. В частности, двойная гипергео-
метрическая функция Шриваставы–Дауста (S–D-функция) доказала свою практическую полезность
для представления решений широкого круга задач фундаментальной и прикладной математики. В
настоящей статье мы вводим два общих тождества двойных рядов, включающие ограниченные по-
следовательности произвольных комплексных чисел, используя теоремы конечного суммирования
Гесселя–Стэнтона и Эндрюса для завершающих гипергеометрических рядов 3F2 с аргументами 3/4
и 4/3 соответственно. Используя данные тождества двойного ряда, устанавливаем две формулы при-
ведения для (S–D-функции) с аргументами z, 3z/4 и z,−4z/3, выраженными через две обобщенные
гипергеометрические функции с аргументами, пропорциональными z3 и −z3 соответственно. Все ре-
зультаты, упомянутые в статье, проверены численно с использованием программы «Mathematica».

Ключевые слова: обобщенная гипергеометрическая функция, двойная гипергеометрическая функция
Шриваставы–Дауста, формулы приведения, программа «Mathematica».

104 Bulletin of the Karaganda University



Bulletin of the Karaganda University. Mathematics Series, No. 4(112), 2023, pp. 105–118

DOI 10.31489/2023M4/105-118

UDC 512

M.H. Shahzamanian1, B. Davvaz2,∗

1CMUP, Faculdade de Cincias, Universidade do Porto, Rua do Campo Alegre s/n, Porto, Portugal;
2Department of Mathematical Sciences, Yazd University, Yazd, Iran

(E-mail: m.h.shahzamanian@fc.up.pt, davvaz@yazd.ac.ir)

Roughness in Fuzzy Cayley Graphs
Rough set theory is a worth noticing approach for inexact and uncertain system modelling. When rough set
theory accompanies with fuzzy set theory, which both are a complementary generalization of set theory, they
will be attended by potency in theoretical discussions. In this paper a definition for fuzzy Cayley subsets is
put forward as well as fuzzy Cayley graphs of fuzzy subsets on groups inspired from the definition of Cayley
graphs. We introduce rough approximation of a Cayley graph with respect to a fuzzy normal subgroup.
We introduce the approximation rough fuzzy Cayley graphs and fuzzy rough fuzzy Cayley graphs. The last
approximation is the mixture of the other approximations. Some theorems and properties are investigated
and proved.

Keywords: fuzzy subset, rough set, Cayley graph, fuzzy Cayley graph, lower and upper approximations.

1 Introduction and preliminaries

Rough sets have been investigated in many papers. For details we refer to [1–7]. In particular, in [8],
rough approximations of Cayley graphs are studied. It has intended to build up a rational connection
between rough set theory [7], fuzzy set theory [9] and Cayley graphs. Cayley fuzzy graphs are studied
in [10–12]. We present a new definition of fuzzy Cayley sets and so, fuzzy Cayley graphs of generators
of the Cayley graph of a group. For a finite group G and a fuzzy subset µ on G, the fuzzy subset µ is
called fuzzy Cayley subset, if the subset

Sµ = {a ∈ G | µ(a) < 1}

is a Cayley subset of G. It means that 1G 6∈ Sµ (where 1G represents the identity element of G) and if
s ∈ Sµ, then s−1 ∈ Sµ. We define the triple (G;Sµ;µ) as a fuzzy Cayley graph. In fact, the fuzzy Cayley
graph (G;Sµ;µ) is a Cayley graph where the fuzzy Cayley subset µ constructs the Cayley subset of it.

The outline on the paper is as follows. First, we recall some notation and definitions about the simple
graph. We also recall the definitions and concepts of the fuzzy subset, fuzzy subgroup, t-level relation
and lower approximation operator and upper approximation operator for a fuzzy approximation space
that we need for the paper in this section. In Section 2, we present the definitions of fuzzy Cayley subset
and fuzzy Cayley graph for fuzzy subsets of groups and some few results for them. In Sections 3 and 4,
we deal the concept of fuzzy lower and upper approximations of a Cayley graph and lower and upper
approximations of a fuzzy Cayley graph with respect to a fuzzy normal subgroup. Finally, in Section
5, we combine the concept of the lower and upper approximations of a Cayley graph and lower and
upper approximations of a fuzzy Cayley graph and present the fuzzy lower and upper approximations
of a fuzzy Cayley graph with respect to a fuzzy normal subgroup on a finite group.

For the benefit of the reader, we collect in this section some of the basic concepts and facts that
we need in this paper.

Let us introduce some basic notation and definitions about the simple graph. We consider simple
graphs, which are undirected, with no loops or multiple edges.

∗Corresponding author.
E-mail: davvaz@yazd.ac.ir
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Now, we recall the definition’s fuzzy subset, fuzzy subgroup, fuzzy normal subgroup and some
proportion of them [9, 13]. Suppose that X is a universe set. A fuzzy subset µ on X is a function
µ : X → [0, 1] mapping all elements x of X into a real number µ(x) in the closed interval [0, 1]. Taking
fuzzy subsets µ and λ on X. µ ⊆ λ if and only if all x ∈ X satisfying µ(x) ≤ λ(x). Fuzzy subset γ is
called the union of fuzzy subsets µ and λ, if and only if γ(x) = max{µ(x), λ(x)} for all x ∈ X, and γ
is denoted by µ ∪ λ. Fuzzy subset ϕ is called the intersection of fuzzy subsets µ and λ, if and only if
ϕ(x) = min{µ(x), λ(x)} for all x ∈ X, and ϕ is denoted by µ ∩ λ.

A fuzzy subsets µ on a group G is called a fuzzy subgroup of G [13], if the following conditions hold:
1 ∀a, b ∈ G, µ(ab) ≥ min{µ(a), µ(b)};
2 ∀a ∈ G, µ(a−1) ≥ µ(a);
3 µ(1G) = 1.

For every a in G, µ(a−1) = µ(a). This follows at once from part 2. A fuzzy subgroup µ of G, is called
a fuzzy normal subgroup of G if for any arbitrary elements a and b of G, have to µ(ab) = µ(ba).

We recall the t-level relation for fuzzy normal subgroups and some properties and theorems 1 and
2, that we need in the work from [4]. Let µ be a fuzzy normal subgroup of G. For each t ∈ [0, 1], the
set

µt = {(a, b) ∈ G×G | µ(ab−1) ≥ t}

is called a t-level relation of µ. For each t, µt is a congruence relation on G. We denote by [x]µ the
congruence class of µt containing the element x of G. Let A be a non-empty subset of G. Then the sets

µt−(A) = {x ∈ G | [x]µ ⊆ A},
µt∧(A) = {x ∈ G | [x]µ ∩A 6= ∅}

are called, respectively, the lower and upper approximations of the set A with respect to µt. The pair
µ(A) = (µt−(A), µt∧(A)) is called a rough set of A in G. A non-empty subset A of a group G is called
a µt∧-fuzzy rough (normal) subgroup of G if the upper approximation of A is a (normal) subgroup of
G. Similarly, a non-empty subset A of G is called a µt−(A)-fuzzy rough (normal) subgroup of G if lower
approximation is a (normal) subgroup of G. Note that, if µ and λ are fuzzy normal subgroups of a
group G, then µ ∩ λ is also a fuzzy subgroup G.

Theorem 1. Suppose that µ and λ are fuzzy normal subgroups of a group G and t ∈ [0, 1]. Let A
and B be any non-empty subsets of G. Then
(1) µt−(A) ⊆ A ⊆ µt∧(A),
(2) µt−(A ∩B) = µt−(A) ∩ µt−(B),
(3) µt∧(A ∪B) = µt∧(A) ∪ µt∧(B),
(4) A ⊆ B implies µt−(A) ⊆ µt−(B),
(5) A ⊆ B implies µt∧(A) ⊆ µt∧(B),
(6) µt−(A ∪B) ⊇ µt−(A) ∪ µt−(B),
(7) µt∧(A ∩B) ⊆ µt∧(A) ∩ µt∧(B),
(8) µ ⊆ λ, implies λt−(A) ⊆ µt−(A),
(9) µ ⊆ λ, implies µt∧(A) ⊆ λt∧(A),
(10) (µ ∩ λ)t = µt ∩ λt,
(11) (µ ∩ λ)t−(A) ⊇ µt−(A) ∩ λt−(A),
(12) (µ ∩ λ)t∧(A) ⊆ µt∧(A) ∩ λt∧(A).

Theorem 2. Let µ be a fuzzy normal subgroup of a group G and t ∈ [0, 1]. If A is a (normal)
subgroup of G, then µt∧(A) is a (normal) subgroup of G. Moreover, if the lower approximation of A is
non-empty, then it is a (normal) subgroup of G.
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Given a continuous triangular norm T on the unit interval I = [0, 1]. A fuzzy binary relation R on
X is called a T -similarity relation if for all x, y, z ∈ X, R satisfies the following conditions:
(1) R(x, x) = 1;
(2) R(x, y) = R(y, x);
(3) R(x, z)TR(x, y) ≤ R(z, y).

The pair (X,R) is called a fuzzy approximation space (see, for example [14] and [6]). Morsi and
Yakout in [6] define the lower approximation operator and upper approximation operator for a fuzzy
approximation space (X,R), respectively, for µ ∈ [0, 1]X , as follows:

ARµ(x) = inf
u∈X

ϑT (R(u, x), µ(u)) for every x ∈ X,

ARµ(x) = sup
u∈X

(R(u, x)Tµ(u)) for every x ∈ X,

when ϑT (a, b) = sup{θ ∈ [0, 1] | aTθ ≤ b}, for every a, b ∈ [0, 1]. Let G be a group and C ∈ IG. If C
satisfies the following conditions:
(1) C(xy) ≥ C(x)TC(y);
(2) C(x−1) ≥ C(x);
(3) C(e) = 1,

then C is called a T -fuzzy subgroup of G. If C(xy) = C(yx) for every x, y ∈ G, then C is called a
T -fuzzy normal subgroup of G. It easily can be verified that the binary relation,

B : G×G→ [0, 1],

B(x, y) = C(xy−1), for every x, y ∈ G

is T -similarity relation. Jiashang, Congxin and Degang in [14] define the upper approximation operator
AB and the lower approximation operator AB with respect to B on G. In this paper, we limited the
triangular norm T , the simplest triangular norm, Min. Let µ be a fuzzy subset and β be a fuzzy normal
subgroup onG. We call the fuzzy subsets ABµ,ABµ as respectively, the lower and upper approximations
of the fuzzy subset µ on G with respect to the fuzzy normal subgroup B.

ABµ(x) = inf
u∈G

ϑmin(B(u, x), µ(u)), for every x ∈ G,

ABµ(x) = sup
u∈G
{min{B(u, x), µ(u)}}, for every x ∈ G.

The pair(ABµ,ABµ) is called a rough fuzzy set of µ. The fuzzy subset µ on a group G is called a AB
rough fuzzy (normal) subgroup, if the upper approximation of µ is a fuzzy (normal) subgroup on G.
Similarity, the fuzzy subset µ on a group G is called a AB rough fuzzy (normal) subgroup, if the lower
approximation of µ is a fuzzy (normal) subgroup on G.

Note that ϑmin(a, b) = 1, if and only if a ≤ b, if not it is equal to b.
The next proposition follows at once from [14; Proposition 2.4].

Theorem 3. Let G be a finite group, µ and λ be fuzzy subsets. Let B and C be fuzzy normal
subgroups on G. Then
(1) ABµ ⊆ µ ⊆ ABµ,
(2) ABABµ = ABABµ = ABµ,
(3) ABABµ = ABABµ = ABµ,
(4) ABµ = µ if and only if ABµ = µ,
(5) AB(µ ∪ λ) = ABµ ∪ABλ,
(6) AB(µ ∩ λ) ⊆ ABµ ∩ABλ,
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(7) AB(µ ∪ λ) ⊇ ABµ ∪ABλ,
(8) AB(µ ∩ λ) = ABµ ∩ABλ,
(9) B ⊆ C then ABµ ⊆ ACµ,
(10) B ⊆ C then ACµ ⊆ ABµ.

The next corollary easily can be verified based upon the parts (6) and (7) of Theorem 3.

Corollary 1. Let G be a finite group, µ and λ be fuzzy subsets. Let B be a fuzzy normal subgroup
on G. If µ ⊆ λ, then
(1) ABµ ⊆ ABλ,
(2) ABµ ⊆ ABλ.
The fuzzy subsetBMinC is defined based on fuzzy subsetsB and C asBMinC(x) = min{B(x), C(x)},

∀x ∈ G. The next theorem follows from [14; Lemma 3.4, Propositions 3.5, 3.6, 4.1 and 4.2].

Theorem 4. Let G be a finite group. Suppose that B and C are fuzzy normal subgroups of G. The
following properties hold.
(1) The fuzzy set BMinC is a fuzzy normal subgroup.
(2) ABµMinACµ ⊆ ABMinCµ.
(3) ABMinCµ ⊆ ABµMinACµ.
(4) If µ is a fuzzy (normal) subgroup of G, then ABµ is a fuzzy (normal) subgroup of G.
(5) If µ is a fuzzy (normal) subgroup of G and B ⊆ µ, then ABµ is a fuzzy (normal) subgroup of G.

Throughout the paper, we will make frequently use of the above mentioned results.

2 Fuzzy Cayley subsets and graphs

In this section, we present the definitions of fuzzy Cayley subset and fuzzy Cayley graph for fuzzy
subsets on groups.

Let G be a finite group and µ be a fuzzy subset on G. The fuzzy subset µ is called fuzzy Cayley
subset, if the subset

Sµ = {a ∈ G | µ(a) < 1}

is a Cayley subset of G. It follows that µ(1g) = 1 and if µ(a) < 1, then µ(a−1) < 1. Obviously, every
fuzzy group is a fuzzy Cayley subset. Since Sµ is a Cayley set, (G;Sµ) is a Cayley graph. When µS
is a fuzzy Cayley subset, we define the triple (G;Sµ;µ) and called it fuzzy Cayley graph. In fact, the
fuzzy Cayley graph (G;Sµ;µ) is a Cayley graph where the fuzzy Cayley subset µ constructs the Cayley
subset of it.

The next lemma yields that if µ(a) 6= µ(b), then µ(ab) = min{µ(a), µ(b)}, for some a, b ∈ G, when
µ is a fuzzy subgroup on G.

Lemma 1. Suppose that µ is a fuzzy subgroup on G. If µ(a) 6= µ(b) then µ(ab) = min{µ(a), µ(b)},
for every a, b ∈ G.

Proof. Without less of generality, suppose that µ(b) > µ(a). Since µ is a fuzzy subgroup, we get
µ(a) = µ(abb−1) ≥ min{µ(ab), µ(b−1)}. Since µ(b−1) = µ(b) and µ(b) > µ(a), the last argument yields
that µ(a) ≥ µ(ab). On the other hand, µ(ab) ≥ min{µ(a), µ(b)} = µ(a). Therefore, µ(ab) = µ(a) =
min{µ(a), µ(b)}. Similarity, if µ(b) < µ(a), then µ(ab) = µ(b). Thus, we have µ(ab) = min{µ(a), µ(b)}.

Lemma 2. Suppose that µ1 and µ2 are fuzzy Cayley subsets on a group G. The following properties
hold.
(1) If µ1 ⊆ µ2, then Sµ2 ⊆ Sµ1 .
(2) The fuzzy subset µ1 ∪ µ2 is a fuzzy Cayley subset and Sµ1∪µ2 = Sµ1 ∩ Sµ2 .
(3) The fuzzy subset µ1 ∩ µ2 is a fuzzy Cayley subset and Sµ1∩µ2 = Sµ1 ∪ Sµ2 .
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Proof. (1) If x 6∈ Sµ1 , then µ1(x) = 1. Since µ1 ≤ µ2, we have µ2(x) = 1, and, thus, x 6∈ Sµ2 .
Therefore, Sµ2 ⊆ Sµ1 .

(2) It easily can be verified that Sµ1∪µ2 = Sµ1 ∩ Sµ2 . Now, suppose that x ∈ Sµ1∪µ2 . Then
x ∈ Sµ1 ∩ Sµ2 . Since µ1 and µ2 are fuzzy Cayley subsets, we have x−1 ∈ Sµ1 ∩ Sµ2 and, thus,
x−1 ∈ Sµ1∪µ2 . Similarly, if 1 ∈ Sµ1∪µ2 , then 1 ∈ Sµ1 ∩ Sµ2 , a contradiction. Therefore, µ1 ∪ µ2 is
a fuzzy Cayley subset.

(3) In a similar way as last part.

Lemma 3. Let X1 = (G;S1) and X2 = (G;S2) be Cayley graphs. The following properties hold.
(1) X1 ∪X2 = (G;S1 ∪ S2).
(2) X1 ∩X2 = (G;S1 ∩ S2).
(3) X1 ⊆ X2 if and only if S1 ⊆ S2.

Proof. (1) Let e be an edge of (G;S1 ∪ S2). Then there exist g ∈ G and s ∈ S1 ∪ S2 such that
e is an edge between two vertices g and gs. Since s ∈ S1 ∪ S2, we have s ∈ S1 or s ∈ S2 and, thus,
e ∈ E(X1) or e ∈ E(X2). Therefore, e ∈ E(X1 ∪X2). Similarly, any edge of E(X1 ∪X2) is an edge of
(G;S1 ∪ S2). The result follows.

(2) In a similar way as last part.
(3) Suppose that S1 ⊆ S2. If e ∈ E(X1), then there exist elements g ∈ G and s1 ∈ S1 such that

e = (g, gs1). Since s1 ∈ S1 and S1 ⊆ S2, we obtain e ∈ E(X2). Therefore, X1 ⊆ X2. Now, suppose
that E(X1) ⊆ E(X2). Let g ∈ G. If s1 ∈ S1, then (g, gs1) ∈ E(X1). Therefore, (g, gs1) ∈ E(X2). Then
(g, gs1) = (g′, g′s′1) for some g′ ∈ G and s′1 ∈ S2. Since g = g′, we obtain s1 = s′1 and, thus, s1 ∈ S2.
The result follows.

Notice that, if V (X1) = V (X2) then X1∪X2 and X1∩X2 are obviously Cayley graphs. The Lemma
2 follows us to define subgraph, union and intersection of fuzzy Cayley graphs.

Definition 1. Suppose that X = (G;Sµ;µ) and Y = (G;Sλ;λ) are fuzzy Cayley graphs. Then
(1) X ⊆ Y if and only if λ ⊆ µ;
(2) X ∪ Y = (G;Sµ ∪ Sλ;µ ∩ λ);
(3) X ∩ Y = (G;Sµ ∩ Sλ;µ ∪ λ).
Lemma 4. Suppose that G is a finite group and µ is a fuzzy Cayley subset on G. If µ is a fuzzy

subgroup and Sµ 6= ∅ then Sµ generates G.

Proof. Suppose that g ∈ G. If g 6∈ Sµ, then µ(g) = 1. Now, if a ∈ Sµ, then µ(a) < 1. By Lemma 1,
µ(ga−1) = µ(a). It follows that ga−1 ∈ Sµ and, thus, g = ga−1a ∈ 〈Sµ〉. Therefore, G = 〈Sµ〉.

The following theorem is easily verified by Lemma 4.
Theorem 5. Suppose that X = (G;Sµ;µ) is a fuzzy Cayley graph. If µ is a fuzzy subgroup, then

the Cayley graph (G;Sµ) is connected.

3 Fuzzy rough Cayley graphs

Suppose that G is a finite group with identity 1G, µ is a fuzzy normal subgroup, 0 ≤ t ≤ 1, and
X = (G;S) is a Cayley graph. Then the following graphs (we will prove these graphs are Cayley
graphs)

Xµt = (G;µt∧(S)
∗) (µt∧(S)

∗ = µt∧(S) \ {1G}) and Xµt = (G;µt−(S))

are called, respectively, fuzzy upper and lower approximations of the Cayley graph X with respect to
the fuzzy normal subgroup µ and integer t.
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Theorem 6. Xµt and Xµt are Cayley graphs.

Proof. By Theorem 1(1), we have µt−(S) ⊆ S, and, thus, 1G 6∈ µt−(S). Suppose that s ∈ µt−(S).
Then [s]µ ⊆ S. If x ∈ [s−1]µ then (x, s−1) ∈ µt and, thus, (x−1, s) ∈ µt, because µ is a fuzzy normal
subgroup. Thus x−1 ∈ [s]µ ⊆ S. Since S is a Cayley set, we obtain x ∈ S and, thus, [s−1]µ ⊆ S. Hence,
s−1 ∈ µt−(S). Therefore, µt−(S) is a Cayley set, and Xµt is a Cayley graph.

Now, suppose that s ∈ µt∧(S)∗. Then [s]µ ∩ S 6= ∅ which implies that there exists a ∈ [s]µ ∩ S.
Since a ∈ [s]µ ∩ S, we obtain (a, s) ∈ µt. As µ is a fuzzy normal subgroup, (a−1, s−1) ∈ µt. Then
a−1 ∈ [s−1]µ. Since S is a Cayley set, we have [s−1]µ ∩ S 6= ∅ and, thus, s−1 ∈ µt∧(S). Therefore,
µt∧(S)

∗ is a Cayley set, and Xµt is a Cayley graph.

Let G be a group congruence modulo 16 integral number Z. Let B be a fuzzy normal subgroup
of G presented in Table, and t be 0.3. Let X = (G;S) be a Cayley graph such that S equals to
{1, 2, 6, 10, 14, 15}. The congruence relation B0.3 partitions G to four classes {0, 4, 8, 12}, {1, 5, 9, 13},
{2, 6, 10, 14} and {3, 7, 11, 15}. Then we have

XB0.3 = (G; {1, 2, 3, 5, 6, 7, 9, 10, 11, 13, 14, 15}) and XB0.3
= (G; {2, 6, 10, 14}).

T a b l e

The fuzzy normal subgroup B

B(1) = 0.1 B(2) = 0.2 B(3) = 0.1 B(4) = 0.4

B(5) = 0.1 B(6) = 0.2 B(7) = 0.1 B(8) = 0.8

B(9) = 0.1 B(10) = 0.2 B(11) = 0.1 B(12) = 0.4

B(13) = 0.1 B(14) = 0.2 B(15) = 0.1 B(0) = 1

Theorem 7. Suppose that µ and λ are fuzzy normal subgroups of a group G and t ∈ [0, 1]. Let
X = (G;S), X1 = (G;S1) and X2 = (G;S2) be Cayley graphs. The following properties hold.
(1) Xµt ⊆ X ⊆ Xµt ,
(2) X1 ∪X2µt = X1µt ∪X2µt ,
(3) X1 ∩X2µt

= X1µt
∩X2µt

,
(4) X1 ⊆ X2 ⇒ X1µt

⊆ X2µt
,

(5) X1 ⊆ X2 ⇒ X1µt ⊆ X2µt ,
(6) X1 ∪X2µt

⊇ X1µt
∪X2µt

,
(7) X1 ∩X2µt ⊆ X1µt ∩X2µt ,
(8) µt ⊆ λt ⇒ Xµt ⊆ Xλt ,
(9) µt ⊆ λt ⇒ Xλt ⊆ Xµt ,
(10) X(µ∩λ)t ⊆ Xµt ∩Xλt ,
(11) X(µ∩λ)t ⊇ Xµt ∩Xλt .

Proof. (1) By Theorem 1(1), µt−(S) ⊆ S ⊆ µt∧(S). Then µt−(S) ⊆ S ⊆ µt∧(S)
∗. It follows that

Xµt ⊆ X ⊆ Xµt .

(2) Based on Lemma 3, X1 ∪X2 = (G;µt∧(S1)
∗ ∪ µt∧(S2)∗). By Theorem 1(5), we have µt∧(S1)∗

and µt∧(S2)∗ ⊆ µt∧(S1∪S2)∗. Now, by Lemma 3(3), we have X1µt ∪X2µt ⊆ X1 ∪X2µt . Conversely, by
Theorem 1(3), µt∧(S1)∗ ∪ µt∧(S2)∗ = µt∧(S1 ∪ S2)∗. Suppose that (g, gs) is an edge of E(X1 ∪X2µt).
It follows that s ∈ µt∧(S1∪S2)∗. Then s ∈ µt∧(S1)∗∪µt∧(S2)∗ and, thus, s ∈ µt∧(S1)∗ or s ∈ µt∧(S2)∗.
Therefore, (g, gs) is an edge of X1µt or X2µt . Finally, we have X1 ∪X2µt = X1µt ∪X2µt .
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(3) By Theorem 1(2), the proof is similar to part (2).

(4) Assume that X1 ⊆ X2. Then S1 ⊆ S2 and, thus, µt−(S1) ⊆ µt−(S2). Hence, X1µt
⊆ X2µt

.

(5) By Theorem 1(5), the proof is similar to part (4).

(6) By Theorem 1(6), we have µt−(S1)∪µt−(S2) ⊆ µt−(S1∪S2). Then µt−(S1) ⊆ µt−(S1∪S2) and
µt−(S2) ⊆ µt−(S1 ∪ S2). Therefore, we obtain X1 ∪X2µt

⊇ X1µt
and X1 ∪X2µt

⊇ X2µt
. And finally,

X1 ∪X2µt
⊇ X1µt

∪X2µt
.

(7) By Theorem 1(7), the proof is similar to part (6).

(8) Assume that µt ⊆ λt. Theorem 1(9) yields µt∧(S) ⊆ λt∧(S). Then µt∧(S)∗ ⊆ λt∧(S)∗ and, thus,
Xµt ⊆ Xλt .

(9) By Theorem 1(8), the proof is similar to part (8).

(10) By Theorem 1(12), we have

X(µ∩λ)t = (G; (µ ∩ λ)t∧(S))
⊆ (G;µt∧(S) ∩ λt∧(S))
= (G;µt∧(S)) ∩ (G;λt∧(S))

= Xµt ∩Xλt .

(11) By Theorem 1(12), the proof is similar to part (11).

Remark 1. A subset S of G is a minimal Cayley set if it generates G and if S \ {s, s−1} generates
a proper subgroup of G for all s ∈ S.

The pair (Xµt , Xµt) is called a fuzzy rough set of the Cayley graph X. A Cayley graph X = (G;S)
is called a µt∧-fuzzy rough generating, if the subset µt∧(S)∗ is a generating set for G. Similarly, a Cayley
graph X = (G;S) is called an µt−-fuzzy rough generating, if the subset µt−(S) is a generating set for
G. A Cayley graph X = (G;S) is called a µt∧-fuzzy rough optimal connected, if the subset µt∧(S)∗ is
a minimal Cayley set for G. Similarly, a Cayley graph X = (G;S) is called a µt−-fuzzy rough optimal
connected, if the subset µt−(S) is a minimal Cayley set for G.

Theorem 8. Suppose that X = (G;S) is a Cayley graph.
(1) If X is a µt∧-fuzzy rough generating, then Xµt is connected.
(2) If X is a µt−-fuzzy rough generating, then Xµt is connected.
(3) If X is a µt∧-fuzzy rough optimal connected, then Xµt is optimal connected.
(4) If X is a µt−-fuzzy rough optimal connected, then Xµt is optimal connected.

Proof. It is straightforward.

4 Rough fuzzy Cayley graphs

Let G be a finite group with identity 1G, B a fuzzy normal subgroup on G and X = (G;Sµ;µ) be a
fuzzy Cayley graph. The following fuzzy Cayley graphs (we will prove these are fuzzy Cayley graphs)

XB = (G;SABµ? ;ABµ
?) and XB = (G;SABµ;ABµ)
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are called, respectively, lower and upper approximations of the fuzzy Cayley graph X with respect to B.
In the above definition, ABµ?(x) is similar to ABµ(x) in all elements, except for 1G, where ABµ?(1G)
is 1.

Theorem 9. The triples XB and XB are fuzzy Cayley graphs.

Proof. Suppose that ABµ(x) = 1 for some x ∈ [0, 1]. Thus

infu∈G ϑmin(B(u, x), µ(u)) = 1.

Therefore, for all elements u ∈ G, ϑmin(B(u, x), µ(u)) = 1 and, thus, B(ux−1) ≤ µ(u) for every u ∈ G.
On the other hand, µ is a fuzzy subgroup, and we have µ(u−1) = µ(u). Then B(ux−1) ≤ µ(u−1). Since
B is a fuzzy normal subgroup, we obtain B(ux−1) = B(x−1u) and consequently, are equal to B(u−1x).
So B(u−1x) ≤ µ(u−1). Hence for all u of G, ϑmin(B(u−1, x−1), µ(u−1)) = 1 and, thus,

infu∈G ϑmin(B(u−1, x−1), µ(u−1)) = 1.

Then

infu∈G ϑmin(B(u, x−1), µ(u)) = 1.

So ABµ(x−1) = 1. Therefore, ABµ? is a fuzzy Cayley subset and XB is a fuzzy Cayley graph.
Theorem 3(1) leads µ ⊆ ABµ. Since µ(1G) = 1, we obtain ABµ(1G) = 1. Now suppose that

ABµ(x) = 1. Then

supu∈G{min{B(ux−1), µ(u)}} = 1.

Since G is finite, there exists an element u of G such that min{B(ux−1), µ(u)} = 1. Then B(ux−1) =
µ(u) = 1. Since µ is a fuzzy subgroup, we obtain µ(u−1) = µ(u). Now as B is a fuzzy normal
subgroup, B(ux−1) = B(x−1u) and since B is a fuzzy subgroup, we obtain B(ux−1) = B(u−1x). Thus
min{B(u−1x), µ(u−1)} = 1, and ABµ(x−1) = 1. Consequently, ABµ is a fuzzy Cayley subset and, thus,
XB is a fuzzy Cayley graph.

Lemma 5. Suppose that G is a finite group and B is a fuzzy normal subgroup of G. IfX = (G;Sµ;µ)
and Y = (G;Sλ;λ) are fuzzy Cayley graphs, then:
(1) SAB(µ∪λ)? ⊆ SABµ? ∩ SABλ? ,
(2) SAB(µ∩λ)? = SABµ? ∪ SABλ? ,
(3) SAB(µ∪λ) = SABµ ∩ SABλ,
(4) SAB(µ∩λ) ⊇ SABµ ∪ SABλ.

Proof. (1) Suppose that x ∈ SAB(µ∪λ)? . Then AB(µ ∪ λ)?(x) < 1 and x 6= 1G. By Theorem 3(7),
ABµ(x), ABλ(x) < 1. Hence, x ∈ SABµ? ∩ SABλ? .

According to Theorem 3, items (2), (3) and (4) are straightforward.

Theorem 10. Suppose that G is a finite group and B and C are fuzzy normal subgroups of G. Let
X = (G;Sµ;µ) and Y = (G;Sλ;λ) be fuzzy Cayley graphs. Then
(1) XB ⊆ X ⊆ XB,
(2) X ∪ Y B = XB ∪ Y B,
(3) X ∩ Y B ⊆ XB ∩ Y B,
(4) X ∪ Y B ⊇ XB ∪ Y B,
(5) X ∩ Y B = XB ∩ Y B,
(6) µ ⊆ λ⇒ Y B ⊆ XB,
(7) µ ⊆ λ⇒ Y B ⊆ XB,
(8) B ⊆ C ⇒ XC ⊆ XB,
(9) B ⊆ C ⇒ XB ⊆ XC .
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Proof. (1) By Theorem 3(1), we have ABµ ⊆ µ ⊆ ABµ. Hence ABµ? ⊆ µ ⊆ ABµ. Lemma 2(1)
implies that XB ⊆ X ⊆ XB.

(2) By Definition 1(2), X ∪ Y = (G;Sµ∩λ;µ ∩ λ). Then we have

X ∪ Y B = (G;SAB(µ∩λ)? ;AB(µ ∩ λ)?).

By Theorem 3(8), AB(µ ∩ λ) = ABµ ∩ABλ and, thus,

X ∪ Y B = (G;SABµ?∩ABλ? ;ABµ
? ∩ABλ?).

Now by 1(2), X ∪ Y B = XB ∪ Y B. The result follows.

(3) By Theorem 3(7), the proof is similar to part (2).

(4) By Theorem 3(6), the proof is similar to part (2).

(5) By Theorem 3(5), the proof is similar to part (2).

(6) If µ ⊆ λ, then by Corollary 1(1), ABµ ⊆ ABλ. Now, by Definition 1(1), Y B ⊆ XB.

(7) By Corollary 1(2), the proof is similar to part (6).

(8) Assume that B ⊆ C. By Theorem 3(9), ABµ ⊆ ACµ. Therefore, we have XC ⊆ XB.

(9) According to Theorem 3(10), the proof is similar to part (8).

Theorem 11. Suppose that G is a finite group. If B and C are fuzzy normal subgroups and µ is a
fuzzy subset on G, then the following statement hold.
(1) (G;SABMinCµ;ABMinCµ) ⊆ (G;SABµMinACµ;ABµMinACµ),
(2) (G;SABµMinACµ

;ABµMinACµ) ⊆ (G;SABMinCµ
;ABMinCµ).

Proof. According to Theorem 4, the proof of both parts are clear.

The pair (XB, XB) is called a rough set of a fuzzy Cayley graph X = (G;Sµ;µ). A fuzzy Cayley
graph X = (G;Sµ;µ) is called an AB rough generating, if the subset SABµ generates G. Likewise a
fuzzy Cayley graph X = (G;Sµ;µ) is called an AB rough generating, if the subset SABµ generates G.
A fuzzy Cayley graph X = (G;Sµ;µ) is called an AB rough optimal connected, if the subset SABµ is a
minimal Cayley set of G. Similarly a fuzzy Cayley graph X = (G;Sµ;µ) is called an AB rough optimal
connected, if the subset SABµ is a minimal Cayley set of G.

Theorem 12. Suppose that G is a finite group, and B is a fuzzy normal subgroup of G. Let X =
(G;Sµ;µ) be a fuzzy Cayley graph. The following properties hold.
(1) If µ is a fuzzy subgroup of G, then X is a AB rough generating.
(2) If B ⊆ µ and µ is a fuzzy subgroup of G, then X is a AB rough generating.

Proof. According to Theorems 4 and 4, the proof is straightforward.
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5 Fuzzy rough fuzzy Cayley graphs

In this section, we get the t-level relation µt, for each t ∈ [0, 1), as follows:

µt = {(a, b) ∈ G×G | µ(ab−1) > t}.

Similarly, all results related to the t-level relation µt are same. Let B be a fuzzy normal subgroup on G
and X = (G;Sµ;µ) be a fuzzy Cayley graph. The following fuzzy Cayley graphs (we will prove these
are fuzzy Cayley graphs)

X ′B = (G;Btµ−(Sµ);ABµ
]) and X

′
B = (G;B∧tµ(Sµ)

?;ABµ
])

are called, respectively, fuzzy lower and upper approximations of the fuzzy Cayley graph X with respect
to B. The definitions of tµ, ABµ] and ABµ] are as follows:

tµ = max{µ(x) | x ∈ Sµ},

if x ∈ B∧tµ(Sµ)
? then ABµ

](x) = ABµ
?, otherwise ABµ

](x) = 1 and

if x ∈ Btµ−(Sµ) then ABµ](x) = ABµ(x), otherwise ABµ](x) = 1.

Theorem 13. The triples X ′B and X ′B are fuzzy Cayley graphs.

Proof. In the proof Theorem 6, it proved that the subsets Btµ−(Sµ) and B∧tµ(Sµ)
? are Cayley sets.

To prove that the X ′B and X ′B are fuzzy Cayley graphs, it is sufficient to show that Btµ−(Sµ) = SABµ]
and B∧tµ(Sµ)

? = SABµ] .
Suppose that x ∈ Btµ−(Sµ). Then ABµ](x) = ABµ(x). If ABµ(x) = 1, then

supu∈G{min{B(ux−1), µ(u)}} = 1.

Since G is finite, there exists an element u in G where min{B(ux−1), µ(u)} = 1 and, thus, B(ux−1) =
µ(u) = 1. As B(ux−1) = 1, we h obtain u ∈ [x]B and, thus, u ∈ Sµ. Therefore, µ(u) < 1, a
contradiction. Then ABµ(x) 6= 1 and, as a result, ABµ](x) 6= 1. Now, suppose that x 6∈ Btµ−(Sµ).
Based on the definition, ABµ](x) = 1. Therefore, Btµ−(Sµ) = SABµ] .

Let x be in B∧tµ(Sµ)
?. Then ABµ](x) = ABµ

?. Since x ∈ B∧tµ(Sµ)
?, there exists an element y ∈ Sµ

such that y ∈ [x]B. If we have ABµ(x) = 1, then

inf
u∈G

ϑmin(B(ux−1), µ(u)) = 1.

Therefore, we have B(ux−1) ≤ µ(u) for every u ∈ G. Then B(yx−1) ≤ µ(y). Since µ(y) ≤ tµ, we
obtain B(yx−1) ≤ tµ. As y ∈ [x]B, B(yx−1) > tµ, a contradiction. Now, suppose that x 6∈ B∧tµ(Sµ)

?.
Based on the definition, ABµ](x) = 1. Hence, by above B∧tµ(Sµ)

? = SABµ](x).

Lemma 6. Let G be a group and t1, t2 and t3 be integers in the closed interval [0, 1]. Suppose that
µ is fuzzy normal subgroups of G. Let A and B be two non-empty sets. Then
(1) if t3 ≤ t1, t2, then µt∧3 (A ∪B) ⊇ µt∧1 (A) ∪ µt∧2 (B),
(2) if t3 ≥ t1, t2, then µt∧3 (A ∪B) ⊆ µt∧1 (A) ∪ µt∧2 (B),
(3) if t3 ≥ t1, t2, then µt∧3 (A ∩B) ⊆ µt∧1 (A) ∩ µt∧2 (B),
(4) if t3 ≤ t1, t2, then µt3−(A ∩B) ⊆ µt1−(A) ∩ µt2−(B),
(5) if t3 ≥ t1, t2, then µt3−(A ∩B) ⊇ µt1−(A) ∩ µt2−(B),
(6) if t3 ≥ t1, t2, then µt3−(A ∪B) ⊇ µt1−(A) ∪ µt2−(B).
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Proof. (1) Let x ∈ µt∧1 (A) ∪ µt∧2 (B). Then x ∈ µt∧1 (A) or x ∈ µt∧2 (B). Suppose that x ∈ µt∧1 (A).
Thus, [x]µt1 ∩ A 6= ∅ and consequently, there exists a ∈ A such that µ(xa−1) > t1. Since t1 ≥ t3, we
have µ(xa−1) > t3 and, thus, [x]µt3 ∩ A 6= ∅. The result gives us that x ∈ µt∧3 (A ∪ B). Similarity, if
x ∈ µt∧2 (B), the same result can be gained.

(2) Let x ∈ µt∧3 (A ∪ B). Thus, [x]µt3 ∩ (A ∪ B) 6= ∅. Then [x]µt3 ∩ A 6= ∅ or [x]µt3 ∩ B 6= ∅.
Suppose that [x]µt3 ∩A 6= ∅. Hence, there exists a ∈ A such that µ(xa−1) > t3. Since t3 ≥ t1, we have
µ(xa−1) > t1 and, thus, [x]µt1 ∩A 6= ∅. The result gives us that x ∈ µt∧1 (A). The result follows.

(3) Let x ∈ µt∧3 (A ∩ B). Then, [x]µt3 ∩ (A ∩ B) 6= ∅ and, thus, [x]µt3 ∩ A 6= ∅ and [x]µt3 ∩ B 6= ∅.
Hence, there exist elements a ∈ A and b ∈ B such that µ(xa−1) > t3 and µ(xb−1) > t3. Since t3 ≥ t1, t2,
we have µ(xa−1) > t1 and µ(xb−1) > t2 and, thus, [x]µt1 ∩A 6= ∅ and [x]µt2 ∩B 6= ∅. The result gives
us that µt∧1 (A) ∩ µt∧2 (B). The result follows.

(4) Let x ∈ µt3−(A ∩ B). Then [x]µt3 ⊆ A ∩ B. If y ∈ [x]µt1 , then µ(yx−1) > t1 and, thus,
µ(yx−1) > t3. Then y ∈ A. It follows that x ∈ µt1−(A). Similarly, we have x ∈ µt2−(B).

(5) Let x ∈ µt1−(A) ∩ µt2−(B). Then [x]µt1 ⊆ A and [x]µt2 ⊆ B. If y ∈ [x]µt3 , then µ(yx
−1) > t3

and, thus, µ(yx−1) > t1 and µ(yx−1) > t2. Then y ∈ A ∩B. It follows that x ∈ µt3−(A ∩B).
(6) Let x ∈ µt1−(A) ∪ µt2−(B). Hence, x ∈ µt1−(A) or x ∈ µt2−(B). Suppose that x ∈ µt1−(A).

Hence, [x]µt1 ⊆ A. If y ∈ [x]µt3 , then µ(yx
−1) > t3 and, thus, µ(yx−1) > t1. Then y ∈ A. It follows

that x ∈ µt3−(A ∪B). The result follows.

Theorem 14. Let G be a finite group. Taking any fuzzy normal subgroups B and C on G. If
X = (G;Sµ;µ) and Y = (G;Sλ;λ) are fuzzy Cayley graphs. The following properties hold.
(1) X ′B ⊆ X ⊆ X

′
B,

(2) X ∩ Y ′B ⊆ X
′
B ∩ Y

′
B,

(3) X ∪ Y ′B ⊇ X
′
B ∪ Y

′
B,

(4) X ∩ Y ′B ⊆ X ′B ∩ Y ′B,
(5) µ ⊆ λ⇒ Y ′B ⊆ X ′B,
(6) µ ⊆ λ⇒ Y

′
B ⊆ X

′
B,

(7) B ⊆ C ⇒ X ′C ⊆ X ′B,
(8) B ⊆ C ⇒ X

′
B ⊆ X

′
C .

Proof. (1) By Theorems 3(1) and 1(1), we have, respectively, ABµ ⊆ µ ⊆ ABµ, Btµ−(Sµ) ⊆ Sµ ⊆
B∧tµ(Sµ). If x ∈ B

∧
tµ(Sµ)

?, then ABµ](x) = ABµ(x) and, thus, ABµ](x) ≤ µ(x). If x 6∈ B∧tµ(Sµ)
?, then

x 6∈ Sµ and, thus, µ(x) = 1. So we have ABµ](x) ≤ µ(x). Now by Definition 1, we have X ⊆ X ′B.
If x ∈ Btµ−(Sµ), then ABµ

](x) = ABµ(x) and, thus, µ(x) ≤ ABµ
](x). If x 6∈ Btµ−(Sµ), then

ABµ
](x) = 1 and again µ(x) ≤ ABµ](x). Then, we have X ′B ⊆ X.
(2) We have

X ∩ Y ′B = (G;Sµ∪λ;µ ∪ λ)
′
B = (G;B∧tµ∪λ(Sµ ∩ Sλ);AB(µ ∪ λ)

]),

X
′
B ∩ Y

′
B = (G;Sµ;µ)

′
B ∩ (G;Sλ;λ)

′
B

= (G;B∧tµ(Sµ);AB(µ)
]) ∩ (G;B∧tλ(Sλ);AB(λ)

])

= (G;B∧tµ(Sµ) ∩B
∧
tλ
(Sλ);AB(µ)

] ∪AB(λ)]).

Since tµ∪λ ≥ tµ, tλ, by Theorem 6(3), we haveB∧tµ∪λ(Sµ∩Sλ) ⊆ B
∧
tµ(Sµ)∩B

∧
tλ
(Sλ). Also, by Theorem 3(7),

we have AB(µ ∪ λ) ⊇ ABµ ∪ABλ. If x ∈ B∧tµ(Sµ) ∩B
∧
tλ
(Sλ) then

ABµ
](x) = ABµ(x), ABλ

](x) = ABλ(x)
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and, thus,
ABµ

](x) ∪ABλ](x) ≤ AB(µ ∪ λ)(x).

Since AB(µ∪λ)(x) ≤ AB(µ∪λ)](x), we obtain ABµ](x)∪ABλ](x) ≤ AB(µ∪λ)](x). If x 6∈ B∧tµ(Sµ)∩
B∧tλ(Sλ), then x 6∈ B

∧
tµ∪λ

(Sµ∩Sλ) and, thus, AB(µ∪λ)](x) = 1. Therefore, AB(µ∪λ)](x) ≥ ABµ](x)∪
ABλ

](x) and Definition 1 yields X ∩ Y ′B ⊆ X
′
B ∩ Y

′
B.

(3) We have

X ∪ Y ′B = (G;Sµ∩λ;µ ∩ λ)
′
B = (G;B∧tµ∩λ(Sµ ∪ Sλ);AB(µ ∩ λ)

]),

X
′
B ∪ Y

′
B = (G;Sµ;µ)

′
B ∪ (G;Sλ;λ)

′
B

= (G;B∧tµ(Sµ);AB(µ)
]) ∪ (G;B∧tλ(Sλ);AB(λ)

])

= (G;B∧tµ(Sµ) ∪B
∧
tλ
(Sλ);AB(µ)

] ∩AB(λ)]).

Since tµ∩λ ≤ tµ, tλ, by Theorem 6(1), we haveB∧tµ∩λ(Sµ∪Sλ) ⊇ B
∧
tµ(Sµ)∪B

∧
tλ
(Sλ). Also, by Theorem 3(8),

we have AB(µ ∩ λ) = ABµ ∩ABλ. If x ∈ B∧tµ(Sµ) ∪B
∧
tλ
(Sλ) then x ∈ B∧tµ∩λ(Sµ ∪ Sλ) and, thus,

AB(µ ∩ λ)](x) = AB(µ ∩ λ)(x) = ABµ(x) ∩ABλ(x) ≤ ABµ](x) ∩ABλ](x).

Now, suppose that x 6∈ B∧tµ(Sµ) ∪B
∧
tλ
(Sλ). Then

ABµ
](x) = ABλ

](x) = 1

and, thus,
AB(µ ∩ λ)](x) ≤ ABµ](x) ∩ABλ](x) = 1.

Therefore, X ∪ Y ′B ⊇ X
′
B ∪ Y

′
B.

(4) We have

X ∩ Y ′B = (G;Sµ∪λ;µ ∪ λ)′
B
= (G;Btµ∪λ−(Sµ ∩ Sλ);AB(µ ∪ λ)

]),

X ′B ∩ Y ′B = (G;Sµ;µ)
′
B
∩ (G;Sλ;λ)

′
B

= (G;Btµ−(Sµ);AB(µ)
]) ∩ (G;Btλ−(Sλ);AB(λ)

])

= (G;Btµ−(Sµ) ∩Btλ−(Sλ);AB(µ)
] ∪AB(λ)]).

Since tµ∪λ ≥ tµ, tλ, by Theorem 6(5), we have Btµ∪λ−(Sµ ∩ Sλ) ⊇ Btµ−(Sµ) ∩ Btλ−(Sλ). Also, by
Theorem 3(5), we have AB(µ ∪ λ) = AB(µ) ∪AB(λ). If x ∈ Btµ−(Sµ) ∩Btλ−(Sλ) then

ABµ
](x) = ABµ(x), ABλ

](x) = ABλ(x)

and, thus,
ABµ

](x) ∪ABλ](x) = AB(µ ∪ λ)(x) ≤ AB(µ ∪ λ)](x).

If x 6∈ Btµ−(Sµ) ∩ Btλ−(Sλ), then x 6∈ Btµ∪λ−(Sµ ∩ Sλ) and, thus, AB(µ ∪ λ)](x) = 1. Therefore,
ABµ

](x) ∪ABλ](x) ≤ AB(µ ∪ λ)](x) and, thus, X ∩ Y ′B ⊆ X ′B ∩ Y ′B.
(5) If µ ⊆ λ, then by Corollary 1(1), ABµ ⊆ ABλ. In the other hand, by Lemma 1, we have Sλ ⊆ Sµ

and, thus, by Theorem 1(4), BtX−(Sλ) ⊆ BtX−(Sµ). Then Y ′B ⊆ X ′B.
(6) The proof is similar to part (5).
(7) Since B ⊆ C, by Theorem 3(9) we have ABµ ⊆ ACµ. Also, Theorem 1(8) gives Ctµ−(S) ⊆

Btµ−(S). The result follows.
(8) The proof is similar to part (7).
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Conclusion

This paper has intended to build up a rational connection between rough set theory, fuzzy set
theory and Cayley graphs. First, formal definitions for fuzzy Cayley sets and fuzzy Cayley graphs have
been suggested.

Some illustrative examples have also been presented. Fuzzy Cayley graphs and related approximations
might be received attentions in some distributed and networked systems challenges.
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Дәл емес Кейли графтарындағы шамадан ауытқу

Шамамен алынған жиындар теориясы бұл жүйелердi дәл емес және анықталмаған модельдеу үшiн
лайықты әдiс. Шамамен алынған жиындар теориясы жиындар теориясының одан әрi жалпылауы
болып табылатын дәл емес жиындар теориясымен толықтырылғанда, олар теориялық талқылаулар-
да жарамды болады. Мақалада Кэйли графтарының анықтамасынан туындайтын дәл емес Кэйли
iшкi жиындарының анықтамасы, демек группалардағы дәл емес iшкi жиындардың дәл емес Кэйли
графтары ұсынылған. Авторлар Кэйли графының дәл емес нормаль iшкi группасына қатысты шама-
мен жуықтауды, сонымен қатар аппроксимацияланатын шамамен алынған дәл емес Кейли графтары
және дәл емес шамамен алынған дәл емес Кейли графтарын енгiзген. Соңғы жуықтау басқа жуықта-
улардың бiрiгуi болып табылады. Кейбiр теоремалар мен қасиеттерi зерттелген және дәлелденген.

Кiлт сөздер: анық емес жиын, шамамен алынған жиын, Кейли графы, анық емес Кейли графы,
төменгi және жоғарғы жуықтаулар.

М.Х. Шахзаманян1, Б. Давваз2

1Математический центр Университета Порту, Университет Порту,
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Грубость в нечетких графах Кэли

Грубая теория множеств — заслуживающий внимания подход для неточного и неопределенного моде-
лирования систем. Когда грубая теория множеств дополняется теорией нечетких множеств, причем
обе являются дополнительным обобщением теории множеств, они будут иметь силу в теоретических
дискуссиях. В настоящей статье предложено определение нечетких подмножеств Кэли и, следова-
тельно, нечетких графов Кэли нечетких подмножеств на группах, вдохновленное определением гра-
фов Кэли. Авторами введены грубая аппроксимация графа Кэли относительно нечеткой нормальной
подгруппы, а также аппроксимационные грубые нечеткие графы Кэли и нечеткие грубые нечеткие
графы Кэли. Последнее приближение представляет собой смесь других приближений. Исследованы
и доказаны некоторые теоремы и свойства.

Ключевые слова: нечеткое подмножество, грубое множество, граф Кэли, нечеткий граф Кэли, нижняя
и верхняя аппроксимации.
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Representing a second-order Ito equation
as an equation with a given force structure

The problem of constructing equivalent equations with a given structure of forces by the given system of
stochastic equations is considered. The equivalence of equations in the sense of almost surely is investigated.
The paper determines the conditions under which a given system of second-order Ito stochastic differential
equations is represented in the form of stochastic Lagrange equations with non-potential forces of a certain
structure. Necessary and sufficient conditions for the representability of stochastic equations in the form of
stochastic equations with non-potential forces admitting the Rayleigh function are obtained. The obtained
results are illustrated by an example of motion of a symmetric satellite in a circular orbit, assuming a
change in pitch under the action of gravitational and aerodynamic forces.

Keywords: Stochastic differential equation, stochastic Lagrange equation, stochastic equations with non-
potential forces, equivalence almost surely.

Introduction. Problem statement

In [1], Yerugin constructed a set of ordinary differential equations (ODEs) possessing a given integral
curve. This work became seminal in the theory of inverse problems of dynamics. At present, this theory
is quite fully developed in the class of ODEs (see for instance [2–10]). In [2, 3], Galiullin presented a
classification of the main types of inverse problems of dynamics and developed general methods for their
solution in the class of ODEs. Inverse problems of dynamics for Ito stochastic differential equations
were studied in [11–18].

In recent decades, the increased interest in the Helmholtz problem [19] has given a new impetus to
the study of inverse problems for differential systems (for a literature review, see [20]). The solution
of the Helmholtz problem in a wider class of differential equations makes it possible to extend the
well-developed mathematical methods of classical mechanics to this class of equations. A special place,
in terms of the variety of aspects in the study of the Helmholtz problem, is occupied by the works of
Santilli [21, 22], which are devoted to the problem of representing second-order ODEs in the form of the
Lagrange, Hamilton, and Birkhoff equations. In [23–26], methods for solving the Helmholtz problem
are extended to the class of partial differential equations (PDEs). The Helmholtz problem is considered
in [27–29] in a probabilistic formulation. We also note the works [21, 22, 26], which, in addition to the
authors’ own research, mainly in the class of ODEs and PDEs, present a historical review of literature
on the development and generalization of the Helmholtz problem.

Given the second-order stochastic equation

dẋν = Fν(x, ẋ, t)dt+ σνj(x, ẋ, t)d0ξ
j , ν = 1, n, j = 1,m, (1)

∗Corresponding author.
E-mail: v_gulmira@mail.ru
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it is required to construct the equivalent equations of the form

d

(
∂L

∂ẋk

)
− ∂L

∂xk
dt = Qk(x, ẋ, t)dt+ σ

′
kj(x, ẋ, t)d0ξ

j , k = 1, n, (2)

with the given structure of the forces Qk.
We assume that the functions included in the above equations have the smoothness necessary for

further reasoning and satisfy the existence and uniqueness theorem for solutions of the Cauchy problems
in the class of Ito stochastic differential equations [30]. In particular, we suppose the following holds
for the vector function F (z, t) and the matrix σ(z, t) (herez = (xT , ẋT )T ):

(i) F (z, t) and σ(z, t) are continuous in t and satisfy the Lipschitz condition in z, i.e.∥∥σ(z′, t)− σ(z′′, t)
∥∥2 +

∥∥F (z′, t)− F (z′′, t)
∥∥2 ≤ L(1 +

∣∣z′ − z′′∣∣2 for all z′, z′′ ∈ R2n;

(ii) the linear growth condition

‖σ(z, t)‖2 + ‖F (z, t)‖2 ≤ L(1 + |z|2)

is met for all z ∈ R2n.
Let (Ω, U, P ) be a probability space with a flow {Ut}. Here {ξ1(t), ξ2(t), ..., ξm(t)} is a system of

Wiener processes with the unit matrix of local variances. The equivalence of solutions of equations (1)
and (2) is understood in the sense of the following definition.

Definition 1. The equations

dẏ = Y1(y, ẏ, t)dt+ Y2(y, ẏ, t)dξ (a)

and

dż = Z1(z, ż, t)dt+ Z2(z, ż, t)dξ (b)

are said to be equivalent almost surely (a. s.) if y(t0) = z(t0), ẏ(t0) = ż(t0) a.s. imply y(t, t0, y0, ẏ0) =
z(t, t0, z0, ż0), ẏ(t, t0, y0, ẏ0) = ż(t, t0, z0, ż0) a. s., for all t ≥ t0.

The problem of construction of equation (2) by the given equation (1) was considered in [31] in
the case of the absence of random perturbations σνj ≡ σ

′
νj ≡ 0. The case of the presence of random

perturbations and Qk ≡ 0 was studied in [32] by the method of additional variables.
Hereinafter, summation is assumed for the repeated indices of the factors. The indices i, k, and v

run from 1 to n, and the index j runs from 1 to m.
In other words, the problem is stated as follows: for given Fν , σνj it is required to determine the

conditions on the functions L and σ′νj , under which equation (2) is equivalent to equation (1) with the
given structure of forces Qk.

Case A. Let Qk be arbitrary non-potential forces.
Theorem 1. Equation (1) is represented in the form of equation (2) with arbitrary non-potential

forces if and only if
∂2L

∂ẋk∂ẋν
= δνk , where δνk =

{
1, ν = k
0, ν 6= k

, (3)

and
σ
′
kj(x, ẋ, t) = σνj(x, ẋ, t). (4)

Proof. By the Ito’s rule of stochastic differentiation, we obtain

d

(
∂L

∂ẋk

)
=

[
∂2L

∂ẋk∂t
+

∂2L

∂ẋk∂xν
ẋν +

∂2L

∂ẋk∂ẋν
Fν +

1

2

∂3L

∂ẋk∂ẋi∂ẋν
σijσνj

]
dt+

∂2L

∂ẋk∂ẋν
σνjd0ξ

j .
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Since Fνdt+ σνjd0ξ
j = dẋν , we have

d

(
∂L

∂ẋk

)
=

∂2L

∂ẋk∂ẋν
dẋν +

[
∂2L

∂ẋk∂t
+

∂2L

∂ẋk∂xν
ẋν +

1

2

∂3L

∂ẋk∂ẋi∂ẋν
σijσνj

]
dt. (5)

Hence, in view of (5), equation (2) takes the form

d

(
∂L

∂ẋk

)
− ∂L

∂xk
dt− σ′kj(x, ẋ, t)d0ξj ≡

≡ ∂2L

∂ẋk∂ẋν
dẋν +

[
∂2L

∂ẋk∂t
+

∂2L

∂ẋk∂xν
ẋν +

1

2

∂3L

∂ẋk∂ẋi∂ẋν
σijσνj −

∂L

∂xk
−Qk

]
dt− σ′kj(x, ẋ, t)d0ξj . (6)

Then, taking into account (6) and the original equation (1), we have

∂2L

∂ẋk∂ẋν
dẋν +

[
∂2L

∂ẋk∂t
+

∂2L

∂ẋk∂xν
ẋν +

1

2

∂3L

∂ẋk∂ẋi∂ẋν
σijσνj −

∂L

∂xk
−Qk

]
dt−

−σ′kj(x, ẋ, t)d0ξj ≡ dẋk − Fk(x, ẋ, t)dt− σkj(x, ẋ, t)d0ξj . (7)

The above equation implies the fulfillment of condition (3) of Theorem, which in turn implies

∂3L

∂ẋk∂ẋi∂ẋν
≡ 0. (8)

Equating the coefficients of dt and dξj in (7), on the basis of (8) we obtain the fulfillment of condition (4)
of Theorem and the following expression

Qk =
∂2L

∂ẋk∂t
+

∂2L

∂ẋk∂xν
ẋν −

∂L

∂xk
+ Fk(x, ẋ, t). (9)

Expression (9) determines the non-potential force Qk. If instead of (2) we consider the equation

d(
∂L

∂ẋk
)− ∂L

∂xk
dt = Qk(x, ẋ, t)dt+ σkj(x, ẋ, t)d0ξ

j , (2
′
)

we obtain the following corollary of Theorem 1.
Corollary 1. Equation (1) is represented in the form of equation (2

′
) with arbitrary non-potential

forces if and only if condition (3) is met.
In particular, for x ∈ R1, ξ ∈ R1, conditions (3) and (4) for the transition from (1) to (2) take the

form
∂2L

∂ẋ2
= 1, σ

′
= σ,

and an arbitrary non-potential force is determined as

Q =
∂2L

∂ẋ∂t
+

∂2L

∂ẋ∂x
ẋ− ∂L

∂x
+ F.

Case B. Let Qk admit the generalized Rayleigh function R(x, ẋ), that is,

Qk(x, ẋ) = − ∂R
∂xk

. (10)

Then equation (2) is represented in the form

d(
∂L

∂ẋk
)− ∂L

∂xk
dt = − ∂R

∂xk
+ σ

′
kj(x, ẋ, t)d0ξ

j . (11)
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Theorem 2. Equation (1) is represented in the form of equation (11) with non-potential forces
admitting the Rayleigh function if and only if conditions (3), (4) and

∂R

∂xk
=

∂L

∂xk
− ∂2L

∂ẋk∂t
− ∂2L

∂ẋk∂xν
ẋν − Fk(x, ẋ, t) (12)

are met.
This theorem is proved in the same way as Theorem 1.
Theorem 2 implies the following statement for the equation

d(
∂L

∂ẋk
)− ∂L

∂xk
dt = − ∂R

∂xk
+ σkj(x, ẋ, t)d0ξ

j . (11
′
)

Corollary 2. Equation (1) is represented in the form of equation (11
′
) with non-potential forces

admitting the Rayleigh function if and only if conditions (3) and (12) are met.
In particular, for x ∈ R1, ξ ∈ R1, conditions (3), (4) and (12) for the transition from (1) to (11)

take the forms
∂2L

∂ẋ2
= 1, σ

′
= σ,

∂R

∂x
=
∂L

∂x
− ∂2L

∂ẋ∂t
− ∂2L

∂ẋ∂x
ẋ− F,

respectively.
We now extend the definition introduced by R.M. Santilli [21] to the class of Ito stochastic

differential equations.
Definition 2. We say that equation

Aνi(x, ẋ, t)dẋ
i +Bν(x, ẋ, t)dt = σνj(x, ẋ, t)d0ξ

j (1
′
)

admits the analytic representation in the form of the Lagrange stochastic equation with a given
structure of forces, if there exist n2 functions hνk(x, ẋ, t), det(hνk) 6= 0, such that the following identity
holds:

d(
∂L

∂ẋk
)− ∂L

∂xk
dt−Qkdt− σ

′
kj(x, ẋ, t)d0ξ

j ≡ hνk(Aνidẋi +Bνdt− σνjd0ξj). (13)

Let us consider the problem of analytic representation in the sense of Definition 2. In other words,
given the functions Aν,j , Bν , σν,j and the forces Qk in equation (2

′
), it is required to determine the

conditions on the functions hνk, L, σ
′
νj , under which the relation (13) holds.

Теорема 3. For the indirect representation of the equation with arbitrary non-potential forces Qk,
the necessary and sufficient conditions are

∂2L

∂ẋk∂ẋi
= hνkAνi, (14)

σ
′
kj = hνkσνj . (15)

Proof. We set F ∗ν = −A−1νi Bi, σ∗νj = A−1νi σij . Then, we have

d(
∂L

∂ẋk
) =

[
∂2L

∂ẋk∂t
+

∂2L

∂ẋk∂xν
ẋν +

∂2L

∂ẋk∂ẋν
F ∗ν +

1

2

∂3L

∂ẋk∂ẋi∂ẋν
σ∗ijσ

∗
νj

]
dt+

∂2L

∂ẋk∂ẋν
σ∗νjd0ξ

j .

Since F ∗ν dt+ σ∗νjd0ξ
j = dẋν , we obtain

d

(
∂L

∂ẋk

)
=

∂2L

∂ẋk∂ẋν
dẋν +

[
∂2L

∂ẋk∂t
+

∂2L

∂ẋk∂xν
ẋν +

1

2

∂3L

∂ẋk∂ẋi∂ẋν
σ∗ijσ

∗
νj

]
dt. (16)
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Hence, in view of (16), relation (13) takes the form

∂2L

∂ẋk∂ẋν
dẋν +

[
∂2L

∂ẋk∂t
+

∂2L

∂ẋk∂xν
ẋν +

1

2

∂3L

∂ẋk∂ẋi∂ẋν
σ∗ijσ

∗
νj −

∂L

∂xk
−Qk

]
dt−

−σ′kjd0ξj ≡ hνk
(
Aνi(x, ẋ, t)dẋi +Bν(x, ẋ, t)dt− σνj(x, ẋ, t)d0ξj

)
.

Equating the coefficients of dẋi and dξ
j
0, we obtain relations (14) and (15) of Theorem 3. The coefficients

of dt on the right- and left-hand sides of the equation are equal due to an arbitrary non-potential force
Qk of the form

Qk =
∂2L

∂ẋk∂t
+

∂2L

∂ẋk∂xν
ẋν +

1

2

∂3L

∂ẋk∂ẋi∂ẋν
σ∗ijσ

∗
νj −

∂L

∂xk
− hνkBν .

The following statement holds in the case when non-potential forces admit the generalized Rayleigh
function (10).

Theorem 4. Equation (2
′
) has an indirect representation in the form of the Lagrange equation with

non-potential forces admitting the generalized Rayleigh function (10) if and only if conditions (14),
(15) and

∂R

∂xk
=

∂L

∂xk
− ∂2L

∂ẋk∂t
− ∂2L

∂ẋk∂xν
ẋν −

1

2

∂3L

∂ẋk∂ẋi∂ẋν
σ∗ijσ

∗
νj + hνkBν ,

with σ∗νj = A−1νi σij , hold.

Proof. Let us apply Ito’s rule of stochastic differentiation to the expression d( ∂L∂ẋk ) and plug it into
(13). Then (13) takes the following form:

∂2L

∂ẋk∂ẋν
dẋν +

[
∂2L

∂ẋk∂t
+

∂2L

∂ẋk∂xν
ẋν +

1

2

∂3L

∂ẋk∂ẋi∂ẋν
σ∗ijσ

∗
νj −

∂L

∂xk
+
∂R

∂xk

]
dt−

−σ′kjd0ξj ≡ hνk
(
Aνi(x, ẋ, t)dẋi +Bν(x, ẋ, t)dt− σνj(x, ẋ, t)d0ξj

)
. (17)

Equating the coefficients on the left- and right-hand sides, we obtain the fulfillment of conditions (14),
(15) and (17) of Theorem 4.

In particular, for x ∈ R1, σ ∈ R1, conditions (14), (15) and (17) take the forms

∂2L

∂ẋ2
= hA, σ

′
= hσ,

∂R

∂x
=
∂L

∂x
− ∂2L

∂ẋ∂t
− ∂2L

∂ẋ∂x
ẋ− 1

2

∂3L

∂ẋ3
σ2 + hB.

If the desired Lagrangian is sought, following R.M. Santilli [21], in the form

L = K(x, ẋ, t) +Dµ(x, t)ẋµ + C(x, t), (18)

then we obtain the following statement in terms of functions K,Dµ and C.
Theorem 5. Equation (2

′
) has an indirect representation in the form of the Lagrange equation with

non-potential forces, admitting the generalized Rayleigh function (10), and the Lagrangian of the form
(18) if and only if conditions (15) and

∂2K

∂ẋk∂ẋi
= hνkAνi,

∂R

∂xk
=

(
∂K

∂xk
+
∂C

∂xk

)
− ∂Dk

∂t
−

− ∂2K

∂ẋk∂t
− ∂2K

∂ẋk∂xν
ẋν −

1

2

∂3K

∂ẋk∂ẋi∂ẋν
σ∗ijσ

∗
νj + hνkBν

are fulfilled.
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Proof follows from Theorem 4 and the relations

∂2L

∂ẋk∂ẋi
=

∂2K

∂ẋk∂ẋi
,

∂2L

∂ẋk∂t
=

∂2K

∂ẋk∂t
+
∂Dk

∂t
,

∂2L

∂ẋk∂xν
=

∂2K

∂ẋk∂xν
+
∂Dk

∂xν
,

∂3L

∂ẋk∂ẋi∂ẋν
=

∂3K

∂ẋk∂ẋi∂ẋν
,

∂L

∂xk
=
∂K

∂xk
+
∂Dµ

∂xk
ẋµ +

∂C

∂xk
.

Example

Let us consider the planar motion of a symmetric satellite in a circular orbit, assuming a change
in pitch under the action of gravitational and aerodynamic forces [33]

θ̈ = f(θ, θ̇) + σ(θ, θ̇)ξ̇0, (19)

where θ is the pitch angle and

f = Ml sin 2θ −M [g(θ) + ηθ̇], σ = Mδ[g(θ) + ηθ̇]. (20)

Case A. Let Q be arbitrary non-potential forces.

A(i). Assume that the Lagrange function is of the form L =
1

2
θ̇2. Then equation (2) takes the form

θ̈ = Q + σ
′
ξ0. Hence, by Theorem 1, condition (19) for the representation in the form (2) with the

given L is written as σ′ = σ for Q = f .

A(ii). Let L =
1

2
θ̇2+α(θ)θ̇)+β(θ). Then equation (2) takes the form θ̈−βθ = Q+σ

′
ξ0. Taking into

account the form (20) of the function f , we determine βθ = Ml sin 2θ−Mg(θ), or β = −1

2
Ml cos 2θ−

MG(θ), where G =
∫
g(θ)dθ. Let us now assume σ′ = σ = Mδ[g(θ) + ηθ̇]. Then, by Theorem 1, we

conclude that the Lagrangian L =
1

2
θ̇2−M [

1

2
l cos 2θ+G(θ)] for Q = −Mgθ̇ provides the representation

of equation (19) in the form (2).
Case B. Let Q admit the generalized Rayleigh function R (10).

B(i). By Theorem 2, for L =
1

2
θ̇2 the function R takes the form R = −[N(θ)θ̇ +

1

2
Hθ̇2], where

N(θ) = Ml sin 2θ −Mg(θ) and H = −Mη. Hence, (24) is represented in the form (11
′
).

B(ii). For L =
1

2
θ̇2 + α(θ)θ̇) + β(θ), as in the case A(ii), we determine β and, by Theorem 2,

conclude that for R =
1

2
Mηθ̇2 and L =

1

2
θ̇2−M [

1

2
l cos 2θ+G(θ)] equation (19) can be represented in

the form (11
′
).
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Екiншi реттi Ито теңдеуiн берiлген құрылымы бар күштердiң
теңдеуi түрiнде кұру

Берiлген стохастикалык теңдеулер жүйесiнен берiлген құрылымы бар күштердiң эквиваленттi теңдеу-
лердi құру есебi қарастырылған. Теңдеулердiң эквиваленттiлiгi шамамен ықтимал мағынада зертте-
ледi. Екiншi реттi Ито стохастикалық дифференциалдық теңдеулер жүйесi белгiлi бiр құрылымның
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потенциалды емес күштерi бар стохастикалық Лагранж теңдеулерi ретiнде ұсынылу шарттары анық-
талған. Стохастикалық теңдеулердiң Рэлей функциясын қабылдайтын потенциалды емес күштерi бар
стохастикалық теңдеулер түрiндегi бейнеленуiнiң қажеттi және жеткiлiктi шарттары алынды. Зерт-
теу нәтижелерi ауырлық күшi мен аэродинамикалық күштердiң әсерiнен тангаждық өзгерiстерге
ұшыраған дөңгелек орбитадағы симметриялық жерсерiктiң қозғалысының мысалында көрсетiлген.

Кiлт сөздер: стохастикалық дифференциалдық теңдеу, стохастикалық Лагранж теңдеуi, потенциал-
дық емес күштерi бар стохастикалық теңдеулер, шамамен ықтимал эквиваленттiлiк.
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Представление уравнения Ито второго порядка в виде уравнения
с заданной структурой сил

Рассмотрена задача построения по заданной системе стохастических уравнений, эквивалентных урав-
нений с заданной структурой сил. Исследована эквивалентность уравнений в смысле почти наверное.
Определены условия, при которых заданная система стохастических дифференциальных уравнений
Ито второго порядка представима в виде стохастических уравнений Лагранжа с непотенциальными
силами определенной структуры. Получены необходимые и достаточные условия представимости сто-
хастических уравнений в виде стохастических уравнений с непотенциальными силами, допускающими
функцию Рэлея. Результаты исследования проиллюстрированы на примере движения симметричного
спутника по круговой орбите в предположении изменения тангажа под действием аэродинамических
сил и тяготения.

Ключевые слова: стохастическое дифференциальное уравнение, стохастическое уравнение Лагранжа,
стохастические уравнения с непотенциальными силами, эквивалентность почти наверное.
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Similarities of Jonsson spectra’s classes

The study of syntactic and semantic properties of a first-order language, generally speaking, for incomplete
theories, is one of the urgent problems of mathematical logic. In this article we study Jonsson theories,
which are satisfied by most classical examples from algebra and which, generally speaking, are not complete.
A new and relevant method for studying Jonson theories is to study these theories using the concepts of
syntactic and semantic similarities. The most invariant concept is the concept of syntactic similarity of
theories, because it preserves all the properties of the theories under consideration. The main result of this
article is the fact that any perfect Jonson theory which are complete for existential sentences, is syntactically
similar to some polygon theory (S-polygon, where S is a monoid). This result extends to the corresponding
classes of Jonsson theories from the Jonsson spectrum of an arbitrary model of an arbitrary signature.

Keywords: Jonsson theory, semantic model, perfectness, cosemanticness, S-act, Jonsson spectrum, syntactic
and semantic similarities.

Introduction

In the work [1], was proved the fact that any complete theory is similar in some sense to a certain
polygon theory (S-act). Moreover, in that work [1] two types of similarity were precisely defined:
syntactic and semantic similarities. The value of this result speaks about the universality in the sense
of such an algebra as a polygon (S-act). The subject of studying various model-theoretic properties
of polygons (S-act) is sufficiently completely studied in [2, 3]. Considering these properties in itself
imagines certain essential task. The considering of these properties in itself imagines certaining essential
task.

In this article, we want to show that the fact proved in [1] is also true in the class of Jonsson
theories, which, generally speaking, are not complete. On the other hand, the class of Jonsson theories
includes in itself such basic classical examples from algebra, such as groups, Abelian groups, modules,
fields of fixed characteristic, linear orders, Boolean algebras, various classes of lattices and polygons
(S-act). Thus, it becomes clear that the class of Jonsson theories is a fairly wide class of theories and
the study of their theoretical-model properties is an interesting and relevant task.

In the well-known monograph by J. Barwise «Handbook of mathematical logic» the specialist in
logic H.J. Keisler in the review article «Fundamentals of model theory» conditionally divided the
content of model theory into two main priorities: «western» and «eastern» model theory [4]. But
at the same time, he emphasizes the unity and integrity of these priorities in the framework of the
development of the general model theory.

These names are not accidental and are associated with the geographical place of residence of
the founders of model theory in North America. Namely, Alfred Tarski and Abraham Robinson lived
respectively on the western and eastern coasts of the United States. The tasks that determined these
directions differed from each other in two fundamental ways. The first point related to the syntax is that
the theories that A. Tarski’s school dealt with were complete theories. The followers of A. Robinson
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were engaged in theories with a prenix length of not more than two and, as a rule, Jonsson theories. The
second point is related to semantics, more exactly that are regards restrictions of morphisms between
models and kinds of models.

In the «western» way actually one has dealt with complete theories, where elementary morphisms
were considered. In the case of Jonsson theories logicians dealt with isomorphic embeddings and
homomorphisms. Also, in connection with the semantic aspect, it should be noted that in the «eastern»
version of model theory, logicians deal mainly with the class of existentially closed models of some fixed
inductive theory. The difference in the development of these two directions at the moment of the state
of model theory is such that the technique for studying complete theories is much more developed and
multilateral. The main stages of development and differences in these directions can be found in the
following works [5–25].

One of the methods for studying Jonsson theories is the method of transfer of first-order properties,
which is semantic. A first-order property is called semantic if it is invariant with respect to the semantic
similarity of Jonsson theories. Thus, when researching two Jonsson theories using the transfer method,
the object under study will be a preimage, and the known object will be the image of some mapping
that will play the role of a syntactic similarity of these two Jonsson theories. The object under study is
unknown and we will be interested in those first-order properties that are formulaic and are preserved
under syntactic similarity.

1 Basic concepts and results concerning Jonsson theories

We give the following necessary definitions concerning Jonsson theories and their semantic models.

Definition 1. [4] A theory T is called Jonsson if:
1) the theory T has an infinite model;
2) the theory T is inductive;
3) the theory T has the joint embedding property (JEP);
4) the theory T has the amalgamation property (AP).

Definition 2. [26] Let κ ≥ ω. ModelM of theory T is called:
- κ-universal for T , if each model of theory T with the power strictly less κ isomorphically imbedded

inM;
- κ-homogeneous for T , if for any two models A and A1 of theory T , which are submodels of M

with the power strictly less then κ and for isomorphism f : A → A1 for each extension B of model
A, which is a submodel of M and is model of T with the power strictly less then κ there exists the
extension B1 of model A1, which is a submodel ofM and an isomorphism g : B → B1 which extends f .

Definition 3. [26] Model C of Jonsson theory T is called semantic model, if it is ω+-homogeneous-
universal.

Definition 4. [26] The center of Jonsson theory T is called an elementary theory of its semantic
model C and denoted through T ∗, i.e. T ∗ = Th(C).

Definition 5. [27] Jonsson theory T is called a perfect theory, if each a semantic model of theory T
is saturated model of T ∗.

The criterion for the perfectness of the Jonsson theory was obtained by Yeshkeyev A.R. and it is
as follows:

Theorem 1. [27] For any Jonsson theory T following conditions are equivalent:
1) T is perfect;
2) T ∗ is the model companion.

The following Definitions 6–8 were taken from [28], where generalized Jonsson theories were defined.
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Definition 6. [28] Let Γ ⊂ L. Then:
1) notation T ∈ ΓC∆ means, that T ∩ Γ ` ϕ for all ϕ ∈ T ;
2) if B ⊆ |A|, then ThΓ(A, B) denotes the set of all Γ-sentences of the language LB, true in A;
3) mapping f : A → B is said to be Γ-embedding, if for any a ∈ A and ϕ(x) ∈ Γ from A |= ϕ(a)

follows B |= ϕ(f(a));
4) if A ⊆ B, then notation A ⊆Γ B signify, that ThΓ(A, |A|) ⊆ ThΓ(B, |A|);
5) sequence of models Ai, i < β called Γ-chain, if Ai ⊆Γ Aj , where i < j < β.

Definition 7. [28]
1) The theory T is persistent with respect to the union of Πα-chains (or is α-inductive) if the union

of any Πα-chains of models of T is an again model of T .
2) The theory T has the α-joint embedding property (α-JEP), if for any A,B |= T there isM |= T

and Πα-embeddings f : A →M and g : B →M.
3) The theory T has the α-amalgamation property (α-AP) if for any A,B1,B2 |= T and Πα-

embeddings f1 : A → B1 and f2 : A → B2 there is M |= T and Πα-embeddings g1 : B1 → M and
g2 : B2 →M such that g1 ◦ f1 = g2 ◦ f2.

The following definition gives us generalized Jonsson theories or α-Jonsson theories.

Definition 8. [28] A theory T is called α-Jonsson (0 ≤ α ≤ ω) if:
1) the theory T has an infinite model;
2) the theory T is α-inductive;
3) the theory T has α-JEP;
4) the theory T has α-AP.

If compare Definitions 1 and 8, then can notice, that they differ with precision to α. At that in
Definition 8 for α = 0 we have Jonsson theories, and for α = ω we have complete Jonsson theories.
Further, when we work with 0-Jonsson theories, we will omit 0. Note that from Definition 1 it follows
that Jonsson theories, generally speaking, are not complete.

Mustafin T.G. the following useful suggestions were proved in [28]: Proposition 1 and Proposition 2
actually give for us syntactic equivalents of α-JEP and α-AP notions.

Proposition 1. [28] The following conditions are equivalent:
1) T has α-JEP;
2) T has α-JEP for countable models;
3) if x∩ y = �, p(x) and q(y) are arbitrary sets of Σα+1-formulas, such that T ∪ p(x) and T ∪ q(y)

are consistent, then T ∪ p(x) ∪ q(y) is consistent.

Proposition 2. [28] The following conditions are equivalent:
1) T has α-AP;
2) T has α-AP for countable models;
3) if p(x) and q(x) are such sets of Σα+1-formulas, that T ∪ p(x), T ∪ q(x), T ∪ {¬ϕ(x) : ϕ(x) ∈

Σα+1, ϕ(x) /∈ p(x) ∩ q(x)} are consistent sets, then the set T ∪ p(x) ∪ q(x) is consistent.
4) for any A |= T and a ∈ A set ThΣα+1(A, a) it is contained in a unique maximal consistent with

T the set Σα+1-sentences of the language L(a).

2 The concepts of syntactic and semantic similarities of complete theories

The notion of similarity between two complete theories was introduced in [1]. For Jonsson theories
the similarity between two Jonsson theories was introduced in [27]. In both works were obtained some
results which described syntactic and semantic similarity in both cases. We give a list of the necessary
definitions of concepts and their necessary model-theoretical properties.

The following definition belongs to T.G. Mustafin [1].
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Let Fn(T ), n < ω be the Boolean algebra of formulas of T with exactly n free variables v1, . . . , vn
and F (T ) =

⋃
n Fn(T ).

Definition 9. [1] Complete theories T1 and T2 are syntactically similar if and only if there exists a
bijection f : F (T1)→ F (T2) such that

1) f � Fn(T1) is an isomorphism of the Boolean algebras Fn(T1) and Fn(T2), n < ω;
2) f(∃vn+1ϕ) = ∃vn+1f(ϕ), ϕ ∈ Fn+1(T ), n < ω;
3) f(v1 = v2) = (v1 = v2).

The following example of syntactic similarity of complete theories was given in [1].
Example 1. The following theories T1 and T2 of the signature σ = 〈ϕ,ψ〉 are syntactically similar,

where ϕ,ψ are binary functions:

T1 = Th(〈Z; +, ·〉), T2 = Th(〈Z; ·,+〉).

Definition 10. [1]
1) 〈A,Γ,M〉 is called the pure triple, where A is not empty, Γ is the permutation group of A and

M is the family of subsets of A such that from M ∈M follows that g(M) ∈M for every g ∈ Γ.
2) If 〈A1,Γ1,M1〉 and 〈A2,Γ2,M2〉 are pure triples and ψ : A1 → A2 is a bijection then ψ is an

isomorphism if:
(i) Γ2 = {ψgψ−1 : g ∈ Γ1};
(ii)M2 = {ψ(E) : E ∈M1}.

Definition 11. [1] The pure triple 〈C,Aut(C), Sub(C)〉 is called the semantic triple of complete
theory T , where C is carrier of Monster model C of theory T , Aut(C) is the automorphism group of
C, Sub(C) is a class of all subsets of C each of which is a carrier of the corresponding elementary
submodel of C.

Definition 12. [1] Complete theories T1 and T2 are semantically similar if and only if their semantic
triples are isomorphic.

The following example of the semantic similarity of complete theories was given in [1].
Example 2. The following theories T1 and T2 are semantically similar, where

T1 = Th(〈M1;Pn, n < ω; anm, n,m < ω〉),
M1 = {anm : n,m < ω},
Pn(M1) = {anm : m < ω},

and

T2 = Th(〈M2;Qn, n < ω;Qnm, n,m < ω; bnmk, n,m, k < ω〉),
M2 = {bnmk : n,m, k < ω},
Qn(M2) = {bnmk : m, k < ω},
Qnm(M2) = {bnmk : k < ω}.

It turned out that the above types of similarity are not equivalent to each other.

Proposition 3. [1] If T1 and T2 are syntactically similar, then T1 and T2 semantically similar. The
converse implication fails.

Let us recall the definition of semantic property.

Definition 13. [1] A property (or a notion) of theories (or models, or elements of models) is called
semantic if and only if it is invariant relative to semantic similarity.

For example from [1] it is known that:

Mathematics series. No. 4(112)/2023 133



A.R. Yeshkeyev, O.I. Ulbrikht, G.A. Urken

Proposition 4. The following properties and notions are semantic:
(1) type;
(2) forking;
(3) λ-stability;
(4) Lascar rank;
(5) Strong type;
(6) Morley sequence;
(7) Orthogonality, regularity of types;
(8) I(ℵα, T ) – the spectrum function.

In English literature the term polygon over a monoid S usually uses the term S-acts [2, 3, 29, 30].
In this article we follow the terminology of Professor T.G. Mustafin, who first defined and formulated
model-theoretical concepts and issues related to polygons topics [26, 31,32].

Definition 14. [1] By a polygon over a monoid S (or we called as S-acts) we mean a structure with
only unary functions 〈A; fα : α ∈ S〉 such that:

1) fe(a) ∀a ∈ A, where e is the unit of S;
2) fαβ(a) = fα(fβ(a)) ∀α, β ∈ S, ∀a ∈ A.
The following results (Theorems 2, 3) show that any complete theory has some syntactic similar

theory.

Theorem 2. [1] For every theory T2 in a finite signature there is a theory T1 of polygons such that
some inessential extension of T1 is an almost envelope of T2.

Theorem 3. [1] For every theory T2 in an infinite signature there is a theory T1 of polygons such
that some inessential extension of T1 is an envelope of T2.

3 The concepts of syntactic and semantic similarities of Jonsson theories. Main results

The following definition was introduced in the frame of Jonsson theories study by first author of
this current article.

Let T be an arbitrary Jonsson theory, then E(T ) =
⋃
n<ω En(T ), where En(T ) is a lattice of ∃-

formulas with n free variables, T ∗ is a center of Jonsson theory T , i.е. T ∗ = Th(C), where C is semantic
model of Jonsson theory T in the sense of [26].

Definition 15. [27] Let T1 and T2 are arbitrary Jonsson theories. We say that T1 and T2 are Jonsson
syntactically similar if exists a bijection f : E(T1) −→ E(T2) such that:

1) restriction f to En(T1) is isomorphism of lattices En(T1) and En(T2), n < ω;
2) f(∃vn+1ϕ) = ∃vn+1f(ϕ), ϕ ∈ En+1(T ), n < ω;
3) f(v1 = v2) = (v1 = v2).

We would like to give some examples of syntactic similarity of certain algebraic examples. For this,
we recall the basic definitions associated with these examples following denotions from B. Poizat [33].

A Boolean ring is an associative ring with identity, in which x2 = x for any x is called a Boolean
ring; we then have (x+ y)2 = x2 +xy + yx+ y2 = x+ xy + yx+ y, but (x+ y)2 = x+ y; from which
it follows that xy + yx = 0 for any x and y. Then x2 + x2 = 0, and hence x + x = 0, for every x, so
x = −x; a Boolean ring therefore has characteristic 2, and since xy = −yx = yx, it is commutative.

To axiomatize this concept, we introduce the language consisting of two constant symbols 0 and 1
and two binary operations + and.

We write down some universal axioms, expressing, that A is the Boolean ring, without forgetting
thus 0 6= 1. In a Boolean ring we define two binary operations ∧ and ∨, and one unary operation ¬, in
the following way: x ∧ y = x · y; x ∨ y = x+ y + xy; ¬x = 1 + x.
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The reader can check that the following properties are true for all x,y, z:
– (de Morgan’s laws or duality laws): ¬(¬x) = x, ¬ (x ∧ y) = ¬x ∨ ¬y,¬ (x ∨ y) = ¬x ∧ ¬y;
– (associativity of ∧): (x ∧ y) ∧ z = x ∧ (y ∧ z);
– (associativity of ∨): (x ∨ y) ∨ z = x ∨ (y ∨ z);
– (distributivity of ∧ over ∨): x ∧ (y ∨ z) = (x ∧ y) ∨ (x ∧ z);
– (distributivity of ∨ over ∧): x ∨ (y ∧ z) = (x ∨ y) ∧ (x ∨ z);
– (commutativity of ∧ and ∨): x ∧ y = y ∧ x, x ∨ y = y ∨ x;
– x ∧ ¬x = 0, x ∨ ¬x = 1;
– x ∧ 0 = 0, x ∨ 0 = x, x ∧ 1 = x, x ∨ 1 = 1;
– 0 6= 1,¬0 = 1,¬1 = 0.
A structure in the language (0, 1,¬,∧,∨) that satisfies these universal axioms is called a Boolean

algebra.
Boolean algebras and Boolean rings defined in this way are examples of Jonsson theories that are

syntactically similar in the sense of definition [29], as a consequence of the following fact:
Fact 1. [33] In each Boolean ring one can interpret a certain Boolean algebra.
It is easy to see that interpretation is a special case of syntactic similarity.
Proof. With the Boolean ring A we have connected some Boolean algebra b (A); the converse is also

true: x · y = x ∧ y, x + y = (x ∨ y) ∧ (¬x ∨ ¬y), then we receive the Boolean ring a (B); and besides
a (b (A)) = A, b (a (B)) = B. Thus we see, that up to a language, the Boolean ring and Boolean
algebras have the same structures, the Boolean ring canonically is transformed into a Boolean algebra
and vice versa, transformations in both directions are carried out using quantifier free formulas.

As in the case of complete theories (Definition 12), we can define a semantic similarity between
two Jonsson theories.

Definition 16. [27] The pure triple 〈C,Aut(C), Sub(C)〉 is called the Jonsson semantic triple, where
C is carrier of semantic model C of theory T , Aut(C) is the automorphism group of C, Sub(C) is a
class of all subsets of C which are carriers of the corresponding existentially closed submodels of C.

Definition 17. [27] Two Jonsson theories T1 and T2 are called Jonsson semantically similar if their
Jonsson semantic triples are isomorphic as pure triples.

The correctness of this definition follows from the fact that the perfect Jonsson theory has a unique
semantic model up to isomorphism. Otherwise, all semantic models are only elementary equivalent to
each other.

For the convenience of further exposition we introduce the following notation. The syntactic and
semantic similarities of the complete theories T1 and T2 will be denoted T1

S
./ T2 and T1 ./

S
T2

respectively. In the case when we consider Jonsson theories T1 and T2, through T1

S
o T2 will be denote

the Jonsson syntactic similarity of theories T1 and T2, and through T1o
S
T2 Jonsson semantic similarity

of theories T1 and T2.
Theorem 4. [27] Let T1 and T2 are ∃-complete perfect Jonsson theories, then following conditions

are equivalent:

1) T1

S
o T2;

2) T ∗1
S
./ T ∗2 .

The following lemma is a Jonsson analogue of Proposition 3.
Lemma 1. If two perfect ∃-complete Jonsson theories are Jonsson syntactically similar, then they

are Jonsson semantically similar. The converse is, generally speaking, not true.
Proof. Follows from Theorem 4 and Proposition 3.

The following technical lemma is necessary to prove Proposition 5.
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Lemma 2. Let T be ∃-complete theory and T ⊆ T ′. Then if p(x) ∪ T consistent, then p(x) ∪ T ′ is
also consistent (p(x) is an arbitrary set ∃-formulas).

Proof. It is easy to show that T ′ will also be ∃ -complete, since T ⊆ T ′.

Proposition 5. Let T be a perfect Jonsson theory, then for every sentence ϕ ∈ T ∗\T the theory
T ′ = T ∪ {ϕ} is a Jonsson.

Proof. Let us verify the fulfillment of all the conditions for the definition of the Jonsson theory.
As T is a perfect Jonsson theory, then T ∗ is a Jonsson theory. Since T ⊂ T ′ ⊂ T ∗, then T ′ is ∀∃-
axiomatizable and T ′ has an infinite model. From Lemma 2 and the syntactic definition of α-JEP
(Proposition 1 for α = 0) it is easy to see that T ′ has JEP.

Let us verify the fulfillment of condition 4) of Definition 1. Let p(x) ∪ T ′, q(x) ∪ T ′, r(x) ∪ T ′
are consistent, where p(x), q(x), r(x) the same as in Proposition 2 for α = 0. Without loss of
generality, we can consider that x = x. Then by the previous lemma p(x) ∪ T ∗ and q(x) ∪ T ∗ are
consistent. Let h(x) = {ϕ(x) : ϕ(x)|ϕ(x) is existential sentence, ∀xϕ(x) ∈ T ∗}, p′(x) = p(x) ∪ h(x),
q′(x) = q(x) ∪ h(x). It’s obvious that p′(x) ∪ T ∗, q′(x) ∪ T ∗ are consistent. Let r′(x) = {¬ϕ(x) :
ϕ(x)|ϕ(x) is existential sentence, ϕ(x) ∈ p′(x)∩ q′(x)}. We show that r′(x)∪T ∗ is consistent. Suppose
the opposite, let r′(x)∪T ∗ be inconsistent, then exists ϕ(x) ∈ r′(x) such that ϕ(x)∪T ∗ is inconsistent.
Means, ∃xϕ(x) ∪ T ∗ is inconsistent, then ∀x¬ϕ(x) ∈ T ∗ and ¬ϕ(x) ∈ h(x). Consequently ¬ϕ(x) ∈
p′(x) ∩ q′(x). Got a contradiction. Thus r′(x) ∪ T ∗ is consistent. We have that p′(x) ∪ T ∗, q′(x) ∪ T ∗,
r′(x) ∪ T ∗ are consistent. By virtue of the fact that theory T is Jonsson theory, we obtain, that
p′(x)∪ q′(x)∪ T ∗ is consistent, which means that, p(x)∪ q(x)∪ T ∗ is also consistent. As T ′ ⊆ T ∗ then
and p(x) ∪ q(x) ∪ T ′ is consistent. So, T ′ has AP. Thus T ′ is Jonsson theory.

The following definition was introduced by T.G. Mustafin.

Definition 18. We say that the Jonsson theory T1 is cosemantic to the Jonsson theory T2 (T1 ./ T2)
if CT1 = CT2 , where CTi are semantic model of Ti, i = 1, 2.

This definition easily implies the following lemma.
Lemma 3. Any two cosemantic Jonsson theories are Jonsson semantically similar.
The proof follows from the definition.
Let A be an arbitrary model of countable language. The set JSp(A) = {T/T is Jonsson theory in

this language and A ∈ Mod(T )} is said to be the Jonsson spectrum of the model A.
The relation of cosemanticness on a set of theories is an equivalence relation. Then JSp(A)/./ is

the factor set of the Jonsson spectrum of the model A with respect to ./.
The concept of the Jonsson spectrum was introduced by the first author of this article in [7].

It is turned out that this notion useful in the following sense. Using the concept of JSp(A)/./ in
[7,8], cosemanticity criteria for Abelian groups and R-modules are obtained that refine the well-known
theorems on elementary equivalence of Abelian groups [34] and R-modules [35].

We have the following result.

Theorem 5. For any Jonsson perfect ∃-complete theory T there is a Jonsson ∃-complete theory of

the polygon T ′Π such that T
S
o T ′Π.

Proof. Let T be perfect ∃-complete Jonsson theory. Since T ∗ is complete, according to Theorem 2
in the case of a finite signature and Theorem 3 in the case of an infinite signature, there is a complete
theory of the polygon TΠ such that T ∗

S
./ TΠ. But then, according to Proposition 3, it follows that

T ∗ ./
S
TΠ. Since the concept of type is a semantic notion (Proposition 4), the concept of a formula is

also semantic. It follows from Propositions 1 and 2 with α = 0 that the properties of JEP and AP
are equivalent to the consistently of some formulas, i.e. JEP and AP are semantic concepts. It is clear
that ∀∃ -axiomatizability is also a semantic property, since all axioms are true in the semantic model.
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This means that the property “to be a Jonsson theory” is a semantic concept, and therefore TΠ is also
a Jonsson theory.

Since T ∗ is a perfect Jonsson theory, then semantic model CT of theory T is saturated. But T ∗ ./
S
TΠ

and, by definition, the semantic triples of these theories are isomorphic to each other, then CT ∼= CTΠ
,

therefore CTΠ
is also saturated and therefore TΠ is a perfect Jonsson theory.

Consider JSp(CTΠ
). Since the theory TΠ is perfect then |JSp(CTΠ

)/./| = 1. Let ∆ ∈ JSp(CTΠ
),

i.е. ∆ is Jonsson theory and ∆∗ = TΠ. We show that ∆ is perfect ∃-complete Jonsson theory. By virtue
of T ∗ ./

S
∆∗, then from the definition of semantic similarity for complete theories it follows that ∆ is

the perfect Jonsson theory. If ∆ is ∃-complete, then instead T ′Π we take ∆ and then by Theorem 4

it follows that T
S
o ∆ = T ′Π. If ∆ is not ∃-complete, then we carry out the following replenishment

procedure for this theory. As ∆ ⊂ TΠ, then for any existential sentence ϕ, of the signature language of
∆ such that ∆ 0 ϕ and ∆ 0 ¬ϕ, but ϕ ∈ TΠ, consider the theory ∆′ = ∆ ∪ {ϕ}. Since ∆ ⊂ ∆′ ⊂ TΠ,
and ∆, TΠ are Jonsson theories, it follows from Proposition 5 that ∆′ is also a Jonsson theory. If ∆′

is not ∃-complete, then we continue the procedure of adding existential sentences ϕ ∈ TΠ until ∆′ it
becomes ∃-complete.

Let ∆ = ∆ ∪ {ϕ|ϕ ∈ Σ1, ϕ ∈ TΠ} is the result of replenishment procedure of the theory ∆, i.e.
∆ is ∃-complete and at the same time ∆ is a Jonsson theory. We show that ∆ ∈ JSp(CTΠ

), hence
the perfection of the theory of ∆ will follow from here. Suppose the contrary, let ∆ /∈ JSp(CTΠ

),
then CTΠ

/∈ Mod(∆), but this is not true since CTΠ
|= ∆ and for any sentence ϕ ∈ ∆\∆, ϕ ∈ TΠ.

Consequently, CTΠ
|= ϕ and CTΠ

∈ Mod(∆). We obtain a contradiction, i.e. ∆ ∈ JSp(CTΠ
). But CTΠ

is saturated, therefore, ∆ is a perfect Jonsson theory. Then by Theorem 4 we have T ∗
S
./ ∆

∗ ⇔ T
S
o∆,

where ∆ = T ′Π.
We extend the concepts of syntactic and semantic similarity to the spectra of models of arbitrary

signature.

Definition 19. Let A ∈ Modσ1, B ∈ Modσ2, [T ]1 ∈ JSp(A)/./, [T ]2 ∈ JSp(B)/./. We say that the

class [T ]1 is J-syntactically similar to class [T ]2 and denote [T ]1
S
o [T ]2 if for any theory ∆ ∈ [T ]1 there

is theory ∆′ ∈ [T ]2 such that ∆
S
o ∆′.

Definition 20. The pure triple 〈C,Aut(C), E[T ]〉 is called the J-semantic triple for class [T ] ∈
JSp(A)/./, where C is the semantic model of [T ], AutC is the group of all automorphisms of C, E[T ]

is the class of isomorphically images of all existentially closed models of [T ].

Definition 21. Let A ∈ Modσ1, B ∈ Modσ2, [T ]1 ∈ JSp(A)/./, [T ]2 ∈ JSp(B)/./. We say that the
class [T ]1 is J-semantically similar to class [T ]2 and denote [T ]1 o

S
[T ]2 if their semantically triples are

isomorphic as pure triples.

Lemma 3. From syntactic similarity of two classes of Jonsson spectrum follows their semantic
similarity. Converse statement does not true.

The proof follows from Lemma 1 and Definition 21.

Lemma 4. Let A ∈ Modσ1, B ∈ Modσ2, [T ]1 ∈ JSp(A)/./, [T ]2 ∈ JSp(B)/./ are perfect ∃-complete
classes, then

[T ]1
S
o [T ]2 ⇔ [T ]∗1

S
./ [T ]∗2.

Proof. Let [T ]1
S
o [T ]2, then for every theory ∆ ∈ [T ]1 there is ∆ ∈ [T ]2 such that ∆

S
o ∆, where

∆ and ∆ are perfect ∃-complete Jonsson theories. Then according to Theorem 4 ∆∗
S
./ ∆

∗. But
∆∗ = Th(C[T ]1) = [T ]∗1 and ∆

∗
= Th(C[T ]2) = [T ]∗2, therefore [T ]∗1

S
./ [T ]∗2.
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Conversely, let [T ]∗1
S
./ [T ]∗2 then by Theorem 4 for any theory ∆ ∈ [T ]1 there is theory ∆′ ∈ [T ]2

such that ∆
S
o ∆, i.е. [T ]1

S
o [T ]2.

The following theorem is a generalization of Theorem 5 to the case of the class of the Jonsson
spectrum of an arbitrary model of signature.

Theorem 6. Let [T ] ∈ JSp(A)/./, then for every perfect ∃-complete class [T ] ∈ JSp(A)/./ there
is a class [TΠ] ∈ JSp(B)/./, where TΠ is ∃-complete Jonsson theory of some model B of a polygon

signature such that [T ]
S
o [TΠ].

Proof. Let [T ] ∈ JSp(A)/./ be a perfect ∃-complete class, then by Theorem 5 for each theory

∆ ∈ [T ] there is a Jonsson ∃-complete polygon theory T∆
Π such that ∆

S
o T∆

Π . Then by Theorem 4

∆∗
S
./ (T∆

Π )∗, but since ∆ ∈ [T ], then ∆∗ = [T ]∗. T∆
Π is the Jonsson theory of some model of B

signature, then T∆
Π ∈ JSp(B) and T∆

Π ∈ [TΠ] ∈ JSp(B)/./. But then (T∆
Π )∗ = [TΠ]∗. Hence, we have

[T ]∗
S
./ [TΠ]∗. By Lemma 5, it follows that [T ]

S
o [TΠ].
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Йонсондық спектрлердiң кластарының ұқсастықтары

Бiрiншi реттi тiлдiң синтаксистiк және семантикалық қасиеттерiн, жалпы айтқанда, толық емес тео-
рияларды зерттеу математикалық логиканың өзектi мәселелерiнiң бiрi. Мақалада бiз йонсондық тео-
рияларды зерттеймiз, олар алгебрадағы классикалық мысалдардың көп болуымен қанағаттандыры-
лады және жалпы айтқанда, толық емес. Йонсондық теорияларды зерттеудiң жаңа және өзектi әдiсi
— теорияларды синтаксистiк және семантикалық ұқсастық ұғымдары арқылы зерттеу. Ең инвари-
антты ұғым — теориялардың синтаксистiк ұқсастығы ұғымы, өйткенi ол қарастырылып отырған
теориялардың барлық қасиеттерiн сақтайды. Осы мақаланың негiзгi нәтижесi келесi факт болып та-
былады: кез келген толық экзистенциалды сөйлемдер үшiн кемел йонсондық теориясының полигон
теориясына синтаксистiк тұрғыдан ұқсас екендiгiн көрсету (S-полигон, мұндағы S моноид). Бұл нәти-
же кез келген сигнатураның тиiстi моделiнiң йонсондық спектрiнен алынған йонсондық теорияның
сәйкес кластарына кеңейтiледi.

Кiлт сөздер: йонсондық теория, семантикалық модель, кемел йонсондық теория, косемантика, S-
полигон, йонсондық спектр, синтаксистiк және семантикалық ұқсастық.
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Подобия классов йонсоновских спектров
Исследование синтаксических и семантических свойств языка первого порядка, вообще говоря, непол-
ных теорий, является одной из актуальных задач математической логики. В настоящей статье мы
изучаем йонсоновские теории, которым удовлетворяет большинство классических примеров из алгеб-
ры, и которые, вообще говоря, не полны. Новым и актуальным методом исследования йонсоновских
теорий является изучение этих теорий с помощью понятий синтаксического и семантического подо-
бий. Самым инвариантным понятием представляется понятие синтаксического подобия теорий, так
как оно сохраняет все свойства рассматриваемых теорий. Основной результат данной статьи есть
тот факт, что любая совершенная йонсоновская теория, полная для экзистенциальных предложений,
синтаксически подобна некоторой теории полигонов (S-полигона, где S — моноид). Этот результат пе-
реносится на соответствующие классы йонсоновских теорий из йонсоновского спектра произвольной
модели произвольной сигнатуры.

Ключевые слова: йонсоновская теория, семантическая модель, совершенность, косемантичность,
S-полигон, йонсоновский спектр, синтаксическое и семантическое подобия.
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Mixed inverse problem for a Benney–Luke type
integro-differential equation with two
redefinition functions and parameters

In this paper, we consider a linear Benney–Luke type partial integro-differential equation of higher order
with degenerate kernel and two redefinition functions given at the endpoint of the segment and two
parameters. To find these redefinition functions we use two intermediate data. Dirichlet boundary value
conditions are used with respect to spatial variable. The Fourier series method of variables separation is
applied. The countable system of functional-integral equations is obtained. Theorem on a unique solvability
of countable system for functional-integral equations is proved. The method of successive approximations is
used in combination with the method of contraction mapping. The triple of solutions of the inverse problem
is obtained in the form of Fourier series. Absolutely and uniformly convergences of Fourier series are proved.

Keywords: Inverse problem, two redefinition functions, final conditions, intermediate functions, Fourier
method, unique value solvability.

Introduction

Historically, differential equations arose in solving applied problems. Therefore, the development of
differential equations at the initial stage was carried out by applied scientists. Gradually, this direction
grew into an independent theory — the theory of differential equations. Therefore, it can be said many
times that differential and integro-differential equations are great interest from the point of theoretical
research and applications in the mathematical physics, engineering, chemistry and in other different
fields [1–8]. Recent years, a number of new problems for ordinary and partial differential and integro-
differential equations are studied and a large number of research papers are published. Problems with
nonlocal conditions for differential and integro-differential equations were considered in [9–29]. In [30–
38], integro-differential equations with a degenerate kernel were considered.

In this paper, we study the solvability of the mixed inverse problem for a Benney–Luke type partial
integro-differential equation with a degenerate kernel, two parameters, and final conditions at the
endpoint of the interval. This paper differs from existing papers in that it requires to find redefinition
functions considering at the endpoint of the interval. This inverse problem has features in relation to
the direct problem.

In the rectangular domain Ω =
{

0 < t < T, 0 < x < l
}
we consider the following partial integro-

differential equation of a higher order

∂ 2U

∂ t 2
+ (−1)k

∂ 2k+2U

∂ t 2∂ x 2
+ ω2

[
(−1)k

∂ 2kU

∂ x2 k
+
∂ 4kU

∂ x4 k

]
= α(t)U(t, x) + ν

T∫
0

K(t, s)U(s, x) ds, (1)

where k is a natural number, 0 < α(t) ∈ C[0, T ], T, l are given positive numbers, ω is a positive

parameter, ν is a nonzero real parameter, K(t, s) =
m∑
i=1

a i(t) b i(s), a i(t), b i(s) ∈ C [0, T ]. It is assumed

that the systems of functions {a i(t)} and {b i(s)}, i = 1, m are linear independent.
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It is known that when applying the method of separation of variables, the Dirichlet condition allows
us to reduce partial differential equations to a countable system of ordinary differential equations.
So, in solving partial integro-differential equation (1), we use the following Dirichlet boundary value
conditions with respect to spatial variable x

U(t, 0) = U(t, l) =
∂ 2

∂ x 2
U(t, 0) =

∂ 2

∂ x 2
U(t, l) =

= · · · = ∂ 4 k−2

∂ x 4 k−2
U(t, 0) =

∂ 4 k−2

∂ x 4 k−2
U(t, l) = 0. (2)

We use two conditions at the endpoint of the given segment with respect to time variable t:

U(T, x) = ϕ1(x), Ut(T, x) = ϕ2(x), 0 ≤ x ≤ l, (3)

where ϕ1(x) and ϕ2(x) are redefinition functions and we assume that they are enough smooth on the
segment [0, l]. For these functions the following conditions will be fulfilled

ϕi(0) = ϕi(l) = ϕ′′i (0) = ϕ′′i (l) = · · · = ϕ
(4k−2)
i (0) = ϕ

(4k−2)
i (l) = 0, i = 1, 2.

In determining the redefinition functions, we use the following two intermediate conditions:

U(t1, x) = ψ1(x), Ut(t1, x) = ψ2(x), 0 ≤ x ≤ l, (4)

where ψ1(x) and ψ2(x) are known functions enough smooth on the segment [0, l], 0 < t1 < T . For the
functions ψ1(x) and ψ2(x) the following conditions will be fulfilled

ψi(0) = ψi(l) = ψ′′i (0) = ψ′′i (l) = · · · = ψ
(4k−2)
i (0) = ψ

(4k−2)
i (l) = 0, i = 1, 2.

The choice of conditions (3) and (4) with the final and intermediate data are important in applications.
Indeed, in real practice it is not always possible to determine the initial data for unknown functions.
When studying the technological process of aluminum production, before the start of the production
cycle, the raw material passes through firing and the state of the raw material by the beginning of
the production cycle is not known. And the final expected state of the output will be unknown in
reality. We find it from known intermediate conditions. Because after each technological cycle we can
determine the quality of the product. So, we have an inverse problem to solve equation (1).

Problem statement. To find triple of functions{
U(t, x) ∈ C (Ω) ∩ C2,4k

t,x (Ω) ∩ C2+2k
t,x (Ω), ϕi(x) ∈ C[0, l], i = 1, 2

}
,

the first of which satisfies partial integro-differential equation (1) and specified conditions (2)–(4),
where Ω =

{
0 ≤ t ≤ T, 0 ≤ x ≤ l

}
.

Note that problem (1)–(4) is formulated such that direct problem (1)–(3) has a unique solution for
all values of the parameter ω, and inverse problem (1)–(4) has a unique solution only for certain values
of this parameter ω.

1 Construction of formal solution of the direct problem (1)–(3)

Note that the functions ϑn(x) =
√

2
l sinλnx, where λn ∈ nπ

l , n ∈ N, form a complete system of
orthonormal eigenfunctions in the space L 2[0, l]. Linear equation (1) always has the trivial solution.
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Therefore, by virtue of the Dirichlet condition (2), we seek nontrivial solutions to the linear partial
integro-differential equation (1) of the higher order in the form of a Fourier series in sines

U(t, x) =

√
2

l

∞∑
n=1

un(t) sinλnx, (5)

where

un(t) =

√
2

l

l∫
0

U(t, x) sinλnx dx, λn =
nπ

l
. (6)

Substituting the Fourier series (5) into the given integro-differential equation (1), we obtain a linear
second order countable system of ordinary differential equations

u′′n(t) + ω2λ2k
n un(t) =

ν

1 + λ2k
n

m∑
i=1

ai(t) τn i +
1

1 + λ2k
n

α(t)un(t), (7)

where

τi n =

T∫
0

b i(s)un(s) ds. (8)

Solving the countable system of differential equations (7) by the variation method of arbitrary constants,
we obtain the representation for its solution

un(t) = A 1n cosλknω t+A 2n sinλknω t+

+
ν

λkn (1 + λ2k
n )ω

m∑
i=1

τ i n

t∫
0

sinλkn ω (t− s) a i(s) ds+

+
1

λkn (1 + λ2k
n )ω

t∫
0

sinλkn ω (t− s)α(s)un(s) ds, (9)

where A1n and A2n are arbitrary coefficients, which will be determined by the final conditions (3). By
differentiating (9) one times on t, we obtain

u′n(t) = −λknωA 1n sinλknω t+ λknωA 2n cosλknω t+

+
ν

1 + λ2k
n

m∑
i=1

τn i

t∫
0

cosλkn ω (t− s) a i (s) ds+

+
1

1 + λ2k
n

t∫
0

cosλkn ω (t− s)α(s)un(s) ds. (10)

Now, supposing that the redefinition functions ϕ1(x) and ϕ2(x) were expanded into a Fourier series,
and using Fourier coefficients (6), from conditions (3) we obtain

un(T ) =

√
2

l

l∫
0

U(T, x) sinλnx dx =

√
2

l

l∫
0

ϕ1(x) sinλnx dx = ϕ1n, (11)
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u′n(T ) =

√
2

l

l∫
0

Ut(T, x) sinλnx dx =

√
2

l

l∫
0

ϕ2(x) sinλnx dx = ϕ2n. (12)

To find the unknown coefficients A 1n and A 2n in presentations (9) and (10), we use final conditions
(11) and (12). Then we arrive at a system of algebraic equations (SAE){

A 1n cosλknω T +A 2n sinλknω T = γ1n,
−A 1n sinλknω T +A 2n cosλknω T = γ2n,

(13)

where

γ1n = ϕ1n −
ν

λkn (1 + λ2k
n )ω

m∑
i=1

τ i n

T∫
0

sinλknω (T − s) ai(s) ds−

− 1

λkn (1 + λ2k
n )ω

T∫
0

sinλknω (T − s)α(s)un(s) ds,

γ2n = ϕ2n −
ν

1 + λ2k
n

m∑
i=1

τi n

T∫
0

cosλknω (T − s) ai(s) ds−

− 1

1 + λ2k
n

T∫
0

cosλknω (T − s)α(s)un(s) ds.

For uniquely solvability of SAE (13), the following condition

δ0n =

∣∣∣∣ cosλknω T sinλknω T
− sinλknω T cosλknω T

∣∣∣∣ 6= 0

must be fulfilled. Since δ0n = 1, this condition are fulfilled for all values of the parameter ω. Consequently,
SAE (13) has a unique pair of solutions

A1n = δ1n =

∣∣∣∣ γ1n sinλknω T
γ2n cosλknω T

∣∣∣∣ = ϕ1n cosλknω T − ϕ2n sinλknω T+

+
ν

λkn (1 + λ2k
n )ω

m∑
i=1

τi n

T∫
0

sinλknω s ai(s) ds+
1

λkn (1 + λ2k
n )ω

T∫
0

sinλknω sα(s)un(s) ds, (14)

A2n = δ2n =

∣∣∣∣ cosλknω T γ1n

− sinλknω T γ2n

∣∣∣∣ = ϕ1n sinλknω T + ϕ2n cosλknω T+

+
ν

1 + λ2k
n

m∑
i=1

τi n

T∫
0

cosλknω s ai(s) ds+
1

1 + λ2k
n

T∫
0

cosλknω sα(s)un(s) ds. (15)

Substituting these values of (14) and (15) into presentation (9), we obtain

un(t, ν, ω) = ϕ 1n χ 1n(t, ω) + ϕ 2n χ 2n(t, ω) +
ν

λkn (1 + λ2k
n )ω

m∑
i=1

τi n χ 3i n(t, ω)+
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+
1

λkn (1 + λ2k
n )ω

T∫
0

Hn(t, s, ω)α(s)un(s, ν, ω) ds, (16)

where
χ 1n(t, ω) = cosλknω (T − t)− sinλknω (T − t),

χ 2n(t, ω) = cosλknω (T + t)− sinλknω (T − t),

χ 3i n(t, ω) =

T∫
0

Hn(t, s, ω) ai(s) ds,

Hn(t, s, ω) =

{
sin z (t+ s), z = λknω, t < s ≤ T,
sin z (t− s) + cos z t sin z s+ z sin z t sin z s, 0 ≤ s < t.

Although functions (16) are Fourier coefficients of the solution to direct problem (1)–(3), it contains
extra quantities τi n that are still unknown. To find these quantities, we substitute representation (16)
into designation (8) and arrive at a new SAE:

τ i n −
ν

λ̄

m∑
j=1

τjn σ 3ijn(t) = ϕ1n σ 1in + ϕ2n σ 2i n + σ 4in(un), (17)

where

σ 1in =

T∫
0

bi(s)χ 1n(s, ω) ds, σ 2in =

T∫
0

bi(s)χ 2n(s, ω) ds, λ̄ = λkn

(
1 + λ2k

n

)
ω,

σ 3ijn =

T∫
0

bi(s)

T∫
0

Hn(s, θ, ω) aj(θ) dθ ds,

σ 4in(un) =
1

λ̄

T∫
0

bi(s)

T∫
0

Hn(s, θ, ω)α(θ)un(θ) d θ ds.

To establish the unique solvability of SAE (17), we introduce the following matrix

Θ0n(ν, ω) =


1− ν

λ̄
σ 311n

ν
λ̄
σ 312n . . . ν

λ̄
σ 31mn

ν
λ̄
σ 321n 1− ν

λ̄
σ 322n . . . ν

λ̄
σ 32mn

. . . . . . . . . . . .
ν
λ̄
σ 3m1n

ν
λ̄
σ 3m2n . . . 1− ν

λ̄
σ3mmn


and consider the values of the parameter ν, for which the Fredholm determinant is not zero:

∆0n(ν, ω) = det Θ0n(ν, ω) 6= 0. (18)

Determinant ∆0n (ν, ω) in (18) is a polynomial with respect to ν
λ̄
of the degree not higher than

m. The countable system of algebraic equations ∆0n(ν, ω) = 0 has no more than m different real
roots for every value of n. We denote them by µ l(l = 1, p, 1 ≤ p ≤ m). Then νn = ν ln = λ̄ µ l =
λkn
(
1 + λ2k

n

)
ω µ l are called the characteristic (irregular) values of the kernel for integro-differential

equation (1). So, we introduce the following two designations

Λ 1 =
{

(νn, ω) : νn = λkn

(
1 + λ2k

n

)
ω µl, ω ∈ (0,∞)

}
,
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Λ 2 =
{

(νn, ω) : |∆0n(ν, ω) | > 0, νn 6= λkn

(
1 + λ2k

n

)
ω µl, ω ∈ (0,∞)

}
.

On the number set Λ 2 we consider a matrix

Θijn(ν, ω) =


1− ν

λ̄
σ 311n . . . ν

λ̄
σ 31(i−1)n σ j1n

ν
λ̄
σ 31(i+1)n . . . ν

λ̄
σ 31mn

ν
λ̄
σ 321n . . . ν

λ̄
σ 32(i−1)n σ j2n

ν
λ̄
σ 32(i+1)n . . . ν

λ̄
σ 32mn

. . . . . . . . . . . . . . . . . . . . .
ν
λ̄
σ 3m1n . . . ν

λ̄
σ 3m(i−1)n σ j mn

ν
λ̄
σ 3m(i+1)n . . . 1− ν

λ̄
σ 3mmn

 ,

j = 1, 2, 4. Taking into account the known properties of the matrix Θijn(ν, ω), we modified the Cramer
method on the set Λ 2 and obtain solutions of SAE (17) in the form

τin = ϕ1n
∆ 1i(ν, ω)

∆0n(ν, ω)
+ ϕ2n

∆ 2in(ν, ω)

∆0n(ν, ω)
+

∆ 4in(ν, ω, un)

∆0n(ν, ω)
, i = 1, m, (ν, ω) ∈ Λ 2, (19)

where ∆ ijn(ν, ω) = det Θijn(ν, ω), j = 1, 2, 4.
Substituting solutions (19) into function (16), we obtain

un(t, ν, ω) = ϕ1n h 1n(t, ν, ω) + ϕ2n h 2n(t, ν, ω) +
ν

λkn (1 + λ2k
n )ω

m∑
i=1

∆ 4in(ν, ω, un)

∆0n(ν, ω)
χ 3in(t)+

+
1

λkn (1 + λ2k
n )ω

T∫
0

Hn(t, s, ω)un(s, ν, ω) ds, (ν, ω) ∈ Λ2, (20)

where

h jn(t, ν, ω) = χjn(t, ω) +
ν

λkn (1 + λ2k
n )ω

m∑
i=1

∆jn(ν, ω)

∆0n(ν, ω)
χ 3in(t, ω), j = 1, 2,

χ 1n(t, ω) = cosλknω (T − t)− sinλknω (T − t), χ 2n(t, ω) = cosλknω (T + t)− sinλknω (T − t),

χ 3in (t, ω) =

T∫
0

Hn(t, s, ω) ai(s) ds,

Hn(t, s, ω) =

{
sin z (t+ s), z = λknω, t < s ≤ T,
sin z (t− s) + cos z t sin z s+ z sin z t sin z s, 0 ≤ s < t.

Representation (20) is a countable system of functional-integral equations. Substituting representation
(20) into the Fourier series (5), we obtain a formal solution of direct problem (1)–(3) on the domain Ω

U(t, x) =

√
2

l

∞∑
n=1

sin λnx×

×

[
ϕ1n h 1n(t, ν, ω) + ϕ2n h 2n(t, ν, ω) +

ν

λkn (1 + λ2k
n )ω

m∑
i=1

∆ 4in(ν, ω, un)

∆0n(ν, ω)
χ 3in(t)+

+
1

λkn (1 + λ2k
n )ω

T∫
0

Hn(t, s, ω)un(s, ν, ω) ds

]
, (ν, ω) ∈ Λ2. (21)

But, there are two unknown quantities ϕ1n and ϕ2n in (21).
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2 Formal solution of the inverse problem (1)–(4)

We will now formally define the redefinition functions ϕ1(x) and ϕ2(x). We subordinate function
(20) to intermediate conditions (4). For this purpose, we differentiate (21) one times on the time-
variable t:

Ut(t, x) =

√
2

l

∞∑
n=1

sinλnx
[
ϕ1n h

′
1n(t, ν, ω) + ϕ2n h

′
2n(t, ν, ω)+

+
ν

λkn (1 + λ2k
n )ω

m∑
i=1

∆ 4in(ν, ω, un)

∆0n(ν, ω)
χ′3in(t) +

1

λkn (1 + λ2k
n )ω

T∫
0

H ′n(t, s, ω)un(s, ν, ω) ds

]
, (22)

where

h′jn(t, ν, ω) = χ′jn(t, ω) +
ν

λkn (1 + λ2k
n )ω

m∑
i=1

∆jn(ν, ω)

∆0n(ν, ω)
χ′3in(t, ω), j = 1, 2,

χ′1n(t, ω) = λknω
(

sinλknω (T − t) + cosλknω (T − t)
)
,

χ′2n(t, ω) = −λknω
(

sinλknω (T + t) + cosλknω (T − t)
)
,

χ′3i n(t, ω) =

T∫
0

H ′n(t, s, ω) ai(s) ds,

H ′n(t, s, ω) =

{
z cos z (t+ s), z = λknω, t < s ≤ T,
z cos z (t− s)− z sin z t sin z s+ z2 cos z t sin z s, 0 ≤ s < t.

Then, applying intermediate conditions (4) to functions (21) and (22), we arrive at the solution of the
following SAE: {

ϕ1n [χ 1n(t1, ω) + ε11n] + ϕ2n [χ 2n(t1, ω) + ε12n] = ψ̄1n,
ϕ1n [χ′1n(t1, ω) + ε21n] + ϕ2n [χ′2n(t1, ω) + ε22n] = ψ̄2n,

(23)

where

ε1jn =
ν

λ̄

m∑
i=1

∆j n(ν, ω)

∆0n(ν, ω)
χ 3in(t1, ω), ε2jn =

ν

λ̄

m∑
i=1

∆jn(ν, ω)

∆0n(ν, ω)
χ′3in(t1, ω), j = 1, 2,

ψ̄1n = ψ1n −
ν

λ̄

m∑
i=1

∆ 4in(ν, ω, un)

∆0n (ν, ω)
χ 3in(t1, ω) +

1

λ̄

T∫
0

Hn(t1, s, ω)un(s, ν, ω) ds, (24)

ψ̄2n = ψ2n −
ν

λ̄

m∑
i=1

∆ 4in(ν, ω, un)

∆0n (ν, ω)
χ′3i(t1, ω) +

1

λ̄

T∫
0

H ′n(t1, s, ω)un(s, ν, ω) ds, (25)

λ̄ = λkn

(
1 + λ2k

n

)
ω.

The fulfillment of the following condition ensures the unique solvability of SAE (23):

V0n(ω) =

∣∣∣∣ χ 1n(t1, ω) + ε11n χ 2n(t1, ω) + ε12n

χ′1n(t1, ω) + ε21n χ′2n(t1, ω) + ε22n

∣∣∣∣ =

= −z sin 2zT − z cos 2zT + 2z sin z(T − t1) cos z(T − t1)− z cos 2z(T − t1)−

−z ε11n[sin z(T + t1) + cos z(T − t1)]− zε12n[sin z(T − t1) + cos z(T − t1)]−
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−ε21n[cos z(T + t1)− z sin z(T − t1)]− ε22n[sin z(T − t1)− z cos z(T − t1)]+

+ε11nε22n − ε21nε12n 6= 0. (26)

Before proceeding to find the solution of SAE (23), we consider nonzero condition (26). To do this, we
suppose the opposite:

−z sin 2zT − z cos 2zT + 2z sin z(T − t1) cos z(T − t1)− z cos 2z(T − t1)−

−z ε11n[sin z(T + t1) + cos z(T − t1)]− zε12n[sin z(T − t1) + cos z(T − t1)]−

−ε21n[cos z(T + t1)− z sin z(T − t1)]− ε22n[sin z(T − t1)− z cos z(T − t1)]+

+ε11nε22n − ε21nε12n = 0, z = λ kn ω. (27)

Condition (27) is a transcendental equation, and the set of its solutions with respect to ω is denoted
by =. So, on the set

Λ 3 =
{

(νn, ω) : |∆0n(ν, ω) | > 0, νn 6= λkn

(
1 + λ2k

n

)
ω µl, ω ∈ =

}
SAE (23) is not uniquely solvable. But, on the other set

Λ 4 =
{

(νn, ω) : |∆0n(ν, ω) | > 0, |V0n(ω) | > 0, νn 6= λkn

(
1 + λ2k

n

)
ω µl, ω ∈ (0,∞) \ =

}
SAE (23) is uniquely solvable. So, taking into account notations (24) and (25), we obtain

ϕjn = ψ1nwj1n(ω) + ψ2nwj2n(ω) +
ν

λkn (1 + λ2k
n )ω

m∑
i=1

∆ 4in(ν, ω, un)

∆0n(ν, ω)
w j3in(ω)+

+
1

λkn (1 + λ2k
n )ω

T∫
0

Wj n(s, ω)un(s, ν, ω) ds, j = 1, 2, (ν, ω) ∈ Λ4, (28)

where
w11n(ω) = V −1

0n

(
χ′2n(t1, ω) + ε22n(ω)

)
, w12n(ω) = V −1

0n (−χ2n(t1, ω) + ε12n(ω)) ,

w21n(ω) = V −1
0n

(
χ′1n(t1, ω) + ε21n(ω)

)
, w22n(ω) = V −1

0n (χ1n(t1, ω) + ε11n(ω)) ,

w13n(ω) = −
[
χ3i n(t1, ω)w11n(ω) + χ′3in(t1, ω)w12n(ω)

]
,

w23n(ω) = −
[
χ3in(t1, ω)w21n(ω) + χ′3i n(t1, ω)w22n(ω)

]
,

W1n(s, ω) = Hn(t1, s)w11n(ω) +H ′n(t1, s)w12n(ω),

W2n(s, ω) = Hn(t1, s)w21n(ω) +H ′n(t1, s)w22n(ω).

Since ϕ1n and ϕ2n are Fourier coefficients, from presentations (28) we obtain the following Fourier
series

ϕj(x) =

√
2

l

∞∑
n=1

sinλnx

[
ψ1nwj1n + ψ2nwj2n +

ν

λkn (1 + λ2k
n )ω

m∑
i=1

∆ 4in(ν, ω, un)

∆0n(ν, ω)
w j3in+

+
1

λkn (1 + λ2k
n )ω

T∫
0

Wjn(s, ω)un(s, ν, ω) ds

]
, (ν, ω) ∈ Λ4. (29)
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The functions un(t, ν, ω) in series (29) are Fourier coefficients of the unknown function U(t, x, ν, ω).
Therefore, we need to define the Fourier coefficients un(t, ν, ω) uniquely. Substituting representation
(28) into equations (20), we obtain the following countable system of functional-integral equations in
the final form

un(t, ν, ω) = S(t, ν, ω;un) ≡ ψ1n g 1n(t, ν, ω) + ψ2n g 2n(t, ν, ω)+

+
ν

λkn (1 + λ2k
n )ω

m∑
i=1

∆ 4in(ν, ω, un)

∆0n(ν, ω)
g 3in(t, ω)+

+
1

λkn (1 + λ2k
n )ω

T∫
0

Gn(t, s, ν, ω)un(s, ν, ω) ds, (ν, ω) ∈ Λ4, (30)

where
g1n(t, ν, ω) = w11n(ω)h 1n(t, ν, ω) + w21n(ω)h 2n(t, ν, ω),

g2n(t, ν, ω) = w12n(ω)h 1n(t, ν, ω) + w22n(ω)h 2n(t, ν, ω),

g 3in(t, ω) = g1n(t, ν, ω)χ3in(t1, ω) + g2n(t, ν, ω)χ′3in(t1, ω) + χ3in(t, ω),

Gn(t, s, ν, ω) = g1n(t, ν, ω)Hn(t1, s, ω) + g2n(t, ν, ω)H ′(t1, s, ω) +Hn(t, s, ω).

Note that this functional-integral equation (30) makes sense only for values of parameters ν, ω from
the set Λ4. In addition, in the countable system of functional-integral equations (30), the unknown
function un(t, ν, ω) is under the sign of the determinant and under the sign of the integral.

3 Solvable of the countable system of functional-integral equations (30)

Let us investigate the system of equations (30) in the sense of the unique solvability. To this, we
consider the following well-known Banach spaces, in which we need in our further actions [26,32,33,36].
We consider the space B 2 of function sequences {un(t) }∞n=1 on the segment [0, T ] with the norm

‖u(t) ‖B 2
=

√√√√ ∞∑
n=1

(
max
t∈[0,T ]

|un(t) |
) 2

<∞;

the space `2 of number sequences {ϕn }∞n=1 with the norm

‖ϕ ‖ ` 2 =

√√√√ ∞∑
n=1

|ϕn | 2 <∞;

the space L 2[0, l] of square-integrable functions on an interval [0, l] with norm

‖ϑ(x) ‖L 2[0,l] =

√√√√√ l∫
0

|ϑ(x) |2 dx <∞.

Smoothness conditions. Let on the segments [0, l] there exist peace-wise continuous derivatives with
respect to x up (4k+2)-th order for the functions ψi(x) ∈ C 4k+1[0, l], i = 1, 2. Then, after integration

the integrand functions ψi n =
√

2
l

l∫
0

ψi(x) sinλnx dx, i = 1, 2 by part (4k + 2) times on the variable

x, we obtain the following relation

|ψi,n | =
(
l

π

)4k+2

∣∣∣ψ(4 k+2)
i,n

∣∣∣
n 4k+2

, i = 1, 2, (31)

152 Bulletin of the Karaganda University



Mixed inverse problem ...

where

ψ
(4k+2)
i,n =

l∫
0

∂ 4k+2 ψ i(x)

∂ x 4k+2
ϑn(x) dx, i = 1, 2.

Here we note that the Bessel inequality is true

∞∑
n=1

[
ψ

(4k+2)
i,n

] 2
≤
(

2

l

) 4k+2
l∫

0

[
∂ 4k+2 ψi(x)

∂ x 4k+2

] 2

dx, i = 1, 2. (32)

Theorem 1. Let the smoothness conditions and the following conditions be fulfilled:

max
t∈[0,T ]

[| g 1n(t, ν, ω) | ; | g 2n(t, ν, ω) |] = δ1n ≤ δ1 <∞, (33)

ρ = | ν | δ2

∥∥∥∥∥
m∑
i=1

∣∣∣∣ ∆̄ 4in (ν, ω)

∆0n(ν, ω)

∣∣∣∣ δ0i

∥∥∥∥∥
`2

+ δ3 < 1, (34)

where δ2, δ3 and δ0i will be defined from (38) and (39), while ∆̄ 4in (ν, ω) is defined from (41). Then
the countable systems of functional-integral equations (30) is uniquely solvable in the space B 2. The
desired solution can be founded from the following iterative process:{

u 0
n(t, ν, ω) = ψ1n g 1n(t, ν, ω) + ψ2n g 2n(t, ν, ω),

u r+1
n (t, ν, ω) = S(t, ν, ω;u rn), r = 0, 1, 2, ...

(35)

Proof. We use the method of contraction maps in combination with the method of successive
approximations in the space B 2. Then, by virtue of smoothness condition (31) and estimate (33),
applying the Cauchy–Schwartz inequality and Bessel inequality (32), from approximations (35) we
obtain that the following estimate is valid:

∞∑
n=1

max
t∈[0,T ]

∣∣u 0
n(t)

∣∣ ≤ ∞∑
n=1

max
t∈[0,T ]

[|ψ 1n | · | g 1n(t, ν, ω) |+ |ψ 2n | · | g 2n(t, ν, ω) |] ≤

≤ δ1

(
l

π

)4k+2
 ∞∑
n=1

∣∣∣ψ(4k+2)
1,n

∣∣∣
n 4k+2

+
∞∑
n=1

∣∣∣ψ(4k+2)
2,n

∣∣∣
n 4k+2

 ≤
≤ δ1

(√
2l

π

) 4k+2
√√√√ ∞∑

n=1

1

n 8k+4

[∥∥∥∥ ∂ 4k+2 ψ1(x)

∂ x 4k+2

∥∥∥∥
L 2[0,l]

+

∥∥∥∥ ∂ 4k+2 ψ2(x)

∂ x 4k+2

∥∥∥∥
L 2[0,l]

]
= δ0 <∞. (36)

Taking into account estimate (36), applying the Cauchy–Schwartz inequality, for the first difference of
approximations (35) we obtain:

∞∑
n=1

max
t∈[0,T ]

∣∣u 1
n(t)− u 0

n(t)
∣∣ ≤ | ν | ∞∑

n=1

1

λ3k
n ω

m∑
i=1

∣∣∣∣∣ ∆ 4in

(
ν, ω, u 0

n

)
∆0n(ν, ω)

∣∣∣∣∣ max
t∈[0,T ]

|g 3 i n(t, ω)|+

+
∞∑
n=1

1

λ3k
n ω

max
t∈[0,T ]

∣∣∣∣∣∣
T∫

0

Gn(t, s, ν, ω)u 0
n(s, ν, ω) ds

∣∣∣∣∣∣ ≤
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≤ | ν | δ2

√√√√ ∞∑
n=1

[
m∑
i=1

∣∣∣∣ ∆ 4in (ν, ω, u 0
n)

∆0n(ν, ω)

∣∣∣∣ δ0i

]2

+ δ3δ0 <∞, (37)

where

δ0i ≥ δ0in = max
t∈[0,T ]

|g3in(t, ω)| , δ2 =

√√√√ ∞∑
n=1

1

λ6k
n ω

2
, (38)

δ3 =

√√√√√ ∞∑
n=1

max
t∈[0,T ]

 1

λ3k
n ω

T∫
0

|Gn(t, s, ν, ω) | ds

2

. (39)

Continuing this process, similarly to estimate (37) we obtain

∞∑
n=1

max
t∈[0,T ]

∣∣u r+1
n (t)− u rn(t)

∣∣ ≤

≤ | ν | δ2

√√√√ ∞∑
n=1

[
m∑
i=1

∣∣∣∣∣ ∆ 4in (ν, ω, u rn)−∆ 4in

(
ν, ω, u r−1

n

)
∆0n(ν, ω)

∣∣∣∣∣ δ0i

]2

+

+δ3

√√√√ ∞∑
n=1

max
t∈[0,T ]

∣∣u rn(t, ν, ω)− u r−1
n (t, ν, ω)

∣∣2 ≤

≤ | ν | δ2

√√√√ ∞∑
n=1

[
m∑
i=1

∣∣∣∣ ∆̄ 4in (ν, ω)

∆0n(ν, ω)

∣∣∣∣ δ0i

]2 ∥∥u r(t, ν, ω)− u r−1(t, ν, ω)
∥∥
B2

+

+δ3

∥∥u r(t, ν, ω)− u r−1(t, ν, ω)
∥∥
B2
≤ ρ ·

∥∥u r(t, ν, ω)− u r−1(t, ν, ω)
∥∥
B2
, (40)

where

ρ = | ν | δ2

∥∥∥∥∥
m∑
i=1

∣∣∣∣ ∆̄ 4in (ν, ω)

∆0n(ν, ω)

∣∣∣∣ δ0i

∥∥∥∥∥
`2

+ δ3,

∆̄ 4in (ν, ω) =

∣∣∣∣∣∣∣∣
1− ν

λ̄
σ31 1n . . . ν

λ̄
σ 31 (i−1)n σ̄ 41n

ν
λ̄
σ 31(i+1)n . . . ν

λ̄
σ 31mn

ν
λ̄
σ 321n . . . ν

λ̄
σ 32(i−1)n σ̄ 42n

ν
λ̄
σ 32(i+1)n . . . ν

λ̄
σ 32mn

. . . . . . . . . . . . . . . . . . . . .
ν
λ̄
σ 3m1n . . . ν

λ̄
σ 3m(i−1)n σ̄ 4mn

ν
λ̄
σ 3m(i+1)n . . . 1− ν

λ̄
σ3mmn

∣∣∣∣∣∣∣∣ , (41)

σ̄ 4in =
1

λ̄

T∫
0

| bi(s) |
T∫

0

|Hn(s, θ, ω)α(θ) | dθ ds.

According to the last condition (34) of the theorem, we have ρ < 1. Consequently, it follows from
estimate (40) that the operator on the right-hand sides of the countable system of functional-integral
equations (30) is contracting. It follows from estimates (36), (37) and (40) that there is a unique fixed
point, which is a solution to the countable system of functional-integral equations (30) in the space
B 2. Theorem 1 is proved.
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4 Uniformly convergence of Fourier series

Theorem 2. Let the conditions of Theorem 1 are fulfilled. Then the series in (29) are convergence
in the segment [0, l].

Proof. Let un(t, ν, ω) ∈ B2 be a solution of system (30). As in the case of estimates (36) and (40),
we obtain

|ϕj(x) | ≤
√

2

l

(√
2l

π

) 4k+2

δ1δ2

[∥∥∥∥ ∂ 4k+2 ψ1(x)

∂ x 4k+2

∥∥∥∥
L 2(Ωl)

+

∥∥∥∥ ∂ 4k+2 ψ2(x)

∂ x 4k+2

∥∥∥∥
L 2(Ωl)

]
+

+ | ν | δ2

√√√√ ∞∑
n=1

[
m∑
i=1

∣∣∣∣ ∆ 4in (ν, ω, un)

∆0n(ν, ω)

∣∣∣∣ δ0i

]2

+ δ3 ‖u(t, ν, ω) ‖B2
<∞, j = 1, 2. (42)

Absolutely and uniformly convergence of the series (29) implies from estimate (42).
Substituting system (30) into Fourier series (5), we obtain

U(t, x, ν, ω) =

√
2

l

∞∑
n=1

sinλnx [ψ1n g 1n(t, ν, ω) + ψ2n g 2n(t, ν, ω)+

+
ν

λkn (1 + λ2k
n )ω

m∑
i=1

∆ 4in(ν, ω, un)

∆0n(ν, ω)
g 3in(t, ω)+

+
1

λkn (1 + λ2k
n )ω

T∫
0

Gn(t, s, ν, ω)un(s, ν, ω) ds

 , (ν, ω) ∈ Λ4. (43)

Theorem 3. Let the conditions of Theorem 1 are fulfilled. Then the main unknown function
U(t, x, ν, ω) of inverse problem (1)–(4) is defined by Fourier series (43) and this series (43) converges
absolutely and uniformly in the domain Ω for all (ν, ω) ∈ Λ4. Moreover, function (43) belongs to the
class C (Ω) ∩ C2,4k

t,x (Ω) ∩ C2+2k
t,x (Ω).

The proof of Theorem 3 is similar to the proof of Theorem 2.

Conclusion

In the rectangular domain Ω =
{

0 < t < T, 0 < x < l
}
we consider a linear Benney–Luke type

partial integro-differential equation (1) of a higher order with degenerate kernel and two redefinition
functions (3) given at the endpoint of the segment [0,T]. With respect to spatial variable x Dirichlet
boundary value conditions (2) is used. To find these redefinition functions intermediate data (4) are
used. The Fourier series method of variables separation is applied. The countable system of functional-
integral equations (30) is obtained. Theorem 1 on a unique solvability of countable system of functional-
integral equations (30) is proved. The method of successive approximations is used in combination with
the method of contraction mappings. The triple of solutions for the inverse problem is obtained in the
form of Fourier series (29) and (43). The absolutely and uniformly convergence of Fourier series is
proved (Theorem 2 and 3).
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Ташкент мемлекеттiк экономикалық университетi, Ташкент, Өзбекстан

Екi қайта анықтау функциясы мен параметрлерi бар Бенни-Люк
типтi интегралдық-дифференциалдық теңдеу үшiн аралас керi

есеп

Мақалада сегменттiң шеттерiнде берiлген екi қайта анықтау функциясы мен өзгешеленетiн ядросы
бар Бенни-Люк типтi жоғары реттi сызықтық интегралдық-дифференциалды дербес туындылы диф-
ференциалдық теңдеуi қарастырылған. Қайта анықтау функцияларын табу үшiн аралық берiлгендер
пайдаланылған. Кеңiстiктiк айнымалыға қатысты Дирихле типiнiң шекаралық шарттары қолданыл-
ған. Айнымалыны бөлiктеу үшiн Фурье әдiсi пайдаланылды. Функционалдық интегралдық теңдеу-
лердiң есептелетiн жүйесi алынды. Функционалдық интегралдық теңдеулердiң санаулы жүйесiнiң
бiрмәндi шешiлетiндiгi туралы теорема дәлелдендi. Бұл жағдайда бiртiндеп жуықтау әдiсi сығылған
бейнелеу әдiсiмен бiрге қолданылады. Керi есептiң шешiмi Фурье қатары түрiнде құрылады. Алынған
Фурье қатарының абсолюттi және бiрқалыпты жинақтылығы нақтыланды.

Кiлт сөздер: керi есеп, екi қайта анықтау функциясы, кейiнгi шарттар, аралық функциялар, Фурье
әдiсi, бiрмәндi шешiм.
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Смешанная обратная задача для интегро-дифференциального
уравнения типа Бенни–Люка с двумя функциями

переопределения и параметрами

В статье рассмотрено линейное интегро-дифференциальное уравнение в частных производных типа
Бенни–Люка высокого порядка с вырожденным ядром и двумя функциями переопределения, задан-
ными в конце отрезка. Для нахождения этих функций переопределения использованы промежуточ-
ные данные. По отношению к пространственной переменной применены краевые условия типа Дири-
хле. Применяется метод разделения переменных Фурье. Получена счетная система функционально-
интегральных уравнений. Доказана теорема об однозначной разрешимости счетной системы функцио-
нально-интегральных уравнений. При этом используется метод последовательных приближений в
сочетании с методом сжатых отображений. Решение обратной задачи строится в виде ряда Фурье.
Доказана абсолютная и равномерная сходимость полученных рядов Фурье.

Ключевые слова: обратная задача, две функции переопределения, финальные условия, промежуточ-
ные функции, метод Фурье, однозначная разрешимость.
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Iterated discrete Hardy-type inequalities with three weights
for a class of matrix operators

Iterated Hardy-type inequalities are one of the main objects of current research on the theory of Hardy
inequalities. These inequalities have become well-known after study boundedness properties of the multi-
dimensional Hardy operator acting from the weighted Lebesgue space to the local Morrie-type space. In
addition, the results of quasilinear inequalities can be applied to study bilinear Hardy inequalities. In
the paper, we discussed weighted discrete Hardy-type inequalities containing some quasilinear operators
with a matrix kernel where matrix entries satisfy discrete Oinarov condition. The research of weighted
Hardy-type inequalities depends on the relations between parameters p, q and θ, so we considered the cases
1 < p ≤ q < θ < ∞ and p ≤ q < θ < ∞, 0 < p ≤ 1, criteria for the fulfillment of iterated discrete
Hardy-type inequalities are obtained. Moreover, an alternative method of proof was shown in the work.

Keywords: Inequality, discrete Lebesgue space, Hardy-type operator, weight, quasilinear operator, matrix
operator.

Introduction

The iterated integral Hardy-type inequality has the following form ∞∫
0

wθ(x)

 x∫
0

∣∣∣∣∣∣ϕ(t)
t∫

0

f(s)ds

∣∣∣∣∣∣
q

dt


θ
q

dx


1
θ

≤ C

 ∞∫
0

|u(x)f(x)|pdx

 1
p

, ∀f ∈ Lp,u(0,∞), (1)

where 0 < q, p, θ <∞, u(·), ϕ(·) and w(·) are positive functions and locally integrable on the interval
(0;∞), Lp,u(0,∞) is a weighted Lebesgue space of functions for which the right side of the inequality
(1) is finite.

At the beginning the inequality (1) has been studied with various quasilinear operators in the
works [1, 2]. The equivalence of inequality (1) to the inequality, which defines the boundedness of
the multidimensional Hardy operator from the Lebesgue space to the local Morrey-type space has
been shown by V. Burenkov and R. Oinarov [3]. After this work researchers have become interested
in an iterated integral Hardy-type inequality, then they began to use it intensively [4, 5]. In the last
decade, researchers have studied weighted Hardy-type inequalities for the class of quasilinear operators
including the kernel [6, 7].

Characterizations of inequality (1) was studied more deeply than discrete analogue. A discrete
version of inequality (1) will be as follows ∞∑

n=1

wθn

(
n∑
k=1

∣∣∣∣∣ϕk
k∑
i=1

fi

∣∣∣∣∣
q) θ

q


1
θ

≤ C1

( ∞∑
i=1

|uifi|p
) 1

p

, ∀f ∈ lp.u, (2)
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where the positive constant C is independent from f , 0 < q, p, θ < ∞, and ϕ = {ϕi}∞i=1 is a non-
negative sequence, u = {ui}∞i=1, w = {wi}∞i=1 are positive sequences of real numbers. lp,u is the space
of sequences f = {fi}∞i=1 of real numbers such that

‖f‖p,u =

( ∞∑
i=1

|uifi|p
) 1

p

<∞, 1 ≤ p <∞.

Nowadays, inequality (2) is being considered in many works. In the papers [8–10], necessity and
sufficient conditions for the fulfillment of iterated discrete Hardy-type inequalities were obtained for
the different relations of parameters q, p and θ, namely, for the case p ≤ θ <∞, in the sense that q can
be any positive number. The most difficult cases 0 < θ < min{p, q} <∞ and 0 < q < θ < p <∞ for
these inequalities was studied in the papers [11,12]. Moreover, the paper [13] includes characterization
of the following discrete iterated Hardy-type inequality∑

n∈Z
wn

sup
i≥n

ϕi
∑
k≤i

fk

θ


1
θ

≤ C

(∑
n∈Z

fpnun

) 1
p

.

It is obvious to us that by using previously obtained results of iterated Hardy inequalities we can find
characteristics of bilinear Hardy inequalities [14–16].

The aim of this paper is to characterize the iterated discrete Hardy-type inequality with matrix
kernel defined as follows ∞∑

n=1

wθn

(
n∑
k=1

∣∣∣∣∣ϕk
k∑
i=1

ak,ifi

∣∣∣∣∣
q) θ

q


1
θ

≤ C1

( ∞∑
i=1

|uifi|p
) 1

p

, ∀f ∈ lp.u (3)

and the dual discrete Hardy-type inequality has the following form ∞∑
n=1

wθn

( ∞∑
k=n

∣∣∣∣∣ϕk
∞∑
i=k

ai,kfi

∣∣∣∣∣
q) θ

q


1
θ

≤ C2

( ∞∑
i=1

|uifi|p
) 1

p

, ∀f ∈ lp.u, (4)

where (ak,i), k ≥ i ≥ 1, is a matrix non-negative entries of which satisfy the discrete Oinarov condition:
there exists constant d ≥ 1, entries ak,i are non-decreasing in k and non-increasing in i, such that the
inequalities

1

d
(ak,j + aj,i) ≤ ak,i ≤ d(ak,j + aj,i) (5)

hold for all k ≥ j ≥ i ≥ 1.
The recent papers [17] and [18], where inequalities (3) and (4) are firstly studied for the matrix

(ak,i), i ≥ k ≥ 1, entries of which satisfy condition (5). The paper [17] contains results for only
inequality (3) for the case 0 < q < p ≤ θ <∞. In work [18], authors have used the localization method
and considered the case 0 < p ≤ θ < ∞, 0 < q < ∞. As we know, we can divide this case into the
following three conditions

1) 0 < p ≤ θ < q <∞;
2) 0 < p ≤ q < θ <∞;
3) 0 < q ≤ p ≤ θ <∞.
In the paper, we obtained necessity and sufficient conditions for the fulfillment of the inequalities

(3) and (4) in the case 0 < p ≤ q < θ <∞ by using an alternative method which is different from the
method in [18]. This method requires q < θ condition since we will use the dual principle in the space
lp. It is important to note that in this paper we present the results for the case 0 < p ≤ 1 which is
interting because integral Hardy-type inequalities hold in trivial cases only [19].
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1 Preliminaries

We need following known statements to obtain the main results. Let’s start with reverse Hölder
inequalities for weighted sequence lp spaces and 1 < p <∞:( ∞∑

i=1

dpi zi

) 1
p

= sup
h≥0

( ∞∑
i=1

dihi

)( ∞∑
i=1

hp
′

i z
1−p′
i

)− 1
p′

,

( ∞∑
i=1

dpi zi

) 1
p

= sup
h≥0

( ∞∑
i=1

dihizi

)( ∞∑
i=1

hp
′

i zi

)− 1
p′

.

We also apply theorems regarding discrete Hardy-type inequality for one class of matrix operators:( ∞∑
k=1

vqk

∣∣∣ k∑
i=1

ak,ifi

∣∣∣q)
1
q

≤ C

( ∞∑
i=1

|uifi|p
) 1

p

, ∀f ∈ lp,u, (6)

where the entries of the matrix (ak,i) satisfy discrete Oinarov condition. The boundedness of Hardy-
type operators with matrix kernel was considered in the manuscripts [20–22].

Theorem 1. [21] Let p ≤ q < ∞ and 0 < p ≤ 1. Let the entries of the matrix (ak,i) such that ak,i
non-increasing in second index. Then inequality (6) holds if and only if A2 <∞, where

A1 = sup
j≥1

 ∞∑
k=j

aqk,jv
q
k

 1
q

u−1j <∞.

Moreover, C ≈ A2, where C is the best constant in (6).

Theorem 2. [22] Let 1 < p ≤ q <∞ and the entries of the matrix (ak,i) satisfy condition (5). Then
the inequality (6) holds if and only if A = max{A3, A4} <∞, where

A2 = sup
j≥1

(
j∑
i=1

u−p
′

i

) 1
p′
 ∞∑
k=j

aqk,jv
q
k

 1
q

,

A3 = sup
j≥1

(
j∑
i=1

ap
′

j,iu
−p′
i

) 1
p′
 ∞∑
k=j

vqk

 1
q

.

Moreover, C ≈ A, where C is the best constant in (6).

2 The main results

Theorem 3. Let 0 < p ≤ q < θ <∞. Let the entries of the matrix (ak,i) satisfy condition (5). Then
inequality (3) holds if and only if

(i) If 0 < p ≤ 1, B1 <∞, where

B1 = sup
j≥1

 ∞∑
n=j

wθn

 n∑
i=j

aqi,jϕ
q
i

 θ
q


1
θ

u−1j .
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Moreover, C1 ≈ B1, where C1 is the best constant in (3).
(ii) If p > 1, B = max{B2, B3} <∞, where

B2 = sup
j≥1

 ∞∑
n=j

wθn

 n∑
i=j

aqi,jϕ
q
i

 θ
q


1
θ (

j∑
k=1

u−p
′

k

) 1
p′

,

B3 = sup
j≥1

 ∞∑
n=j

wθn

 n∑
i=j

ϕqi

 θ
q


1
θ (

j∑
k=1

ap
′

j,ku
−p′
i

) 1
p′

.

Moreover, C1 ≈ B, where C1 is the best constant in (3).
Proof. We assume that 0 < p ≤ q < θ <∞ and 0 ≤ f ∈ lp,u. Then from inequality (3) we get that

C1 = sup
f≥0

 ∞∑
n=1

wθn

(
n∑
k=1

∣∣∣∣∣ϕk
k∑
i=1

ak,ifi

∣∣∣∣∣
q) θ

q


1
θ

‖f‖−1p,u <∞. (7)

By raising both sides of (7) to power q and denoting Sk = ϕqk

(
k∑
i=1

ak,ifi

)q
, we obtain that

Cq1 = sup
f≥0

 ∞∑
n=1

wθn

(
n∑
k=1

Sk

) θ
q


q
θ

‖f‖−qp,u. (8)

As θ
q > 1, we can use of reverse Hölder inequality to (8). Then we find

Cq1 = sup
f≥0
‖f‖−qp,u sup

h≥0

( ∞∑
n=1

hn

n∑
k=1

Sk

)( ∞∑
n=1

h
θ
θ−q
n w

− qθ
θ−q

n

)− θ−q
θ

= sup
h≥0

( ∞∑
n=1

(
hnw

−q
n

) θ
θ−q

)− θ−q
θ

sup
f≥0
‖f‖−qp,u

( ∞∑
n=1

hn

n∑
k=1

Sk

)
.

By replacing Sk we obtain

Cq1 = sup
h≥0

( ∞∑
n=1

(
hnw

−q
n

) θ
θ−q

)− θ−q
θ

sup
f≥0
‖f‖−1p,u

( ∞∑
n=1

hn

n∑
k=1

ϕqk

(
k∑
i=1

ak,ifi

)q) 1
q

q .
By changing the orders of sums we get that

Cq1 = sup
h≥0

( ∞∑
n=1

(
hnw

−q
n

) θ
θ−q

)− θ−q
θ

sup
f≥0
‖f‖−1p,u

( ∞∑
k=1

ϕqk

(
k∑
i=1

ak,ifi

)q ∞∑
n=k

hn

) 1
q

q . (9)

Let us define Hk := ϕqk

∞∑
n=k

hn. We will investigate separately the supremum which relates to f .

I := sup
f≥0

(
∞∑
k=1

Hk

(
k∑
i=1

ak,ifi

)q) 1
q

( ∞∑
i=1
|uifi|p

) 1
p

. (10)
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As you have noticed, we have obtained a discrete Hardy-type inequality for a class of matrix
operators. Therefore, we consider two conditions regarding p. At first, if 0 < p < 1, we use Theorem 1,
then we have

sup
f≥0

(
∞∑
k=1

Hk

(
k∑
i=1

ak,ifi

)q) 1
q

( ∞∑
i=1
|uifi|p

) 1
p

≈ sup
j≥1

 ∞∑
k=j

aqk,jHk

 1
q

u−1j . (11)

By inserting (11) into (9), we get that

Cq1 ≈ sup
h≥0

( ∞∑
n=1

(
hnw

−q
n

) θ
θ−q

)− θ−q
θ

sup
j≥1

u−qj

∞∑
k=j

ϕqka
q
k,j

∞∑
i=k

hi =

= sup
j≥1

u−qj sup
h≥0

( ∞∑
n=1

(
hnw

−q
n

) θ
θ−q

)− θ−q
θ ∞∑

k=j

ϕqka
q
k,j

∞∑
i=k

hi. (12)

We denote zk,j = ϕqka
q
k,j , vn = w−qn and p1 = θ

θ−q . Then we rewrite (12) as follows

Cq1 ≈ sup
j≥1

u−qj sup
h≥0

∞∑
k=j

zk,j
∞∑
i=k

hi( ∞∑
n=1

(hnvn)
p1

) 1
p1

= sup
j≥1

u−qj sup
h≥0

∞∑
i=j

hi
i∑

k=j

zk,j( ∞∑
n=1

(hnvn)
p1

) 1
p1

= sup
j≥1

u−qj sup
h≥0

∞∑
i=1
Xihi

i∑
k=j

zk,j( ∞∑
n=1

(hnvn)
p1

) 1
p1

,

(13)
where Xk = 0 for 1 ≤ k < j and Xk = 1 for k ≥ j. Since p1 = θ

θ−q > 1 by applying reverse Hölder
inequalities to (13) we get that

Cq1 ≈ sup
j≥1

u−qj

 ∞∑
n=1

Xn n∑
i=j

zi,j

p′1

v
−p′1
n


1
p′1

= sup
j≥1

u−qj

 ∞∑
n=j

 n∑
i=j

zi,j

p′1

v
−p′1
n


1
p′1

.

Then we rewrite previously applied designations and obtain

Cq1 ≈ sup
j≥1

u−qj

 ∞∑
n=j

 n∑
i=j

aqi,jϕ
q
i

 θ
q

wθn


q
θ

,

so that
C1 ≈ B1.

Therefore, we find that C1 ≈ B1 in the case 0 < p < 1 and the constant C1 depends only on the
parameters p, q and θ.

Let us start estimating (10) for the case p > 1. Actually, by using Theorem 2 we obtain I ≈
max{B∗2 , B∗3}, where

B∗2 = sup
j≥1

(
j∑
i=1

u−p
′

i

) 1
p′
 ∞∑
k=j

aqk,jHk

 1
q

,
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B∗3 = sup
j≥1

(
j∑
i=1

ap
′

j,iu
−p′
i

) 1
p′
 ∞∑
k=j

Hk

 1
q

.

First we estimate (9) with B∗2 and B∗3 . By applying previously used designations and by changing the
supremums’ order of execution we get that

Cq1 ≈ max

sup
j≥1

(
j∑
i=1

u−p
′

i

) q
p′

sup
h≥0

( ∞∑
n=1

(hnvn)
p1

)− 1
p1 ∞∑

k=j

zk,j

∞∑
i=k

hi,

sup
j≥1

(
j∑
i=1

ap
′

j,iu
−p′
i

) q
p′

sup
h≥0

( ∞∑
n=1

(hnvn)
p1

)− 1
p1 ∞∑

k=j

ϕqk

∞∑
i=k

hi

 .

We can estimate the value of the best constant Cq1 in the same way as we calculated before. By
changing the order of sums, applying the reverse Hölder inequality for these results and substituting
the designations, we have

Cq1 ≈ max

sup
j≥1

(
j∑
i=1

u−p
′

i

) q
p′
 ∞∑
n=j

 n∑
i=j

aqi,jϕ
q
i

 θ
q

wθn


q
θ

,

sup
j≥1

(
j∑
i=1

ap
′

j,iu
−p′
i

) q
p′
 ∞∑
n=j

 n∑
i=j

ϕqi

 θ
q

wθn


q
θ


then

Cq1 ≈ max {Bq
2, B

q
3} .

So we find that C1 ≈ max {B2, B3}. We obtain C1 ≈ B1 in the condition 0 < p < 1, p ≤ q < θ < ∞
and C1 ≈ max {B2, B3} in the condition 1 < p ≤ q < θ < ∞ . Moreover, the equivalence constants
depend only on p, q and θ. The proof is complete.

Theorem 4. Let 0 < p ≤ q < θ <∞. Let the entries of the matrix (ak,i) satisfy condition (5). Then
inequality (4) holds if and only if

(i) If 0 < p ≤ 1, D1 <∞, where

D1 = sup
j≥1

 j∑
n=1

wθn

(
j∑
i=n

aqj,iϕ
q
i

) θ
q


1
θ

u−1j .

Moreover, C2 ≈ D1, where C2 is the best constant in (4).
(ii) If p > 1, D = max{D2, D3} <∞, where

D2 = sup
j≥1

 j∑
n=1

wθn

(
j∑
i=n

aqj,iϕ
q
i

) θ
q


1
θ  ∞∑

k=j

u−p
′

k

 1
p′

,
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D3 = sup
j≥1

 j∑
n=1

wθn

(
j∑
i=n

ϕqi

) θ
q


1
θ  ∞∑

k=j

ap
′

k,ju
−p′
i

 1
p′

.

Moreover, C2 ≈ D, where C2 is the best constant in (4).

Theorem 4 is devoted for inequality (4) and it can be proved similarly as Theorem 3.
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Л.Н. Гумилев атындағы Еуразия ұлттық университетi, Астана, Қазақстан

Матрицалық операторлар класы үшiн үш салмақты
итерацияланған дискреттi Харди типтi теңсiздiктер

Итерацияланған Харди тәрiздес теңсiздiктер Харди теңсiздiктерi теориясының қазiргi таңдағы зерт-
теулерiнiң негiзгi объектiлерiнiң бiрi. Бұл теңсiздiктер көп өлшемдi Харди операторының салмақты
Лебег кеңiстiгiнен локальды Морри тәрiздес кеңiстiгiнiң шенелiмдiлiк қасиеттерiн зерттегеннен кей-
iн белгiлi болды. Сонымен қатар, квазисызықты теңсiздiктердiң нәтижелерiн қоссызықты Харди
теңсiздiктерiн зерттеу кезiнде қолдануға болады. Мақалада матрицалық ядросы бар кейбiр квази-
сызықты операторлар қатысқан салмақты дискреттiк Харди тәрiздес теңсiздiктер қарастырылды,
мұнда матрица элементтерi дискреттi Ойнаров шартын қанағаттандырады. Салмақты Харди тәрiз-
дес теңсiздiктердi зерттеу p, q және θ параметрлерi арасындағы қатынастарға байланысты, сондықтан
бiз 1 < p ≤ q < θ < ∞ және p ≤ q < θ < ∞, 0 < p ≤ 1 жағдайларын қарастырдық, итерацияланған
дискреттiк Харди тәрiздес теңсiздiктердiң орындалу критерийлерi алынды. Сонымен қатар бұл жұ-
мыста дәлелдеудiң балама әдiсi көрсетiлген.

Кiлт сөздер: теңсiздiк, дискреттi Лебег кеңiстiгi, Харди тәрiздес оператор, салмақтар, квазисызықты
оператор, матрицалық оператор.
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Евразийский национальный университет имени Л.Н. Гумилева, Астана, Казахстан

Итерационные дискретные неравенства типа Харди с тремя
весами для класса матричных операторов

Итерированные неравенства типа Харди являются одним из основных объектов современных иссле-
дований теории неравенств Харди. Эти неравенства стали широко известны после изучения свойств
ограниченности многомерного оператора Харди из весового пространства Лебега в локальное про-
странство типа Морри. Кроме того, результаты квазилинейных неравенств могут быть применены
для изучения билинейных неравенств Харди. В статье рассмотрены весовые дискретные неравенства
типа Харди, содержащие некоторые квазилинейные операторы с матричным ядром, где элементы мат-
рицы удовлетворяют дискретному условию Ойнарова. Исследование весовых неравенств типа Харди
зависит от соотношения параметров p, q и θ, поэтому мы рассмотрели случаи 1 < p ≤ q < θ < ∞
и p ≤ q < θ < ∞, 0 < p ≤ 1; получили критерии выполнения итерационных дискретных неравенств
типа Харди в случаях 1 < p ≤ q < θ < ∞, p ≤ q < θ < ∞ и 0 < p ≤ 1. Более того, в работе показан
альтернативный метод доказательства.

Ключевые слова: неравенство, дискретное пространство Лебега, оператор типа Харди, вес, квазили-
нейный оператор, матричный оператор.
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In recent years there has been a great interest in the study of Zinbiel (dual Leibniz) algebras. Let A
be Zinbiel algebra over an arbitrary field K and let e1, e2, . . . , em, . . . be a linear basis of A. In 2010
A. Naurazbekova, using the methods of Gröbner-Shirshov bases, constructed the basis of the universal
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enveloping algebra of a finite-dimensional Zinbiel algebra with zero multiplication are described.
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Introduction

An algebra A over a field K is called (left) dual Leibniz or Zinbiel (Leibniz is written in reverse
order) if it satisfies the identity

(xy)z = x(yz) + x(zy).

The Leibniz algebras form a Koszul operad in the sense of V. Ginzburg and M. Kapranov [1]. Under
the Koszul duality, the operad of Lie algebras is dual to the operad of associative and commutative
algebras. The notion of Zinbiel (dual Leibniz) algebra defined by J.-L. Loday [2] is precisely the dual
operad of Leibniz algebras in their sense. Moreover, any dual Leibniz algebra A with respect to the
symmetrization a ◦ b = ab+ ba is an associative and commutative algebra [2].

Zinbiel algebras are also known as pre-commutative algebras [3] and chronological algebras [4]. A
Zinbiel algebra is equivalent to the commutative dendriform algebra [5]. It plays an important role in
the definition of pre-Gerstenhaber algebras [6]. The variety of Zinbiel algebras is a proper subvariety
in the variety of right commutative algebras. Each Zinbiel algebra with the commutator multiplication
gives a Tortkara algebra [7], which appeared in unexpected areas of mathematics [8, 9]. Recently, the
notion of matching Zinbiel algebras was introduced in [10]. Zinbiel algebras also appeared in the study
of rack cohomology [11], number theory [12] and in a construction of a Cartesian differential category
[13]. In recent years there has been a great interest in the study of Zinbiel algebras.

J.-L. Loday (J.-L. Loday) [2] proved that the set of all non-associative words with right arranged
parenthesis (right-normed words) form the basis of free Zinbiel algebra. It was shown that free Zinbiel
algebras are precisely the shuffle product algebra [14]. A. Naurazbekova [15] proved that free Zinbiel
algebras over a field of characteristic zero are the free associative-commutative algebras (without
unity) with respect to the symmetrization multiplication and their free generators are found; also
she constructed examples of subalgebras of the two-generated free Zinbiel algebra that are free Zinbiel
algebras of countable rank. A. Dzhumadildaev and K. Tulenbaev [16] proved the analogue of Nagata-
Higman’s theorem [17] for the Zinbiel algebras (any Zinbiel nil-algebra is nilpotent). They also proved
that every finite-dimensional Zinbiel algebra over an algebraically closed field is solvable and nilpotent
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over the complex number field. A. Naurabekova and U. Umirbaev [18] proved that in characteristic 0
any proper subvariety of variety of Zinbiel algebras is nilpotent and, as a consequence, the variety of
Zinbiel algebras is Spechtian and has base rank 1. D.A. Towers [19] showed that every finite-dimensional
Zinbiel algebra over an arbitrary field is nilpotent, extending a previous result by other authors that
they are solvable. Filiform Zinbiel algebras were described and classified in [20–22]. The classification
of complex Zinbiel algebras up to dimension 4 was obtained in [16] and [23]. A partial classification
of the 5-dimensional case was done in [24]. M.A. Alvarez, R.F. Junior, I. Kaygorodov [25] proved that
the variety of complex 5-dimensional Zinbiel algebras has dimension 24, it is defined by 16 irreducible
components and it has 11 rigid algebras.

This paper is devoted to the description of automorphisms of the universal (multiplicative) enveloping
algebra of a finite-dimensional Zinbiel algebra with zero multiplication.

The paper is organized as follows. In section 1, for convenience, we rewrite A. Naurazbekova’s result
[26] on the basis of the universal enveloping algebra of a Zinbiel algebra in new notation. In section 2,
we describe automorphisms of the universal enveloping algebra of a finite-dimensional Zinbiel algebra
with zero multiplication.

1 The basis of the universal enveloping algebra

Let K be an arbitrary field. An algebra A over a field K is called dual Leibniz or Zinbiel if it satisfies
the identity

(xy)z = x(yz) + x(zy).

In [2] J.-L. Loday proved that any Zinbiel algebra with respect to multiplication x ◦ y = xy + yx
is an associative commutative algebra. A linear basis of free Zinbiel algebras is also given in [2].

Let A be an arbitrary Zinbiel algebra over K. Let LA = {Lx|x ∈ A} and RA = {Rx|x ∈ A}
be two isomorphic copies of the vector space A with the fixed isomorphisms A → LA(x 7→ Lx) and
A → RA(x 7→ Rx), respectively. The universal (multiplicative) enveloping algebra U(A) [27] is an
associative algebra with the identity 1 generated by the two vector spaces LA and RA satisfying the
defining relations

RxRy = Rxy+yx,

RxLy = LyRx + LyLx,

Lxy = LxLy + LxRy

for all x, y ∈ A. Recall that every dual Leibniz A-bimodule M can be regarded as a left U(A)-module
with respect to the action

Lam = am,Ram = ma, a ∈ A,m ∈M.

Conversely, every left U(A)-module can be considered as a Zinbiel A-bimodule [27].
This definition of the universal enveloping algebra is suitable for algebras without identity element.

If the identity element 1 is fixed in the signature, then we have to add the relations L1 = R1 = Id = 1
and consider only unital modules. It is easy to see that a Zinbiel algebra is an algebra without an
identity element. Below we rewrite A. Naurazbekova’s [26] result on the basis of U(A) in new notation.

Theorem 1. Let A be a Zinbiel algebra over a field K and let

e1, e2, . . . , em, . . .

be a linear basis of A. Then the set of all associative words of the form

1, Lei , Rej , LeiRej , (1)

where i, j ≥ 1, is a linear basis for U(A).

174 Bulletin of the Karaganda University



Automorphisms of the universal enveloping ...

Proof. We define a linear order ≤ on the set of associative words in the alphabet Rei , Lei , i ≥ 1.
Set Rei < Rej and Lei < Lej if i < j and Rei < Lej for all i, j ≥ 1. If u and v are two words in the
variables Rei , Lej , then set u < v if one of the following conditions hold:

(i) deg(u) < deg(v), where deg is the degree function with respect to the variables Rei , Lej ;
(ii) deg(u) = deg(v), degL(u) < degL(v), where degL is the degree function with respect to the

variables Lei ;
(iii) deg(u) = deg(v), degL(u) = degL(v), and u precedes v with respect to the lexicographical

order.
The defining relations of the algebra U(A) are

ReiRej −Rei◦ej = 0, (2)

ReiLej − Lejei = 0, (3)

LeiLej + LeiRej − Leiej = 0 (4)

for all i, j ≥ 1.
The leading terms of these relations are ReiRej , ReiLej and LeiLej for all i, j ≥ 1. Consequently,

the relations (2), (3) and (4) form three types of compositions.
Case 1. Set w = (ReiRej )Rek = Rei(RejRek). Then the relations (2) form a composition

f = (ReiRej −Rei◦ej )Rek −Rei(RejRek −Rej◦ek) = −Rei◦ejRek +ReiRej◦ek

with base w. Denote by ≡ the comparison in the free associative algebra in the variables Rei , Lei , i ≥ 1,
modulo linear combinations of elements of the form ugv, where g is one of the left hand side of the
relations (2), (3) and (4), u and v are associative words, and the leading monomial of ugv is less than
w. We have

f ≡ −Rei◦ej◦ek +Rei◦ej◦ek = 0.

Case 2. Set w = (ReiRej )Lek = Rei(RejLek). The relations (2) and (3) form a composition

g = (ReiRej −Rei◦ej )Lek −Rei(RejLek − Lekej ) = −Rei◦ejLek +ReiLekej

with base w. We have

g ≡ −Lek(ei◦ej) + L(ekej)ei = −Lek(ei◦ej) + Lek(ej◦ei) = 0.

Case 3. Set w = (LeiLej )Lek = Lei(LejLek). The relations (4) form a composition

h = (LeiLej + LeiRej − Leiej )Lek − Lei(LejLek + LejRek − Lejek) =

= LeiRejLek − LeiejLek − LeiLejRek + LeiLejek

with base w. We have

h ≡ LeiLekej + LeiejRek − L(eiej)ek + LeiRejRek − LeiejRek + LeiLejek

≡ −LeiRekej + Lei(ekej) − Lei(ejek) − Lei(ekej) + LeiRejek + LeiRekej − LeiRejek + Lei(ejek) = 0.

Consequently, the relations (2), (3) and (4) are closed with respect to composition [28, 29]. This
implies [28, 29] that the set of all words that are not divisible by the leading terms is a linear basis of
the algebra U(A). Therefore, the set of words of the form (1) is a linear basis for U(A). Theorem 1 is
proved.
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2 Automorphisms

Let A be a finite-dimensional Zinbiel algebra with zero multiplication over an arbitrary field K.
Let e1, e2, ..., en be a linear basis of A. Then the universal enveloping algebra U(A) of A is generated
by the operators Re1 ,..., Ren , Le1 ,..., Len and (2)–(4) imply the defining relations of U(A)

ReiRej = ReiLej = 0, (5)

LeiLej = −LeiRej (6)

for all i, j. By these relations and Theorem 1, the set of all associative words of the form

1, Lei , Rej , LeiRej ,

where i, j ∈ {1, ..., n}, is a linear basis of U(A) and U(A) is a nilpotent algebra over field K with
nilpotency index 3.

Theorem 2. LetA be the finite-dimensional Zinbiel algebra with zero multiplication over an arbitrary
field K and let e1, ..., en be a linear basis of A. Then the affine automorphism group of the universal
enveloping algebra U(A) of A consists of endomorphisms of the form

ϕ(Lei) =
n∑

j=1

αijLej +
n∑

j=1

βijRej ,

ϕ(Rei) =
n∑

j=1

(αij − βij)Rej ,

(7)

1 ≤ i ≤ n, A = (αij), D = (δij), where δij = αij − βij , are square matrices of order n over a field K,
detA 6= 0 and detD 6= 0.

Proof. Let ϕ be an affine automorphism of the algebra U(A) and let

ϕ(Lei) =

n∑
j=1

αijLej +

n∑
j=1

βijRej + µi,

ϕ(Rek) =
n∑

t=1

γktLet +
n∑

t=1

δktRet + νk,

i, k ∈ {1, ..., n}, αij , βij , µi, γkt, δkt, νk ∈ K for all i, j, k, t. Since ϕ is an automorphism of U(A), we
have

det



α11 ... α1n β11 ... β1n
... ... ... ... ... ...
αn1 ... αnn βn1 ... βnn
γ11 ... γ1n δ11 ... δ1n
... ... ... ... ... ...
γn1 ... γnn δn1 ... δnn

 6= 0 (8)

and (5), (6) imply

ϕ(Rei)ϕ(Rek) = ϕ(Rei)ϕ(Lek) = 0, (9)

ϕ(Lei)ϕ(Lek) = −ϕ(Lei)ϕ(Rek) (10)

for all i, j.
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It is easy to see that if i = j, (9) and (10) give

νi = µi = 0 for all i.

Using (5) and (6), it follows from (9) and (10) that

ϕ(Rei)ϕ(Rek) =
n∑

j=1

n∑
t=1

γij (−γkt + δkt)LejRet = 0,

ϕ(Rei)ϕ(Lek) =
n∑

j=1

n∑
t=1

γij (−αkt + βkt)LejRet = 0,

ϕ(Lei)ϕ(Lek) + ϕ(Lei)ϕ(Rek) =
n∑

j=1

n∑
t=1

αij (−αkt + βkt − γkt + δkt)LejRet = 0

for all i, k ∈ {1, ..., n}. Hence

γij (−γkt + δkt) = γij (−αkt + βkt) = αij (−αkt + βkt − γkt + δkt) = 0 (11)

for all i, j, k, t ∈ {1, ..., n}.
Suppose that γij 6= 0 for some i, j. It follows from (11) that

γkt = δkt, αkt = βkt for all k, t.

This contradicts (8). Consequently, γij = 0 for all i, j. Using this and (8), we obtain

detA 6= 0,detD 6= 0,

where A = (αij), D = (δij) are square matrices of order n over a field K. It is clear that there exists
i, j such that αij 6= 0. It follows from (11) that

δkt = αkt − βkt for all k, t.

Consequently, if φ is an affine automorphism of U(A), then φ has the form (7).
It is obvious that any endomorphism of the form (7) is an automorphism of the algebra U(A).

Theorem 2 is proved.
Lemma 1. Let A = (aij) and B = (bks) be non-zero square matrices of orders n and m, respectively.

Then

det


a11B a12B ... a1nB
a21B a22B ... a2nB
... ... ...

an1B an2B ... annB

 = (detA)m · (detB)n.

Proof. Prove the statement of the lemma by induction on n+m. Without loss of generality, assume
a11 6= 0. By the induction proposition, we get

det


a11B a12B ... a1nB
a21B a22B ... a2nB
... ... ... ...

an1B an2B ... annB

 = det


a11B a12B ... a1nB

0
(
a21a12
a11

− a22
)
B ...

(
a21a1n
a11

− a2n
)
B

... ... ... ...

0
(
an1a12
a11

− an2
)
B ...

(
an1a1n
a11

− ann
)
B

 =
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= det(a11B) · det


(
a21a12
a11

− a22
)
B ...

(
a21a1n
a11

− a2n
)
B

... ... ...(
an1a12
a11

− an2
)
B ...

(
an1a1n
a11

− ann
)
B

 =

= am11 detB ·

det


(
a21a12
a11

− a22
)

...
(
a21a1n
a11

− a2n
)

... ... ...(
an1a12
a11

− an2
)

...
(
an1a1n
a11

− ann
)



m

(detB)n−1 =

= am11 detB ·

 1

a11
det


a11 a12 ... a1n

0
(
a21a12
a11

− a22
)

...
(
a21a1n
a11

− a2n
)

... ... ... ...

0
(
an1a12
a11

− an2
)

...
(
an1a1n
a11

− ann
)



m

(detB)n−1 =

= am11 detB ·
1

am11
(detA)m(detB)n−1 = (detA)m(detB)n.

Lemma 1 is proved.
Theorem 3. LetA be the finite-dimensional Zinbiel algebra with zero multiplication over an arbitrary

field K and let e1, e2, ..., en be a linear basis of A. Then the automorphism group of the universal
enveloping algebra U(A) of A consists of endomorphism of the form

ϕ(Lei) = fi +
n∑

j=1

αijLej +
n∑

j=1

βijRej ,

ϕ(Rei) = gi +

n∑
j=1

τijRej ,

(12)

1 ≤ i ≤ n, fi, gi are any homogeneous elements of degree 2 of U(A), A = (αij), T = (τij), where
τij = αij − βij , are square matrices of order n over a fielf K, detA 6= 0 and detT 6= 0.

Proof. Let ϕ be any automorphism of the algebra U(A). By Theorem 2, the affine part of ϕ has
the form (7). Since ϕ is an automorphism of U(A), ϕ satisfies the equalities (9) and (10). Using (5)
and (6), it is easy to see that ϕ has the form (12).

Let ϕ be an endomorphism of U(A) of the form (12) and let

fi =
n∑

k=1

n∑
t=1

γ
(i)
kt LekRet ,

gi =
n∑

k=1

n∑
t=1

δ
(i)
kt LekRet ,

1 ≤ i ≤ n. Prove that ϕ is an automorphism of U(A), i.e., prove that ϕ has an inverse endomorphism
ϕ′. To find the endomorphism ϕ′ in the following form

ϕ′(Lei) =
n∑

k=1

n∑
t=1

γ
′(i)
kt LekRet +

n∑
j=1

α′ijLej +
n∑

j=1

β′ijRej ,

ϕ′(Rei) =

n∑
k=1

n∑
t=1

δ
′(i)
kt LekRet +

n∑
j=1

τ ′ijRej .
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Since the affine part of ϕ′ is inverse to the affine part of ϕ, it is easy to find all coefficients α′ij , β
′
ij , τ

′
ij .

Let h ∈ U(A). Denote by h the homogeneous part of degree 2 of the element h.
Using (5) and (6), we get

0 = ϕ′ ◦ ϕ(Lei) =

n∑
k=1

n∑
t=1

γ
(i)
kt ϕ

′(Lek)ϕ
′(Ret) +

n∑
j=1

αijϕ′(Lej ) +

n∑
j=1

βijϕ′(Rej ) =

=
n∑

k=1

n∑
t=1

γ
(i)
kt

 n∑
p=1

α′kpLep

( n∑
s=1

τ ′tsRes

)
+

+

n∑
j=1

αij

(
n∑

a=1

n∑
b=1

γ
′(j)
ab LeaReb

)
+

n∑
j=1

βij

(
n∑

a=1

n∑
b=1

δ
′(j)
ab LeaReb

)
and

0 = ϕ′ ◦ ϕ(Rei) =

n∑
k=1

n∑
t=1

δ
(i)
kt ϕ

′(Lek)ϕ
′(Ret) +

n∑
j=1

τijϕ′(Rej ) =

=

n∑
k=1

n∑
t=1

δ
(i)
kt

 n∑
p=1

α′kpLep

( n∑
s=1

τ ′tsRes

)
+

n∑
j=1

τij

(
n∑

a=1

n∑
b=1

δ
′(j)
ab LeaReb

)
.

Since all the coefficients α′ij , τ
′
ij are known, it follows from these equalities

n∑
j=1

(
αijγ

′(j)
ab + βijδ

′(j)
ab

)
LeaReb = µ

(i)
abLeaReb ,

n∑
j=1

τijδ
′(j)
ab LeaReb = ν

(i)
ab LeaReb ,

for all i, a, b ∈ {1, ..., n}, where µ(i)ab , ν
(i)
ab are some elements of K. For each a, b we obtain the following

system of 2n linear equations with unknowns γ′(1)ab , ..., γ
′(n)
ab , δ

′(1)
ab , ..., δ

′(n)
ab :{∑n

j=1

(
αijγ

′(j)
ab + βijδ

′(j)
ab

)
= µ

(i)
ab∑n

j=1 τijδ
′(j)
ab = ν

(i)
ab ,

1 ≤ i ≤ n. Since detA 6= 0,detT 6= 0, this system has the solution for each a, b . Consequently, there
exists a left inverse of ϕ.

Using (5) and (6), we also get

0 = ϕ ◦ ϕ′(Lei) =
n∑

k=1

n∑
t=1

γ
′(i)
kt ϕ(Lek)ϕ(Ret) +

n∑
j=1

α′ijϕ(Lej ) +
n∑

j=1

β′ijϕ(Rej ) =

=

n∑
k=1

n∑
t=1

γ
′(i)
kt

 n∑
p=1

αkpLep

( n∑
s=1

τtsRes

)
+

+

n∑
j=1

α′ij

(
n∑

a=1

n∑
b=1

γ
(j)
ab LeaReb

)
+

n∑
j=1

β′ij

(
n∑

a=1

n∑
b=1

δ
(j)
ab LeaReb

)
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and

0 = ϕ ◦ ϕ′(Rei) =
n∑

k=1

n∑
t=1

δ
′(i)
kt ϕ(Lek)ϕ(Ret) +

n∑
j=1

τ ′ijϕ(Rej ) =

=

n∑
k=1

n∑
t=1

δ
′(i)
kt

 n∑
p=1

αkpLep

( n∑
s=1

τtsRes

)
+

n∑
j=1

τ ′ij

(
n∑

a=1

n∑
b=1

δ
(j)
ab LeaReb

)
.

Since all the coefficients α′ij , β
′
ij , τ

′
ij are known, it follows from these equalities

n∑
k=1

n∑
t=1

γ
′(i)
kt αkpτtsLepRes = λ(i)psLepRes ,

n∑
k=1

n∑
t=1

δ
′(i)
kt αkpτtsLepRes = σ(i)psLepRes ,

for all i, p, s ∈ {1, ..., n}, λ(i)ps , σ
(i)
ps are some elements ofK. For each i we obtain the following two systems

of n2 linear equations with unknowns γ′(i)11 , ..., γ
′(i)
1n , ..., γ

′(i)
n1 , ..., γ

′(i)
nn and δ

′(i)
11 , ..., δ

′(i)
1n , ..., δ

′(i)
n1 , ..., δ

′(i)
nn ,

respectively: {
γ
′(i)
11 α1pτ1s + ...+ γ

′(i)
1n α1pτns + ...+ γ

′(i)
n1 αnpτ1s + ...+ γ′(i)nn αnpτns = λ(i)ps

and {
δ
′(i)
11 α1pτ1s + ...+ δ

′(i)
1n α1pτns + ...+ δ

′(i)
n1 αnpτ1s + ...+ δ′(i)nn αnpτns = σ(i)ps ,

p, s ∈ {1, ..., n}. The coefficient matrices of these systems have the form

C =


α11T α21T ... αn1T
α12T α22T ... αn2T
... ... ...

α1nT α2nT ... αnnT

 .

By Lemma 1, detC = (detA)n(detT )n. Since detA 6= 0, detT 6= 0, we have detC 6= 0. It follows that
this systems has the solutions for each 1 ≤ i ≤ n. Consequently, there exists a right inverse of ϕ. Since
in groups the left and right inverses coincide, there exists an inverse of ϕ. Hence ϕ is an automorphism
of the algebra U(A). Theorem 3 is proved.
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Д.М. Жангазинова, А.С. Науразбекова

Л.Н. Гумилев атындағы Еуразия ұлттық университетi, Астана, Қазақстан

Нөлдiк көбейтiндiсi бар ақырлыөлшемдi Зинбил алгебрасының
универсалды ораушы алгебрасының автоморфизмдерi

Соңғы жылдары Зинбил алгебраларын (дуалды Лейбниц алгебраларын) зерттеуге үлкен қызығушы-
лық бар. Айталық A кез келген K өрiсiндегi құрастырылған Зинбил алгебрасы және e1, e2, . . . , em, . . .
A алгебрасының сызықты базисi. 2010 жылы А. Науразбекова Грёбнер-Ширшов базистерiнiң әдiстерiн
қолданып, A алгебрасының U(A) универсалды (мультипликативтi) ораушы алгебрасының базисiн
құрастырды. Осы нәтиженi пайдаланып, нөлдiк көбейтiндiсi бар ақырлыөлшемдi Зинбил алгебрасы-
ның универсалды ораушы алгебрасының автоморфизмдерi сипатталған.

Кiлт сөздер: Зинбил (дуалды Лейбниц) алгебрасы, универсалды (мультипликативтi) ораушы алгебра,
базис, автоморфизм, аффиндi автоморфизм.
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Д.М. Жангазинова, А.С. Науразбекова

Евразийский национальный университет имени Л.Н. Гумилева, Астана, Казахстан

Автоморфизмы универсальной обертывающей алгебры
конечномерной алгебры Зинбиля с нулевым умножением

В последние годы наблюдается большой интерес к изучению алгебр Зинбиля (дуальных алгебр Лейб-
ница). Пусть A алгебра Зинбиля над произвольным полем K и пусть e1, e2, . . . , em, . . . линейный базис
алгебры A. В 2010 году А. Науразбекова, применяя методы базисов Грёбнера–Ширшова, построила
базис универсальной (мультипликативной) обертывающей алгебры U(A) алгебры A. Используя дан-
ный результат, описаны автоморфизмы универсальной обертывающей алгебры конечномерной алгеб-
ры Зинбиля с нулевым умножением.

Ключевые слова: алгебра Зинбиля (дуальная алгебра Лейбница), универсальная (мультипликативная)
обертывающая алгебра, базис, автоморфизм, аффинный автоморфизм.
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Model-theoretic properties of semantic pairs and e.f.c.p.
in Jonsson spectrum

The article is committed to the study of model-theoretic properties of stable hereditary Jonsson theories,
wherein we consider Jonsson theories that retain jonssonnes for any permissible enrichment. The paper
proves a generalization of stability that relates stability and classical stability for Jonsson spectrum. This
paper introduces new concepts such as “existentially finite cover property” and “semantic pair”. The basic
properties of e.f.c.p. and semantic pairs in the class of stable perfect Jonsson spectrum are studied.

Keywords: Jonsson theory, semantic model, permissible enrichment, central type, hereditary theory, stable
theory, perfect theory, fundamental order, saturated model, e.f.c.p., existentially closed pair, semantic pair.

Introduction

The concept of language enrichment plays a significant role in description the model-theoretic
characteristics of both theories itself and models. Language enrichment options are limited by first-
order language rules. In this article we are dealing with language enrichment using a one-place predicate
symbol and some constant symbol. The next important point of novelty and relevance of this work
is the fact that all new concepts and corresponding statements were concerned within the system of
the study within the framework of the study generally speaking incomplete theories. Namely, in the
class of Jonsson theories. This class is quite broad and its application covers many areas of modern
mathematics. The remark about the incompleteness of the theories under consideration is relevant in
the sense that the modern apparatus of model theories is developing within the system of the study
of complete theories. This article presents results that clarify previously obtained theorems related to
the classical concept of stability within the framework of complete theories and its generalizations.

In this work we are going to highlight the fact that we consider many classical concepts associated
with the concept of stability for Jonsson theories and their types within the framework of such a new
concept as the Jonsson spectrum of cosemanticness a model or class models. This concept allows us to
classify Jonssons theories regarding the relation of cosemantic. Also, to find analogues of basic theorems
from stability theory, such as with theorems associated with the concept f.c.p. [1], in our case, for these
purposes, the idea of using the concept of the central type of Jonsson theories is used.

And here we present results related to the concept of stability of perfect Jonsson theories, and also
obtain results regarding the Jonsson spectrum for semantic pairs. Semantic pairs are a generalization of
beautiful pairs, which started to be explored deliberately in the work [1] of B. Poizat. In this work, B.
Poizat investigated structures of a common form in which elementary substructures are distinguished.
He formed the question of finding for conditions under which the theory of elementary pairs is complete.
Subsequently, the works of [2–8] and others were devoted to the study of this issue. Commonly, reflection
of the work of [2–8] played a significant role in the study of the issue of incomplete theory, that is,
Jonsson theories. In the works of A.R. Yeshkeyev we can find a complete description of Jonsson theories
regarding this issue [9–14].

∗Corresponding author.
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1 Local properties of the Jonsson spectrum in stable theory

The main result in the article is developed within the framework of the Jonsson theory. Since this
work is not the first work in the study of the Jonsson theory, I did not want to rewrite the definition
and related original concepts and theorems. A detailed description of the Jonsson theory and the initial
concepts and theorems related to the theory can be found in work [15–19].

Further we will prove the main results for some fixed Jonsson spectrum. Before that, a number
of results related to Jonsson spectrum were obtained. In particular, the generalization of the classical
theorem on elementary equivalence of abelian groups and modules, which is one of the important
concepts in algebra, is given in works [20–22].

Definition 1. [21] Let σ be an arbitrary signature, L be the set of all formulas of signature σ. Let
B be an arbitrary model of some fixed signature σ, B ∈ Modσ. Let us call the Jonsson spectrum of
the model B the set:

JSp(B) = {T/B ∈ModT, T is Jonsson theory of the signature σ}.

Next, we obtain the following factor set by the cosemantic relation

JSp(B)/./ = {[T ]|T ∈ JSp(B)}.

Let [T ] ∈ JSp(B)/./. Since each theory ∆ ∈ [T ] has C∆ = CT , then the semantic model of the [T ] class
will be called the semantic model of the T theory: C[T ] = CT . The center of the Jonsson class [T ] will
be called the elementary theory [T ]∗, its semantic model C[T ], i.e. [T ]∗ = Th(C[T ]) and [T ]∗ = Th(C∆)
for any ∆ ∈ [T ]. Denote by E[T ] =

⋃
∆∈[T ]E∆ the class of all existentially closed models of the class

[T ] ∈ JSp(B)/./. Note that
⋂

∆∈[T ] 6= ∅, since at least for each ∆ ∈ [T ] we have C[T ] ∈ E∆.

Definition 2. [21] The class JSp(B)/./ is called perfect (further, PJSp(A)/./) if each class [T ] ∈
JSp(B)/./ is perfect, [T ] is called perfect if C[T ] is a saturated model.

PJSp(B) = {T |T is perfect Jonsson theory in language σ and B ∈ModT}.

It is clear that PJSp(B) ⊆ JSp(B).

Theorem 1. [17]. Let T be a perfect Jonsson theory. Then the following conditions are equivalent:
1) T ∗ is a model companion of the T theory;
2) ModT ∗ = ET ;
3) T ∗ = T f , where ET is the class of T -existentially closed models T , T f = Th(FT ), where FT is

the class of generic T models (in the sense of Robinson’s finite forcing).

Let T be a Jonsson theory, SJ(X) the set of all existential n-complete types over X consistent with
T for every finite n.

Definition 3. [17] We say that a Jonsson theory T is J-λ-stable if for any T -existentially closed
model A, for any subset X of the set A, |X| ≤ λ⇒ |SJ(X)| ≤ λ.

At one time, the author in [23] proved a theorem that connects the concepts of J-stability and
classical stability for perfect Jonsson theories. And this result generalizes the concepts of stability.
Now we want to define the concepts for the Jonsson spectrum.

Theorem 2. Let [T ] be a perfect Jonsson ∃-complete class, λ ≥ ω. Let C[T ] be its semantic model,
A �∃1 C[T ] and A is the existentially closed model of [T ], [T ] ∈ JSp(A)/./. The Jonsson class [T ] is
J-λ-stable if and only if the center of the Jonsson class [T ]∗ is λ-stable (in the classical sense).
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Proof. We will work only with perfect Jonsson theories PJSp(A)/./. Let [T ] ∈ PJSp(T )/./ and
En([T ]) be the distributive lattice of equivalence classes

ϕ[T ] = {ψ ∈ En(L) | [T ]∗ |= ϕ↔ ψ,ϕ ∈ En(L)}.

We will call the Jonsson class [T ] stable if every theory ∆ ∈ [T ] is a stable theory by the Definition 3.
If [T ] ⊂ [T ]∗, then En([T ]) ⊂ En(Th(C[T ])), where En([T ]), En(Th(C[T ])) are the corresponding

lattices of existential formulas. The class [T ] is complete for existential propositions, which means that if
every theory in [T ] is a complete theory, therefore En([T ]) = En(Th(C[T ])). [T ] ∈ JSp(A)/./ is perfect,
then the semantic model C[T ] is saturated, every Jonsson theory ∆ ∈ [T ] is perfect. Then, by Theorem
1, each ∆ ∈ [T ] has a model companion. Since [T ] ∈ JSp(A)/./ is perfect [T ]∗ is model complete by
Theorem 2.9.15 [17] , [T ]∗ = Th(C[T ]) if and only if ∀n < ω, ∀ϕ ∈ Fn(∆∗) ∃θ ∈ En(∆∗) : ∆∗ ` ϕ↔ θ.

Let the Jonsson class [T ] be J-λ-stable, this means that if in the class there is a theory from [T ]
that is stable, then by Definition 3 for each model A ∈ E∆ we have that for each subset X ⊂ A, if
|X| ≤ λ then |SJ(X)| ≤ λ.

Note that if the class is perfect, then all E∆ for ∆ ∈ [T ] are equal to each other.
Suppose that [T ]∗ is not λ-stable. Then there exists A ∈ E∆ = Mod∆∗, by Theorem 1, so there

is X ⊂ A such that |X| < λ,∃n < ω ⇒ |SJ(X)| > λ. For each formula ϕ ∈ p, where p ∈ Sn(X), we
replace ϕ with θ satisfying the properties ∆∗ ` ϕ↔ θ and θ ∈ En([T ]∗). Let p′ be p after replacement.
Then p′ ∈ SJ(X) and |SJ(X)| > λ. This contradicts the J-λ-stability of the class [T ].

2 The central type of a semantic pair

Since our main goal in this article is to consider the special properties of central types, we will
work with some signature enrichments in which some fixed Jonsson theory is given, other questions
regarding this can be found [18,19,24,25].

In the future, the entire theory under consideration will be hereditary. We gave a detailed description
of the hereditary theory in paper [19]. Now let’s talk about the hereditary class. A class is hereditary
if every theory in that class is hereditary.

Let us consider some extension of signature σ and consider the central type of this extension for
all Jonsson theories [T ] ∈ PJSp(T )/./. And the central types here are taken from enrichment � in the
previous work [19].

Next, we consider the concept of “finite cover property” which arises from the work of Shelah [26]. In
his works Shelag shows the following: an unstable theory has f.c.p., but this is not of great importance
for us, since we will only consider stable theories.

∆ denotes a set of formulas of the form ϕ(x̄, ȳ). An m-formula, or ϕ-m-formula is a formula of the
form ϕ(x̄, ȳ) or ϕ(x̄, ā) where l(x̄) = m and we consider ȳ as a sequence of parameters for which we
will usually substitute some ā and get ϕ(x̄, ā).

Definition 4. [26; 62] Let ϕ(x̄, ȳ) ∈ L, ā0, . . . , ān−1 ∈ A.
(1) ϕ(x̄, ȳ) has the finite cover property (f.c.p.) if for arbitrarily large natural numbers n there

ā0, . . . , ān−1 such that |= ¬(∃x̄)
∧

k<n ϕ(x̄, āk) but for every l < n, |= (∃x̄)
∧

k<n,k 6=l ϕ(x̄, āk).
(2) T has the f.c.p. if there exists a formula ϕ(x, ȳ) which has the f.c.p.
And so, for a special case, we form matrices where rows consist of ϕ− 1-type. And this matrix will

be the central type, and all partitions of the central type from the enrichment � will be f.c.p.

pc =


ϕs

1(x, b1) ϕs
1(x, b2) . . . ϕs

1(x, bn) . . .
ϕs

2(x, b1) ϕs
2(x, b2) . . . ϕs

2(x, bn) . . .
. . . . . . . . . . . . . . .

ϕs
n(x, b1) ϕs

n(x, b2) . . . ϕs
n(x, bn) . . .

. . . . . . . . . . . . . . .

 s = {0, 1}.
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For example, n = 3, k = 1, l = 2, then f.c.p:ϕ0
1(x, a1) ϕ1

1(x, a2) ϕ1
1(x, a3)

ϕ1
2(x, a1) ϕ0

2(x, a2) ϕ1
2(x, a3)

ϕ1
3(x, a1) ϕ1

3(x, a2) ϕ0
3(x, a3)

 .

From this it can be seen that f.c.p. can be extended to the central type, while pc must preserve the
hereditary property. When central type = f.c.p., then the theory will be unstable.

In this work, B. Poizat’s results on beautiful pairs are generalized on the case of ∃-complete J-
λ-stable hereditary Jonsson theory. Instead of f.c.p. and a type, we consider existentially finite cover
property (e.f.c.p.) and a central type, correspondingly, in a specific expansion of the signature. Professor
A. Yeshkeyev first made a report on this at the conference Logic Colloquium-2023 [27]:

Definition 5. [27] Let T be the Jonsson L-theory and f(x̄, ȳ) be an ∃ formula of L language. If
for any arbitrary large n exists ā0, . . . , ān−1 in some existentially closed model of T and ā0, . . . , ān−1

satisfies ¬(∃x̄)
∧

k<n f(x̄, āk) and for any l < n ¬(∃x̄)
∧

k<n f(x̄, āk), then f(x̄, ȳ) is said to have e.f.c.p.
(existentially finite cover property).

In [1], the connection between fundamental order and definability was defined.
The fundamental order is a tool of comparing types over models of a complete theory: it measures

the degree of complexity of a type in the realization. This order is especially effective in the case of
a stable theory. Since the center of the T ∗ Jonsson theory is a complete theory, and we can consider
the fundamental order for central types. If the Jonsson theory is a perfect theory, then T ∗ will be a
Jonsson theory. And also, due to the perfection of the theory of T , any formula is existential in T ∗.

Definition 6. [20] Let A ⊆ M , ∃-formula ϕ(x̄, ȳ) ∈ L(A) be called representable in p ∈ SJ(M) if
there exists a tuple m̄ ∈M such that p ` ϕ(x̄, m̄).

Definition 7. [20] M , N are existentially closed submodels of the semantic model CT of the theory
of T . If p ∈ SJ

1 (M), and q ∈ SJ
1 (N), p ≥ q in the sense of fundamental order, if any formula represented

by p is also represented by q.

Definition 8. [1] If p and q represent the same formulas, we say that they are equivalent, and they
even have a class in fundamental order.

Theorem 3. [1] Let T be a stable theory, M , N are |T |+ be saturated models of T , p ∈ S1(M),
q ∈ S1(N). Let A ⊂M be |A| ≤ |T |, such that p is defined for all formulas f(x, ȳ): g(ȳ, ā) can be taken
with parameters ā in A; then p and q are equivalent in fundamental order T if there is an A′ ⊂ N
of the same type as A such that q is the definable type of a formula of the form g(ȳ, ā′), where a′

corresponds to a.

A theory T is stable if and only if for any model M of T and all p from S1(M), p is definable.
In the framework of the study of Jonsson theories, which are generally incomplete, and in some

expanded language with new unary predicate and constant symbols, we refine in such generalization
the earlier result obtained on beautiful pairs for complete theories from [1] (Theorem 4).

Definition 9. [27] Let CT be a semantic model of T and N,M be existentially closed submodels of
CT . A pair (N,M) is called existentially closed pair, if M is an existentially closed submodel of N .

Lemma 1. If theory T is a perfect Jonsson theory, then theory Th∀∃(C,M) is a perfect Jonsson
theory.

Definition 10. [27] An existentially closed pair (CT ,M) is a semantic pair, if the following conditions
hold:

1) M is |T |+-∃-saturated (it means that it is |T |+-saturated restricted up to existential types);
2) for any tuple ā ∈ C each its ∃-type in sense of T over M ∪ {ā} is satisfiable in C.
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By definition we see that it generalizes the excellent pair in [1], but weaker, because in the definition
the number of tuples is finite and by Definition 2.4.4 [17] the power of the semantic model is ω+ and it
does not reach 2ω: 2ω > ω+, ω+ +ω = ω+. Using the following Theorem 4 we can show the elementary
equivalence of semantic pairs.

Let class K be {(C,M)|M �∃1 C, (C,M) is semantic pair}.
Consider the Jonsson spectrum of class K:

JSp(K) = {∇|∇ is Jonsson theory,∇ = Th∀∃(C,M),where (C,M) ∈ K}.

It is easy to see that JSp(K)/./ is the factor set of the Jonsson spectrum of class K by ./,
[∇] ∈ JSp(K)/./.

Let [∇] be ∃-complete and J-λ-stable Jonsson class, C[∇] be a semantic model of the theory [∇],
[∇] = [∇] in the enrichment of �, [∇]

∗
is the center of the [∇], p, q ∈ S([∇]

∗
), ∇′ = Th∀∃(C,M).

Theorem 4. (C[∇],M1) and (C[∇],M2) are two semantic pairs, ā and b̄ tuples taken from each of
them, M1, M2 ∈ E[∇]. Then (C[∇],M1) ≡∀∃ (C[∇],M2), if their central types are equivalent by the
fundamental order ∇∗.

Proof. Follows from Theorem 6 in [1] and from Theorem 3.

Theorem 5. Let [∇] be a hereditary, ∃-complete perfect, and J-λ-stable Jonsson class. Then the
following conditions are equivalent:

1) [∇]
∗
does not have e.f.c.p.;

2) Any |T |+-saturated model from ∇′ is a semantic pair;
3) Two tuples ā and b̄ from the models of [∇]

∗
have the same type if and only if their central types

in sense of [∇]
∗
overM are equivalent by fundamental order [∇]

∗
;

4) Two tuples ā and b̄ from models of ∇′ and that are in C[∇] \M have the same central types in
the sense of [∇] if and only if they have the same central types in the sense of [∇]

∗
.

Proof. 1)⇒ 2). [∇]∗ the center of [∇] theory in the permissible enrichment �. And by Theorem 2.
it is λ-stable theory. In [26], Shelah showed that stable theories do not have f.c.p. If (N,M) is a
|T |+-∃-saturated model from ∇′, M is |T |+-∃-saturated.

Let us assume that [∇]∗ is not λ-stable. Then there exists M ∈ E∆ = Mod[∇]
∗
, by Theorem 1,

so there is X ⊂ M such that |X| < λ, ∃n < ω ⇒ |SJ(X)| > λ. For each formula ϕ ∈ p, where
p ∈ Sn(X), we replace ϕ with θ satisfying the properties ∆∗ ` ϕ ↔ θ and θ ∈ En([T ]∗). Let p′ be p
after replacement. Then p′ ∈ SJ(X) and |SJ(X)| > λ. This contradicts the J-λ-stability of the class
[∇]∗. Hence [∇]∗ is stable and has a saturated model.

2)⇒ 3). By Definition 10, since any sufficiently saturated model is a semantic pair.
3) ⇒ 4). Because if ā and b̄ are in C[∆] \ M let’s say that their types are over C[∆] \ M are

fundamentally equivalent, that is, they implement a type over ∅.
4)⇒ 1). If ∆

∗ does not have e.f.c.p., then by Definition 5 there would not exist an arbitrarily large
number n. In the semantic pair (C[∆],M) for arbitrarily large n we find ān in M [1]. Moreover, any b̄
of a semantic pair, b̄ ∈M is of the same type as ā over ∅ in the sense of ∆ would satisfy the opposite.
Therefore, ā and b̄ will not implement the same type in the sense of ∆′, which contradicts (4).

Theorem 6. Let [∇] be a hereditary, ∃-complete perfect, and J-λ-stable Jonsson class. If [∇]
∗
does

not have e.f.c.p. and λ-stable class, then the class If [∇]′ is J-λ-stable and does not have e.f.c.p.

Proof. The proof follows from Theorems 4 and 5.
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Г.Е. Жумабекова

Академик Е.А. Бөкетов атындағы Қарағанды университетi, Қарағанды, Қазақстан;
Қарағанды индустриялық университетi, Қарағанды, Қазақстан

Йонсондық спектрлердегi йонсондық семантикалық қосар
мен шектi жабудың экзистенциалды қасиетiнiң

моделдi-теоретикалық қасиеттерi
Мақала кез келген рұқсаттылығы бар байытуда йонсондылықты сақтайтын стабилдi әрi мұралы йон-
сондық теориялардың моделдi-теоретикалық касиеттерiн зерттеуге арналған. Жұмыста стабилдiлiк
пен классикалық стабилдiлiктi байланыстыратын стабилдiлiктiң жалпыламасы йонсондық спектр-
лер үшiн дәлелденген. Ұсынылып отырған жұмыста "шектi жабудың экзистенциалды қасиетi" мен
"семантикалық қосар" секiлдi жаңа ұғымдар енгiзiлген. Және осы семантикалық қосар мен шек-
тi жабудың экзистенциалды қасиетiнiң стабилдi кемел йонсондық спектрлер үшiн негiзгi қасиеттерi
зерттелген.

Кiлт сөздер: йонсондық теория, семантикалық модель, рүқсатылығы бар байыту, централды тип,
мұралы теория, стабилдi теория, кемел теория, фундаменталды рет, қаныққан модель, шектi жабудың
экзистенциалды қасиетi, экзистенциалды-тұйық қосар, семантикалық қосар.
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Теоретико-модельные свойства сематических пар и e.f.c.p.
в йонсоновских спектрах

Статья посвящена изучению теоретико-модельных свойств стабильных наследственных йонсоновских
теорий, при этом мы рассматриваем йонсоновские теории, которые сохраняют йонсоновость при лю-
бом допустимом обогащении. Авторами доказано обобщение стабильности, связывающее стабиль-
ность и классическую стабильность для йонсоновских спектров. Введены новые понятия, такие как
«экзистенциальное свойство конечного покрытия» и «семантическая пара». Изучены основные свой-
ства e.f.c.p. и семантических пар в классе стабильных совершенных йонсоновских спектров.

Ключевые слова: йонсоновская теория, семантическая модель, допустимое обогащение, центральный
тип, наследственная теория, стабильная теория, совершенная теория, фундаментальный порядок,
насыщенная модель, e.f.c.p., экзистенциально-замкнутая пара, семантическая пара.
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ANNIVERSARIES

70th anniversary of Doctor of Physical and Mathematical Sciences,
Professor Baltabek Kanguzhin

Baltabek Esmatovich Kanguzhin was born on August 22, 1953, in
the village of Shukurkol, North Kazakhstan region. He graduated in
1975 from the Faculty of Applied Mathematics of the Kazakh State
University named after S.M. Kirov and has been working at the Mecha-
nics and Mathematics Faculty of the Al-Farabi Kazakh National Univer-
sity since then.

From 1979 to 1982, he was a full-time postgraduate student at the
Department of Mathematics of the Moscow State University named
after M.V. Lomonosov. In 1983, under the supervision of Academician
V.A. Sadovnichy, he defended his PhD thesis on "Inverse Problems
of Spectral Analysis of Differential Operators" at the Dissertation
Council at Moscow State University. In 2005, he defended his Doctoral
thesis in "01.01.02 – Differential Equations and Mathematical Physics"
at the Al-Farabi Kazakh National University.

Professor Kanguzhin’s scientific interests are diverse: transformation formulas and spectral properties
of higher-order differential operators on intervals, stochastic analysis. His primary applied research
is associated with problems of internal boundary tasks using the methods of function theory. The
main courses he teaches include mathematical analysis, geometric methods of mathematical physics,
mathematical models of theoretical physics and their analysis, stochastic analysis. One of his main
talents is the desire to understand the essence of ideas deeply.

Professor B.E. Kanguzhin established a scientific school in Kazakhstan on the spectral theory of
differential operators and its applications. Under his guidance, 13 candidates in physical and mathema-
tical sciences, 3 doctors of physical and mathematical sciences, and 10 PhDs have been defended. He is
the chairman of the Dissertation Council in specialties: 6D060100, 8D05401 – Mathematics, 6D070500,
8D06104 – Mathematical and Computer Modeling at the Al-Farabi KazNU.

Over the last ten years, he has been and continues to be the scientific leader of more than 5
international and national funded projects, including those for the identification of defects in mechanical,
pipeline, and electrical systems.

Professor Kanguzhin’s fundamental research results in spectral theory of differential operators,
theory of inverse problems of spectral analysis, main issues of approximation theory, generated from
internal boundary tasks in multiply connected areas, theory of pseudodifferential operators, and main
methods of complex variable function theory and its applications to solving fundamental mathematical
problems have been published in more than 150 scientific works, most of which are in high-ranking
international journals. He is the author of two monographs and six excellent textbooks, four of which
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are in Russian and two in Kazakh. He is an active member of the editorial board of several scientific
publications, such as: Journal of Mathematics, Mechanics and Computer Science, International Journal
of Mathematics and Physics, Ufa Mathematical Journal, etc.

In 2002, he was awarded the International Soros-Kazakhstan Prize.
Professor B.E. Kanguzhin successfully combines scientific activity with teaching. He has led the

Department of Mathematical Analysis and the Department of Fundamental Mathematics of the Mecha-
nics and Mathematics Faculty of the Al-Farabi KazNU, which was established to strengthen leading
mathematical departments such as mathematical analysis, probability theory and functional analysis,
as well as geometry, algebra, and mathematical logic. He twice received the state grant "Best University
Teacher" of the Republic of Kazakhstan in 2005 and 2012, the chest badge "For Merits in the
Development of Science in the Republic of Kazakhstan" of the Ministry of Education and Science
of the Republic of Kazakhstan in 2009, and the Y. Altynsarin badge in 2013, which also speaks of his
active and fruitful pedagogical activity.

B.E. Kanguzhin has a particular affinity for the academician V.I. Arnold, which is probably why
he adheres to his aphorism in working with his students: "A student is not a sack to be filled but a
torch to be lit". He has "lit" many young students such as D. Suragan, N. Tokmagambetov, etc., who
are now making significant contributions to mathematics.

His numerous friends and colleagues know him as a talented scientist, a respected and responsible
employee, a good, reliable friend, and a wonderful family man.

We congratulate Professor Baltabek Esmatovich Kanguzhin on his 70th birthday and wish him
further creative achievements, the preservation of activity and inspiration in science and education.

Editorial board of the journal
«Bulletin of the Karaganda University. Mathematics series»
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70th anniversary of Doctor of Technical Sciences, Professor,
President of the National Engineering Academy of the Republic of
Kazakhstan, President of the Turkic World Mathematical Society
(TWMS), Academician of the NAS RK Bakytzhan Zhumagulov

Bakytzhan Tursynovich Zhumagulov (born August 18, 1953) is a
distinguished mathematician, a prominent state, political and public
figure, a major organizer of science and education in Kazakhstan,
president of the National Engineering Academy of the Republic of
Kazakhstan, president of the Mathematical Society of the Turkic World
(TWMS) and the Kazakhstani Mathematical Society. He is a laureate
of the State Prize of the Republic of Kazakhstan in the field of science,
technology, and education, an HonoredWorker of Kazakhstan, a Doctor
of Technical Sciences, a professor, and an academician of the National
Academy of Sciences of the Republic of Kazakhstan, and the Interna-
tional Engineering Academy.

Academician B.T. Zhumagulov is a leading scientist in the field of computational mathematics,
development and application of information technologies, mathematical modeling, and mathematical
methods in solving problems of hydrodynamics and practical issues of the oil and gas industry. He is
the author of more than 400 scientific works and 12 monographs, published in Kazakhstan and abroad.

He began his career in scientific and teaching work at the Kazakh State University named after
S.M. Kirov. He progressed from assistant to professor, head of the department, vice-rector (1979–
1991). He worked as the First Vice-Minister of Education and Science of the Republic of Kazakhstan,
head of the Internal Policy Department of the Administration of the President of the Republic of
Kazakhstan, head of the Department of Socio-Cultural Development of the Government of the Republic
of Kazakhstan (2001–2005).

In April 2008, by the decree of the President of the Republic of Kazakhstan, he was appointed
rector of the Al-Farabi Kazakh National University.

By the decree of the President of the Republic of Kazakhstan No. 1065 dated September 22, 2010,
he was appointed Minister of Education and Science of the Republic of Kazakhstan.

In 2017, by the decree of the Head of State, Bakytzhan Tursynovich was appointed a deputy of the
Senate of the Parliament of the Republic of Kazakhstan.

B.T. Zhumagulov has supervised more than 20 doctors and candidates of sciences.
He has been awarded the "Parasat" order, the "Eren engbegi ushin" medal, the USSR medal "For

Labor Distinction" and the Honorary Diploma of the Supreme Council of the Kazakh SSR. He has
received commendations from the President of the country N.A. Nazarbayev and has been honored
with the titles "Honored Worker of Science and Technology of the Republic of Kazakhstan" , "Honorary
Worker of Education of the Republic of Kazakhstan" , "Honorary Engineer of Kazakhstan".

For his significant contribution to international cooperation, active work in developing integration
processes in science, technology, and education, he has been awarded the Grand Gold Medal of the
International Engineering Academy and UNESCO, a special sign of the Federation of Engineering
Academies of Islamic Countries (FEIIC). For outstanding services in the development of science and
engineering, he has been awarded the high international award – the "Engineering Glory" order.

B.T. Zhumagulov is an active participant in the international scientific community. He is the first
vice-president of the International Engineering Academy (headquartered in Moscow, Russia). Since
1999, he has been the first vice-president of the Federation of Engineering Academies of Islamic
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Countries (headquartered in Kuala Lumpur, Malaysia). In 2009, he was elected president of the
Mathematical Society of the Turkic World.

Bakytzhan Tursynovich Zhumagulov celebrates his anniversary full of energy and creative force.
The editorial board of the scientific journal cordially congratulates Bakytzhan Tursynovich on his

70th birthday and wishes him good health and creative longevity.

Editorial board of the journal
«Bulletin of the Karaganda University. Mathematics series»
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