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On strongly loaded heat equations

The article is devoted to the research of boundary value problems for the spectrum - loaded operator of
heat conduction with the moving point of loading to the temporary axle in zero or on infinity. For strongly
loaded parabolic 2k-order equations the adjoint boundary value problems, when order of loaded term is
greater then one of differential part of equation, is studied. In this article we continue a investigation of the
boundary value problems for spectrally loaded parabolic equations in unbounded domains.The boundary
value problem for the spectral-loaded equation of thermal conductivity, which on the one hand is quite close
to the problems with the load containing the second derivative of the spatial variable, and is of independent
interest on the other hand in this work, is considered.

Keywords: loaded heat equation, class of essentially bounded functions, inverse Laplace transformation,
residue.

1 Statement of the problem

We consider the first boundary value problem of heat conduction in the degenerating domain
Q = {x ∈ (0,∞), t ∈ (0,∞)} the cogeralized boundary value problems for a heavily loaded heat equation
(which generally is called a heat equation order 2k) in the domain :

Lλu = f ⇔


∂u

∂t
− ∂2u

∂x2
+ λ

∂2ku

∂x2k
|x=a= f,

u(x, 0) = 0, u(0, t) = 0;
(1)

L∗λυ = g⇔

−
∂υ

∂t
− ∂2υ

∂x2 + λδ(2k)(x− a)
⊗∫∞

0
υ(ξ, t)dξ = g,

u(x,∞) = 0, υ(0, t) = υ(∞, t) = 0,
(2)

where a = const, a > 0, k ≥ 2, λ = λ1 + ιλ2 ∈ C is the parameter

f, u ∈ L1(Q),
∂2ku

∂x2k
|x=a∈ L1(0,∞); g, υ,

∫ ∞
0

υ(ξ, t)dξ ∈ L∞(Q). (3)

8 Вестник Карагандинского университета



On strongly loaded heat equations

2 Reducing the problem to an integral equation

By inverting the differential part in the boundary value problem we obtain the following (1), we will have:

u(x, t) = −λ
∫ t

0

erf(
x

2
√
t− τ

) ∗ ∂
2kυ(η, τ)

∂η2k
|η=a dτ+

+

∫ t

0

∫ ∞
0

G(x, ξ, t− τ)f(ξ, τ)dξdτ, (4)

where

G(x, ξ, t) =
1

2
√

Πt
exp(− (x− ξ)2

4t
)− exp(− (x+ ξ)2

4t
) (5)

Then differentiating (4) x by 2k times and assuming x = a, we contain the integral equation Volterra of the
second kind

Kλµ ≡ µ(t)− λ
∫ t

0

K2k(t− τ)µ(τ)dτ = f1(t) (6)

where the following notation is used:

µ(t) =
∂2ku

∂x2k
|x=a, f1(t) =

(
∂2k

∂x2k

∫ t

0

∫ ∞
0

G(x, ξ, t− τ)f(ξ, τ)dξdτ

)
|x=a

K2k(t− τ) =
d2k

dx2k

{
erf

(
x

2
√
t− τ

)}
|x=a

or for the kernel K2k(θ) , you can use the ratio

K2k(θ) =
1√
πθ
· d2k−1

dx
√

2k − 1

{
exp

(
−x

2

4θ

)}
|x=a

For example, we write the explicit form of kernels for k = 2, 3, 4 :

K4(θ) =
1

4
√
π

[
− a
√

3

2θ7/2
+

3a

θ5/2

]
exp

(
−a

2

4θ

)
,

K6(θ) =
1

8
√
π

[
− a
√

5

4θ11/2
+

5a3

θ9/2
− 15a

θ7/2

]
exp

(
−a

2

4θ

)
,

K8(θ) =
1

16
√
π

[
− a
√

7

8θ15/2
+

21a5

4θ13/2
− 105a3

2θ11/2
+

105a

θθ9/2

]
exp

(
−a

2

4θ

)
,

Inverting the differential part to problem (2) in the same way as in problem (1), we will have:

υ(x, t) = −λ
∫ ∞
t

∫ ∞
0

G(x, ξ, τ − t)δ(2k)(ξ − τ)
⊗∫ ∞

0

υ(η, τ)dηdξdτ+

+

∫ ∞
t

∫ ∞
0

G(x, ξ, τ − t)g(ξ, τ)dξdτ. (7)

Integrating the relation (7) over the variable x from 0 to ∞ and denoting

υ(t) =

∫ ∞
0

υ(η, t)dη, (8)

we will obtain the integral equation

K∗λυ ≡ υ(t)− λ
∫ ∞
t

K2k(τ − t)υ(τ)dτ = g1(t). (9)

where
g1(t) =

∫ ∞
t

∫ ∞
0

erf

(
ξ

2
√
τ − t

)
g(ξ, τ)dξdτ.

Серия «Математика». № 4(96)/2019 9
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3 Laplace transformation. The partition plane of the spectral parameter

Tne equation (9) is an equation with a difference kernel, so you can use a transformation of Laplace to hear.
In this case we use the following formulas [1–3]:

L

{∫ t

0

K(t− τ)ϕ(τ)dτ

}
= K̂(p) · ϕ̂L(p),

L

{∫ ∞
t

K(t− τ)ϕ(τ)dτ

}
= K̂(−p) · ϕ̂L(p),

where
K̂(−p) =

∫ ∞
0

K(t)eptdt,

we also use an easily checkable equality.

K2k(t− τ) =
d2k

dx2k

{
erf

(
dfracx2

√
t− τ̂

)}
|x=a =

dk

dtk

{
erf

(
x

2
√
t− τ

)}
|x=a

Then if we apply the Laplace transform to the homogeneous equation (9), we obtain the following transcendental
equation

ϕ̂L(p) · [1− λ · K̂(−p)] = 0. (10)

If we assume ϕ̂L(p) 6= 0 then the following equality must hold.

1− λ · K̂(−p) = 0. (11)

Let equation (11) have one simple root -p0 i.e.

1− λ · K̂(−p)] = (p− p0) · ψ(p),

where ψ̂L(p) 6= 0. Then equation (10) takes the form ϕ̂L(p) · (p − p0) = 0 , therefore ϕ̂L(p) = δ(p − p0), a, so
ϕ(t) = ep0t, Rep0 < 0. From [2; 390, theorem 146] it follows that functions of this kind are the only solutions of
the homogeneous equation (9) [4–6].
In our case

K̂(−p) = (−p)k−1e−a
√
−p.

Therefore, we need to find the roots of the transcendental equation

1− λ · (−p)k−1e−a
√
−p = 0, Re(−p) > 0. (12)

In contrast to the previously considered case (spectral-loaded, k1), the roots of equations (12) can be found only
approximately (for each numerically given X), in roots cannot be found clearly. To clarify the existence and
number of roots of equation (12) for concretes – of the values of parameter A we rewrite it as follows:

λ =
ea
√
−p

(−p)k−1
. (13)

Considering this equation as a function λ = λ(p) whose domain is Re(−p) > 0, that, is as a conformal map, we
find in what is displayed (on the complex plane λ) the domain of the variable p . By requirement Re(−p) > 0,
−π�2 < arg(−p) < π�2,means −π�4 < arg

√
(−p) < π�4, if z =

√
(−p) = x + ιy, means the boundary

of the domain of definition the variable −p is the lines y = ±x. According to the law of correspondence of
boundaries it is enough to find the images this line [7–9].

We have
|λ| = |eaz|

|z|2(k−1)
=

eax

(x2 + y2)k−1
, (14)

arg λ = arg eax+i(ay+2πn) − 2(k − 1) arg z = ay + 2πn− 2(k − 1) arctg
y

x
.

10 Вестник Карагандинского университета
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Considering y = ±x, we have

arg λ = ax+ 2πn− 2(k − 1)
π

4
= ax+ (2n− k − 1

2
)π, n ∈ Z,

ax = arg λ− (2n− k − 1

2
)π, n ∈ Z. (15)

Thus, from equation (14) (talking into account (15) and the fact that y = ±x) we obtain that the lines defined
by the equation

|λ| = (a/
√

2)2k−2

| arg λ+

(
2n+

k − 1

2

)
π|2k−2

· exp| arg λ+

(
2n+

k − 1

2

)
π|,

where n = 0, 1, 2, ... divide the complex λ– plane into disjoint domains Dm,m = 0, 1, 2, ...
Comment.
Note that in addition to the areal domain D0, which has only the outer boundary of Γ0 = ∂D0 each of the

domains Dm has a boundary∂Dm consisting of Γm an external Γm−1 part:

∂Dm = Γm−1

⋃
Γm, where,Γm−1

⋂
Γm = (−1)mexp{mπ},

those the external Γm and internal Γm−1 parts of the boundary ∂Dm of the domain Dm have one common
point, lying on the real axis of the complex plane of parameter λ. D0 is the area into which that part of the
plane of the complex variable p I displayed, for which −π�4 < argp < 7π�4,, those are the exterior of the
angle lying between the lines y = −x and y = x This just means that if λ ∈ D0, then equation (12) does not
have the roots we need, i.e. such for which Re(−p) > 0.

Obviously, for k = 1 we get our previously established picture of the partition of the complex plane λ [10].
Difference is that for each domain Dm, that is, when λ ∈ Dm equation (12) will have exactly 2m roots, (this

is easy to trace, for example, for real values λ, p) [11–13].

4 Solution of integral equations

With ∀λ ∈ Dm, m = 1, 2, ..., homogeneous equation (9) has a General solution of the species.

υ(t) = Σ2m
k=1ck · epkt, (16)

where ck - is an arbitrary constants, pk- is the corresponding roots of equation (12).
We find a proprietary solution of the in homogeneous equation (9). Applying Laplace’s transformation to it we
get

υ̂(p) ·
[
1− λ(−p)k−1e−a

√
−p
]

= ĝ1(p), with Rep ≤ 0, (17)

where υ̂(p), ĝ1(p) - is the Laplace transformation, corresponding to the υ(t) and g1(t) functions; Since the
function

Â(p, λ) ≡ 1− λ(−p)k−1e−a
√
−p.

It is determined only at Rep ≤ 0, then we will continue it analytically on the whole complex plane with a
cut along the positive real axis. Suppose that the Laplace transform of functions g(t) is analytic in the band
−ε < Rep < ε. Then from equality (17) at ∀λΓm,
(m = 0, 1, 2, ..., ) we get

υ̂(p) = ĝ1(p) + λ
(−p)k−1exp(−a

√
−p)

1− λ(−p)k−1exp(−a
√
−p)

· ĝ1(p).

Passing in this balance to the originals we get

υ(t) = g1(t) + λ

∫ ∞
t

rλ − (t− τ)g1(τ)dτ, (18)

where

rλ − (y) =
1

2πi

∫ +i∞

−i∞

(−p)k−1exp(−a
√
−p)

1− λ(−p)k−1exp(−a
√
−p)

exp(yp)dp. (19)
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If the roots of the equation
1− λ(−p)k−1exp(−a

√
−p) = 0.

lie on the imaginary axis integration will perform along the contour, bypassing these points on the left. At the
sometime integral should be understood in the sense of main value for Cauchy. Thus, the General solution of
equation (9) at λ ∈ Dm has the form

υ(t) = g1(t) + λ

∫ ∞
t

rλ − (t− τ)g1(τ)dτ + Σ2m
k=1ck · epkt. (20)

We formulate the results in the form of the following lemmas.
Lemma 1. The λ ∈ D0 values are regular numbers of the Kλ∗ (9) operator.
Lemma 2. The set C \ D0 consists of the characteristic numbers of the Kλ∗ operator (9). And if

λ ∈ Dm ∪ Γm−1 \ {(−1)memπ}, m = 1, 2, ..., then Ker(Kλ∗) = 2m and the corresponding own functions have
the form:

υλk(t) = exp(pkt), k = 1, ..., 2m.

where pk- is the corresponding roots of equation (12).
Now consider the integral equation (6), which is usually called the recovery equation [14, 15]. This name

is explained by the fact that such equations arise in the theory of restoration - a section of probability theory,
which describes a wide range of phenomena related to with the Failure and recovery of elements of the any
system. The recovery equation is also of great importance in the study of problems of both applied and theoretical
nature in reliability, queueing theory, in the theory of stocks, in the theory of branching processes and so on.
[16–18].

Applying the Laplace transform to equation (6)and using the convolution theorem we obtain

µ̂(p) = f̂(p) +
λ

p

k−1

e−a
√
p1− λpk−1e−a

√
p · f̂1(p), p = s+ iσ, Rep = s > 0,

Using the inverse Laplace transform we have

µ(p) = f1(t) + λ

∫ t

0

rλ + (t− τ)f1(τ)dt, (21)

here the resolvent rλ+(θ) is defined by the formula

rλ + (θ) =
1

2πi

∫ c+i∞

c−i∞

λpk−1e−a
√
p

1− λpk−1e−a
√
p
· epθdp, p = s+ iσ. (22)

Where the integration path is parallel to the imaginary axis of the complex plane, to the Right of all singular
points of the integrand, that is, to the right of all zeros of the function

Â(p, λ) = 1− λ · pk−1e−a
√
p.

In order for the µ(t)function defined by equality (21) to be substantially limited, it is necessary and sufficient
that the conditions are satisfied ∫ ∞

0

f1(t) · exp(−pkt)dt = 0, 1 ≤ k ≤ 2m, (23)

where pk the roots of the function Â(p, λ) for which Repk > 0 and they coincide with the roots of equation (12)
with the opposite sign. Thus, the right side of equation (6) must be orthogonal to the eigenfunctions (16) of the
conjugate integral equation (9). Thus, the fair

Lemma 3. If λ ∈ D0, then the inhomogeneous equation (6) is definitely torn; if λ ∈ C \D0, λ ∈ Dm, then
for the unambiguous solvability of equation (6), it is necessary and sufficient fulfillment of m− the conditions of
solvability (23). The conditions (23) mean that the free member of the integral equation (6) must be orthogonal
to the solutions of the homogeneous conjugate integral (9).

The validity of these statements, as well as conditions (23), can be shown as follows.

12 Вестник Карагандинского университета
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The image of the solution of the integral equation (6) is determined by the equality

µ̂(p) =
f̂1(p)

1− λpk−1e−a
√
p
. (24)

The following options are possible.
1. The Â(p, λ) = 1− λ · pk−1e−a

√
p. function doesn’t have zeros in the right half-plane (this means that the

λ ∈ D0). In this case, the equation for any right part of f(t) has the only solution, which is expressed through
the rλ+(θ) resolvent defined by the formula (22)

µ(t) = f(t) + λ

∫ t

0

rλ + (t− τ)f1(τ)dτ, t ∈ <+. (25)

2. Function Â(p, λ) = 1− λ · pk−1e−a
√
p. has a pk, (k = 1, 2, ....2m) zeroes in the right half plane (it means

λ ∈ Dm, m = 1, 2, ...,). The f̂1(t) function must then be zero at these points pk. In this Case, the function (24)
again will not have pluses in the Re p > 0 area, so the equation (6) also has the only solution of the species
(25). Condition f̂1(t) = 0, on the conversion of the f̂1(t) function to zero at points p = pk just is exactly the
some as the condition: ∫ ∞

0

f(t) · e−pktdt = 0, k = 1, 2, ..., 2m. (26)

So we proved the following statement.
Lemma 4. On the complex plane C there are no characteristic numbers of the operator Kλ∗ (6).

5 Main result

Directly from lemmas and integral representations (4)–(7) follows
Theorem. Boundary value problems (1)–(2) are Noetherian if λ ∈ {C \ D0} in Addition, if λ ∈ Dm, then

dimKer(Lλ∗ = 2mm) and dimKer(Lλ) = −2m.
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Д.М. Ахманова, М.Т. Космакова, Б.А. Шалдыкова

Жылуөткiзгiштiктiң әлдi жүктелген теңдеуi туралы
Нөлге немесе шексiздiкте жүктеме сызығының уақыт осiне жуықталумен берiлген спектралды —
жүктелген параболалық операторлар үшiн шекаралық есептердi зерттеуге арналған. 2k реттi қатты
жүктелген параболалық теңдеу үшiн жүктелген қосындылардың тәртiбi теңдеудiң дифференциалды
бөлiгiнiң тәртiбiнен асып кеткен жағдайда ұштасқан шекаралық есептер зерттелдi. Мақалада шексiз
аймақтардағы спектрлiк жүктелген параболалық теңдеулер үшiн шеттiк есептердi зерттеу жалғас-
тырылған. Жылуөткiзгiштiктiң спектралды-жүктелген теңдеуi үшiн шеттiк есеп қарастырылды, ол
бiрiншi жағынан екiншi реттi туындыны қамтитын жүктемелерге жеткiлiктi жақын кеңiстiктiк ай-
нымалы бойынша анықталса, екiншi жағынан өз бетiнше қызығушылықты бiлдiрдi.

Кiлт сөздер: жүктелген теңдеу, маңызды шектелген функциялар классы, Лапластың керi түрлен-
дiруi, шегерiм.

Д.М. Ахманова, М.Т. Космакова, Б.А. Шалдыкова

О сильно-нагруженных уравнениях теплопроводности
Даны постановки граничных задач для спектрально-нагруженных параболических уравнений в чет-
верти плоскости, когда порядок производной в нагруженном слагаемом равен порядку дифференци-
альной части уравнения с движущейся пространственной точкой нагрузки по степенному закону. Для
сильно нагруженного параболического уравнения порядка 2k исследованы сопряженные граничные
задачи в случае, когда порядок нагруженного слагаемого превышает порядок дифференциальной ча-
сти уравнения. В статье продолжено исследование краевых задач для спектрально-нагруженных па-
раболических уравнений в неограниченных областях. Рассмотрена краевая задача для спектрально-
нагруженного уравнения теплопроводности, которая, с одной стороны, достаточно близка к задачам
с нагрузкой, содержащей вторую производную по пространственной переменной, и представляющая
самостоятельный интерес — c другой.

Ключевые слова: нагруженное уравнение, класс существенно ограниченных функций, обратное пре-
образование Лапласа, вычет.
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On a characteristic problem for a loaded hyperbolic equation

The paper studies a loaded hyperbolic equation with one-dimensional wave equation in its main part. In
the loaded components there are two points, which are distributed respectively along a pair of intersecting
characteristics at a constant speed. For such an equation we study the Cauchy problem with characteristics
of the one dimensional wave equation belonging to any of the pair of intersecting straight lines. If to impose
certain conditions at the boundary points on function presenting Cauchy data and the derivatives of the
first, second and third orders we can prove the existence and uniqueness of the problem. The proof of the
existence and uniqueness of the solution follows directly from the method of its production. We consider
also issues concerning domains of dependence, influence, and definitions for Cauchy data that are specified
on one of the characteristic curves. The above verifies once more the thesis of load influencing on posing of
various initial - boundary value problem for partial differential equations.

Keywords: Cauchy problem, loaded equation, wave equation, characteristics, domain of influence, domain
of dependence.

Introduction

A.M. Nakhushev first made the most general definition for a loaded equation in [1]. In [2] he had introduced
concepts and a detailed classification for various loaded equations: loaded differential, loaded integral, loaded
integrodifferential, loaded functional equations. Besides fundamental work on the study of loaded integral
and loaded ordinary differential equations, we wish to acknowledge some of the proceedings [3–6]. Together
with А.М. Nakhushev and his successors [7–16] a systematic researches and significant contribution to the
boundary value problems for loaded differential equations had been made by the Kazakh mathematicians
M.T. Dzhenaliev and M.I.Ramazanov, and their students [17, 18]. They investigated a wide class of homogeneous
and inhomogeneous boundary value problems for essentially loaded parabolic and hyperbolic-elliptic equations,
as well as the spectral issues on the corresponding homogeneous problems, when the load is specified with
respect to the space variable and the load point moves at constant and variable speeds. Works [19–21] are
devoted to uniqueness classes for solution of the Cauchy problem and non-trivial solutions of the homogeneous
Cauchy problem for some classes of loaded differential equations and linear loaded systems of the first order.

The Cauchy problem and the Cauchy-Dirichlet problem for a spectrally loaded parabolic equation with a
load at a fixed time variable are investigated in [22, 23].

The effect of the load on the convergence of spectral expansions for operators is considered in [24].
In [25–27] the Goursat problem for second-order strictly and weakly hyperbolic equations with two indepen-

dent variables is investigated, where it is shown that the load allows eliminating the inequality between
characteristics that are data in the Goursat problem.

This paper considers the following loaded equation

uxx − uyy = λu(x+ y, 0) + µu(x− y, 0), (1)

where λ, µ are arbitrary real constants.
Using characteristic variables ξ = x− y, η = x+ y equation (1) has the form

vξη =
λ

4
v(η, η) +

µ

4
v(ξ, ξ), (2)

where v(ξ, η) = u
(
ξ+η

2 , η−ξ2

)
.
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By (2) it follows that

v(ξ, η) = f(ξ) + g(η) +
λ

4
ξ

∫ η

0

v(t, t)dt+
µ

4
η

∫ ξ

0

v(t, t)dt, (3)

where f(ξ), g(η) are arbitrary smooth enough functions.
As η = ξ by (3) obtain

d

dξ

[
e−

λ+µ
8 ξ2

∫ ξ

0

v(t, t)dt

]
= e−

λ+µ
8 ξ2 [f(ξ) + g(ξ)].

Hence ∫ ξ

0

v(t, t)dt =

∫ ξ

0

e
λ+µ

8 (ξ2−t2) [f(t) + g(t)] dt. (4)

Substituting into (3) instead of integrals values obtained using formula (4) and moving to x, y, coordinates
we get

u(x, y) = f(x− y) + g(x+ y) +
λ

4
(x− y)

∫ x+y

0

e
λ+µ

8 [(x+y)2−t2] [f(t) + g(t)] dt+

+
µ

4
(x+ y)

∫ x−y

0

e
λ+µ

8 [(x−y)2−t2] [f(t) + g(t)] dt. (5)

Formula (5) is an analogue of d’Alembert formula for equation (1) and obviously as λ = µ = 0 coincides
with the d’Alembert formula for equation (1) as λ = µ = 0.

Assume Ω = {(x, y) : 0 < x+ y < 1, 0 < x− y < 1} is a characteristic quadrilateral.
Cauchy problem. In the domain Ω̄ find a regular solution u(x, y) of equation (1) continuous in Ω̄ and

satisfying the conditions
u
(x

2
,
x

2

)
= ϕ(x), 0 ≤ x ≤ 1, (6)

uy

(x
2
,
x

2

)
= ψ(x), 0 ≤ x ≤ 1, (7)

where ϕ(x), ψ(x) – are specified functions.
It is well known that as λ = µ = 0 this problem is not well posed. The necessary and sufficient condition

for its solvability is
ϕ′(x)− ψ(x) = ϕ′(0)− ψ(0), 0 ≤ x ≤ 1.

If the above condition is satisfied, the function u(x, y) is a solution to problem (6), (7) for equation (1) and
has the form

u(x, y) = f(x− y)− f(0) + ϕ(x+ y),

where f is an arbitrary twice continuously differentiable function.
The following theorem is valid.
Theorem. Assume λ 6= 0, ϕ ∈ C3(J̄) ∩ C4(J), ψ ∈ C2(J̄) ∩ C3(J) and the coordination conditions

ϕ(0) = ψ(0) = ϕ′(0) = 0, (8)

ϕ′′(0)− ψ′(0) = 0, (9)

ϕ′′′(0)− ψ′′(0) = 0. (10)

Then the solution for the Cauchy problem exists, is unique and representable in the form of

u(x, y) =
4

λ
[ϕ′′(x− y)− ψ′(x− y)]−

(
x− λ+ 2µ

λ
y

)
[ϕ′(x− y)− ψ(x− y)] +

+(x− y) [ϕ′(x+ y)− ψ(x+ y)] + ϕ(x+ y)− ϕ(x− y). (11)

Indeed the function u(x, y) is a solution to the Cauchy problem if and only if it is representable as (5).
Therefore, by substituting (5) into (6) and (7), we can get

f(0) + g(x) = ϕ(x), (12)

−f ′(0) + g′(x)− λ

4

∫ x

0

e
λ+µ

8 (x2−t2) [f(t) + g(t)] dt−
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−µ
4
x [f(0) + g(0)] = ψ(x). (13)

Taking into account (8) from (12) and (13) it is clear that

f(0) + g(0) = 0, f ′(0) = 0.

Hence, by (12) and (13) we have
g(x) = ϕ(x)− f(0), (14)∫ x

0

e
λ+µ

8 (x2−t2) [f(t) + g(t)] dt =
4

λ
[ϕ′(x)− ψ(x)]. (15)

By differentiation of (15) with respect to x and subtracting identity (15), previously multiplied by λ+µ
4 x we

can get

f(x) + g(x) =
4

λ
[ϕ′′(x)− ψ′(x)]− λ+ µ

λ
x [ϕ′(x)− ψ(x)]

or
f(x) = f(0)− ϕ(x) +

4

λ
[ϕ′′(x)− ψ′(x)]− λ+ µ

λ
x [ϕ′(x)− ψ(x)] .

Substituting the obtained values into f(x) and g(x) in (5) and taking into account (15) when calculating
the last two terms of formula (5), and after simple conversions we arrive at formula (11).

Substitution into equation (1) ensures us that the function u(x, y) calculated by formula (11) is the solution
to (1). It is easy to check that under conditions (8)–(10) the function u(x, y) satisfies conditions (6), (7).

Note that the Cauchy problem as λ = 0 is not a well posed one. Indeed by (12), (13) the condition

ϕ′(x)− ψ(x) = ϕ′(0)− ψ(0) +
µ

4
ϕ(0)

is necessary and sufficient for the solvability of the problem. In case this condition is satisfied the solution to
the Cauchy problem is

u(x, y) = f(x− y)− f(0) + ϕ(x+ y) +
µ

4
(x+ y)

∫ x−y

0

[f(t)− f(0) + ϕ(t)] e
µ
4 [(x−y)2−t2]dt,

where f — is an arbitrary twice continuously differentiable function.
If we make a replacement u(x, y) = v(x,−y) in equation (1) then problem

u
(x

2
, −x

2

)
= ϕ(x), 0 ≤ x ≤ 1, (16)

uy

(x
2
, −x

2

)
= ψ(x) 0 ≤ x ≤ 1, (17)

becomes the problem
v
(x

2
,
x

2

)
= ϕ(x), vy

(x
2
,
x

2

)
= −ψ(x)

for the equation vxx − vyy = µv(x+ y, 0) + λ v(x− y, 0).
Therefore, assuming that µ 6= 0 and

ϕ(0) = ψ(0) = ϕ′(0) = 0; ϕ′′(0) + ψ′(0) = 0; ϕ′′′(0) + ψ′′(0) = 0,

the solution to the problem is representable as

v(x, y) =
µ

4
[ϕ′′(x− y) + ψ′(x− y)]−

(
x− µ+ 2λ

µ
y

)
[ϕ′(x− y) + ψ(x− y)] +

+(x− y) [ϕ′(x+ y) + ψ(x+ y)] + ϕ(x+ y)− ϕ(x− y).

This implies the solution to problem (16), (17) for equation (1) casts into the form

u(x, y) =
µ

4
[ϕ′′(x+ y) + ψ′(x+ y)]−

(
x+

µ+ 2λ

µ
y

)
[ϕ′(x+ y) + ψ(x+ y)] +

+(x+ y) [ϕ′(x− y) + ψ(x− y)] + ϕ(x− y)− ϕ(x+ y). (18)
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It is known [28] that in case with three spatial variables corresponding to the Cauchy problem a wave is
completely determined by the Cauchy data on a sphere. This fact in the theory of sound is called Huygens
principle. We also know that with two spatial variables in wave processes the Huygens principle does not hold
since to determine the wave the Cauchy data must be specified not only on the circle but also at all points of
the corresponding circle. In the case of one variable, to determine the value of the oscillation at the point (x, y),
one of the components of the Cauchy data must be set on the segment boundary [x− y, x+ y], and the second
at all points of this segment.

The idea is that to determine u(x, y) at the point (x, y) in formulas (11), (18) you need to know the Cauchy
data only on the segment boundary [x − y, x + y]. That is, we can say that there is a one-dimensional version
for the Huygens principle.
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А.Х. Аттаев

Жүктелген гиперболалық теңдеу үшiн
бiр сипаттамалық есеп жайлы

Бұл жұмыста басты бөлiгi шектiң тербелiсiнiң бiрөлшемдi теңдеуi болатын жүктелген гиперболалық
теңдеу объект болып табылады. Жүктелген қосылғыштарда тұрақты жылдамдықпен қиылысатын
сипаттаушы жұптарының бойына сәйкес таралатын жүктеменiң екi нүктесi бар. Осындай теңдеу
үшiн бiрөлшемдi шектiң тербелiсiнiң теңдеуiнiң сипаттаушылары болып табылатын қиылысатын тү-
зулердiң кез келген жұбының деректерiмен Коши есебiн зерттеу жүргiзiлдi. Коши деректерiн беретiн
функцияға нүктелiк сипаттағы белгiлi шарттарда және олардың бiрiншi, екiншi, үшiншi туындылары
қойылған есептiң бар болуы және жалғыздығы дәләлдендi, ал шешуi жайлы түсiнiк анық жазылды.
Шешудiң бар болуы және жалғыздығын дәлелдеу оны алу әдiсiнiң өзiнен шығады. Сонымен қоса бiр
сипаттаушыда берiлетiн, Коши деректерiнiң тәуелдiлiк, әсер ету және анықталу облыстарымен бай-
ланысты сұрақтар қарастырылды. Осылайша дербес туындылы жүктемелi дифференциалдық тең-
деулер үшiн бастапқы-шектiк есептердiң қойылымына жүктеменiң әсерiнiң тиiмдiлiгi жайлы тезис
кезектi рет нақтыланды.

Кiлт сөздер: Коши есебi, жүктемелi теңдеу, шектiң тербелiс теңдеуi, сипаттамалар, әсер ету облысы,
тәуелсiздiк облысы.

А.Х. Аттаев

Об одной характеристической задаче для
нагруженного гиперболического уравнения

Объектом исследования статьи является нагруженное гиперболическое уравнение, главная часть ко-
торого представляет собой одномерное уравнение колебания струны. В нагруженных слагаемых при-
сутствуют две точки нагрузки, которые распространяются соответственно вдоль пары пересекающих-
ся характеристик с постоянной скоростью. Для такого уравнения проводится исследование задачи
Коши с данными на любой из пары пересекающихся прямых, являющихся характеристиками урав-
нения колебания одномерной струны. При определенных условиях точечного характера на функции,
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задающие данные Коши и производные первого, второго и третьего порядков от них, доказывается
существование и единственность поставленной задачи, а представление самого решения выписывает-
ся в явном виде. Доказательство существования и единственности решения непосредственно следует
из самого способа его получения. Также затрагиваются вопросы, связанные с областями зависимо-
сти, влияния и определения данных Коши, задаваемых на одной из характеристик. Этим самым
в очередной раз подтверждается тезис об эффекте влияния нагрузки на постановку тех или иных
начально-краевых задач для нагруженных дифференциальных уравнений с частнымипроизводными.

Ключевые слова: задача Коши, нагруженное уравнение, уравнение колебания струны, характеристи-
ки, область влияния, область зависимости.
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Singularly perturbed control problems in the case of the stability
of the spectrum of the matrix of an optimal system

The paper considers a singularly perturbed control problem with a quadratic quality functional. Such
problems in their standard formulation under known spectrum restrictions (the points of the spectrum of
the optimal system are not purely imaginary and are located symmetrically with respect to the imaginary
axis) were previously considered using the Vasilyeva - Butuzov method of boundary functions. If at least
one of the points of the spectrum for some values of the independent variable falls on the imaginary axis,
the boundary functions method does not work. It is precisely this situation with the assumption of purely
imaginary points of the spectrum that is investigated in this paper. In this case, you have to develop a
different approach based on the ideas of the regularization method S.A. Lomov. It should also be noted that
in the control problems considered earlier, the cost functional either did not depend on a small parameter
at all, or allowed a smooth dependence on the parameter. In this paper, an irregular dependence on a small
parameter is allowed, in particular, the presence in them of a rapidly changing damping function in the
form of an exponential factor under the integral sign. In this case, the spectrum behavior of the optimal
system depends on the damping coefficient, which (under certain conditions) can shift the spectrum in one
direction or another in the complex plane. In this case, a situation may arise when some points of the
spectrum for individual values (or even on a certain continuum set) of an independent variable can become
purely imaginary. This situation is not amenable to investigation by the previously mentioned Vasilieva -
Butuzov method of boundary functions. However, it can be fully studied using the regularization method
S.A. Lomov, the algorithm of which is applied to the considered control problem in the present paper. The
presentation of this method begins with a brief description of the maximum principle of L.S. Pontryagin
for the classical optimal control problem, which then, along with other ideas, is used to justify the results
in the considered control problem.

Keywords: singularly perturbed, Pontryagin’s maximum principle, regularization, asymptotic convergence.

Introduction

The presentation of the regularization method of S.A. Lomov [1] begins with a brief description of the
Pontryagin’s maximum principle for the classical optimal control problem, which is then applied to a linear
singularly perturbed control problem with a quadratic quality functional (cost functional) in the case of a stable
spectrum of the matrix of an optimal system.

Consider a linear control system

dx

dt
= A(t)x+B(t)u+ h(t), x(0) = x0; (1)

J(u) =
1

2

T∫
0

(x∗Q(t)x+ u∗R(t)u)dt→ min, (2)

where x(t), h(t) are n — dimensional; u(t) is m — dimensional vector functions, x0 is a constant n-dimensional
vector; A(t) is (n × n)−matrix; B(t) is (n ×m)− matrix; Q (t) is a symmetric non-negative definite (n × n)−
matrix, R (t) is a symmetric positive definite (m×m)− matrix, * is a transposition sign. It is required to transfer
the system (1) from a given initial position x(0) = x0 to a position x(T ) in a fixed time T < +∞ (x(T ) is not
fixed) so that the functional J(u) takes the minimum value. A similar problem was considered in many sources
devoted to the theory of optimal control. Our presentation follows the monograph [2]. We introduce a variable
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x0 = x0(t), satisfying the equation ẋ0 = f0(x, u, t), x(t0) = 0 (where f0(x, u, t) ≡ 1
2 (x∗Q(t)x+ u∗R(t)u)). Then

the problem (1)–(2) will be rewritten as

dx0

dt = f0(x, u, t), x(0) = 0;
dx
dt = A(t)x+B(t)u+ h(t), x(0) = x0;
x0(T )→ min, 0 ≤ t ≤ T.

(3)

Denote f(x, u, t) = {f1, ..., fn} ≡ A(t)x+B(t)u+ h(t) and make Hamiltonian

H̃(ψ, x, u, t) = ψ0f0 +
n∑
j=1

ψjfj ≡ ψ0f + (ψ1, ..., ψn)


f1

...
fn

 =

= 1
2ψ0(x∗Q(t)x) + 1

2ψ0(u∗R(t)u) + ψ∗A(t)x+ ψ∗B(t)u+ ψ∗h(t),

where ψ∗ ≡ (ψ1, . . . , ψn). According to the maximum principle should be ψ0(t) = const ≤ 0. In the problem
with a fixed time T and with a free end of the trajectory are equalities

ψ0(T ) = −1, ψ1(T ) = ψ2(T ) = . . . = ψn(T ) = 0

(transversality conditions; see [2; 260]), therefore ψ0(t) ≡ −1, and the function H̃ takes the form

H̃(ψ, x, u, t) = −[ 1
2 (x∗Q(t)x) + 1

2 (u∗R(t)u)−
−ψ∗A(t)x− ψ∗B(t)u− ψ∗h(t)] ≡ −[ 1

2 (x∗Q(t)x)+
+ 1

2 (u∗R(t)u) + p∗A(t)x+ p∗B(t)u+ p∗h(t)],

where it is indicated: p∗ ≡ −ψ∗. The function H̃ must reach a maximum on the optimal control u = u(t), which
means, that the function Ĥ(p∗, x, u, t) ≡ 1

2 (x∗Q(t)x)+ 1
2 (u∗R(t)u)+p∗A(t)x+p∗B(t)u+p∗h(t) should reach to

u = u(t) the minimum. We note now that dpj
dt = −dψjdt (j = 1, n), therefore, the auxiliary functions pj ≡ −ψj(t)

satisfy the system of differential equations dpj
dt = ∂H̃

∂xj
, j = 1, n (the equation ṗ0 = ∂H̃

∂x0
is not written out, since

it is trivially satisfied, because ψ0(t) ≡ −1, ∂H̃∂x0
≡ 0). In terms of the function Ĥ, this system can be written in

the form
dpj
dt

= − ∂Ĥ
∂xj

, j = 1, n. (4)

Calculate ∂Ĥ
∂xj

. We have (consider that Q(t) is a symmetric matrix)

∂Ĥ
∂xj

= ∂
∂xj

( 1
2x
∗Q(t)x+ p∗A(t)x) = 1

2e
∗
jQ(t)x+

+ 1
2x
∗Q(t)ej + p∗A(t)ej = 1

2 (Q(t)x, ej)+
+ 1

2 (Q(t)ej , x) + (A(t)ej , p) =
= 1

2 (x,Q(t)ej) + 1
2 (Q(t)ej , x) + (A(t)ej , p) = (ej , Q(t)x)+

+(ej , A
∗(t)p) = (ej , Q(t)x+A∗(t)p),

where ej =

{
0, ..., 0, 1

(j)
, 0, ..., 0

}
, j = 1, n. Therefore, the system (4) has the form

dpj
dt = −(ej , Q(t)x+A∗(t)p), j = 1, n⇔

⇔ dp
dt = −Q(t)x−A∗(t)p.

(5)
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On the other hand, to search for the minimum points of the function Ĥ(p∗, x0, x, u, t) relative to u, we must
find its critical points (note that R(t) is a symmetric matrix ):

∂Ĥ
∂uj

= 0, j = 1, n⇔
⇔ 1

2e
∗
jR(t)u+ 1

2u
∗R(t)ej + p∗B(t)ej = 0⇔

⇔ (ej , R(t)u) = −(B(t)ej , p)⇔
⇔ (ej , R(t)u) = −(ej , B

∗(t)p), j = 1, n
⇔ R(t)u = −B∗(t)p⇔ u = −R−1(t)B(t)∗p.

So, the only one critical point u = −R−1(t)B∗(t)p is obtained. In order to check whether it will realize the
minimum of the function Ĥ for u, consider the matrix of the second derivatives:

∂2Ĥ
∂uj∂uk

= ∂
∂uk

[(ej , R(t)u) + (ej , B
∗(t)p] =

= ∂
∂uk

(ej , R(t)u) = (ej , R(t)ek) = Rjk(t), j, k = 1, n,

where Rjk are the elements of the matrix R(t). This shows that the matrix ( ∂2Ĥ
∂uj∂uk

) does not depend on u.

Since R(t) is a positive definite matrix, then the point u = −R−1(t)B∗(t)p is indeed the minimum point of
the function Ĥ for u. So, if the optimal control of problem (1)–(2) exists, then it necessarily has the form
u = −R−1(t)B∗(t)p, where p = p(t) satisfies system (5) and x = x(t) is calculated from the system (3). In other
words, the optimal system has the form

dx
dt = A(t)x−B(t)R−1(t)B∗(t)p+ h(t), x(0) = x0;

dp
dt = −Q(t)x−A∗(t)p, p(T ) = 0.

(6)

It follows from [3] that the control u = −R−1(t)B∗(t)p, where p = p(t) satisfies system (6), is optimal, and the
corresponding trajectory x = x(t)is the optimal trajectory. The boundary-value problem (6) with continuous
matrices A(t), B(t), R(t), Q(t) and with continuous function h (t) on a segment [0, T ] can be ambiguously
solvable, and then the optimal control u = −R−1(t)B∗(t)p is calculated ambiguously. For the unique solvability
of problem (6), it is necessary to require that the corresponding homogeneous boundary value problem

dx
dt = A(t)x−B(t)R−1(t)B∗(t)p, x(0) = 0;

dp
dt = −Q(t)x−A∗(t)p, p(T ) = 0.

(60)

Has only a trivial solution (x (t) , p (t)) ≡ 0. This will take place, for example, in the case when h(t) ≡ 0 and
p(t) is linear depends on phase coordinates: p(t) = K(t)x(t). Indeed, in this case (as shown in [3; 318, 319]), the
(n× n)− matrix K(t) 6≡ 0 is symmetric and satisfies the nonlinear Riccati matrix differential equation:

K̇ = −K ·A(t)−A∗(t) ·K+
+K ·B(t)R−1(t) ·B∗(t) ·K −Q(t),K(T ) = 0(t ∈ [0, T ]),

and homogeneous problem (60) takes the form

dx
dt =

[
A(t)−B(t)R−1(t)B∗(t)K (t)

]
x, x(0) = 0;

p(t) = K(t)x(t).

This problem has only one solution (x (t) , p (t)) ≡ 0 .

2 Singularly perturbed control problems. Building an optimal system

We now consider a singularly perturbed control system

εẋ = A(t)x(t, ε) +B(t)u(t, ε) + f(t), x(0, ε) = x0, 0 ≤ t ≤ T ;

Jε(u) = 1
2

T∫
0

(x∗Q(t)x+ u∗R(t)u) exp

(
1
ε

t∫
T

µ(θ)dθ

)
dt,

(7)

where ε > 0 is a small parameter, x(t, ε), f(t) are n — dimensional, u(t, ε) is m — dimensional vector functions,
x0 is a constant n-dimensional vector; A(t) is (n × n)−matrix; B(t) is (n ×m)−matrix; Q (t) is a symmetric
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non-negative definite (n×n)− matrix; R (t) is a symmetric positive definite (m×m)− matrix, µ (t) is a scalar
function, t ∈ [0, T ], * is a transposition sign. It is required to transfer the system (7) from a given initial position
x(0) = x0 to a position x(T ) in a fixed time T < +∞ (x(T ) is not fixed) so that the functional J(u)takes the
minimum value. In order to obtain asymptotic representations for x(t, ε) and u(t, ε) in the form of series in
powers of ε, we require the following conditions to be satisfied:

10. The elements of the matrices A(t), B(t), Q(t) and R(t), as well as the components of the vector f(t)
and the scalar function µ(t) belong to C∞([0, T ],R).

Applying the Pontryagin’s maximum principle (see system (1) in the previous section) and taking into
account that the role of A (t) is played by the matrix 1

εA (t), role B (t)– matrix 1
εB (t), role Q (t)– matrix

Q (t) exp

(
1
ε

t∫
T

µ (θ) dθ

)
; role R (t) – matrix R (t) exp

(
1
ε

t∫
T

µ (θ) dθ

)
; role h (t)– function 1

εf (t), we get the

following optimal system:

ε2ẋ = εA(t)x−B(t)R−1(t)B∗(t)exp

(
− 1
ε

t∫
T

µ(θ)dθ

)
p+ εf(t), x(0, ε) = x0,

εṗ = −εQ(t)exp

(
1
ε

t∫
T

µ(θ)dθ

)
x−A∗(t)p, p(T, ε) = 0.

Doing successive replacements

εx = y, exp

−1

ε

t∫
T

µ(θ)dθ

 p = q, {y, q} = z, (8)

and taking into account that

ε · d
dt
p (t) =

(
ε · d

dt
q (t)

)
e

1
ε ∫

t
T µ(θ) dθ + q (t)µ (t) e

1
ε ∫

t
T µ(θ) dθ,

we arrive at the following singularly perturbed boundary value problem with weak inhomogeneity:

ε d
d t y (t) = A (t) y (t)−B (t) ·R−1 (t) ·B∗ (t) q (t) + εf (t) ;

ε ddtq (t) = −q (t)µ (t)−Q (t) y (t)−A∗ (t) · q (t) ,

or
εż = S(t)z + εh(t), 0 ≤ t ≤ T ;
Gz ≡Mz(0, ε) +Nz(T, ε) = εα,

(9)

where S(t) is (2n× 2n)−matrix with elements from the class C∞[0, T ] :

S(t) =

(
A −BR−1B∗

−Q −(A∗ + µI)

)
,

whereM = diag(1, ..., 1, 0, ..., 0), N = diag(0, ..., 0, 1, ..., 1),h(t) = f(t), 0, ...0, α = x0, 0, ..., 0 are 2n− dimensional
vectors. In this case, the optimal control (see 1) will be

u(t) = −1

ε
R−1(t)B∗(t)q(t). (10)

3 Regularization of the optimal system. Construction of solutions of iterative problems

Without detracting from the community, we may assume that T = 1. Let bj(t), dj(t)
(
j = 1, 2n

)
are

eigenvectors of matrices S(t) and S∗(t) corresponding to eigenvalues λj(t) and λj(t), respectively, and, moreover,
(bj(t), dj(t)) = δij is Kronecker’s symbol. Suppose that besides the condition 10, two more conditions are
performed:

20. The spectrum {λj(t)} of the matrix S(t) has the properties:
a) λj(t) 6= 0, j = 1, 2n, ∀t ∈ [0, 1];
b) λi(t) 6= λj(t), i 6= j, i, j = 1, 2n, ∀t ∈ [0, 1];
c) Re λj(t) < 0, j = 1, n,Reλj(t) ≥ 0, j = n+ 1, 2n, ∀t ∈ [0, 1];
d) Reλ1(t) ≤ Reλ2(t) ≤ ... ≤ Reλ2n(t).
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30.det(bij(0))ni,j=1 · det(bij(1))2n
i,j=n+1 6= 0.

Here bj = colon(bij , ..., b2nj), j = 1, 2n; the conditions 30 mean that in the matrix B (t) = (bi,j (t))i,j=1,2n

the left angle minor det(bij(t))
n
i,j=1 of order n does not vanish at the point t = 0, and the right angle minor

det(bij(t))
2n
i,j=n+1 of order n does not vanish at the point t = 1.

The listed conditions 10 − 30 are realizable. To verify this, consider the following scalar problem:

ε
(
d
dtx (t)

)
= −x (t) + etu (t) + f (t) , x(0) = x0 (0 ≤ t ≤ 1);

Jε (u) = 1
2

1∫
0

(
x (t)

2
+ u (t)

2
)
e
t−1
ε dt→ min .

By completing the replacement (8), we obtain the optimal system

ε

(
ẏ
ż

)
=

[
−1 −e2t

−1 2

](
y
z

)
+ ε

(
f(t);

0

)
(0 ≤ t ≤ 1),

y(0) = εx0, q(1) = 0.

The eigenvalues and eigenvectors of the matrix S(t) are follows:

λ1 (t) =
1

2
− 1

2

√
9 + 4e2t ↔ b1 (t) =

(
2e2t

−3+
√

9+4e2t

1

)
,

λ2 (t) =
1

2
+

1

2

√
9 + 4e2t ↔ b2 (t) =

(
−2e2t

3+
√

9+4e2t

1

)
.

Obviously, all the conditions 10 − 30 for them are realized.
We draw attention to the fact that in the considerate problem may arise a situation when some points of

the spectrum on separate values (or even on some continual set) of independent variable can become purely
imaginary. This situation is not amenable to the study of the known methods of asymptotic integration (for
example, using the Vasilyeva-Butuzov method of boundary functions [4–7]. However, it can be fully studied
using the Lomov’s regularization method [1, 8–10]. Note, that the regularization method [1, 8] allows us to
investigate a wide class of problems in the theory of singular perturbations [11–25].

For the regularization of problem (9), we apply the algorithm of the regularization method, developed for
singularly perturbed problems in [1]. We introduce regularizing variables

τk = 1
ε

t∫
tk

λk(s)ds ≡ ϕk
(
t, 1
ε

)
, k = 1, 2n;

t1 = ... = tn = 0, tn+1 = ... = t2n = 1

and consider a new function z̃ = z̃(t, τ, ε), for which we set the following problem:

ε∂z̃∂t +
2n∑
j=1

λj (t) ∂z̃
∂τj
− S (t) z̃ = εh(t);

Gz̃(t, τ, ε) ≡Mz̃ (M0, ε) +Nz̃ (M1, ε) = εα,

(11)

where
M0

(
0, ϕ

(
0,

1

ε

))
,M1

(
1, ϕ

(
1,

1

ε

))
, ϕ

(
t,

1

ε

)
≡
(
ϕ1

(
t,

1

ε

)
, ..., ϕ2n

(
t,

1

ε

))
.

If z̃ = z̃(t, τ, σ, ε) is a solution to problem (11), then the restriction z(t, ε) ≡ z̃(t, ϕ
(
t, 1
ε

)
, ε) will obviously be a

solution to problem (9). The resulting problem (11) is regular in ε, and therefore we are looking for its solution
in the form of a series

z̃ =

∞∑
i=0

εizi(t, τ) (12)

by non-negative powers of the parameter ε. To determine the coefficients of this series, we obtain the following
iteration systems:

L0z0 ≡
2n∑
j=1

λj (t)
∂z0

∂τj
− S (t) z0 = 0, Gz0 (t, τ) ≡Mz0 (M0) +Nz0 (M1) = 0, (130)
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L0z1 = h (t)− ∂z0

∂t
,Gz1 = α; (131)

L0zi = −∂zi−1

∂t
, Gzi = 0, i = 2, 3, ... . (13i)

In order to study the solvability of problems (130), (131), (13i), consider the general iterative system

L0ξ = H(t, τ, σ). (14)

We will find a solution to system (14) in the space of functions

U =

{
ξ(t, τ) : ξ =

2n∑
k=1

ξk(t)eτk + ξ0(t) ξk (t) ∈ C∞([0, 1]),C2n), k = 0, 2n

}
,

in which is the following scalar (for each t ∈ [0, 1]) product is introduced

< ξ (t, τ) , ζ (t, τ) >=

2n∑
k=0

(ξk (t) , ζk (t)) , ξ = ξ(t, τ), ζ (t, τ) ∈ U,

where (, ) is the usual scalar product in the complex space C2n. Suppose that the right-hand side of system (14)

belongs to U, that is H(t, τ) =
2n∑
k=1

hk(t)eτk +H0(t) ∈ U. The following assertion holds true, which is proved in

the same way as the analogous assertion in [1].
Theorem 1. If conditions 10,20(a, b, c) are satisfied and H(t, τ) ∈ U , then for the solvability of system (14)

in space U , it is necessary and sufficient that

< H(t, τ, ), dk (t) eτk >≡ 0,∀t ∈ [0, 1], k = 1, 2n. (15)

Remark 1. Under the conditions of Theorem 1 the system (14) has the following solution in the space U :

ξ(t, τ) =

2n∑
k=1

αk(t)bk(t) +

2n∑
s=1,s6=k

Hks(t)bs(t)

 eτk +

n∑
k=1

H0k(t)bk(t); (16)

where αk(t) ∈ C∞([0, 1],C1)are arbitrary functions, Hks(t) ≡ (λk(t)− λs(t))−1(Hk(t), ds(t));

H0k(t) = −(H0(t), dk(t))/λk(t), k, s = 1, 2n.

Theorem 2. Let the conditions 10–30 be satisfied, H(t, τ) ∈ Usatisfies the requirements (15). Then the system
(14) under boundary conditions Gξ = ξ0 and additional conditions

< −∂ξ
∂t

+ g(t), dk (t) eτk >≡ 0, 1, 2n, ∀t ∈ [0, 1], (17)

where g(t) ∈ C∞([0, 1],C2n) is a known function, is uniquely solvable in U for ε ∈ (0, ε0], where ε0 > 0 is
sufficiently small.

Proof. We use the conditions of orthogonality (17) and obtain equations for the unknown functions αk(t) in
the representation (16):

α̇k(t) + (ḃk (t) , dk (t))αk = −
2n∑

s=1,s 6=k

Hks(ḃs (t) , dk (t)), k = 0, 2n. (18)

From equations (18) we find

αk(t) = e
−

t∫
0

(ḃk,dk)dθ
[αk(0)−

2n∑
s=1,s6=k

t∫
0

e

x∫
0

(ḃk,dk)dθ
Hks (x) (ḃs (x) , dk (x))dx], (19)
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where αk(0), k = 1, 2n, are while unknown numbers. Subordinate the vector function (16) to the boundary
condition Gξ = ξ0 ⇔ Mξ

(
0, ϕ

(
0, 1

ε

))
+ Nξ

(
1, ϕ

(
1, 1

ε

))
= ξ0. To simplify the calculations, we write the

solution (16) in the form
ξ(t, τ) = Φ (t) diag (eτ1 , ..., eτ2n)α (t) + ξ̂(t, τ),

where α (t) = {α1 (t) , ..., α2n (t)} , Φ (t) ≡ (b1(t), ..., b2n(t)) is the matrix of the eigenvectors of the matrix T (t),

and by ξ̂(t, τ) is denoted the particular solution of system (14):

ξ̂(t, τ) =

2n∑
k=1

 2n∑
s=1,s 6=k

Hks(t)bs(t)

 eτk +

n∑
k=1

H0k(t)bk(t).

The condition Gξ = ξ0 gives:

MΦ (0) diag
(

1, ..., 1, eϕn+1(0, 1ε ), ..., eϕ2n(0, 1ε )
)
α (0) +

+NΦ (1) diag
(
eϕ1(1, 1ε ), ..., eϕn(1, 1ε ), 1, ..., 1,

)
α (1) =

= l (ε) , l (ε) ≡ ξ0 −Mξ̂
(
0, ϕ

(
0, 1

ε

))
+Nξ̂

(
1, ϕ

(
1, 1

ε

))
.

(20)

From equality (19) we find that

αk(1) = e
−

1∫
0

(ḃk,dk)dθ
[αk(0)−

2n∑
s=1,s 6=k

1∫
0

e

x∫
0

(ḃk,dk)dθ
Hks (x) (ḃs (x) , dk (x))dx], k = 1, 2n,

so

α(1) = diag(e
−

1∫
0

(ḃ1,d1)dθ
, ..., e

−
1∫
0

(ḃ2n,d2n)dθ
)α(0) + β,

where β is a constant vector having the form

β = −{
2n∑

s=1,s6=1

1∫
0

e

x∫
1

(ḃ1,d1)dθ
H1s (x)

(
ḃs (x) , d1 (x)

)
dx, ...;

2n∑
s=1,s6=1

1∫
0

e

x∫
1

(ḃ2n,d2n)dθ
H1s (x)

(
ḃs (x) , d2n (x)

)
dx}.

Substituting α (1) in (20), we will have

[MΦ (0) diag
(

1, ..., 1, eϕn+1(0, 1ε ), ..., eϕ2n(0, 1ε )
)

+

+NΦ (1) diag

eϕ1(1, 1ε )−
1∫
0

(ḃ1,d1)dθ
, ..., e

ϕn(1, 1ε )−
1∫
0

(ḃn,dn)dθ
, e
−

1∫
0

(ḃn+1,dn+1)dθ
, ..., e

−
1∫
0

(ḃ2n,d2n)dθ

]× (21)

×α (0) = l (ε)−Nβ.

We divide the matrix Φ (t) into blocks of size n×n : Φ (t) =

(
Φ11 (t) Φ12 (t)
Φ21 (t) Φ22 (t)

)
and we introduce the notation:

Λ1 (t) = diag (λ1 (t) , ..., λn (t)) , Λ2 (t) = diag (λn+1 (t) , ..., λ2n (t));

G1 = diag

(
−

1∫
0

(ḃ1, d1)dθ, ...,−
1∫
0

(ḃn, dn)dθ

)
;

G2 = diag

(
−

1∫
0

(ḃn+1, dn+1)dθ, ...,−
1∫
0

(ḃ2n, d2n)dθ

)
.

Then the determinant ∆ (ε) of the system (21) can be written as

∆ (ε) =

∣∣∣∣∣ Φ11 (0) Φ12 (0) e
1
ε

∫ 0
1

Λ2(θ)dθ

Φ21 (1) e
1
ε

∫ 1
0

Λ1(θ)dθ+G1 Φ22 (1) eG2

∣∣∣∣∣ .
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To calculate it, we apply the block Gauss method (see [26; 44, 45]). Multiply the first «column» of this
determinant by −Φ−1

11 (0) Φ12 (0) e
1
ε

∫ 0
1

Λ2(θ)dθ the matrix and adding the result to the second «column», we
get that

∆ (ε) =

∣∣∣∣ Φ11 (0) 0

Φ21 (1) e
1
ε

∫ 1
0

Λ1(θ)dθ+G1 K

∣∣∣∣ = det Φ11 (0) · detK,

where K = Φ22 (1) eG2 − Φ−1
11 (0) Φ12 (0) e

1
ε

∫ 0
1

Λ2(θ)dθΦ21 (1) e
1
ε

∫ 1
0

Λ1(θ)dθ+G1 . Considering conditions 20c), we
conclude that ∆ (ε) → ∆ (0) = det Φ11 (0) · det[Φ22 (1) eG2 (ε→ +0) . By virtue of the condition 30 the
determinant ∆ (0) 6= 0, and therefore ∆ (ε) 6= 0 for ε ∈ (0, ε0] and ε0 > 0 is sufficiently small. This means
that system (21) has a unique solution α (0) = α0 (ε). Substituting this solution into (19), we find uniquely
the functions αk(t) = αk(t, ε), and, therefore, we calculate the solution (16) of system (14) in the space U in a
unique way. The theorem is proved.

4 Correct solvability of a singularly perturbed two-point boundary
value problem and estimation of the remainder term

Applying Theorems 1, 2 to iterative problems (13i), we find in a unique way solutions of these problems in
space U and construct series (12). Arguing by analogy with the monograph [1; 107–126], we prove the following
result.

Lemma 1. Let the conditions 10 − 30 be fulfilled. Then the function zεN (t) = SN (t, ϕ
(
t, 1

ε

)
,

ε)≡
N∑
i=0

εizi

(
t, ϕ(t)

ε

)
satisfies the problem

ε
dzεN
dt

= S(t)zεN (t) + εh(t) + εN+1RN (t, ε), GzεN (t) = εα,

where ||RN (t, ε)||C[0,1] ≤ R̄N = const for ε ∈ (0, ε0] (ε0 > 0 is sufficiently small).
To substantiate the asymptotic convergence of the formal solution zεN (t) = SN (t, ϕ

(
t, 1
ε

)
, ε) of the problem

(9) to its exact solution z(t, ε) , we must prove the solvability of an arbitrary boundary value problem

ε
dz

dt
= S(t)z + h(t), Gz(t, ε) = z0, t ∈ [0, T ], (22)

under the above conditions 10 − 30 and give an estimate of its solution through ||z0|| and ||h(t)||. Under
conditions of stability of the spectrum {λj(t)} of an operator S(t), such an estimate was carried out using
the Green function (see, for example, [1]), the construction of which essentially uses a rather strict condition
20d). Here we propose another procedure based on the study of a special integral equation equivalent to system
(22). The implementation of this procedure (its main ideas are presented in [27]) makes it possible to avoid
constructing the Green function, and also to get rid of condition 20d). We formulate some of the statements
from [27], which will be used later.

Consider a more general, than (22), boundary value problem

dw

dt
= S(t)w + h(t), lw ≡M1w(0) +N1w(T ) = w0, t ∈ [0, T ], (23)

not containing a parameter. We assume thatM1 andN1 are arbitrary (m×m)-matrices, w = {w1, . . . , wm}, S(t)
is a well-known (m×m)-matrix, h(t) = {h1, . . . , hm} is a well-known vector function, w0 = {w0

1, . . . , w
0
m} is a

well-known constant vector. We formulate conditions under which the boundary value problem (23) is solvable.
Let Φ(t) be the fundamental matrix of solutions of the corresponding homogeneous system ẇ = S(t)w with

columns cj(t) , i.e. Φ(t) = (c1(t), . . . , cm(t)). Form the matrices

Φ1(t) = (c1(t), . . . , ck(t); 0, . . . , 0);
Φ2(t) = (0, . . . , 0; ck+1(t), . . . , cm(t)),

where k ∈ {1, . . . ,m} is an arbitrary number. The following properties of these matrices are obvious:
a) Φ1(t) + Φ2(t) = Φ(t); b) Φ̇j(t) ≡ S(t)Φj(t), j = 1, 2; c) Φ̇1(t) + Φ̇2(t) = Φ̇(t).

Серия «Математика». № 4(96)/2019 29



A.A. Bobodzhanov, B.T. Kalimbetov, V.F. Safonov

Lemma 2 [27]. Let the matrix S(t) ∈ C∞([0, T ],Cm×m), h(t) ∈ C∞([0, T ],Cm).Then the general solution
of the system ẇ = S(t)w + h(t) on the segment [0, T ] can be written as

w(t, c0) = Φ(t)c0 + Φ1(t)

t∫
0

Φ−1(θ)h(θ)dθ + Φ2(t)

t∫
T

Φ−1(θ)h(θ)dθ, (24)

where c0 ∈ Cm is an arbitrary constant vector.
Proof. Since Φ(t)c0 it is a general solution of the corresponding homogeneous system, it is necessary to show

that the vector function

w̃(t) = Φ1(t)

t∫
0

Φ−1(θ)h(θ)dθ + Φ2(t)

t∫
T

Φ−1(θ)h(θ)dθ (25)

is a particular solution to a non-homogeneous system of equations ẇ = S(t)w+h(t). Using the properties a) – c)
of the matrices Φj(t) , we will have

dw̃

dt
= Φ̇1(t)

t∫
0

Φ−1(θ)h(θ)dθ + Φ1(t)Φ−1(t)h(t)+

+Φ̇2(t)

t∫
T

Φ−1(θ)h(θ)dθ + Φ2(t)Φ−1(t)h(t) =

= S(t)Φ1(t)

t∫
0

Φ−1(θ)h(θ)dθ + S(t)Φ2(t)

t∫
T

Φ−1(θ)h(θ)dθ+

+[Φ1(t) + Φ2(t)]Φ−1h(t) = S(t)[Φ1(t)

t∫
0

Φ−1(t)(θ)h(θ)dθ+

+Φ2(t)

t∫
T

Φ−1(θ)h(θ)dθ] + h(t) = A(t)w̃(t) + h(t),

that is, function (25) is indeed a solution of an non-homogeneous system ẇ = S(t)w + h(t). The lemma is
proved.

Lemma 3 [27]. Let the conditions of Lemma 2 be fulfilled. Then for the unique solvability of the boundary
value problem (23) it is necessary and sufficient that

det[M1Φ(0) +N1Φ(T )] 6= 0. (26)

If condition (26) is satisfied, then the solution of the problem (23) is given by formula (24), where the vector
c0has the form

c0 = [M1Φ(0)c0 +M1Φ(T )]−1(w0 −M1Φ2(0)
0∫
T

Φ−1(θ)h(θ)dθ−

−N1Φ1(T )
T∫
0

Φ−1(θ)h(θ)dθ).

(27)

Proof. Subject (24) to the boundary condition lw = w0. We will have

M1Φ(0)c0 +M1Φ2(0)

0∫
T

Φ−1(θ)h(θ)dθ +N1Φ(T )c0+

+N1Φ1(T )

T∫
0

Φ−1(θ)h(θ)dθ = w0;
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or

[M1Φ(0) +M2Φ(T )]c0 = w0 −M1Φ2(0)

0∫
T

Φ−1(θ)h(θ)dθ)−

−N1Φ1(t)

T∫
0

Φ−1(θ)h(θ)dθ.

For the unique solvability of this system, it is necessary and sufficient to satisfy condition (26). At the same
time, c0 has the form (27). The lemma is proved.

We now turn to the study of the solvability of the boundary value problem (23). According to [1; 109, 110],
under the assumption that S(t) ∈ C1([0, T ],C2n×2n) transformation

z = [B(t)(I + εB1(t))]η(t, ε),

where B−1(t)T (t)B(t) = Λ(t) = diag(λ1(t), . . . , λ2n(t));

(B1(t))ij =


0, i = j,

1
λi(t)−λj(t) (B−1(t)B

′
(t))ij , i 6= j (i, j = 1, 2n),

leads system (22) to the system

εdηdt = Λ0(t, ε)η + ε2C(t, ε)η +H1(t, ε);
P1(ε)η(0, ε) + P2(ε)η(T, ε) = z0,

(28)

where indicated:
P1(ε) = M [B(0)(I + εB1(0)], P2(ε) = N [B(T )(I + εB1(T )];

Λ0(t, ε) = diag(λ1(t) + εµ1(t), . . . , λ2n(t) + εµ2n(t));

H1(t) = [B(t)(I + εB1(t)]−1h(t)

and C(t, ε) is a known matrix. Let Φ(t, ε) be the fundamental solution system of a shortened system

ε
dz

dt
= Λ0(t, ε)z. (29)

Obviously, it can be taken in the following form:

Φ(t, ε) =

 e
1
ε

t∫
0

Λ(θ,ε)dθ
0

0 e
1
ε

t∫
T

Λ(θ,ε)dθ

 , (30)

where
Λ(t) = diag(λ1(t) + εµ1(t), . . . , λn(t) + εµn(t));

Λ(t) = diag(λn+1(t) + εµn+1(t), . . . , λ2n(t) + εµ2n(t)).

Using (30) and Lemma 3, we reverse the system (28) and obtain an equivalent system of integral equations

η(t, ε) = Φ(t, ε)c0(η)+

+Φ1(t, ε)
t∫

0

εΦ−1(s, ε)C(s, ε)η(s, ε)ds+

+Φ1(t,ε)
ε

t∫
0

Φ−1(s, ε)H1(s, ε)ds+

+Φ2(t, ε)
t∫
T

εΦ−1(s, ε)C(s, ε)η(s, ε)ds+

+Φ2(t,ε)
ε

t∫
T

Φ−1(s, ε)H1(s, ε)ds,

(31)
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where
c0(η) = [P1(ε)Φ(0, ε) + P2(ε)Φ(T, ε)]−1×

×

z0 − P1(ε)Φ2(0, ε)

0∫
T

εΦ−1(s, ε)C(s, ε)η(s, ε)ds−

−P2(ε)Φ1(T, ε)

T∫
0

εΦ−1(s, ε)C(s, ε)η(s, ε)ds−

−P1(ε)
Φ2(0, ε)

ε

0∫
T

Φ−1(s, ε)H1(s, ε)ds− (32)

−P2(ε)
Φ1(T, ε)

ε

T∫
0

Φ−1(s, ε)H1(s, ε)ds


and by Φj(t, ε) we denoted (2n× 2n)-matrices

Φ1(t, ε) = diag(e
1
ε

t∫
0

Λ(θ,ε)θ
, 0); Φ2(t, ε) = diag(0, e

1
ε

t∫
T

Λ(θ,ε)θ

).

Substituting (32) into (31), we write the integral system in operator form:

η = Aη. (33)

Obviously, the operator A acts from space C
(
[0, T ],C2n

)
to itself. In assessing the norm ‖Aη1 − Aη2‖, we

use the fact that the product Φ1(t, ε)Φ−1(s, ε) is uniformly bounded of ε (for sufficiently small ε > 0) for s
and t satisfying the inequalities 0 ≤ s ≤ t ≤ T , and the product Φ2(t, ε)Φ−1(s, ε) is uniformly bounded (for
sufficiently small ε > 0) for s and t satisfying the inequalities 0 ≤ t ≤ s ≤ T. Let us show this. We have at
0 ≤ s ≤ t ≤ T :

||Φ1(t, ε)Φ−1(s, ε)|| ≡

≡ ||exp{ 1
ε

t∫
s

Λ (θ) dθ}|| = ||exp{ 1
ε

t∫
s

ReΛ (θ) dθ}|| ≤

≤ ||diag(exp{1

ε

t∫
s

Reλ1dθ}, . . . , exp{
1

ε

t∫
s

Reλndθ}||×

×||diag(exp{
t∫
s

Reµ1dθ}, . . . , exp{
t∫
s

Reµndθ}|| ≤ ν1 = const;

because Reλi(θ) ≤ 0 when 0 ≤ s ≤ θ ≤ t ≤ T, i = 1, n. When 0 ≤ t ≤ s ≤ T we have

||Φ2(t, ε)Φ−1(s, ε)|| ≡

≡ ||exp{ 1
ε

t∫
s

Λdθ}|| = ||exp{− 1
ε

s∫
t

ReΛdθ}|| ≤

≤ ||diag(exp{−1

ε

s∫
t

Reλn+1dθ}, . . . , (exp{−
1

ε

s∫
t

Reλ2ndθ}||×

×||diag(exp{
t∫
s

Reµn+1dθ}, . . . , exp{
t∫
s

Reµ2ndθ})|| ≤

≤ ν2 = const,

since Reλj(θ) ≥ 0 when 0 ≤ t ≤ θ ≤ s ≤ T, j = n+ 1, 2n. In this case, constants ν1 and ν2 does not depend on
ε when ε ∈ (0, ε0], where ε0 > 0 is sufficiently small.
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We now turn to the estimate ||Aη1 − Aη2|| ≡ ||Aη1 − Aη2||C[0,T ]. Using the boundedness of matrices
Φ1(t, ε)× Φ−1(t, ε) and Φ2(t, ε) · Φ−1(t, ε), we will have

||Aη1 −Aη2|| ≤ ||Φ(t, ε)(c0(η1)− c0(η2))||+

+ε||Φ1(t, ε)
t∫

0

Φ−1(s, ε)C(s, ε)(η1(s, ε)− η2(s, ε)ds||+

+ε||Φ2(t, ε)
t∫
T

Φ−1(s, ε)C(s, ε)(η1(s, ε)− η2(s, ε)ds|| ≤

≤ ν0||c0(η1)− c0(η2)||+ εν3||η1 − η2||+ εν4||η1 − η2||.

On the other hand,
||c0(η1)− c0(η2)|| ≤ ||(P1(ε)Φ(0, ε) + P2(ε)Φ(T, ε))−1||×

×(||εP1(ε)Φ2(0, ε)

0∫
T

Φ−1(s, ε)C(s, ε)(η1(s, ε)− η2(s, ε)ds||+

+||εP2(ε)Φ1(T, ε)
T∫
0

Φ−1(s, ε)C(s, ε)(η1(s, ε)− η2(s, ε)ds||) ≤

≤ εν5||η1 − η2||.

Substituting this into the previous inequality, we get ||Aη1 −Aη2|| ≤ εν6||η1 − η2||, where ν6 do not depend on
ε at ε ∈ (0, ε0].From here it follows that the operator A is contraction operator in space C

(
[0, T ],C2n

)
, and

therefore, the equation (33) is uniquely solvable in C
(
[0, T ],C2n

)
.

From (31) and (32), passing to the norms in C
(
[0, T ],C2n

)
,we get

||η(t, ε)|| ≤ ν0||c0(η)||+ εν7||η||+
ν8

ε
||H1||;

||c0(η)|| ≤ ν9.||z0||+ εν10||η||+
ν11

ε
||H1||,

which means, that

||η|| ≤ 1

1− ε(ν7 + ν10ν0)
(ν0ν9||z0||+ ν8 + ν0ν11

ε
||H1||).

Take ε > 0 such that
1− ε(ν7 + ν10ν0) ≥ 1

2
.

Then
||η|| ≤ 2(ν0ν9||z0||+ ν8 + ν0ν11

ε
||H1||).

Since z = [B(t)I + εB1(t)]η(t, ε), then the initial boundary problem (22) is uniquely solvable in C1
(
[0, T ],C2n

)
and for its solution z(t, ε) we have the estimate

||z(t, ε)||C[0,T ] ≤ K1||z0||+ K2

ε
||h||C[0,T ]. (34)

However, all our calculations are correct only when

|det[P1(ε)Φ(0, ε) + P2(ε)Φ(T, ε)]| ≥ δ1 = const > 0 (35)

at ε ∈ (0, ε0]. Insofar as P1(ε) = MB(0) + εMB1(0), P2(ε) = NB(T ) + εNB1(T ), then inequality (35) for
ε ∈ (0, ε0] follows from the fact that

|det[MB(0)Φ(0, ε) +NB(T )Φ(T, ε)]| ≥ δ2 = const > 0

for ε ∈ (0, ε0]. This fact follows from the conditions 30a) − 30c), what can be proved in the same way as the
inequality |∆(ε)| ≥ δ0 = const (see system (21) and the following calculations).

The following result is proved.
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Theorem 3. Suppose that S(t) ∈ C1([0, T ],C2n×2n), h(t) ∈ C([0, T ],C2n) and the conditions 10, 20a) −
20c), 30 are satisfied. Then for sufficiently small ε ∈ (0, ε0] the boundary value problem (22) has a unique solution
z(t, ε) and estimate (34) is valid for it.

Using the estimate (34) for the remainder term rN (t, ε) = z(t, ε) − zεN (t), as well as Lemma 1, we can
easily prove the following statement.

Theorem 4. Let the conditions 10, 20a) − 20c), 30 are fulfilled. Then the boundary value problem (9) for
sufficiently small ε > 0(0 < ε ≤ ε0) is uniquely solvable in the class C1([0, T ],C2n) and the estimate

||z(t, ε)− zεN (t)||C[0,T ] ≤ CNεN+1

holds true ( here CN > 0 is a constant independent of ε ∈ (0, ε0], zεN (t) = SN (t, ϕ
(
t, 1
ε

)
, ε) the formal

asymptotic solution constructed above.
So, we have obtained the asymptotic solution of the problem (9) in the form of a series (12), taken at the

restriction τ = ϕ(t, 1
ε ). Using equations (8) and (10), we construct the asymptotics of the optimal control u(t, ε)

and the optimal trajectory x(t, ε).
Remark 2. Due to the uniqueness of the solution of the system (130) in space U , it will have only a trivial

solution z0 = z0 (t, τ) ≡ 0, therefore the asymptotic series for the optimal control (10) and the optimal trajectory
x (t, ε) = 1

εy (t, ε) will not contain coefficients with a negative degree of the parameter ε.
Remark 3. Condition 20d) is related to the construction of the Green function for the boundary value

problem (9) and its application in estimating the remainder term (see [1; 108–126]). Using our technique, one
can do without constructing the Green function and then condition 20d) can be removed.
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А.А. Бободжанов, Б.Т. Кaлимбетов, В.Ф. Сафонов

Оңтайлы жүйенiң матрицасының спектрi ұдайы болған
жағдайдағы басқарудың сингуляр ауытқымалы есебi

Мақалада сапаның квадрат функционалы бар сингуляр ауытқымалы есебi қарастырылды. Мұндай
есептер бұрын спектрдiң белгiлi шектеулерiнде (оңтайлы жүйенiң спектр нүктелерi таза жорамал емес
және жорамал оське қатысты симметриялы орналасса) Васильева-Бутузовтың шекаралық функция-
лар әдiсi арқылы қарастырылған. Егер спектрдiң нүктелерiнiң ең болмағанда бiреуi тәуелсiз айны-
малының кейбiр мәндерiнде жорамал оське түссе, шекаралық функциялар әдiсi жұмыс iстемейдi.
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Жұмыста спектрдiң таза жорамал нүктелерi бар жағдай зерттелдi. Бұл жағдайда С.А. Ломовтың ре-
гуляризациялау әдiсiнiң идеяларына негiзделген басқа әдiстi дамытуға тура келедi. Сондай-ақ бұрын
қаралған басқару есептерiнде шығындар функционалы кiшi параметрге мүлдем тәуелдi емес немесе
кiшi параметрге тегiс тәуелдi болатыны байқалған. Бұл мақалада шығынның кiшi параметрге регуляр
емес тәуелдiлiгi, яғни интеграл таңбасы астында экспоненциалды көбейткiш түрiнде жылдам өзге-
ретiн демпфирлеу функциясының бар болуы жағдайы қарастырылған. Осы жағдайда оңтайлы жүйе
спектрiнiң беталысы демпфирлеу коэффициентiне байланысты болады, ол (белгiлi бiр жағдайларда)
спектрдi комплекс жазықтықтың қандай да бiр жағына жылжытуы мүмкiн. Онда спектрдiң кейбiр
нүктелерi жекеленген мәндерде (немесе тiптi кейбiр континуалды жиындарда) тәуелсiз айнымалы
таза жорамал болған жағдай туындауы мүмкiн. Мұндай жағдайды жоғарыда аталған Васильева-
Бутузовтың шекаралық функциялары әдiсiмен зерттеуге болмайды. Алайда қарастырылып отырған
басқару есебiн зерттеуге қатысты С.А. Ломовтың регуляризациялау әдiсiнiң алгоритмiн қолдану осы
жұмыста толық қарастырылған. Бұл әдiстi баяндау оңтайлы басқарудың классикалық есебi үшiн
Л.С. Понтрягиннiң максимум принципiн қысқаша сипаттаудан басталып, одан соң басқа идеялармен
қатар, қарастырылып отырған басқару есебiнiң нәтижелерiн негiздеу үшiн қолданылды.

Кiлт сөздер: сингуляр ауытқу, Понтрягинның максимум принципi, регуляризация, асимптотикалық
жинақтылық.

А.А. Бободжанов, Б.Т. Кaлимбетов, В.Ф. Сафонов

Сингулярно возмущенные задачи управления в случае
стабильности спектра матрицы оптимальной системы

В статье рассмотрена сингулярно возмущенная задача управления с квадратичным функционалом
качества. Такие задачи в их стандартной постановке при известных ограничениях на спектр (точки
спектра оптимальной системы не являются чисто мнимыми и расположены симметрично относи-
тельно мнимой оси) были рассмотрены ранее с помощью метода пограничных функций Васильевой-
Бутузова. Если же хотя бы одна из точек спектра при некоторых значениях независимой переменной
попадает на мнимую ось, метод погранфункций не работает. Именно такая ситуация с допущением
чисто мнимых точек спектра исследована в настоящей работе. В этом случае приходится развивать
другой подход, основанный на идеях метода регуляризации С.А. Ломова. Следует заметить также,
что в рассмотренных ранее задачах управления функционал затрат либо вообще не зависел от малого
параметра, либо допускал гладкую зависимость от параметра. В данной работе допущена нерегуляр-
ная зависимость от малого параметра, в частности, наличие в них быстро изменяющейся функции
демпфирования в виде экспоненциально множителя под знаком интеграла. В этом случае поведение
спектра оптимальной системы зависит от коэффициента демпфирования, который (при определенных
условиях) может смещать спектр в ту или иную сторону в комплексной плоскости. При этом может
возникнуть ситуация, когда некоторые точки спектра при отдельных значениях (или даже на неко-
тором континуальном множестве) независимой переменной могут становиться чисто мнимыми. Эта
ситуация не поддается исследованию упомянутым ранее методом пограничных функций Васильевой-
Бутузова. Однако его можно полностью изучить с помощью метода регуляризации С.А. Ломова,
алгоритм которого применительно к рассматриваемой задаче управления развивается в настоящей
работе. Изложение этого метода начинается с краткого описания принципа максимума Л.С. Понтря-
гина для классической задачи оптимального управления, который затем, наряду с другими идеями,
применяется для обоснования результатов в рассматриваемой задаче управления.

Ключевые слова: сингулярное возмущение, принцип максимума Понтрягина, регуляризация, асимп-
тотическая сходимость.
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Modeling of a Static Incompressible Medium

In the article mathematical modeling of the solution of the static Stokes problem is considered by solving
the static problem of the theory of elasticity, with Hooke’s law. We obtain estimates for the proximity of
solutions of these problems under asymptotics, namely, when λ → ∞, in this case the Poisson coefficient
tends to 0, 5, which corresponds to an incompressible medium. Further, it was proved that the estimate of
the proximity of the solutions of the problems considered as unimprovable in order of 1

λ
. This allows us to

use previously differential schemes for the static problem of the theory of elasticity, as an approximate, it
is obtained a method for solving the static Stokes problem on a sequence of grids.

Keywords: Incompressible medium, Hooke’s law, stresses, deformations, displacements, Lame coefficients,
the task of the Stokes, theory of elasticity, equilibrium equation, single-linked area.

In a bounded simply connected domain D ⊂ R3 with a sufficiently smooth boundary γ, we will make a
solution to the problem of the theory of elasticity for an incompressible medium that satisfies the equilibrium
equation:

µ4u−∇p+ f = 0, x ∈ D, (1)

medium incompressibility condition
div u = 0, x ∈ D, (2)

displacement-strain relations

2εik =

(
∂ui
∂xk

+
∂uk
∂xi

)
, i, k = 1, 2, 3, (3)

equations of state of the environment
σik = −δikp+ 2µεik, (4)

where u(x) is the displacement vector, p(x) is the pressure function, f(x) is the vector of volume forces, εik(x) is
the components of the strain tensor, σik(x) are the components of the stress tensor and the boundary condition

3∑
k=1

σiknk = 0, x ∈ γ, (5)

where nk is guides of cosines by norms to the boundary γ.
We also consider in the domain D the formulation of the static problem of the theory of elasticity for a

compressible medium and use following equations.
Equilibrium equations

µ4uλ + (λ+ µ)∇div uλ + f = 0, x ∈ D, (6)

displacement-strain relations

2ελik =

(
∂uλi
∂xk

+
∂uλk
∂xi

)
, i, k = 1, 2, 3, (7)

equations of state, Hooke’s law
σik = λδikθ

λ + 2µελik, (8)

In the formula (8) θλ =
3∑
j=1

ελjj , λ, µ > 0 is Lame coefficients.
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Border conditions
3∑
k=1

σλiknk = 0, x ∈ γ, (9)

for the solvability of problems (6) - (9) the following conditions are necessary [1,2]∫
D

fdx = 0,

∫
D

r × fdx = 0,

∫
D

udx = 0,

∫
D

rotudx = 0, (10)

where r = r(x) is the radius vector of the point x ∈ D.
Earlier in the work, it was obtained an estimate for the proximity of the solution of problem (6)–(10) to the

solution of problem (1)–(5) as λ→∞. Here we get this assessment in another way.
Let us denote u = u0 + 1

λw where u0 is the solution of problem (1)–(5). By virtue of (6)–(10) and (1)–(5)
we have:

E(u0, v) +
1

λ
E(w, v) +

∫
D

div u0 · div vdx+

∫
D

divw · div vdx =

∫
D

f · vdx, (11)

for an arbitrary function v ∈W 1
2 (D)

E(u, v) =
1

2
µ

∫
D

3∑
i,j=1

(
∂ui
∂xj

+
∂uj
∂xi

)(
∂vi
∂xj

+
∂vj
∂xi

)
dx.

In (11) we add and subtract the expressions
∫
D

pdiv vdx, as a result we get

1

λ
E(w, v) +

∫
D

divw · div vdx = −
∫
D

p div vdx. (12)

Assuming in (12) v = w, the estimate follows

1

λ
E(w,w) + ‖divw‖2 ≤ ‖p‖ · ‖ divw‖ ≤ 1

2
‖p‖2L2(D) +

1

2
‖ divw‖2.

By virtue of the fact that
‖p‖L2(D) ≤ ‖f‖W−1

2 (D).

then inequality holds true
1

λ
‖w‖2W 1

2 (D) +
1

2
‖ divw‖2 ≤ 1

2
‖f‖2

W−1
2 (D)

. (13)

After that we will finally get the next formula:

λ‖ div u‖ ≤ cfW−1
2 (D) (14)

Next, we estimate the higher derivatives of the solution of problem (6)–(10).
Theorem 1. Let f(x) ∈ L2(D), γ ∈ C2. Then, to solve the problem (6)–(10), the inequality is

‖u‖W 2
2 (D) +

1

ε
‖∇ div u‖L2(D) ≤ c‖f‖L2(D) (15)

Evidence. If we follow to the work [3], from the smoothness condition for the boundary γ, it implies that there
is a local change of variables y = ψ(x), where x ∈ γ, let ω be a neighborhood of the point x such that the piece
of the boundary ω

⋂
γ becomes a piece of the hyperplane. Let denote through ω1 the small neighborhood of this

point, which is at a positive distance from the boundary to the neighborhood ω. Let z(x) be a non-negative in
ω = ω

⋃
∂ω a smooth function such that supp z ⊂ ω and z(x) = 1 if x ∈ ω. Finally, let us assume that the yk

axis, k = 1, 2, . . . , n− 1 lies in the indicated hyperplane, and the yn axis is directed along the norms drawn to
it. Solutions of problem (6) - (10) satisfy a neutral identity:

E(u, v) + λ

∫
D

div u · div vdx =

∫
D

f · vdx (16)
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for any v(x) ∈ W 1
2 (D). Put in (16) v = z(x) ∂

∂yk
(z(x)uyk), after integration by parts, evaluating the terms in

the same way as in [4] we will have ‖uyk‖2W 1
2 (w)

≤ ‖u‖W 2
2 (D) · ‖u‖W 1

2 (ω), by virtue of (6)–(10), multiplying by
z(x)uyk integrating we get

λ

∥∥∥∥ ∂

∂yk
∇ div u

∥∥∥∥ 0
W
−1

2 (D)

≤M
[
‖f‖+ ‖u‖1/2

W 2
2 (D)

· ‖f‖1/2L2(D)

]
to estimate ∂

∂yk
div u, we use the identity ∇ div u = div

(
f

λ+2µ

)
, which is obtained from (6), if we take the div

by going to the variables , we express ∂
∂yk

div u through the remaining derivatives of the first and second order,
which are already estimated. Then we get∥∥∥∥∇ ∂

∂yk
div u

∥∥∥∥ 0
W
−1

2 (ω)

≤ c
[
‖f‖+ ‖u‖1/2

W 2
2 (D)

· ‖f‖1/2L2(D)

]
.

Let us suppose that the set ω is a finite cover D, then in the last inequality on the left we can take the norm
over the whole domain D. So we have

‖u‖W 2
2 (D) ≤ c

(
‖f‖L2(D) + ‖f‖1/2L2(D) · ‖u‖

1/2

W 2
2 (D)

)
.

The theorem is proved. Similarly we prove
Theorem 2. Let f ∈ L2(D), a domain D is bounded, simply connected, with a sufficiently smooth boundary

γ, then the estimate is valid.

‖uλ − u0‖W 2
2 (D) + ‖λ div uλ − p‖W 1

2 (D) ≤ c · λ−1. (17)

In the work [5], it was obtained an estimate for the proximity estimate for the solutions of problem (6)–(10) to
the solution of problem (1)–(5).

‖uλ − u‖2W 1
2 (D) + ‖λdiv uλ − p‖2L2(D) ≤ c · λ

−2. (18)

Let us show that this estimate is best possible in the order of the parameter 1/λ.
Theorem 3. An estimate of the proximity of the solutions of problems (6)–(10) and (1)–(5) is best possible

for λ.
Evidence. Suppose the contrary, i.e.

‖uλ − u‖2W 1
2 (D) + ‖λdiv uλ − p‖2L2(D) ≤ c · λ

−(2+α).

where α > 0 is a constant, perhaps small enough, therefore we have:

‖λ div uλ − p‖ ≥ ‖p‖ − λ‖ div uλ‖

‖p‖ ≤ λ‖ div uλ‖+ ‖λ div uλ − p‖ ≤ c
(
‖π‖+

λ

λ1+α/2

)
(19)

Here π = p− λ div uλ. In inequality (19), we wil pass to the limit as λ→∞; we can obtain it by virtue of (18).
‖p‖L2(D) = 0, i.e. p = 0. Thus, for u and p we get the following problem

µ4u−∇p+ f = 0, x ∈ D, div u = 0, p = 0;

3∑
k=1

σiknk = 0, x ∈ γ. (20)

As we see this contradicts our assumption, since the latter problem (21) is unsolvable (the initial problem
(1)–(5)) is correct and it was required.
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М.М. Букенов, Д.К. Қойкелова

Статикалық қысылмайтын ортаны модельдеу

Мақалада Гук заңымен серпiмдiлiк теориясының статикалық есебiн шешу арқылы Стокстың статика-
лық есебiнiң шешiмiн математикалық моделдеу қарастырылған. Асимптотика кезiнде осы мiндеттердi
шешу жақындығының бағасы алынды, атап айтқанда λ → ∞, бұл жағдайда Пуассон коэффициентi
0, 5-ке ұмтылады, бұл қысылмайтын ортаға сәйкес келедi. Одан әрi жұмыста қарастырылған есептер
шешiмдерiнiң жақындығын бағалау 1/λ ретiмен жақсартылмайтын болып табылатыны дәлелдендi.
Бұл серпiмдiлiк теориясының статикалық есебi үшiн бұрын айырымдық схемаларды қолдануға мүм-
кiндiк бередi, жақындатылған тордың жүйелiлiгiне Стокстың статикалық есебiн шешу әдiсi алынды.

Кiлт сөздер: қысылмайтын орта, Гук заңы, кернеу, деформация, орын ауыстыру, Ламе коэффици-
енттерi, Стокс есебi, серпiмдiлiк теориясы, тепе-теңдiк теңдеуi, бiр байланысты облыс.

М.М. Букенов, Д.К. Койкелова

Моделирование статической несжимаемой среды

В статье рассмотрено математическое моделирование решения статической задачи Стокса с помощью
решения статической задачи теории упругости с законом Гука. Получены оценки близости решений
этих задач при асимптотике, а именно когда λ→∞, в этом случае коэффициент Пуассона стремится
к 0, 5, что соответствует несжимаемой среде. Далее в работе доказано, что оценка близости решений
рассмотренных задач является неулучшаемой по порядку 1/λ. Это позволяет использовать ранее
неисследованные разностные схемы для статической задачи теории упругости, как приближенный
получен метод решения статической задачи Стокса на последовательности сеток.

Ключевые слова: несжимаемая среда, закон Гука, напряжения, деформации, перемещения, коэффи-
циенты Ламе, задача Стокса, теория упругости, уравнение равновесия, односвязная область.
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On eigenvalues of third order composite type equations
with regular boundary value conditions

In the paper the question about distribution of eigenvalues of third-order composite type equations with
regular, more precisely, with periodic boundary value conditions is studied. After, applying the Fourier
method, the original problem splits into two problems on eigenvalues of third-order ordinary differential
operators with periodic boundary value conditions in L2 (0, 1). Characteristic determinants are calculated
and zeros of entire analytic functions are found, and their location on the complex plane is determined.
Existence of an infinite number of eigenvalues of a third order composite type operator is proved. Distance
between the neighboring eigenvalues of the third order composite type operator of each series, which lie on
rays, perpendicular to sides of a conjugate indicator diagram, that is, a regular hexagon on the complex
plane, is determined. Moreover, it is determined that zero is not an eigenvalue of a third order composite
type operator, in other words, zero is a regular point of the operator that belongs to resolvent set of the
original operator. Adjoint operator with periodic boundary value conditions is constructed.

Keywords: composite type equations, regular, periodic boundary value conditions, rectangular domain,
Fourier method, characteristic determinant, entire analytic functions, eigenvalue, zeros of entire functions.

Introduction and Formulation of the problem

Series of spectral boundary value problems for composite type equations

∂

∂x
(uxx + uyy) + λu = 0

has been investigated in [1, 2]. Solution of initial-boundary value problems for partial differential equations by
the Fourier method is almost always reduced to the problem on determining eigenvalues and eigen-functions of
some differential operators [3–6].

This paper is devoted to finding the eigenvalues of one boundary value problem for the equation

Lu ≡ uxxx + uyyy + λu = 0, (1)

where λ is a spectral parameter and complex number, which is also composite type equation [1].
In a rectangular domain D we consider the problem on eigenvalues of the equation (1), satisfying the

following boundary conditions:

u|∂D = 0, ux (0, y) = ux (1, y), uy (x, 0) = uy (x, 1), (2)

where D = {x, y : 0 < x < 1, 0 < y < 1}.

Solution of the problem

Looking for a solution of the problem (1), (2) by the Fourier method as follows:

u (x, y) = X (x) · Y (y),

we come to the following spectral problems in the space L2 (0, 1) for ordinary differential operators

L0X ≡ X ′′′ + µX = 0, X (0) = X (1) = 0, X ′ (0) = X ′ (1), (3)
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L1Y ≡ Y ′′′ + νY = 0, Y (0) = Y (1) = 0, Y ′ (0) = Y ′ (1), (4)

moreover, λ = µ + ν. Boundary value problems in (3),(4) are regular by G.D. Birkhoff [7]. In the monograph
of M.A. Naimark [8; 67] a subclass of regular boundary conditions is distinguished, and it is noted that for an
odd order of the equation, all strongly regular conditions are regular.

We solve the problem (3) (problem (4) is solved analogically). General solution of the equation (3) has the
form

X (x) = C1e
2ax +

(
C2 · cos

√
3ax+ C3 · sin

√
3ax

)
· e−ax, (5)

where C1, C2, C3 are arbitrary constants,

a =
3
√
−µ
2
6= 0. (6)

Putting (5) into the boundary value condition (3), we will have the linear system concerning to the coefficients Cj :
C1 + C2 = 0,

C1 · e2a + C2 · e−a · cos
√

3a+ C3 · e−a · sin
√

3a = 0,

C1 ·
(
2a− 2a · e2a

)
+ C2 ·

(
−a+

√
3a · e−a · sin

√
3a+ a · e−a · cos

√
3a
)

+

+C3 ·
(√

3a−
√

3a · e−a · cos
√

3a+ a · e−a · sin
√

3a
)

= 0.

Its determinant will be a characteristic determinant for the problem (3):

∆ (a) =

∣∣∣∣∣∣
1 1 0

e2a e−a cos
√

3a e−a sin
√

3a

2a− 2ae2a ae−a
(√

3 sin
√

3a+ cos
√

3a
)
− a

√
3a− ae−a

(√
3 cos

√
3a+ sin

√
3a
)
∣∣∣∣∣∣ . (7)

From where by standard calculations and transformations the determinant (7) is reduced to the form:

∆ (a) =
(√

3 + 3i
)
e(1+i

√
3)a +

(√
3− 3i

)
e(1−i

√
3)a +

(√
3 + 3i

)
e−(1+i

√
3)a+

+
(√

3− 3i
)
e−(1−i

√
3)a − 2

√
3e2a − 2

√
3e−2a. (8)

We formulate the obtained result as the following theorem.
Theorem 1. Characteristic determinant of the spectral problem (3) is represented as a form of quasi-

polynomial (7) and is the entire analytic function of the variable a.
Connection of quasi-polynomials zeros with spectral problems is reflected in [9–13].
Sometimes entire analytical functions coincide with quasi-polynomials, zeros of which are investigated in

[8, 14–18].
The papers [19, 20] are devoted to study of zeros of entire functions with an integral representation, related

to spectral problems of a third-order differential operator with nonlocal boundary value conditions.
In [21, 22] the characteristic determinant of spectral problem for the Sturm-Liouville operator with perturbed

regular boundary value conditions, which is an entire analytic function of the spectral parameter, is calculated.
Also in this paper, they study stability problems of basis property of root functions systems of the original
operator.

Zeros of the entire analytical function ∆ (a) in (8) are eigenvalues of the operator L0. Therefore, further we
consider the question about distribution of eigenvalues of the entire function ∆ (a) on the complex plane a.

Taking into account results of the monographs [9, 10, 16], the conjugate indicator diagram of the function
∆ (a) will be a regular hexagon on the complex plane a. Sides of the hexagon consist of the following segments:[

1− i
√

3; −1− i
√

3
]
,
[
−1 + i

√
3; 1 + i

√
3
]
,
[
−2; −1− i

√
3
]
,

[
−1 + i

√
3; −2

]
,
[
1 + i

√
3; 2

]
,
[
2; 1− i

√
3
]
,

where lines mean complex conjugation, and they are commensurable numbers, that is, the length of each
segment is equal to d = 2, and therefore they form the regular hexagon. From the origin we draw rays that are
perpendicular to the sides of the regular hexagon.
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Rays, which are perpendicular to the indicator diagram, are called critical. According to [10] the critical
rays on the plane a are exactly six, that is

arg 3
√
a =

π

6
+
πn

3
, n = 0, 1, 2, 3, 4, 5.

Along the ray, perpendicular to the segment passing through the points 2; 1− i
√

3, there are zeros of the
quasi-polynomial

(√
3 + 3i

)
· e(1+i

√
3)a − 2

√
3 · e2a from (8), which are majorizing exponents. Moreover, along

this ray other exponents from (8) do not contribute.
We find zeros of the quasi-polynomial:(√

3 + 3i
)
· e(1+i

√
3)a − 2

√
3 · e2a = 0,(√

3 + 3i
)
· e(1+i

√
3)a = 2

√
3 · e2ikπ,

ak1 =
2ikπ

−1 + i
√

3
+

ln
∣∣∣ 2
√

3√
3+3i

∣∣∣+ iArg
(

2
√

3√
3+3i

)
−1 + i

√
3

, k = 1, 2, 3, ...,

which are zeroes of the first series, where ln
∣∣∣ 2
√

3√
3+3i

∣∣∣+ iArg
(

2
√

3√
3+3i

)
= const.

Otherwise, from (7) if follows that eigenvalues of the first series of the operator L0 will be

µk1 = −
(

4ikπ

−1 + i
√

3
+

const

−1 + i
√

3

)3

, k = 1, 2, 3, ....

A similar procedure is carried out on the other sides of the hexagon, and along the other perpendicular rays
we have the corresponding series of quasi-polynomials zeros from (8):

– segment
[
−1− i

√
3; 1− i

√
3
]
, 2-nd series of zeros

ak2 =
ikπ

1 + i
√

3
+

const

2
(
1 + i

√
3
) , k = 1, 2, 3, ...

µk2 = −
(

2ikπ

1 + i
√

3
+

const

1 + i
√

3

)3

, k = 1, 2, 3, ...;

– segment
[
−1 + i

√
3; 1 + i

√
3
]
, 3-rd series of zeros

ak3 = ikπ + const, k = 1, 2, 3, ...,

µk3 = −(2ikπ + const)
3
, k = 1, 2, 3, ....;

– segment
[
−2; −1− i

√
3
]
, 4-th series of zeros

ak4 =
2ikπ

1 + i
√

3
+

const

1 + i
√

3
, k = 1, 2, 3, ...,

µk4 = −
(

2ikπ

1 + i
√

3
+

const

1 + i
√

3

)3

, k = 1, 2, 3, ....;

– segment
[
2; 1 + i

√
3
]
, 5-th series of zeros

ak5 = − 2ikπ

1 + i
√

3
− const

1 + i
√

3
, k = 1, 2, 3, ...,

µk5 =

(
2ikπ

1 + i
√

3
+

const

1 + i
√

3

)3

, k = 1, 2, 3, ....
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– segment
[
−1 + i

√
3; −2

]
, 6-th series of zeros

ak6 =
2ikπ

1− i
√

3
+

const

1− i
√

3
, k = 1, 2, 3, ...,

µk6 = −
(

4ikπ

1− i
√

3
+

const

1− i
√

3

)3

, k = 1, 2, 3, ....

Thus,
Proposition 1.
1. There exists an infinite number of operator eigenvalue of the operator L0.

2. Distance between neighboring eigenvalues of the operator L0 of the each series is equal to
2π

|d|
.

3. Eigenvalues of each series of the operator L0 lie on the rays, perpendicular to the segment containing the
numbers (

1− i
√

3; −1− i
√

3
)
,
(
−1 + i

√
3; 1 + i

√
3
)
,
(
−2; −1− i

√
3
)
,
(
−1 + i

√
3; −2

)
,(

1 + i
√

3; 2
)
,
(

2; 1− i
√

3
)
.

Similarly, by repeating the whole process of researching the problem (3), we solve the problem (4), and we
obtain eigenvalues of the operator L1:

νl1 = −
(

4ilπ

−1 + i
√

3
+

const

−1 + i
√

3

)3

, l = 1, 2, 3, ....

νl2 = −
(

2ilπ

1 + i
√

3
+

const

1 + i
√

3

)3

, l = 1, 2, 3, ....

νl3 = −(2ilπ + const)
3
, l = 1, 2, 3, ....

νl4 = −
(

2ilπ

1 + i
√

3
+

const

1 + i
√

3

)3

, l = 1, 2, 3, ....

νl5 =

(
2ilπ

1 + i
√

3
+

const

1 + i
√

3

)3

, l = 1, 2, 3, ....

νl6 = −
(

4ilπ

1− i
√

3
+

const

1− i
√

3

)3

, l = 1, 2, 3, ....

Analogically, all points of Proposition 1 are true for the operator L1.
So, we have proved the following:
Theorem 2. Suppose that all conditions of Theorem 1 and Proposition 1 hold for the operators L0 and L1.

Then eigenvalues of the operator L are λklj = ± (µkj + νlj), where k = 1, 2, 3, ..., l = 1, 2, 3, ..., j = (1− 6)
mean the each series.

Remark. In the case a =
3
√
−µ
2 = 0, representing general solution (3) as X (x) = ax2 + bx+ c and satisfying

the boundary value conditions in (3), we have X (x) = 0, that is, µ0 = 0 is not eigenvalue of the operator L0.
Similarly, ν0 = 0 is a regular point of the operator L1. Thus, λ0 = 0 is not eigenvalue of the operator L.

Conjugate problems

L0X ≡ l0 (X) = X ′′′ (x). Applying the method of integration by parts, we get the Lagrange formula:

1∫
0

l0 (X) υ (x)dx+
1∫
0

X (x) l∗0 (υ)dx =X ′′ (1) υ (1)−X ′′ (0) υ (0)−

−
[
υ′ (0)− υ′ (1)

]
·X ′ (0) +X (1) · υ′′ (1)−X (0) · υ′′ (0).

Here l∗0 (υ) is the conjugate differential expression:

l∗0 (υ) = −υ′′′ (x), 0 < x < 1. (9)
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Consequently, the operator оператор L∗0, conjugate to the operator L0, is given by the differential expression
(9) and the boundary value conditions

υ (1) = υ (0) = 0, υ′ (0)− υ′ (1) = 0. (10)

Analogically, for the operator L1 conjugate operator is

L1Y ≡ l1 (Y ) = Y ′′′ (y) , L∗1 : l∗1 (υ) = −υ′′′ (y) , 0 < y < 1

with the boundary value conditions (10). From this, it follows that in the domain D conjugate problem to the
problem (1), (2) will be

L∗V = Vxxx + Vyyy − λV = 0,

satisfying the boundary value conditions

V |∂D = 0, Vx (1, y) = Vx (0, y) , Vy (x, 0) = Vy (x, 1) .

This study was supported by Committee of Science of the Ministry of Education and Sciences RK (Grant
No. AP05132587).
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Регулярлық шеттiк шарттармен берiлген үшiншi реттi
құрамдас типтi теңдеудiң меншiктi мәндерi жайлы

Мақалада регулярлық, дәлiрек айтқанда, периодтық шеттiк шарттармен берiлген үшiншi реттi құрам-
дас типтi теңдеудiң меншiктi мәндерiнiң орналасуы туралы мәселе зерттелдi. Бастапқы есептi Фурье
әдiсiмен шешудi қолданғаннан кейiн, L2(0, 1) кеңiстiгiнде периодтық шарттармен берiлген үшiншi рет-
тi жай дифференциалдық теңдеудiң меншiктi мәндерiн зерттеуге арналған екi есепке тармақталған.
Осы есептердiң сипаттамалық анықтауыштарының бүтiн аналитикалық функциялар болатындығы
дәлелденiп, олардың нөлдерi табылып, кешендi жазықтықтағы орындары анықталған. Бастапқы опе-
ратордың меншiктi мәндерiнiң саналымды, шексiз екендiгi көрсетiлген. Түйiндес индикаторлық диа-
граммасы құрылып, әр сериядағы меншiктi мәндердiң перпендикуляр сәулелердiң бойында арақа-
шықтықтары анықталған. Спектралдық параметрдiң нөлдiк мәнi оператордың меншiктi мәнi бол-
майтындығы көрсетiлген. Түйiндес операторы құрылған.

Кiлт сөздер: құрамдас типтi теңдеу, регулярлық периодтық шеттiк шарттар, төртбұрыш аймақ,
Фурье әдiсi, характеристикалық анықтауыш, бүтiн аналитикалық функция, меншiктi мәндер, бүтiн
функцияның нөлдерi.
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О собственных значениях уравнений третьего порядка
составного типа с регулярными краевыми условиями

В статье исследован вопрос распределения собственных значений уравнений третьего порядка состав-
ного типа с регулярными, точнее, с периодическими краевыми условиями. После применения мето-
да Фурье исходная задача распадается на две задачи, т.е. на собственные значения обыкновенных
дифференциальных операторов третьего порядка с периодическими краевыми условиями в L2(0, 1).
Вычислены характеристические опеределители и найдены нули целых аналитических функций и
определено их расположение на комплексной плоскости. Доказано существование бесконечного чис-
ла собственных значений оператора третьего порядка составного типа. Определено расстояние между
соседними собственными значениями оператора третьего порядка составного типа каждой серии, ко-
торое лежит на лучах перпендикулярно сторонам сопряженной индикаторной диаграммы, то есть
правильного шестиугольника на комплексной плоскости. Доказано, что нуль не является собствен-
ным значением оператора третьего порядка составного типа, иначе говоря, нуль является регулярной
точкой оператора, которая принадлежит резольвентному множеству исходного оператора. Построен
сопряженный оператор с периодическими краевыми условиями.

Ключевые слова: уравнения составного типа, регулярные, периодические краевые условия, прямо-
угольная область, метод Фурье, характеристический определитель, целые аналитические функции,
собственные значения, нули целых функций.
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Solving a nonhomogeneous integral equation
with the variable lower limit

An nonhomogeneous integral equation with a singular kernel is considered. A feature of the equation under
study is the incompressibility of the integral operator. In the study of the equation, an auxiliary simpler
equation is used with the right-hand side equal to 1. The incompressibility of the integral operator for the
equation under study is shown. Using the relations for an independent variable, the equation is equivalently
reduced to a certain simplified equation. With the help of replacements for independent variables, the
equation is reduced to an integral equation with a difference kernel. By applying the Laplace transform,
the obtained equation is reduced to an ordinary first-order differential equation (linear). Its solution is
found. By using the inverse Laplace transform, a solution of the auxiliary integral equation is obtained
in the form of a convergent series in some domain. The solution of the initial equation with an arbitrary
right-hand side is written through the solution of the auxiliary equation.

Keywords: nonhomogeneous singular integral equation, auxiliary equation, Laplace transform, convergent
series.

Introduction

The most complex and interesting objects of study of linear integral equations are irregular situations when
the phenomenon of uniqueness of a solution is violated. One of these equations is an equation of the form:

ϕ(t)− 1

2 a
√
π

∫ ∞
t

[
τ + t

(τ − t)
3
2

exp

{
− (τ + t)

2

4a2(τ − t)

}
+

+
1

(τ − t)
1
2

exp

{
−τ − t

4a2

}]
ϕ(τ) dτ = f(t), (t > 0). (1)

For the kernel of equation (1):

K(τ, t) =
1

2 a
√
π

[
τ + t

(τ − t)
3
2

exp

{
− (τ + t)

2

4a2(τ − t)

}
+

1

(τ − t)
1
2

exp

{
−τ − t

4a2

}]
, (2)

we have [1]:

lim
t→∞

∫ ∞
t

K(τ, t) dτ = lim
t→∞

(
2e−

2t
a2 + 1

)
= 1+0.

Hence, the characteristic part of equation (1) is the second term of the kernel (2).
Than we have [1].
Theorem 1. For the singular integral Volterra equation (1) with the kernel (2) the norm of an integral

operator acting in classes of continuous functions is equal to 3.
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Solving a nonhomogeneous integral equation...

1 An auxiliary equation and reducing the integral equation
to an equation with a difference kernel

Using relations:

τ + t = 2τ − (τ − t), (τ + t)2

4a2 (τ − t)
=

τ t

a2 (τ − t)
+
τ − t
4a2

,

equation (1) will be rewritten as:

ϕ(t)−
∫ ∞
t

1

2a
√
π

{
2τ

(τ − t)3/2
exp

{
− τt

a2(τ − t)

}
+

+
1√
τ − t

(
1− exp

{
− τt

a2(τ − t)

})}
· exp

{
−τ − t

4a2

}
ϕ(τ) dτ = f(t).

It is enough to find a solution to the «simplified» equation [2; 215]:

ψ(t)−
∫ ∞
t

k∗(t, τ)ψ(τ) dτ = g(t), (3)

where

k∗(t, τ) =
1

2a
√
π

{
2τ

(τ − t)3/2
exp

{
− τt

a2(τ − t)

}
+

1√
τ − t

(
1− exp

{
− τt

a2(τ − t)

})}
;

g(t) = exp

{
− t

4a2

}
· f(t), ψ(t) = exp

{
− t

4a2

}
· ϕ(t).

We consider an auxiliary equation with g(t) = 1 in the (3):

ψ(t)− 1

2a
√
π

∫ ∞
t

{
2τ

(τ − t)3/2
exp

{
− τt

a2(τ − t)

}
+

+
1√
τ − t

(
1− exp

{
− τt

a2(τ − t)

})}
ψ(τ) dτ = 1. (4)

Integral equation (4) is reduced to an equation with a difference kernel by means of replacements:

t =
1

t1
, τ =

1

τ1
.

We have

ψ

(
1

t1

)
− 1

2a
√
π

∫ t1

0

√
t1

τ
3/2
1

√
t1 − τ1

(
1− exp

{
− 1

a2 (t1 − τ1)

})
ψ

(
1

τ1

)
dτ1−

− 1

2a
√
π

∫ t1

0

2 t
3/2
1

τ
3/2
1

(t1 − τ1)
3/2

exp

{
− 1

a2 (t1 − τ1)

}
ψ

(
1

τ1

)
dτ1 = 1.

After that dividing both sides of the last equality by t3/21 , we introduce the following notation:

y (t1) =
1

t
3/2
1

· ψ
(

1

t1

)
.

As a result, we obtain the equation:

t1 · y1(t1)− 1

2a
√
π

t1∫
0

1

(t1 − τ1)1/2

(
1− exp

{
− 1

a2(t1 − τ1)

})
y(τ1) dτ1−

−t1 ·
1

2a
√
π

t1∫
0

2

(t1 − τ1)3/2
exp

{
− 1

a2(t1 − τ1)

}
y(τ1) dτ1 =

1√
t1
. (5)
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2 Solving the equation with a difference kernel

Applying the Laplace transform to the equation (5) we obtain the operator equation:

−y
′
(p)− 1

2a
√
p

(
1− exp

(
−

2
√
p

a

))
y(p) +

{
exp

(
−

2
√
p

a

)
y(p)

}′
p =

√
π
√
p
.

After simple transformations we finally get

y
′
(p) +

1

2a
√
p

ch
√
p

a

sh
√
p

a

y(p) = −
√
π

√
p
(

1− exp
(
− 2
√
p

0

)) . (6)

The solution of the differential equation (6) is the following function:

y(p) =
C

sh
√
p

a

− a
√
π

exp
(√

p

a

)
sh
√
p

a

. (7)

We rewrite (7) in the form:

y(p) =
2C

exp
(√

p

a

)
− exp

(
−
√
p

a

) − 2a
√
π

1− exp
(
− 2
√
p

a

) ,
or in the form

y(p) =
2C

exp
(√

p

a

)
− exp

(
−
√
p

a

) − 2a
√
π
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n=0

exp

(
−

2n
√
p

a

)
. (8)

To (8) we apply the inverse Laplace transform [2] we get the solution to equation (5):

y(t1) = −C
[
∂

∂ν

_

θ 0

(ν
2

; a2t1

)]
ν=0

− 2
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n=1

n

t
3
2
1

exp

(
− n 2

a2t1

)
,

where
_

θ 0 (ν; t) =
1√
πx
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n=0

exp

(
− 1

x

(
ν + n+

1

2

)2
)
−
−∞∑
n=−1

n · exp

(
− 1

x

(
ν + n+

1

2

)2
)}

is the modified theta function.

3 Solving the «simplified» equation

Returning to the original variables, we get

ψ(t) = − C
t
3
2

[
∂

∂ν

_

θ 0

(
ν

2
;
a2

t

)]
ν=0

− 2

∞∑
n=1

n · exp

(
−n

2

a2
t

)
. (9)

(9) is the solution of the auxiliary equation (4) with the right-hand side g(t) = 1.
We denote (9) by

ω(t) = − C
t
3
2

[
∂

∂ν

_

θ 0

(
ν

2
;
a2

t

)]
ν=0

− 2

∞∑
n=1

n · exp

(
−n

2

a2
t

)
. (10)

Then [1; 546] the solution of the «simplified»- equation (3) with an arbitrary right-hand side g(t) is expressed
in terms of ω(t) using the formula

ψ (t) = g(0)ω(t) +

∫ ∞
t

ω(t− τ) g′(τ) dτ.
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Solving a nonhomogeneous integral equation...

In view of notation (10), we obtain a solution to the equation (3)

ψ (t) = −g(0)
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then equality (11) transforms to the form

ψ (t) = g(0)

(
C
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√
π
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)
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n · exp

(
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g′(τ) dτ. (12)

The following theorem is proved:
Theorem 2. The integral equation (3) in the class of essentially bounded functions at g(t) ∈ L∞(0 < t < +∞)

has the solution defined by the formula (12).

4 Main result

The solution of the integral equation (1) taking into account the obtained expression (12) and [2; 215] has
the explicit form:

ϕ (t) = f(0)

(
C

a3
√
π

∞∑
n=0

(2n+ 1) exp

(
−n

2 + n

a2
t

)
− 2

∞∑
n=1

n · exp

(
−4n 2 − 1

4a2
t

))
+

+

∫ ∞
t

[
C

a3
√
π

∞∑
n=0

(2n+ 1) exp

(
−n

2 + n

a2
(t− τ)

)
−

−2

∞∑
n=1

n · exp

(
−4n2 − 1

4a2
(t− τ)

)] (
f ′(τ)− 1

4a2
f(τ)

)
dτ. (13)

5 Main result

Theorem 3. The solution of the integral equation (1) with the singular kernel (2) in the class of essentially
bounded functions at t ≥ t0 > 0 has an explicit form defined by the formula (13).

Remark. Singular homogeneous integral equations with kernels of Volterra type were considered in works
[3–5]. Their kernels were also «incompressible». The weight classes of the solution existence were found. We also
note that boundary value problems for a spectrally loaded parabolic equation reduce to this kind of singular
integral equations, when the load line moves according to the law x = t [6–11] and problems for essentially
loaded equation of heat conduction [12–16].

In works [17, 18] it is shown that the homogeneous Volterra integral equation of the second kind, to which
the homogeneous boundary value problem of heat conduction in the degenerating domain is reduced, has a
nonzero solution.
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Solving a nonhomogeneous integral equation...

М.Т. Космакова, Д.М. Ахманова, Ж.М. Тулеутаева, Л.Ж. Қасымова

Бiр бiртектi емес айнымалы төменгi шектi
интегралдық теңдеудiң шешiлуi

Сингулярлы ядролы бiртектi емес интегралдық теңдеу қарастырылған. Зерттелетiн теңдеудiң ерек-
шелiгi интегралдық оператордың сығылмайтындығы болып табылады. Теңдеудi зерттеу кезiнде оң
жағы 1-ге тең қарапайым қосалқы теңдеу қолданылды. Тәуелсiз айнымалы үшiн қатынастар пай-
даланып, теңдеу эквиваленттi қандайда бiр ықшам теңдеуге келтiрiлдi. Тәуелсiз айнымалылар үшiн
ауыстырулар қолданылып, теңдеу айырымдық ядролы интегралдық теңдеуге сәйкестендiрiлдi. Алы-
нған теңдеу Лаплас түрлендiруiн қолдану арқылы бiрiншi реттi кәдiмгi дифференциалдық (сызы-
қтық) теңдеуге келтiрiлдi. Оның шешуi табылды. Лапластың керi түрлендiруi көмегiмен қосымша
интегралдық теңдеудiң жинақты қатар түрiндегi қандайда бiр облыстағы шешуi алынды. Кез келген
оң жағымен берiлген бастапқы теңдеудiң шешуi көмекшi теңдеудiң шешуi арқылы жазылды.

Кiлт сөздер: бiртектi емес сингулярлы интегралдық теңдеу, қосалқы теңдеу, Лаплас түрлендiруi,
жинақты қатар.

М.Т. Космакова, Д.М. Ахманова, Ж.М. Тулеутаева, Л.Ж. Касымова

Решение одного неоднородного интегрального уравнения
с переменным нижним пределом

Рассмотрено неоднородное интегральное уравнение с сингулярным ядром. Особенностью исследу-
емого уравнения является несжимаемость интегрального оператора. При исследовании уравнения
использовано вспомогательное более простое уравнение с правой частью, равной 1. Используя соот-
ношения для независимой переменной, уравнение эквивалентно сводится к некоторому упрощенному
уравнению. С помощью замен для независимых переменных уравнение сводится к интегральному
уравнению с разностным ядром. Применением преобразования Лапласа полученное уравнение све-
дено к обыкновенному дифференциальному уравнению первого порядка (линейному). Найдено его
решение. С помощью обратного преобразования Лапласа получено решение вспомогательного инте-
грального уравнения в виде сходящегося ряда в некоторой области. Выписано решение исходного
уравнения с произвольной правой частью через решение вспомогательного уравнения.

Ключевые слова: неоднородное сингулярное интегральное уравнение, вспомогательное уравнение,
преобразование Лапласа, сходящийся ряд.
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Extension method for a class of loaded differential
equations with nonlocal integral boundary conditions

In this paper we investigate a class of loaded ordinary differential equations with nonlocal integral boundary
conditions in terms of an abstract operator equation

Bu = A2u− qΨ(u) = f, f ∈ Y, (1)

D(B) = {u ∈ D(A2) : Φ(u) = NF (Au), Φ(Au) = PF (Au)}.
A loaded part and nonlocal integral boundary conditions of these equations are described using functional
vectors Ψ(u) and F (Au), respectively. Such equations follow from Extension Theory of linear operators.
The necessary and sufficient solvability conditions of these equations are given by the determinant of
some matrix. In the case when this determinant is nonzero, a direct method for exact solution of this
class of loaded differential equations is proposed. If some problem can be reduced to the type of equation
under consideration, then it can be easily solved using the extension method. This method, for q = ~0,
also gives the necessary and sufficient solvability conditions and the exact solution of a class of ordinary
differential equations with nonlocal integral boundary conditions in terms of an abstract operator equation
Bu = A2u = f, D(B) = {u ∈ D(A2) : Φ(u) = NF (Au), Φ(Au) = PF (Au)}, f ∈ Y.

Keywords: loaded ordinary differential equations, differential equations, nonlocal integral boundary conditions,
injective and correct operators, exact solutions.

Introduction

In recent years the theory of loaded functional and differential equations (or equations with aftereffect)
has been advanced. These equations describe the problems of optimal control, such as: longstanding prediction
method and regulation of the layer of soil water and ground moisture, the problems of underground fluid and
gas dynamics, mathematical biology, ecology and economics [1–5]. The stationary one-speed transport equation
is an important example of loaded differential equations [6]. A methodical study on the theory of boundary
value problems for loaded functional and differential equations and their applications has been conducted by
Nakhushev [4]. An equation is called loaded if it contains the solution function on a manifold with dimension
less than the dimension of domain of this function [4]. For example an ordinary loaded differential equation is
represented by

dy/dx = f(x, y) + h(y(xj)), x ∈ [0, 1], xj ∈ [0, 1],

where xj are fixed points. Boundary value problems consisting of general boundary conditions and the so-called
differential boundary equations (loaded differential equations) have been investigated by many researchers in the
last century, see, for example, the survey paper by Krall [7] and the references cited in it. Big interest represent
the theory of loaded equations in Pure and Applied Mathematics [8–15]. Usually boundary value problems for the
loaded ordinary differential equations with integral boundary conditions are investigated by numerical methods
[16–19]. Here, the necessary and sufficient solvability conditions of the abstract operator equations (1) and their
exact solutions by Extension Method are obtained in closed form. This formalism is applied to solve the ordinary
loaded differential equations with integral boundary conditions, when q,Φ,Ψ, F are vectors, N,P matrices, A is
an ordinary differential operator, Ψ(u) is a loaded part of equations and F (Au) defines the integral boundary
conditions. Such problems arise naturally from Oinarov extensions of linear operators [20, 21] in Banach space
which are not restrictions of a maximal operator, unlike the classical M. Krein, J. Von. Neuman extensions [22, 23]
in Hilbert space and Otelbaev, Kokebaev, Shynybekov extensions [24] in Banach space. Extension Method uses
a symple correct restiction Â of a maximal operator A defined by Âu = Au, D(Â) = {u ∈ D(A) : Φ(u) = 0},
to solve complex problems of type (1). This method was applied in [25] to simpler abstract operator equations
Bu = Au − qΨ(u) = f, D(B) = {u ∈ D(A) : Φ(u) = NF (Au)}, f ∈ Y for the study of ordinary loaded
differential and loaded integro-differential equations with integral boundary conditions and their exact solutions
in closed form. There are many problems of type (1). The loaded differential operator [8]
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Lu(x) = u′′(x) + a(x)u

(
1

4

)
+ b(x)u

(
1

2

)
+ u(1); (2)

u(0) =

∫ 1

0

γ(x)u(x)dx, u′(1) =

∫ 1

0

ν(x)u(x)dx,

is an operator of type (1) if we take Au = u′(x), q1 = −a(x), q2 = −b(x), q3 = −1, Ψ1(u) = u(1/4),

Ψ2(u) = u(1/2), Ψ3(u) = u(1), Φ1(u) = u(1), Φ2(u) = u′(1),
∫ 1

0
γ(x)dx =

∫ 1

0
ν(x)dx = 0, Âu = Au,

D(Â) = {u(x) ∈ D(A) : u(1) = 0}. Then Â−1f(x) =
∫ x

1
f(x)dx and the boundary conditions of (2) are

represented as

u(1) =

∫ 1

0

[
1−

∫ x

0

γ(s)ds

]
u′(x)dx, u′(1) = −

∫ 1

0

∫ x

0

ν(s)dsu′(x)dx.

So N = 1,

F1(Au) =
∫ 1

0

[
1−

∫ x
0
γ(s)ds

]
u′(x)dx, P = −1, F2(Au) =

∫ 1

0

∫ x
0
ν(s)dsu′(x)dx and Extension Method can

be applied.
The loaded differential operator [8]

Lv(x) = v′′(x) + γ(x)v′(0) + ν(x)v(1); (3)

v(0) = 0, v′(1) =

∫ 1

0

v(x)dx,

is also an operator of type (1) if we take the operators A, Â, the vectors Φ1,Φ2 as in (2) and q1 = −γ(x),
q2 = −ν(x), Ψ1(v) = v′(0), Ψ2(v) = v(1). Note that the boundary conditions of (3) are represented
as v(1) =

∫ 1

0
v′(x)dx, v′(1) =

∫ 1

0
(1 − x)v′(x)dx. So N = P = 1, F1(Av) =

∫ 1

0
v′(x)dx, F2(Av) =

∫ 1

0
(1 −

−x)v′(x)dx, and Extension Method can be applied. The technique of this method is simple to use and can
be easily incorporated to any Computer Algebra System (CAS). The paper is organized as follows. First we
recall some basic terminology and notation about operators. Then we prove the main general results and give an
example of boundary value problem with ordinary loaded differential equation and nonlocal integral boundary
conditions which show the usefulness of our results.

Terminology and notation

Let X,Y be a complex Banach spaces and X∗ is the adjoint space of X, i.e. the set of all complex-valued
linear and bounded functionals on X. We denote by f(x) the value of functional f ∈ X∗ on x ∈ X. We write
D(A) and R(A) for the domain and the range of the operator A, respectively. An operator A2 is said to be an
extension of an operator A1, or A1 is said to be a restriction of A2, in symbol A1 ⊂ A2, if D(A2) ⊇ D(A1) and
A1x = A2x, for all x ∈ D(A1). An operator A is called maximal if R(A) = Y and kerA 6= {0}. An operator
Â : X → Y is said to be correct if R(Â) = Y and the inverse Â−1 exists and is continuous on Y . An operator
Â is called a correct restriction of the maximal operator A if it is a correct operator and Â ⊂ A. An operator
A : X → Y is said to be injective if for all u1, u2 ∈ D(A) such that Au1 = Au2, follows that u1 = u2. Remind
that a linear operator A is injective if and only if kerA = {0}. If Ψi ∈ X∗, i = 1, . . . , n, then we denote by
Ψ =col(Ψ1, . . . ,Ψn) and Ψ(x) =col(Ψ1(x), . . . ,Ψn(x)). Let g = (g1, . . . , gn) be a vector of Xn. We will denote
by Ψ(g) the n × n matrix whose i, j-th entry Ψi(gj) is the value of functional Ψi on element gj . Note that
Ψ(gC) = Ψ(g)C, where C is a n × k constant matrix. We will also denote by 0ln the zero l × n matrix and
by In the identity n× n matrix. By ~0 we will denote the zero column vector.

Let A : X
on→ Y be an ordinary m order differential operator

Au(x) = α0u
(m)(x) + α1u

(m−1)(x) + ...+ αmu(x), αi ∈ R, α0 6= 0 (4)

and X,Y be the Banach spaces. Usually X = Y = C[a, b] or X = Y = Lp(a, b), p ≥ 1. Everywhere below we
denote by

Xm
A =

(
D(A), || · ||XmA

)
the Banach space m times differentiable functions with norm

||u(x)||XmA =

m∑
i=0

||u(i)(x)||X .
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It is a well-known fact that the operator Â : C[a, b]
on→ C[a, b] defined by

Âu(x) = Au(x) = f, (5)

D(Â) = {u(x) ∈ Cm[a, b] : u(x0) = u′(x0) = ... = u(m−1)(x0) = 0}, x0 ∈ [a, b],

is a correct restriction of A and the unique solution of (5) for α0 = 1, α1 = ... = αm = 0 is

u(x) = Â−1f(x) =
1

(m− 1)!

∫ x

x0

(x− t)m−1f(t)dt, f(x) ∈ C[a, b]. (6)

Lemma 1. Let X,Y be complex Banach spaces, A : X
on→ Y an operator defined by (4) with finite dimensional

kernel z = (z1, ..., zm) which is a basis of kerA. Suppose also that the components of a functional vector
Φ = (Φ1, ...,Φm) belong to [Xm

A ]∗, a set Φ1, ...,Φm is biorthogonal to z1, ..., zm, i.e. Φ(z) = Im and Â is a
correct restriction of A defined by

Â ⊂ A, D(Â) = {u ∈ D(A) : Φ(u) = 0}. (7)

Then the operator Â2 is correct and defined by

Â2 ⊂ A2, D(Â2) = {u ∈ D(A2) : Φ(u) = 0, Φ(Au) = 0}.

Proof. By definition since (7) we get

D(Â2) = {u ∈ D(Â) : Âu ∈ D(Â)} =

= {u ∈ D(A) : Φ(u) = 0, Âu ∈ D(A), Φ(Âu) = 0} =

= {u ∈ D(A) : Φ(u) = 0, Au ∈ D(A), Φ(Au) = 0} =

= {u ∈ D(A2) : Φ(u) = 0, Φ(Au) = 0}.

Then Â2 ⊂ A2. Finally the operator Â2 is correct as superposition of two correct operators.
Remark 2. If the operator Â is defined by (5) then

Â2u(x) = α0u
(2m)(x) + α1u

(2m−1)(x) + ...+ α2mu(x);

D(Â2) = {u(x) ∈ C2m[a, b] : u(x0) = u′(x0) = ... = u(2m−1)(x0) = 0}

Theorem 3. Let the spaces X,Y , the operators A, Â and a vector Φ be defined as in Lemma 1, and the
components of the functional vectors Ψ = col(Ψ1, . . . ,Ψl) and F = col(F1, . . . , Fn) belong to [Xm

A ]∗ and Y ∗,
respectively. Suppose also that the components of the vector q = (q1, . . . , ql) are linearly independent on Y and
N,P are the m× n constant matrices. Then:
(i) The operator B defined by

Bu = A2u− qΨ(u) = f, f ∈ Y, (8)

D(B) = {u ∈ D(A2) : Φ(u) = NF (Au), Φ(Au) = PF (Au)},

is injective if and only if

det L = det

(
Il −Ψ(Â−2q) −Ψ(Â−1zP + zN)

−F (Â−1q) In − F (z)P

)
6= 0. (9)

(ii) If B is injective, then B is correct and for all f ∈ Y the unique solution of (8) is given by

u = B−1f = Â−2f + (Â−2q, Â−1zP + zN)L−1

(
Ψ(Â−2f)

F (Â−1f)

)
. (10)

Proof (i). From boundary conditions (8), since Φ(z) = Im, we obtain

Φ(u− zNF (Au)) = 0, Φ(Au− zPF (Au)) = 0. (11)
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From (11), taking into account (7), we get u − zNF (Au) ∈ D(Â), Au − zPF (Au) ∈ D(Â). Further,
using these relations, the correctness of Â and z ∈ [kerA]m, for every u ∈ D(B) from (8) we obtain

Bu = A (Au− zPF (Au))− qΨ(u) = f, f ∈ Y,

Bu = Â (Au− zPF (Au))− qΨ(u) = f,

Au− zPF (Au)− Â−1qΨ(u) = Â−1f, (12)

F (Au)− F (z)PF (Au)− F (Â−1q)Ψ(u) = F (Â−1f),

[In − F (z)P ]F (Au)− F (Â−1q)Ψ(u) = F (Â−1f). (13)

From (12), since u− zNF (Au) ∈ D(Â) and Â is correct, we get

A(u− zNF (Au))− zPF (Au)− Â−1qΨ(u) = Â−1f,

Â(u− zNF (Au))− zPF (Au)− Â−1qΨ(u) = Â−1f,

u− zNF (Au)− Â−1zPF (Au)− Â−2qΨ(u) = Â−2f,

u−
(
Â−1zP + zN

)
F (Au)− Â−2qΨ(u) = Â−2f, (14)

Ψ(u)−Ψ
(
Â−1zP + zN

)
F (Au)−Ψ(Â−2q)Ψ(u) = Ψ(Â−2f),

[Il −Ψ(Â−2q)]Ψ(u)−Ψ
(
Â−1zP + zN

)
F (Au) = Ψ(Â−2f), (15)

From (13), (15) we have(
Il −Ψ(Â−2q) −Ψ(Â−1zP + zN)

−F (Â−1q) In − F (z)P

)(
Ψ(u)
F (Au)

)
=

(
Ψ(Â−2f)

F (Â−1f)

)
. (16)

Let det L 6= 0 and u ∈ kerB. Then in (8) f = 0 and

Bu = A2u− gΨ(u) = 0, Φ(u) = NF (Au), Φ(Au) = PF (Au). (17)

By the similar way as above is proved the type (16) for f = 0, viz.(
Il −Ψ(Â−2q) −Ψ(Â−1zP + zN)

−F (Â−1q) In − F (z)P

)(
Ψ(u)
F (Au)

)
=

(
~0
~0

)
,

which, since detL 6= 0 implies Ψ(u) = ~0, F (Au) = ~0. Substituting these values into (17), we obtain
Bu = A2u = 0, Φ(u) = Φ(Au) = ~0. Then u ∈ D(Â2), Bu = Â2u = 0. The last implies u = 0, since Â is
correct. This proves that kerB = {0}. So B is injective.
Conversely. We will prove that if B is injective, then det L 6= 0, or equivalently if det L = 0, then B is not
injective. Let det L = 0. Then there exists a vector ~c = col(~c1,~c2) 6= ~0,
~c1 = col(c11, ..., c1l), ~c2 = col(c21, ..., c2m) such that L~c = 0 or(

Il −Ψ(Â−2q) −Ψ(Â−1zP + zN)

−F (Â−1q) In − F (z)P

)(
~c1
~c2

)
=

(
~0
~0

)
. (18)

Consider the element u0 = Â−2q~c1 + (Â−1zP + zN)~c2. It easy to verify that u0 6= 0, otherwise since the
components of q are linearly independent, we get ~c1 = ~0, (Â−1zP + zN)~c2 = ~0, zP~c2 = ~0, F (z)P~c2 = ~0
and from (18) it follows that ~c2 = ~0. Thus ~c = ~0, which contradicts the hypothesis that ~c 6= ~0. Note that
u0 ∈ D(B), since Φ(u0) = N~c2, Φ(Au0) = P~c2, F (Au0) = F (Â−1q)~c1 + F (z)P~c2 and

Φ(u0)−NF (Au0) = N~c2 −NF (Â−1q)~c1 −NF (z)P~c2 =

= N
(
−F (Â−1q), In − F (z)P

)
col(~c1,~c2) = ~0, (19)
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Φ(Au0)− PF (Au0) = P~c2 − PF (Â−1q)~c1 − PF (z)P~c2,

= P
(
−F (Â−1q), In − F (z)P

)
col(~c1,~c2) = ~0. (20)

The last equations in (19), (20) follow since (18). So u0 ∈ D(B). We will show now that u0 ∈ kerB.

Bu0 = A2u0 − qΨ(u0) = q~c1 − qΨ(Â−2q)~c1 − qΨ(Â−1zP + zN)~c2

= q
(
Il −Ψ(Â−2q),−Ψ(Â−1zP + zN)

)
col(~c1,~c2) = q~0 = ~0,

since (18). So we obtain u0 6= 0 and u0 ∈ kerB. Hence kerB 6= {0} and B is not injective. The statement
(i) holds.
(ii) Let det L 6= 0 and Bu = f . From (8) as in the proof (i) we get (13), (14) and (15). Then

(
Ψ(u)
F (Au)

)
=

(
Il −Ψ(Â−2q) −Ψ(Â−1zP + zN)

−F (Â−1q) In − F (z)P

)−1(
Ψ(Â−2f)

F (Â−1f)

)
.

Substituting these values into (14) we obtain the solution (10) of the problem (8) for every f ∈ Y . Because f
in (10) is arbitrary, we obtain R(B) = Y. Since the operator Â−1 and the functionals Φ1, ...,Φm, Ψ1, ...,Ψl are
bounded, from (10) follows the boundedness of B−1. Hence, the operator B is correct if and only if (9) holds
and the unique solution of (8) is given by (10). The theorem is proved.

From the previous theorem for q = ~0 follows the next corollary which is useful for solving differential
equations with integral boundary conditions.

Corollary 4. Let the spaces X,Y , the operators A, Â, the vector z = (z1, ..., zm), functional vectors Φ, F
and the matrices N,P be defined as in Theorem 3. Then:
(i) The operator B defined by

Bu = A2u = f, f ∈ Y, (21)

D(B) = {u ∈ D(A2) : Φ(u) = NF (Au), Φ(Au) = PF (Au)}

is injective if and only if
det V = det[In − F (z)P ] 6= 0.

(ii) If B is injective, then B is correct and for all f ∈ Y the unique solution of (21) is given by

u = B−1f = Â−2f + (Â−1zP + zN)V −1F (Â−1f). (22)

Proof (i). For q = 0 from (9) follows that

det L = det

(
Il −Ψ(Â−1zP + zN)
0nl In − F (z)P

)
= det[In − F (z)P ] = detV 6= 0.

It is easy to verify that

L−1 =

(
Il Ψ(Â−1zP + zN)V −1

0nl V −1

)
.

Then from (10) for q = ~0 follows (22).
Example. The next problem with loaded differential equation and nonlocal integral boundary conditions on

C[0, 1]
u′′(t)− 4t u(1/2)− (2t+ 1)u(1) = 1− 5t, (23)

u(0) = −6

∫ 1

0

x2u′(x)dx+ 15

∫ 1

0

x4u′(x)dx,

u′(0) = 6

∫ 1

0

x2u′(x)dx− 15

∫ 1

0

x4u′(x)dx,

is correct and the unique solution of (23) is given by

u(t) = t2 − t+ 1. (24)
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Proof. First we rewrite the boundary conditions (24) in the form

u(0) = (−6, 15)col

(∫ 1

0

x2u′(x)dx,

∫ 1

0

x4u′(x)dx

)
, (25)

u′(0) = (6,−15)col

(∫ 1

0

x2u′(x)dx,

∫ 1

0

x4u′(x)dx

)
.

If we compare (23), (25) with (8), it is natural to take X = Y = C[0, 1], m = 1, n = l = 2, Au(t) = u′(t),
D(A) = {u(t) ∈ C1[0, 1]}, X1

A = C1[0, 1]. A2u = u′′(t), D(A2) = {u(t) ∈ C2[0, 1]}. It is evident that z = 1

constitute a basis of kerA. As the operator Â it is natural to take Âu(t) = Au(t) = u′(t), D(Â) = {u(t) ∈
∈ D(A) : u(0) = 0}, Â2u(t) = A2u(t) = u′′(t), D(Â2) = {u(t) ∈ D(A2) : u(0) = u′(0) = 0}, The initial
problem Âu(t) = f(t) is correct and has the unique solution Â−1f(t) =

∫ t
0
f(x)dx. Then, since (6),

Â−2f(t) =
∫ t

0
(t − x)f(x)dx. By comparing (23), (25) with (8), it is natural to take q1 = 4t, q2 = 2t + 1,

q = (q1, q2) = (4t, 2t+ 1), f = 1− 5t, M = (−6, 15), P = (6,−15), Φ(u) = u(0),Φ(Au) = u′(0),

Ψ(u) =

(
Ψ1(u)
Ψ2(u)

)
=

(
u(1/2)
u(1)

)
, F (Au) =

(
F1(Au)
F2(Au)

)
=

(∫ 1

0
x2u′(x)dx∫ 1

0
x4u′(x)dx

)
.

Then F (f) =

(
F1(f)
F2(f)

)
=

(∫ 1

0
x2f(x)dx∫ 1

0
x4f(x)dx

)
.

It is evident that Φ(z) = 1 for z = 1 and that |F1(f)| ≤ ||f ||C , |F2(f)| ≤ ||f ||C for all f ∈ C[0, 1]. So
F1, F2 ∈ C∗[0, 1] = Y ∗. Because of |Ψ(u)| = |u(t0)| ≤ ||u(t)||C ≤ ||u(t)||C + ||u′(t)||C = ||u(t)||C1 = ||u(t)||X1

A
,

we conclude that Ψ1,Ψ2 ∈ [X1
A]∗. In the same way is proved that Φ ∈ [X1

A]∗. So we can apply Theorem 3.
We calculate Â−1z =

∫ t
0

1dx = t, Â−1zP + zN = t(6,−15) + (−6, 15) = (6t− 6,−15t+ 15) = (v1, v2),

Ψ(Â−1zP + zN) =

(
Ψ1(v1) Ψ1(v2)
Ψ2(v1) Ψ2(v2)

)
=

(
v1(1/2) v2(1/2)
v1(1) v2(1)

)
=

(
−3 15/2
0 0

)
,

Â−1q1(t) =

∫ t

0

4xdx = 2t2, Â−1q2(t) =

∫ t

0

(2x+ 1)dx = t2 + t,

Â−1q =
(
2t2, t2 + t

)
, Â−2q1(t) =

∫ t

0

(t− x)4xdx =
2

3
t3,

Â−2q2(t) =

∫ t

0

(t− x)(2x+ 1)dx =
1

3
t3 +

1

2
t2,

Â−2q = (Â−2q1, Â
−2q2) =

(
2

3
t3,

1

3
t3 +

1

2
t2
)
,

Ψ(Â−2q) =

(
Ψ1(Â−2q1) Ψ1(Â−2q2)

Ψ2(Â−2q1) Ψ2(Â−2q2)

)
=

(
(Â−2q1)(1/2) (Â−2q2)(1/2)

(Â−2q1)(1) (Â−2q2)(1)

)
=

=

(
1/12 1/6
2/3 5/6

)
,

F (Â−1q) =

(
F1(Â−1q1) F1(Â−1q2)

F2(Â−1q1) F2(Â−1q2)

)
=

(
2/5 9/20
2/7 13/42

)
,

Il −Ψ(Â−2q) =

(
11/12 −1/6
−2/3 1/6

)
, F (z) =

(
F1(z)
F2(z)

)
=

(
1/3
1/5

)
,

F (z)P =

(
1/3
1/5

)
(6,−15) =

(
2 −5

6/5 −3

)
, In − F (z)P =

(
−1 5
−6/5 4

)
.
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Then by using (9) we find

L =


11/12 −1/6 3 −15/2
−2/3 1/6 0 0
−2/5 −9/20 −1 5
−2/7 −13/42 −6/5 4

 .

Since detL 6= 0, by Theorem 3, the problem (23), is correct. We find the inverse matrix

L−1 =


−140/303 −548/303 70/101 175/101
−560/303 −374/303 280/101 −700/101
−248/909 −565/1818 730/303 −2135/606
−1172/4545 −289/909 299/303 −889/606

 .

For f(t) = 1− 5t we compute
Â−1f(t) =

∫ t
0
(1− 5x)dx = t− 5

2 t
2, Â−2f(t) =

∫ t
0
(t− x)(1− 5x)dx = 1

2 t
2 − 5

6 t
3,

F1(Â−1f) =
∫ 1

0
x2
(
x− 5

2x
2
)
dx = −1/4, F2(Â−1f) =

∫ 1

0
x4
(
x− 5

2x
2
)
dx = −4/21,

F (Â−1f) =

(
−1/4
−4/21

)
, Ψ(Â−2f) =

(
Ψ1(Â−2f)

Ψ2(Â−2f)

)
=

(
1/48
−1/3

)
.

By substituting these values into (10) we obtain the unique solution of (23)

u(t) =
1

2
t2 − 5

6
t3 +

(
2

3
t3,

1

3
t3 +

1

2
t2, 6t− 6,−15t+ 15

)
L−1


1/48
−1/3
−1/4
−4/21

 ,

which yields (24).
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И.Н. Парасидис

Локальды емес шеттiк интегралдық шарттарымен жүктелген
дифференциалдық теңдеулер класстары үшiн кеңейту әдiсi
Мақалада локальды емес шеттiк интегралдық шарттарымен жүктелген кәдiмгi дифференциалдық
теңдеулер класы абстрактiлi операторлық теңдеу терминiнде зерттелдi

Bu = A2u− qΨ(u) = f, f ∈ Y, (1)

D(B) = {u ∈ D(A2) : Φ(u) = NF (Au), Φ(Au) = PF (Au)}.
Бұл теңдеулердiң жүктелген бөлiгi және локальды емес шеттiк интегралдық шарттары сәйкесiнше
Ψ(u) және F (Au), функционалдық векторларының көмегiмен сипатталды. Мұндай теңдеулер сызық-
тық операторларды кеңейту теориясынан шығады. Қарастырылатын теңдеулердiң шешiлгiштiгiнiң
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қажеттi және жеткiлiктi шарттары қандай да бiр матрицаның анықтауышы көмегiмен өрнектеледi.
Жүктелген теңдеулердiң қарастырылатын класстарының нақты шешуiн табу үшiн, анықтауыш ноль-
ге тең емес жағдайында, дайын формула ұсынылады. Егер қандай да бiр есеп (1) түрiне келтiрiлетiн
болса, онда оны ұсынылып отырған кеңейту әдiсiмен оңай шешуге болады. Сонымен қоса, q = ~0, үшiн
бұл әдiс шешiлгiштiктiң қажеттi және жеткiлiктi шарттарын және локальды емес шеттiк интегралдық
шарттарымен жүктелген кәдiмгi дифференциалдық теңдеулер кластарын абстрактiлi операторлық
теңдеу терминiнде нақты шешу үшiн формула бередi.

Кiлт сөздер: жүктелген кәдiмгi дифференциалдық теңдеулер, дифференциалдық теңдеулер, локаль-
ды емес интегралдық шеттiк шарттар, инъективтi және дұрыс операторлар, нақты шешулер.

И.Н. Парасидис

Метод расширения для класса нагруженных
дифференциальных уравнений с нелокальными

граничными интегральными условиями

В статье исследован класс нагруженных обыкновенных дифференциальных уравнений с нелокаль-
ными граничными интегральными условиями в терминах абстрактного операторного уравнения

Bu = A2u− qΨ(u) = f, f ∈ Y ; (1)

D(B) = {u ∈ D(A2) : Φ(u) = NF (Au), Φ(Au) = PF (Au)}.
Нагруженная часть и нелокальные граничные интегральные условия этих уравнений описываются
с помощью функциональных векторов Ψ(u) и F (Au) соответственно. Такие уравнения следуют из
теории расширений линейных операторов. Необходимые и достаточные условия разрешимости рас-
сматриваемых уравнений выражаются с помощью определителя некоторой матрицы. В случае когда
этот определитель ненулевой, предлагается готовая формула для нахождения точного решения рас-
сматриваемого класса нагруженных уравнений. Если некоторая задача может быть приведена к виду
(1), то ее можно легко решить предлагаемым методом расширения. Данный метод для q = ~0 также
дает необходимые и достаточные условия разрешимости и формулу для точного решения для класса
обыкновенных дифференциальных уравнений с нелокальными граничными интегральными услови-
ями в терминах абстрактного операторного уравнения

Bu = A2u = f ; D(B) = {u ∈ D(A2) : Φ(u) = NF (Au); Φ(Au) = PF (Au)}; f ∈ Y.

Ключевые слова: нагруженные обыкновенные дифференциальные уравнения, дифференциальные
уравнения, нелокальные интегральные граничные условия, инъективные и корректные операторы,
точные решения.
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In this article are considered model-theoretical properties of chains of positive (n1, n2)-Jonsson theories.
Herewith considered theories is perfect in the sense of the existence of appropriate model companion. The
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This article is devoted to the study of positive properties of (n1, n2)-Jonsson theories. At the study of
positive Jonsson theories in the framework of [1], were considered various aspects of positivity which appear at
translating of properties of Jonsson theories into the language of positivity [2].

In this paper, we continue to study (n1, n2)-Jonsson theories with the condition of positive axiomatiza-
bility, and instead of morphisms we consider immersions, special cases of homomorphisms [1]. The indices n1, n2

respectively determine n1-model completeness, n2-elimination of quantifiers. These indices are related to the
concepts of chains of theories under consideration.

Many classical examples from algebra satisfy the natural axioms that define Jonsson theories. On Jonsson
theories, more detailed information can be extracted in the monograph [3] and in the works [4–8]. We consider
groups, Abelian groups, Boolean algebras, fields of fixed characteristic, rings, modules, polygons. All of these
types of algebras are examples of such algebras whose theories are Jonsson. Abelian groups and Boolean algebras
are good because their invariants are known, that is, some constants that allow us to describe these types of
algebras up to elementary equivalence. In Jonsson theories, the concepts of elementary equivalence are replaced
by cosemanticness. In the works [9, 10] are presented results that describe Abelian groups and modules up to
cosemanticness. In the case of Boolean algebras the work [11] is known were defined generalized Jonsson theories
(α-Jonsson) were defined and a description of α-Jonson theories of Boolean algebras was developed on the basis
of the apparatus developed in the framework of the definitions of this article. Regardless of the study of Jonsson
theories, in [12] the authors considered various generalizations of the concepts of model completeness and
elimination of quantifiers. Also, within the framework of these generalizations, n-chains were considered in [12]
which naturally appear as a consequence of the n-inductance of the theories under consideration. In fact, all of
the above concepts definitely are related to the central concept of Robinson model theory, namely, the concept
of a model companion. Well known the achievements of A. Robinson and his followers related to the application
of theorems on the properties of model companions of the considered theories for classical algebraic objects,
such as fields of fixed characteristic, Boolean algebras, Abelian groups, rings, modules, etc. Unfortunately, not
all inductive theories have a model companion. It is well known from [13] that a theory has a model companion
iff the class of its existentially closed models is elementary. In particular, the Jonsson theories that have a model
companion are reasonably well arranged in the sense that their semantic invariant is a saturated model. Also
in [14], was considered a generalization of the concept of a model companion, but somewhat from a different
perspective. Therefore, in view of the foregoing, it would be interesting to redefine some of the concepts from
works [11, 12] and [14], in the framework of the study of positive Johnson theory, where all the above properties
of companions of Jonsson theories will be considered in the framework of positivity, which will be defined in
this work.

Now we want to define the notion of (n1, n2)-positive Jonsson’s theories.
Let L be a first-order language. At is a set of atomic formulas of the language. B+(At) is a closed set with

respect to the positive Boolean combinations (conjunction and disjunction) of all atomic formulas and their
subformulas and substitution variables. Qn(B+(At)) is a set of formulas in prenix normal form obtained by the
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use of quantifiers (∀ and ∃) to B+(At), where n is a number of quantifier changes in prenix. We call the formula
positive if it belongs to Qn(B+(At)). The theory is positively axiomatizable if its axioms are positive.

Following [15] we define the ∆-morphisms between structures.
Let M and N, the structure of language, ∆ ∈ Qn(B+(At)). The mapping h : M → N is called

∆-homomorphism (in symbols h : M −→
∆

N) if for any ϕ (x) ∈ ∆, ∀a ∈ M from the fact that M |= ϕ (a), it

follows that N |= ϕ (h (a)).
Following [2], the model M is said to begin in N and we say that M continues to N, with h(M) is a

continuation of M. If the map h is injective, we say that h immersion from M into N (symbolically h :
M←→

∆
N). In the following we will use the terms ∆-continuation and ∆-immersion. In frames of this definition

(∆-homomorphism), it is easy to see that an isomorphic embedding, and an elementary embedding are
∆-immersions, when ∆ = B(At) and ∆ = L, respectively.

Definition 1 [15]. If C - class of L-structures, then we say that an element M of C ∆-positive existential
closed in C if every ∆-homomorphism from M to any element of C is a ∆-immersion. The class of all existential
positive ∆-closed models will be denoted by (E∆

C )+; if C = ModT for some theory T, then by ET , (E∆
T )+ we

mean, respectively, the class of existential closed and ∆-positive existential of the closed models of theory T.
Definition 2 [15]. We say that theory T admits a ∆− JEP , if for any two A,B ∈ModT exists C ∈ModT

and ∆-homomorphisms h1 : A −→
∆

C, h2 : B −→
∆

C.

Definition 3 [15]. We say that theory T admits a of ∆ − AP , if for any A,B,C ∈ ModT such that
h1 : A −→

∆
C, g1 : A −→

∆
B, where h1, g1 – ∆-homomorphisms, there exists a D ∈ ModT and h2 : C −→

∆
D,

g2 : B −→
∆

D, where h2, g2 – ∆-homomorphisms such that h2 ◦ h1 = g2 ◦ g1.

Definition 4 [15]. The theory T is called ∆-positive Jonsson’s (∆ − PJ)-theory if it satisfies the following
conditions:

1) T has an infinite model;
2) T positive ∀∃-axiomatizable;
3) T admits ∆− JEP ;
4) T admits ∆−AP .
When ∆ = B(At) we obtain the usual Jonsson’s theory, the only difference that it has only positive

∀∃-axiom.
In future, by (n1, n2)-positive Jonsson theory we understand some ∆-positive Jonsson theory (∆−PJ) which

n1-positive model complete and n2-positive elimination of quantifiers (E.Q.). Positive model completeness is
model completeness of theory without using a symbol ¬. Positive E.Q. is a redaction to positive quantifiers-free
formulas.

We give the necessary definitions of concepts which we will use.
A concept of model completeness introduced by A. Robinson is played large role in the study of model

companions of various types of classical algebras.
Definition 5 [12]. A theory T is model complete if for any B,D ∈ ModT and B is a submodel of D, then

B ≺ D.
Definition 6 [13]. A theory T is called model companion of T if:
1) T and T ∗ are mutually model consistent;
2) T ∗ is model complete.
The following fact is well known, connecting the theory with model companion with respect to E.Q.
Lemma 1 [13]. 1) Let T ∗ be model companion of theory T , where T is universal theory. In this case T ∗ is

model completion of T iff T ∗ admit quantifier elimination.
2) Let T ∗ be model companion of theory T . In this case T ∗ is model completion of T iff T ∗ has amalgam

property.
In the framework of concept of n-embedding, following work [11], we have n-Jonsson theory that differs from

concept of generalized α-Jonsson theory only a semantic model [16]. Continuing to work within the framework of
n-Jonsson theory we can fully define the concept n-model completeness, n-model companion and correspondingly
on this base to prove the theorem which is a criterion of perfectness of generalized α-Jonsson theory [from 11]
in following view.

Proposition 1 [11]. Let T be arbitrary n-Jonsson theory, then the following conditions are equivalent:
1) T is perfect;
2) T ∗ is n-model companion of T .
In work [12] are given following definitions generalizing a concepts of model completeness and E.Q.
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Definition 7 [12]. B ⊆n D means that B |= ψ(b) if D |= ψ(b) for all b ∈ B and all Σn (or Πn) formulas ψ.
Definition 8 [12]. 1. A theory T is n-model complete if for all models B,D of T , B ⊆n D implies B ≺ D.
2. T is nearly n-model complete if any formula is equivalent (mod T ) to Boolean combination of Σn+1

(or Πn+1) formulas.
3. A chain {Bn}n∈ω under ⊆n is called a n-chain.
Definition 9. We will call the theory n2-E.Q. if any formula of this theory is presented in the view of Boolean

combination of formulas from Qn2
(B(At)).

Combining these concepts in the framework of study of Jonsson theories we can distinguish the following
class of Jonsson theories:

Definition 10. Theory T is called (n1, n2)-Jonsson theory if it is n1-model complete and n2-E.Q.
In work [12] was determined the next kind of chain of models for some theory and statements with respect

to this concept as 1-model completeness.
Definition 11 [12]. A chain {Bk}k∈ω is eventually elementary if for all b ∈ ∪k∈ωBk and all formulas ψ(x)

exists some k0 ∈ ω such that either Bk |= ψ(b) for every k ≥ k0 or Bk |= ¬ψ(b) for every k ≥ k0.
Proposition 2 [12]. A theory T is 1-model complete iff for any formulas ψ(x) exists a formula ϕ(x) which is

a ∀2 ∩ ∃2-formulas such that T |= ∀x[ψ ↔ ϕ].
If the chain {Bk}k∈ω is not eventually elementary, then there are ψ(x) and b such that Bk |= ψ(b) and

Bm |= ¬ψ(b) both hold for arbitrarily large k,m ∈ ω. Thus, such a chain can be refined to be an alternating
chain for ψ(x) as in the following definition.

Definition 12 [12]. A chain {Bk}k∈ω is an alternating chain for ψ(x) if there is some b ∈ B0 such that
B2k |= ψ(b) and B2k+1 |= ¬ψ(b) for all k ∈ ω.

Proposition 3. A theory T is 1-E.Q. iff for any formulas ψ(x) exists a formula ϕ(x) which is Boolean
combination of ∀1 ∩ ∃1-formulas such that T |= ∀x[ψ ↔ ϕ].

Recall the basic definitions and statements from work [11], in which are determined all basic concepts related
with α-Jonsson theories. In our case, α = n1.

Definition 13 [11]. Let Γ ⊂ L. Then
1) map f : A→ B is called a Γ-embedding if for any a ∈ A and ϕ(x) ∈ Γ and A |= ϕ(a) follows B |= ϕ(f(a));
2) if B ⊆| A |, then ThΓ(A,B) denote a set of all Γ-sentence of language LB which are true in A;
3) if A ⊆ B, then notation A ⊆Γ B denote that ThΓ(A, |A|) ⊆ ThΓ(B, |B|);
4) sequence of models Ai, i < β, is called a Γ-chain if Ai ⊆Γ Aj at i < j < β.
Lemma 2 [11]. map f : A→ B is a Πα-embedding iff it is a Σα+1-embedding.
Definition 14 [11]. Theory T preserved with respect to the union of Πα-chains (or α-inductive) if an union

of any Πα-chain of model of T again is a model of T .
Definition 15 [11]. A model M |= T is called Σα+1-saturated model if for any subset E ⊆| M | less power

than M , for any model B |= T such that M ⊆Πα B, and any element b ∈ B exists element m ∈ M satisfying
an inclusion ThΣα+1

(M,E ∪m) ⊇ ThΣα+1
(B,E ∪ b).

Theorem 1 [11]. Let T be α-Jonsson theory, M |= T . Then the following conditions are equivalent:
1) M is T − α-universal T − α-homogeneous model;
2) M is Σα+1-saturated model.
Proposition 4 [11]. For α-Jonsson theory T the following conditions are equivalent:
1) T is perfect;
2) T ∗ is α-model completion (i.e. D(T ∗)− α-model completion) of T .
Definition 16 [11]. A model A |= T is called Σα+1-closed if for any model B |= T and any formula

ϕ(x) ∈ Σα+1 with constants from A is performed A |= ∃xϕ(x) provided that A ⊆Πα B and B |= ∃xϕ(x).
In future, a set Σα+1-closed models of theory T denote by Σn1

(T ).
Definition 17. A chain {Bk}k∈ω is called n1-Jonsson if it will consist only from models Σn1

(T ).
The following facts are well known.
Lemma 3 [17]. Let Aβ , β < α, be some Σn-chain of models and A = ∪β<αAβ . Then
1) a model A is a Σn-extension of every model Aβ ;
2) any Πn+1-sentence which is true in all models Aβ , is true in A.
Theorem 2 [17]. The following statements are equivalent (where n > 0):
1) sentence ϕ equivalent to both some Σn+1 and some Πn+1;
2) sentence ϕ equivalent to some Boolean combination Σn.
The result on the stability of theory is well known with respect to arbitrary chain of her models. Such theory

must be ∀∃-axiomatizable. The following definition is considered a generalization of concept of induction, i.e.
stability with respect to a chain of models.
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Definition 18 [17]. A theory T is stable with respect to a union Πα-chains (or α-inductive) if a union of any
Πα-chain of models T is again a model of T .

The following result is known in the connection with the above definition.
Proposition 5 [17]. The following conditions are equivalent:
1) T ∈ Πα+2C∆;
2) a theory T is α-inductive.
A class of models of her center in the connection with perfectness α-Jonsson theory coincides with a class

of her Σα+1(T )-models.
Lemma 4 [17]. Let T be perfect α-Jonsson theory, T ∗ be her center, A |= T . Then A ∈ Σα+1(T )⇔ A |= T ∗.
In future, we will work in the case when the theory n1-model complete and so that to use the result

(Theorem 2) in the definition of ∆ − PJ-theory we suppose that ∆ is contained in the Qn1
(B+(At)), where

Qn1 = Σn1 ∩Πn1 .
The following theorem is positive generalization of theorem (Theorems 2.6 and 2.7 from [12]) in the

framework of study of (n1, n2)-positive Jonsson theories.
Theorem 3. Let T be perfect (n1, n2)-positive Jonsson theory, where n1 = n2 + 1;n1, n2 > 0. Then the

following conditions are equivalent:
1) T is n2-E.Q.;
2) any n2-chain of models which belong to Σn2(T ) is Jonsson eventually elementary;
3) T is n1-model complete;
4) any n2-chain of models, which belong to Σn2

(T ), whose union is also a model of Σn2
(T ), is Jonsson

eventually elementary.
It is easy to see that since all homomorphisms are immersions, we can use all the necessary results from

work [11] without loss of generality for positive (n1, n2)-Jonsson theory.
Essential point in the proof of following result is a perfectness of Jonsson theory in the sense of work [11].
Proof. A equivalence of the aforecited statements follows from following three equivalences:
а) (2) equivalent to (4) follows from Proposition 5 and Lemma 4;
b) from (1) in (3) proof is obvious;
c) from (3) in (1) follows from Theorem 2;
d) (1) equivalent to (2) follows from Theorem 2.6. [12].
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А.Р. Ешкеев, М.T. Омарова

Позитивтi (n1, n2)-йонсондық теориялардың
экзистенциалды-тұйық модельдерiнiң тiзбелерi

Мақалада (n1, n2)-йонсондық теориялар тiзбелерiнiң модельдi-теоретикалық қасиеттерi қарастырыл-
ған. Сонымен қатар қарастырылып отырған теориялар модельдi компаньоннiң мағынасына сәйкес
келедi. Негiзгi алынған нәтижелер мынадай: жаңа ұғымдар енгiзiлдi; n2 позитивтi теориялар үшiн
n2-кванторлар элиминациясы, (n1, n2)-йонсондық теориясы; n1-йонсондық тiзбе; (n1, n2)-позитивтi
йонсондық теориясының ерекшелiгi көрсетiлген.

Кiлт сөздер: (n1, n2)-йонсондық теория, позитивтi (n1, n2)-йонсондық теория, n2-кванторлар элими-
нациясы, n1-йонсондық тiзбе.

A.Р. Ешкеев, М.T. Омарова

Цепи экзистенциально-замкнутых моделей
позитивных (n1, n2)-йонсоновских теорий

В статье рассмотрены теоретико-модельные свойства цепей позитивных (n1, n2)-йонсоновских тео-
рий. При этом рассматриваемые теории являются совершенными в смысле существования соответст-
венного модельного компаньона. Основные полученные результаты следующие: введены новые поня-
тия; n2-элиминация кванторов для позитивной теории, (n1, n2)-йонсоновская теория, n1-йонсоновская
цепь; указана особенность совершенной (n1, n2)-позитивной йонсоновской теории.

Ключевые слова: (n1, n2)-йонсоновская теория, позитивная (n1, n2)-йонсоновская теория, n2-элими-
нация кванторов, n1-йонсоновская цепь.
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In given work are considered model-theoretical properties of companions of (n1, n2)-Jonsson theory. Also
were considered a communications between center and (n1, n2)-Jonsson theory. Herewith considered theories
is perfect in the sense of the existence of appropriate model companion. In given article introduced new
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In the work [1] were determined generalized Jonsson theories and in the language of the introduced definitions
were given a descriptions of all generalized Jonsson theories of Boolean algebras. In [2] were defined the concepts
of 1-model completeness and near model completeness, and in this work, it was pointed out about the possibility
of transferring these two concepts to arbitrary n. In fact, there is a direct connection between these two works
are related to model completeness, thereby determining a utensils of essence of given works to one of classical
directions in the model theory, determined by the studies of Abraham Robinson. In general, the development
of this subjects after the beginning of the 70 was naturally suspended due to the fact that the main trends of
development of model theory were based on technology and concepts, related to the study of complete theories.
On the other hand, the main ideas of Robinson’s directions relate to the study of inductive theories, which
generally are not complete. The special subclass of inductive theories is the class of Jonsson theories. Toward
this class can be attributed basic algebraic examples of theories, which are play important role in the various
modern sections of mathematics. For example, theories of groups, theories of Abelian groups, theories of fields
of fixed characteristic, theories of Boolean algebras, theories of polygons, etc. The given examples of theories
show the relevance of studying model-theoretical properties of Jonsson theories.

In the classic textbook, in the form of reference book [3] can find the definition of Jonsson theory, later on,
the study of Jonsson theories was developed in the following list of works: [4–6].

In [1], the concept of a semantic model is used in a substantial way, and this concept by its existence is
connected with an additional axiom about the existence of a strongly unattainable cardinal to the existing system
of axioms of Zermelo-Frenkel set theory. In the work [7] a new definition of the semantic model was given, in the
framework of which developed and develops the further research of Jonsson theories [8–10]. In this definition
of the semantic model in work [7] is no requirement about the existence of a strongly unattainable cardinal.
The greatest success at the study of Jonsson theories can be achieved in case of saturation of semantic model.
As it was determined, in [11] such theories, by analogy with [1], will be called perfect Jonsson theories. These
theories have many good semantic properties related to the theory. For example, the theory of algebraically
closed fields of a fixed characteristic is model companion of theory of fields of the same characteristic. A concept
of model companion was defined by A. Robinson and this concept is closely related with the concept of model
completeness.

In connection with the above, we want to consider the properties of Jonsson theories, which use the concept
of n-model completeness from work [2] for some n and the corresponding concept of a model companion, using
the results from [1], but within the framework of a new approach to Jonsson theories [11–14] using the new
definition of semantic model and companions in study of model completeness from [2].

We give the necessary definitions of concepts which we will use.
We will start with definition of Jonsson theory.
Definition 1 [11]. A theory T is called Jonsson if the following conditions are satisfied:
1) T has infinite models;
2) T is inductive;
3) T has the joint embedding property (JEP);
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4) T has the amalgam property (AP).
Following definitions (1-5) and facts (theorems 1-2) allows the reader to get acquainted with the inner

structure of semantic model as part of the definition from [7].
Definition 2 [7]. Let κ ≥ ω. A model M of theory T is called κ-universal for T if every model T of strictly

less power κ isomorphically embedded in M.
Definition 3 [7]. Let κ ≥ ω. A model M of theory T is called κ-homogeneous for T if for any two models

A and A1 of theory T , which are submodels of M, power strictly less, than κ, and isomorphic f : A → A1, for
every extension B of model A, which is submodel of M and model of T of strictly less power κ exists extension
B1 of model A1, which is submodel of M, and isomorphic g : B→ B1, continuing f .

Definition 4 [7]. κ-homogeneous-universal model for theory T of power κ, where κ ≥ ω, is called homogeneous-
universal model for T .

Theorem 1 [7]. Every Jonsson theory T has κ+-homogeneous-universal model of power 2κ. Inversely, if T is
inductive, has infinite model and has ω+-homogeneous-universal model, then a theory T is Jonsson theory.

Theorem 2 [7]. Let T be a Jonsson theory. Two models M and M1 κ-homogeneous-universal for T are
elementary equivalent.

Definition 5 [7]. ω+-homogeneous-universal model of theory T is called semantic model CT of Jonsson
theory T .

For any Jonsson theory a semantic model always exists, therefore it plays an important role as a semantic
invariant.

From definition of semantic model follows that:
Proposition 1 [15]. Any two semantic models of Jonsson theory T is elementary equivalent between themselves.
Lemma 1 [15]. Semantic model CT of Jonsson theory T is T -existential closed.
Definition 6 [15]. Elementary theory of semantic model C of Jonsson theory T is called semantic completion

(center) T ∗ of this T , i.e. T ∗ = Th(CT ).
As we have already noticed, greatest progress in learning of Jonsson theories, as a rule, can be achieved

provided that of perfection of Jonsson theory.
Definition 7 [15]. A Jonsson theory T is called perfect if every semantic model of T is saturated model

of T ∗.
It is well know, that only at work with perfect Jonsson theories a class of existential closed models of

considered theory is elementary.
Theorem 3 [15]. Let ET be a class of all existential closed models of theory T . If a Jonsson theory T is

perfect, then ET = ModT ∗, where T ∗ = Th(CT ).
A concept of model completeness introduced by A. Robinson is played large role in the study of model

companions of various types of classical algebras.
Definition 8 [2]. A theory T is model complete if for any B,D ∈ ModT and B is a submodel of D, then

B ≺ D.
Definition 9 [2]. B ⊆1 D satisfied if B is a submodel of D, for every ∀-formulas (equivalently, ∃-formulas)

ψ(x) and for every b ∈ B will performed B |= ψ(b) provided that D |= ψ(b).
Generalization of definition 8 of model completeness, namely, definition 10, was consider in [2] by the authors

using the concept (definition 9).
Definition 10 [2]. A theory T is 1-model complete if for any B,D ∈ModT and B ⊆1 D, then B ≺ D.
One of the interesting properties of classical model theory is a property of quantifier eliminable which is also

associated with a special case of model companion. In [2] was determined generalization of concept of quantifier
eliminable, namely, definition 11.

Definition 11 [2]. A theory T is nearly model complete if for any formulas ψ(x) exists a formula ϕ(x) which
is Boolean combination of ∀-formulas such that T |= ∀x[ψ ↔ ϕ].

Moreover in work [2] criterion was obtained (proposition 2.).
Proposition 2 [2]. A theory T is 1-model complete iff for any formulas ψ(x) exists a formula ϕ(x) which is

a ∀-formulas such that T |= ∀x[ψ ↔ ϕ].
On the other hand, in work [1] was considered a generalization of Jonsson theory and the main tool of this

generalization was a concept of Γ-embedding which is generalizated a concept of isomorphic embedding with
respect to considered formulas. Instead of boolean combination of atomic formulas is considered a formulas with
quantifier prenix of length α. In place of Boolean combination of atomic formulas we consider a formulas with
quantifier prenix of length α. Under Γ we understand a kind of formulas, for example, Γ = Πα.

A set of all formulas (is a view of formula ∀∃ . . . ψ) denote by Πn, Σn = {ψ| ¬ψ ∈ Πn}.
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Definition 12 [1]. A map f : A→ B is called a Γ-embedding if for any a ∈ A and ψ(x) ∈ Γ from A |= ψ(a)
implies B |= ψ(f(a)).

A concept of model companion was determined by A. Robinson, and it is played important role in the study
of various types of algebras, theories of which has model companion [1] (chapter 4).

Definition 13 [3]. A theory T is called model companion of T if:
1) T and T ∗ are mutually model consistent;
2) T ∗ is model complete.
Using next theorem we understand a value of concept of model companion for any Jonsson theory, semantic

model of which is saturated.
Theorem 4 [15]. Let T be arbitrary Jonsson theory, then the following conditions are equivalent:
1) T is perfect;
2) T ∗ is model companion of T .
Using concept of finite diagram from work [16], T.G. Mustafin is determined a concept of model completion

for generalized Jonsson theory. In the future on throughout of all paper in the results concerning work [1], as a
semantic model we use a model as part of the definition 5.

Definition 14 [1]. 1. A set D(B) = ∪n<∞{Th(B, b)| b ∈ |B|n} is called finite diagram of system B.
2. Algebraic system A is called a D(B)-system if satisfied Th(A) = Th(B) and D(A) ⊆ D(B).
3. If T is arbitrary theory, then any this model is called a D(T )-model.
In the future we will consider that D = D(T ) or D = D(B) for some model B of theory T .
Using Γ-embeddings at work [1] was determined special case of α-model companion, namely, of concept of

α-model completion which can be obtained from definitions 15 and 16 from work [1].
Definition 15 [1]. We say that a theory T is D−α-model complete if a theory T ∪ThΠα(B, |B|) is complete

with respect to D for any model B |= T .
Definition 16 [1]. Let T1, T2 be arbitrary theories of one language. A theory T2 is called D − α-model

completion of T1 if:
1) any model of T1 is Πα-embeddable in some D-model of T2, and conversely, every D-model of T2 is

Πα-embeddable in suitable (or some) model of T1;
2) T2 is D − α-model complete;
3) a theory T2 ∪ ThΠα(B, |B|) is complete with respect to D for any model B of T1.
In the future we will say that if satisfied condition (1) from definition 16, then considered theories are

D −Πα-mutually model consistent, where D = D(T ) or D = D(B) for some model B of theory T .
This theorem is α-Jonsson generalization of criterion of perfectness of Jonsson theory (theorem 4).
Proposition 3 [1]. Let T be arbitrary α-Jonsson theory, then the following conditions are equivalent:
1) T is perfect;
2) T ∗ is α-model completion of T .
Proceed to the main result of given paper. For this we must define a concept of (n1, n2)-Jonsson theory. Let

n1, n2 be arbitrary natural numbers.
Definition 17. Theory T is called (n1, n2)-Jonsson theory if it is n1-model complete and nearly n2-model

complete theory.
It is clear from definition 17 that n1 ≥ n2. If n2 = 0, then aл center of Jonsson theory T ∗ admit elimination

of quantifiers. If n1=0, then Jonsson theory T ∗ is model complete theory. Note that (0, n)-Jonsson theory is
perfect for any natural n.

In other words, n1-model completeness denote by the index n1, but near model completeness denote by the
index n2. It is clear that it 2 various indices, and they may be dependentes, i.e. considered theories can be with
one index or simultaneously with two indices.

We determine a concept of α-model companion of α-Jonsson theory.
Definition 18. Let T1, T2 be α-Jonsson theories of one language. A theory T2 is calledD−α-model companion

of T1 if:
1) any model of T1 is Πα-embeddable in some D-model of T2, and conversely, every D-model of T2 is

Πα-embeddable in suitable (or some) model of T1;
2) T2 is D − α-model complete.
Theorem 5. Every α-Jonsson theory T has no more than one α-model companion.
Proof. Let’s say on the contrary, i.e. α-Jonsson theory has as minimum two various α-model companion,

or example, T1, T2. Hence, theory T is perfect. Then by definition a theories T1 and T2 are mutually model
consistent. By criterion of perfectness of α-Jonsson theory we can conclude that theories T1 and T2 are mutually
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model consistent with T ∗, where T ∗ is center of theory T . And this means that T1 and T2 are cosemantic among
themselves, and means they are equal.

By criterion of perfectness (proposition 3.) we can be conclude that α-Jonsson theory (when α=1) is 1-perfect
if the theory has 1-model companion.

Next theorem allows you to get a description of 1-perfect 1-Jonsson theory in the sense of work [1].
Theorem 6. 1-Jonsson theory is 1-perfect iff the following conditions are equivalence:
1) a theory T has 1-model companion Tm in sense of work [1];
2) a theory Tm = T c, where T c is a center of theory T ;
3) a theories Tm = T c and T are D −Π1-mutually model consistent, where D = D(C), is semantic model

of theory T . A theory Tm is 1-model complete in sense of work [2].
Proof. From (1) to (2) and from (2) to (1) follows from proposition 3 at α=1.
We prove from (1) to (3). Since a theory T has 1-model companion Tm, then by definition 18, when α=1,

we have that Tm is D−1-model complete, where D = D(C), and C is semantic model of theory T . A theory Tm
is D − 1-model complete if a theory T ∪ ThΠ1

(C, |C|) is complete. Since any model of theory T isomorphically
embedded in model C, then easy to notice that by universality of formulas Π1 and D − 1-model completeness
all models of theory T with respect to Π1-sentences are elementary equivalent. We need to show that from what
A ⊆1 B follows that A � B for any A,B ∈ ModT . Suppose the contrary. This means that there are such that
A,B ∈ModT , but it is not true that A � B. This is equivalent to that B /∈ModD(A), but it is not true, since
D(A) ⊆ D(C) and B is a model D(C) by D − 1-model completeness of theory T .

We prove from (3) to (1). Suppose the contrary. This means that a theory T is not 1-perfect, and this means
that it is non-perfect in sense of work [1] (proposition 3.), i.e. she does not have D − 1-model completion. But
by (3) a theories Tm and T are D − Π1-mutually model consistent, where D = D(C), C is semantic model of
theory T , moreover Tm is 1-model complete in sense of work [2]. But then we can use a criterion (proposition
2.), which say that: а Jonsson theory T is 1-model complete iff for any formulas ψ(x) exists a formula ϕ(x) which
is a ∀-formulas such that T |= ∀x[ψ ↔ ϕ]. 1-nonperfectness is means that there is such type p, consisting from
universal formulas with constants from some subset X of model C, which is not implemented in C. Without
loss of generality, we can assume that X is contained in some model A of theory Tm. Since a type p is consistent
set, then there is elementary extension A′ of model A, which is implemented a type p. But since p is consisted
from ∀-formulas, then p is implemented and in A. By D −Π1-model compatibility A is invested in C, and this
means, that a type p is implemented and in C. And from that one we can conclude about avalibility of the
contradiction.
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А.Р. Ешкеев, М.T. Омарова

(n1, n2)-Йонсон теориясының компаньондары

Мақалада (n1, n2)-йонсон теориясы компаньондерiнiң модельдiк-теоретикалық қасиеттерi қарасты-
рылған. Сонымен бiрге (n1, n2)-йонсон теориясымен орталық арасындағы байланыс зерттелген. Бұл
ретте қарастырылып отырған теориялар модельдi компаньоннiң мағынасына сәйкес келедi. Авторлар
жаңа ұғымдар енгiздi, атап айтқанда: (n1, n2)-йонсон теориясы; D−α-модельдi компаньон. α-йонсон
және 1-кемел 1-йонсон теориясының модельдiк-компаньондарына қатысты жаңа нәтижелер көрсетiл-
ген.

Кiлт сөздер: йонсондық теория, модельдi толық, n-модельдi толық, дерлiк n-модельдi толық, D−α-
модельдi компаньон, модельдi толықтыру, (n1, n2)-йонсондық теория.

A.Р. Ешкеев, М.T. Омарова

Компаньоны (n1, n2)-йонсоновских теорий

В статье рассмотрены теоретико-модельные свойства компаньонов (n1, n2)-йонсоновской теории. Так-
же изучены связи между центром и (n1, n2)-йонсоновской теорией. При этом рассматриваемые теории
являются совершенными в смысле существования соответственного модельного компаньона. Автора-
ми введены новые понятия, а именно: (n1, n2)-йонсоновская теория; D − α-модельный компаньон.
Показаны новые результаты относительно модельных компаньонов α-йонсоновской и 1-совершенной
1-йонсоновской теорий.

Ключевые слова: йонсоновская теория, модельно полная, n-модельно полная, почти n-модельно пол-
ная, D − α-модельный компаньон, модельное пополнение, (n1, n2)-йонсоновская теория.
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Mathematical model of a root harvester after-cleaning system
A mathematical model of root crops after-cleaning and their movement pattern in a technological run for
loading into means of transportation has been presented. The impact of both controlled and uncontrolled
factors on the efficient continuous transportation of root crops has been determined on the basis of the
above-mentioned model. The use of the suggested mathematical model will enable to narrow the search of
the most efficient design, kinematic and dynamic parameters in conducting some experimental research on
efficient operation of after-cleaning systems of harvesters with their possible adjustment according to the
natural and climatic conditions of harvesting.

Keywords: mathematical model of root crops after-cleaning, root crops movement pattern, transporting-
separating system, design, kinematic and dynamic parameters of tools.

Introduction

To provide the quality performance of root crops harvesters, especially concerning sugar beets root crops
cleaning of soil and plants remains one needs some complex approach combining both theoretical and practical
investigation.

Quality mathematical modeling of some processes of root crops after-cleaning resulted in the recommended
limits of design and kinematic parameters will enable to reduce the number of experiments significantly. In this
way we will save some time and costs to achieve the target goal.

Auger mechanisms in layout schemes of root crops harvesters are widely used. Theory of root crops
movements and other similar products have been described in numerous scientific articles. The problems dealing
with this subject are highlighted namely in the papers [1–5].

Minimal damage of the harvested crops during their simultaneous transportation and cleaning is also paid
a great attention to in the investigation. These issues have been presented in the papers [6–9].

Some dynamic models of agricultural products transportation providing the quality of technological process
performance by necessary tools and their reliable operation have been described in the articles [10–14].

Moreover, minimum power consumption is also important in materials transportation and other technological
operations and this problem was discussed in the papers [15, 16].

The investigation results dealing with the sugar beets root crops after-cleaning by augers are given in the
articles [17–19].

The made analysis of the known research has proved that the problem of root crops quality cleaning in
machine harvesting has not been solved completely.

The purpose of the theoretical research is to find the most effective design, kinematic and dynamic parameters
of the auger taking the root crops aside to provide the quality cleaning of root crops.
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Material and method

Let’s consider the process of an auger-root crop interaction whilst its transportation (Fig. 1). As we have
seen in the paper [20], the case when the assumed central axis of a root crop is perpendicular to the belt motion
direction is the most unfavorable in terms of sugar beets passing through the clearance between the belt surface
1 and auger rotation surface 2.

 

Figure 1. Auger (taking root crops aside)-root crop interaction pattern

In case when a root crop, in plane projection OXZ, is overlapped with the auger rotational surface less
than the crown radius value, it will be thrown back with some turning and will be a little risen over the belt
surface. It can be explained by the fact, that during the interaction the root crop is acted by the moment whose
regularized force will be passing through the beet’s center and the arm will be close to the beet crown radius
located on the belt surface.

A case when root crop overlapping with the auger rotational surface is more than the crown radius value is
scarcely probable for big and medium root crops as the most efficient structural and kinematic parameters of
augers are chosen for relatively small, standard root crops (crown diameter is 40 mm).

Thus, when doing some calculations, we’ll accept an option when normal reaction force of the auger to the
root crop will be passing through the central axis of the latter, and the contact will take place with the beet
crown.

So, while doing some calculations, we’ll make the following assumptions: a beet crown is of perfect semi-
sphere shape; longitudinal and lateral oscillations of the belt are neglected, its surface is considered to be
perfectly smooth; screw pitch and height, angle of ascent of auger screw line are the same along the whole
length; transporting conveyor linear velocity and angular velocity of auger rotation are constant.

We assume that a rot crop is travelling in horizontal plane on the transporting conveyor surface with the
velocity Vt, and the auger, which is perpendicular to the motion direction, is rotating with angular velocity ω
and is throwing the root beet aside and back. The root crop and auger contact is taking place when the center
of imaginary sphere circling the root crop coincides with the auger edge.
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Angle of ascent of screw surface on the given radius in the place of contact

λ = arctg

(
T

2πR

)
,

where T — auger pitch; R — radius of imaginary circle in auger-root crop contact point (R ≤ Rs); Rs —
auger radius.

The angle between the horizontal line and the line connecting the centers of projections of the root crop
sphere and the auger axis is found by

ϕ = arcsin

(
L−Rr (1− sinλ)

R

)
,

where L — height of auger axis location over the transporting conveyor; Rr — a root crop radius.
Reaction N and friction force Ffr = Nf are acting on a root crop from the auger’s side, which are directed,

respectively, flatwise to the screw surface and at a tangent to it towards screw rotation direction (f — friction
coefficient).

Velocity Vr of a root crop takeoff consists of two parts — velocity V1, which is equal to the projection of
linear velocity of the auger contact point on the direction of vectors sum of forces, and velocity V2 of the root
crop thrown back of the surface of stationary by convention auger due to initial velocity of transportation Vt
taking into account throwback coefficient KV .

Vector ~V ′1 =

 X1

Y1

Z1

 is found by the direction of the auger resultant of resistant force

~F = ~N + ~Ffr =

 XF

YF
ZF

.
To find the vectors direction we use rotation matrixes about axis X and Y , respectively, on angles λ and ϕ

Mλ =

 1 0 0
0 cosλ − sinλ
0 sinλ cosλ

;

Mϕ =

 cosϕ 0 − sinϕ
0 1 0

sinϕ 0 cosϕ

.
Then the correspondent vectors are found by rotation matrixes.
Vector of the auger resultant of resistant force is equal to

~F = MϕMλ

 0
N
Nf

.
Velocity vector of auger-root crop contact point

~Vs =

 Xs

Ys
Zs

 = Mϕ

 0
0
ωR

.
Modulus of throwing velocity

V ′1 = Vs cosβ,

where β — angle between vectors ~V ′1 and ~Vs, which is equal to the angle between vectors ~F and ~Vs, which is
found from the known condition of angle cosine between two vectors

cosβ =
XFXs + YFYs + ZFZs√

X2
F + Y 2

F + Z2
F

√
X2
s + Y 2

s + Z2
s

.
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To find takeoff velocity vector ~V1 we find directing vector of force ~F of unit length

~µ =
~F

N
√

1 + f2
,

where vector modulus ~F is written in the denominator.
Then the vector value of takeoff speed ~V1 is found as a product of unit directing vector ~µ and modulus of

velocity value of contact point of auger and a root crop in its projection on this vector axis

~V1 =

 X1

Y1

Z1

 = ~µωRs cosβ =
~FωRs cosβ

N
√

1 + f2
=

ωRs cosβ

N
√

1 + f2
MϕMλ

 0
N
Nf

.

A root crop velocity due to «mirror» reflection of the auger surface ~V2 =

 X2

Y2

Z2

 is determined from the

condition of equality of angles of descent and reflection and the coplanarity condition of these vectors with
normal vector to the auger surface in the place of contact.

The coplanarity condition of the above-mentioned vectors are determined by their mixed product equality
to zero (correspondent determinant) ∣∣∣∣∣∣

X2 Y2 Z2

XN YN ZN
Vt 0 0

∣∣∣∣∣∣ = 0,

where normal vector to the auger surface in the contact point is found by the dependence XN

YN
ZN

 = MϕMλ

 0
N
0

.
The condition of equality of angles of descent and reflection after some necessary transformations is written

in the following way
X2XN + Y2YN + Z2ZN√

X2
2 + Y 2

2 + Z2
2

= −XN .

Being thrown back of the auger surface taking into account the reflection coefficient the modulus of velocity
~V2 is taking the following value

V2 = KV Vt =
√
X2

2 + Y 2
2 + Z2

2 .

Sum velocity of root crop takeoff is found as vector sum of two velocities

~Vr =

 Xr

Yr
Zr

 = ~V1 + ~V2 =

 X1 +X2

Y1 + Y2

Z1 + Z2

.
On the basis of velocity vector ~Vr we calculate vertical α and horizontal γ angles of takeoff and projected

throw path length SL of a root crop

α = arctg

(
Zr√

X2
r + Y 2

r

)
;

γ = arctg

(
Xr

Yr

)
;

SL =
V 2
r sin 2α

g
=

(
X2
r + Y 2

r + Z2
r

)
sin 2α

g
.

A program of calculating velocities, takeoff angles and throw path length for different kinematic and
geometrical parameters of the system under consideration has been developed using the above-mentioned
formulae to analyze and improve the transport auger design.
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Results

Figures 2, 3, 4, 5 show the correspondent calculating curves of dependencies of vertical and horizontal angles
α and γ of the root crop takeoff, root crop takeoff velocities Vr and range of throw SL on the change of basic
design and physical parameters of transporting-separating system, namely: auger pitch T , angular velocity of
its rotation ω, radius Rs of the auger peripheral surface, linear velocity of the root crop transportation till its
contact with the auger rib Vt, friction coefficient of a root crop on the auger surface f , beet crown radius Rr
and the coefficient of its throwback of the auger edge KV .

Analysis of curves shown on Figure 2 proves that radius value Rs of peripheral surface of the auger taking
root crops aside and its pitch T are controlled dominant factors which influence the vertical angle α of the root
crop takeoff.

Other controlled factors, namely angular velocity of rotation of the auger taking root crops aside ω and
linear velocity Vt of the root crop transportation till the moment of its contact with the auger do not make
substantial impact on the vertical angle α of the root crop throw by the auger taking root crops aside.

Here it should be noticed that uncontrolled factors, namely the beet crown radius Rr and friction coefficient
of a root crop on the auger surface f make substantial impact on vertical angle α of the root crop throw by the
auger taking root crops aside, their value increase results in increased value of angle α.

The coefficient of root crop throw away of the auger rib KV does not make great impact on the vertical
angle α.

Analyzing the curves shown on Figure 3, we can state that the dominant controlled factors making impact
on horizontal angle γ of a root crop takeoff are the auger pitch T and linear velocity of horizontal transport
conveyor Vt. Increased value T results in decreased value of angle γ. Conversely, increased linear velocity of the
root crop transportation Vt causes the increased value of angle γ.

Negative sign at angle γ means that a root crop is thrown away in opposite to the axis OX direction.
Compared to the previous factors, which in fact are characterized by linear dependencies of influence on

angle γ, the angular velocity of rotation of the auger taking root crops aside ω, while speeding up from 10
to 25 rad/s, results in sharp increase of angle γ absolute value but its further influence on the angle γ can
be neglected. Increased value of peripheral surface radius of auger taking root crops aside Rs leads to a small
increase of angle γ modulus.

As for the uncontrollable factors, it should be said that high soil humidity and as a result lower value of
friction coefficient f makes a great impact on angle γ modulus increase. At the same time, the increased radius
of beet crown Rr and the coefficient of its beating off the auger edge KV on the contrary results in decreased
modulus of angle γ.

 

Figure 2. Dependencies of vertical angle α of root
crop takeoff on parameters T , ω, Rs,Vt, f , Rr and KV

 

Figure 3. Dependencies of horizontal angle γ of root
crop takeoff on parametersT ,ω,Rs,Vt, f ,Rr andKV
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The analysis of curves (Fig. 4) describing the impact of different factors on the root crop takeoff speed Vr
has proved that only increase of radius value of peripheral surface of the auger taking root crops aside Rs and
angular velocity ω of its rotation cause the increase of value Vr, while other factors do not make a substantial
impact on value Vr change.

Similar to the previous case, only angular velocity ω of rotation of the auger taking root crops aside
(considerable impact) and its peripheral surface radius Rs have a significant influence on root crop range
of throw SL (Fig. 5).

 

Figure 4. Dependencies of a root crop takeoff speed
Vr on parameters T , ω, Rs, Vt, f , Rr and KV

 

Figure 5. Dependencies of a root crop range of throw
SL on parameters T , ω, Rs, Vt, f , Rr and KV

Conclusions

On the basis of results analysis of conducted theoretical investigation on root crops movement behavior after
their contact with the auger taking root crops aside it has been found out that increased auger pitch from 0.1
to 0.4 m causes decreased angle α (from 17◦ to 12◦) and increased angle γ (from −10◦ to −37◦). At the same
time within the given range of auger pitch increase T both the velocity of root crop takeoff Vr and, therefore,
the range of its throw SL is getting increased. Root crops range of throw must be within the limits 0.2 . . . 0.6 m.
At SL < 0.2 m root crops separation is not efficient due to little shaking effect after their interaction with
the belt. New contacts with the auger are also getting more possible which cause additional damage of the
root crops. At SL > 0.6 m the root crops will be thrown towards shields and frames structures of the machine
hopper, and this also results in their bigger damage. Thus, auger pitch T can’t be smaller than 0.15 m.

The bigger the friction coefficient f is, the bigger the range of throw of a root crop is. Though the maximum
values f = 0.8 . . . 0.9 (use of special friction materials for an auger spiral rib making) do not cause the SL
increase for more than 0.5 m.

A beet crown radius Rr increase has caused its range of throw SL increase, though small root crops
(Rr = 0.02 . . . 0.03 m) will be thrown not far from (up to 0.15 m).

Coefficient of throwback KV change can be neglected regarding the range of throw of root crops
(SL = 0.2 . . . 0.215 m).

Thus, the variable parameters are recommended to be chosen within certain boundaries: T = 0.2 . . . 0.3 m;
ω = 18 . . . 30 rad/s;Rs = 0.15 . . . 0.25 m;Vt = 1.2 . . . 1.3 m/s.
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Түбiрлiк өсiмдiктердi жинау машинасының
тазалау жүйесiнiң математикалық моделi

Мақалада түбiрлiк дақылдарды тазарту үрдiсiнiң математикалық моделi және олардың қозғалысын
көлiк құралдарына түсiрудiң технологиялық табиғаты ұсынылған. Осы модельдiң негiзiнде, бақы-
ланатын және бақыланбайтын факторлардың түбiрлiк дақылдардың үздiксiз қозғалысын сапалы
қамтамасыз етуге әсерi анықталды. Ұсынылған математикалық модельдi пайдалану түбiр жинау ма-
шиналары үшiн тазарту жүйелерiнiң тиiмдi жұмыс iстеуiне, жинаудың климаттық жағдайларына
сәйкес оларды реттеу мүмкiндiгiмен, эксперименттiк зерттеулер жүргiзген кезде қажеттi оңтайлы
дизайн, кинематикалық және динамикалық параметрлердiң өрiсiн қысқартуға мүмкiндiк бередi.

Кiлт сөздер: түбiрлiк дақылдарды кейiннен емдеу процесiнiң математикалық моделi, түбiрлiк дақыл-
дардың қозғалысы, көлiк және бөлу жүйесi, жұмыс органдарының конструктивтi, кинематикалық
және динамикалық параметрлерi.

Р.Б. Гевко, И.Г.Ткаченко, Ю.Б. Гладьо, С.В. Синий, Н.А. Гандзюк, О.Н. Троханяк

Математическая модель системы доочистки
корнеуборочной машины

Представлена математическая модель процесса доочистки корнеплодов и характера их движения
в технологическое русло для выгрузки в транспортные средства. На основе данной модели было
установлено влияние как управляемых, так и неуправляемых факторов на качественное обеспе-
чение непрерывного перемещения корнеплодов. Использование предложенной математической мо-
дели позволит сузить поле искомых оптимальных конструктивных, кинематических и динамиче-
ских параметров при проведении экспериментальных исследований для эффективной работы систем
доочистки корнеуборочных машин с возможностью их регулирования в соответствии с природно-
климатическими условиями уборки.

Ключевые слова: математическая модель процесса доочистки корнеплодов, характер движения кор-
неплодов, транспортно-сепарирующая система, конструктивные, кинематические и динамические па-
раметры рабочих органов.
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Determining stress intensity factor in bending
reinforced Concrete beams

There has been analytically solved the problem of determining the stress state in the cross section of bending
reinforced concrete beams with a crack in a linear formulation. For this, the beam is cut along the crack
line and the equilibrium condition of the cut-off part of the beam determines the height of the compression
zone and the tensile stress at the crack tip. The remaining parameters of the stress state are expressed
in terms of these values. The value of the bending moment is determined, above which there takes place
increasing the initial length of the crack. For this case, the length of the operational crack is determined.
The solution is valid for beams of arbitrary section shape. Determining the stress intensity factor (SIF) is
based on the assumptions that the longitudinal forces at the tip of the crack are equal with and without
taking into account stress concentration. The size of the stress concentration zone is determined from the
condition that the local stress is equal to the nominal stress. On this basis a formula has been obtained
for determining the stress intensity factor in rectangular beams. The paper analyzes the dependence of
the stress intensity factor on the crack length, the moment and other geometric and operational factors.
The obtained results allow estimating the bearing capacity of beams with a crack, as well as their crack
resistance by a stress intensity factor.

Keywords: reinforced concrete, beam, bending, compressed zone, crack, reinforcement, stress state, bearing
capacity, stress intensity factor, crack resistance.

A very common type of defects in reinforced concrete structures are cracks. They appear both at the
manufacturing stage and at the operation stage [1–3]. The appearance of cracks in bending elements does not
mean exhaustion of its bearing capacity. It leads to increasing the efforts in the sections with a crack, which
reduces the strength of the element. Due to the opening of the crack width corrosion of reinforcement increases
that reduces the durability of structures. The calculation of the stress state of reinforced concrete structures
with cracks is the focus of many books and articles [1–9]. The crack opening width is one of the criteria for the
ultimate state of reinforced concrete structures with cracks. Its definition is dealt with a lot of works [10–14].
The issues of crack formation are considered in works [15–17].

The above problems are dealt with in a series of experimental studies [8, 18, 19]. A lot of studies have been
carried out by numerical methods [6, 7, 11, 20–22].

Under certain conditions unstable crack development is possible, which is estimated through the parameters
of fracture mechanics [1, 23]. The stress intensity factor (SIF) is the main parameter of linear fracture mechanics.
Some works dealing with determining the SIF in reinforced concrete beams have appeared only recently [24, 25].
It should be noted that these calculations were carried out in a linear formulation. However, the relationship
between stress and strain in concrete is not linear. In this paper an approximate analytical method is proposed
for determining the SIF in reinforced concrete beams.

We will first define the nominal stress in a beam with a crack of the known length l in a linear formulation.
Let’s consider an I-section with the vertical axis of symmetry (Fig. 1, a). We will introduce the notations:

Act, Ac is the area of the shelves overhang in the tension and compression zones;
ht, hc is the thickness of the shelves in the tension and compression zones;
a, a′ is the thickness of the protective layer of concrete in the tension and compression zones;
As, A

′
s is the area of reinforcement in the tension and compression zones;

Na, N
′
a are internal forces in the reinforcement in the tension and compression zones.

Let’s cut the beam by the section passing through the crack and show the curve of the stress distribution
in it (Fig. 1, b).
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a) b) c)

Figure 1. Towards determining stresses and SIF

The main unknown tasks will be tensile stress at the tip of the crack σm and the height of the compressed
zone x. Given the linearity of the stress profile, we will determine the maximum compressive stress in concrete

σb = σmE/zp, (1)

where zp is the height of the tensile zone.
In the zone of the crack the adhesion of the reinforcement to the concrete is broken, and the tensile forces

are mainly perceived by the reinforcement. In sections between cracks tensile forces are also perceived by
reinforcement and concrete. The deformations and stresses in the reinforcement and concrete, as well as the
height of the compressed zone between the cracks vary. This non-uniformity in the calculations is taken into
account by introducing special coefficients that are equal to the ratios of the average values in the section
between the cracks and the values in the section with a crack [2]

ψs = εsm/εs, ψb = εbm/εb.

Taking this into account, we will determine the deformations at the reinforcement level as:

εs = εm
ψb
ψs
· h− a− x

zp
= εmψbs(h− a− x)/zp, ε′s = εmψbs(x− a′)/zp.

The stress in the reinforcement will be

σs = Esεs = ασmψbs(h− a− x)/zp σ′s = σ′sp − Esε′s = σ′sp − ασmψbs(x− a′)/zp, (2)

where α is the ratio of elasticity modulus of the reinforcement and concrete; σ′sp is pre-stress in the reinforcement
of the compression zone.

The condition of longitudinal forces equilibrium in the section

σmbzp/2 + σsAs − σbbx/2 + σ′sA
′
s − σbAc(x− hc/2)/x = 0.

The second equilibrium equation in the form of the sum of all the forces moments relative to the zero line
has the form

σbbx
2/3 + σmbz

2
p/3 + σsAs(h− a− x) + σbAc(x− hc/2)2/x− σ′sA′s(x− a′) = Mbn,

where the external moment Mbn is equal to the bending moment in the section with a crack M for the
reinforcement without pre-stress. For the pre-stressed reinforcement of the tension zone the σ s stress occurs
after the moment of external forcesM exceeds the moment of pre-stress force. Then in the equation the external
moment will be

Mbn = M − σspAs(h− a− x).
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The equilibrium equations are common for all reinforced concrete elements with and without pre-stress,
with different cross-sectional shapes: I-shaped, T -shaped, rectangular beams. For a T -section Ac or Act is
equal to zero. For a rectangular cross section, the area of both overhangs is zero. In order to obtain explicit
calculation ratios, we will perform a further solution for the most common case of a rectangular cross section
with reinforcement in the tension zone. In this case the equilibrium equations will take the form:

σmbzp/2 + σsAs − σbbx/2 = 0;

σbbx
2/3 + σmbz

2
p/3 + σsAs(h− a− x) = Mbn.

Let’s introduce the following dimensionless parameters:

ξ = x/h, z = l/h, λ = zp/h = 1− z − ξ, h̄ = (h− a)/h, µ = As/bh.

Taking into account the expressions for σb and σs, the equilibrium equations will transform into the form:

λ2 − ξ2 + αµψbs(h0 − ξ) = 0;

σm
[
ξ3/λ+ λ2 + 3αµψbs(h− ξ)2/λ

]
= 3Mbn/bh

2.

From the first equation we will determine the height of the compression zone, and then that of the tension
zone

ξ =
(1− z)2 + αµψbsh

2(1− z) + αµψbs
, λ = 1− z − ξ. (3)

From the second equation of equilibrium we will determine the nominal stress at the crack tip

σm = LMbn/W, (4)

where
W = bh2/6, L = 0.5λ/

[
ξ3 + λ3 + 3αµψbs(h− ξ)2

]
.

The λ(ξ), L parameters do not depend on the section dimensions and the acting loads. Therefore, it is
expedient to build in advance the graph of these parameters dependence on the crack length. Figure 2 shows
such a graph for

h = 0.907, ν = αµψbs = (200/24) · 0.015(0.6/0.5) = 0.15.

Figure 2. Stress state parameters dependence on the crack length

This solution is valid as long as the nominal stress is less than or equal to the concrete tensile strength Rbt.
Otherwise, the initial crack length will increase. The value of the moment at which this happens is equal to

Mm = RbtW/L.

Using the graph in Figure 2 and this formula, we can find the moment value for crack growth Mm. The
second line of Table 1 shows the values of this moment in kNm for the beam section (15 × 30) cm, where the
destructive moment Mp = 53.6kNm.
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If the nominal stress at the crack tip σm exceeds the tensile strength of the concrete Rbt(Mbn > Mm), then
the crack length will increase. To determine a new crack length in (4), we assume L = RbtW/M. Then, from
the system of nonlinear equations (3) and (4) we also determine ξ and z. To solve this system, we can use the
graphs in Figure 2.

Let’s determine the SIF at the crack tip KI . The tip of the crack is a strong stress concentrator. According
to the linear theory of elasticity, the stress there is determined by the formula

σθ = KI/
√

2πr, (5)

where r is the distance from the crack tip to the point considered.
Determining the SIF is based on the equality of the longitudinal forces at the crack tip with and without

stress concentration. Local stresses are determined by formula (5), and nominal stresses by formulas (3) and (4).
Let us determine the length of the stress concentration zone "a" from the condition of equality of the

nominal and local stresses at the end of this zone (Fig. 1, c). The rated stresses at the distance «a» from the
crack tip

σn = σm(1− a/zp) = σm(1− t).

Equating the local stress to this value, we will obtain

a = K2
I /2πσ

2
n.

The longitudinal forces per unit width of the beam in the zone of concentration are

I1 =

a∫
0

σ
θ
dr = KI

√
2a/π = K2

I /πσn.

The longitudinal forces in the same zone without considering concentration are equal

I2 =
σm + σn

2
a =

σm + σn
2

K2
I

2πσ2
n

.

Equating these forces, we will obtain
σm = 3σn.

From here it follows that t = 2/3.
Now we will determine the SIF

KI =
√

2πaσn = 0.683σm
√
zp.

Substituting here (4), we will finally obtain

KI = 0.683L
√
λhMbn/W. (6)

If the nominal stress at the crack tip σm exceeds the tensile strength of the concrete Rbt(Mbn > Mm), then
it is necessary to find a new operational crack length, and the SIF is calculated using the formula

KI = 0.683
√
λhRbt.

Let’s analyze the SIF changing dependent on the crack length. In third line of Table 1 there is shown the SIF
changing (N/m3/2) in the beam of the (15× 30) cm section at the acting moment M = 4.5kNm (M < Mm).

Tab l e 1

SIF change depending on the crack length

Z 0.1 0.2 0.3 0.4 0.5 0.6 0.7
Mm 4.61 4.63 5.0 6.0 8.28 15.5 > Mp

KI 0.378 0.347 0.293 0.217 0.131 0.051 0
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We see that with increasing the crack length, the SIF decreases to zero. This is explained by the fact that
in bending there necessarily exists a minimum zone of compressive stresses. With increasing the length of the
crack, this reduces the length of the zone of tensile stresses to zero. At zp = 0 tensile forces are perceived only
by the reinforcement, the crack does not develop. In this case, the SIF becomes equal to zero and the beam is
destroyed due to the achievement of the limit of the yield strength in the reinforcement or crushing the concrete
of the compression zone.

If, with a known crack length and a given moment, the SIF will be smaller than the maximum SIF value
IC for this material, then there is a steady development of the crack. If KI ≥ KIC , the crack is unstable and a
rapid crack growth is possible with a slight increase of the moment. The growth of the crack length continues
until the SIF drops to the IC value. This SIF value corresponds to a certain value of the crack length, which is
determined from expression (6). This value is easier to find graphically by plotting the I dependence on z using
the graphs in Figure 2.

The assessment of the bearing capacity of the beam is made by the magnitude of the stress in the
reinforcement (2) and the maximum compressive stress in the concrete (1). The parameters σm, x, zp, found
through the initial (M < Mm) or operational (M > Mm) crack length are substituted into these formulas.

Let’s analyze the SIF changing dependent on the crack length at M = 6kHm. From Table 1 we conclude
that in this case M > Mm for z0 = 0.1 ÷ 0.3, M = Mm at z0 = 0.4 and M < Mm at z0 = 0.5 and 0.6. At
z0 ≤ 0.4

L = 1.6 · 103 · 2.25 · 10−3/6 = 0.6.

From the graph in Figure 2 we will find λ = 0, 233 and then by the formula for the SIF we will obtain

KI = 0.683 · 1.6
√

0.233 · 0.3 = 0.29MN/m3/2.

At z0 = 0.5
σ = M/W = 6 · 103/2.25 · 10−3 = 2.667MPa.

By the graph in Figure 2 we will find L = 0.435, λ = 0.164. Then by formula (6) we will obtain
KI = 0.175MN/m3/2. Similarly we determine the SIF at z0 = 0.6 : KI = 0.069MN/m3/2.

From here we see that at M > Mm the SIF does not depend on the length of the initial crack. It depends
only on the length of the operational crack that depends on the acting moment.

Let’s analyze the SIF changing with the external moment changing. To do this, we will calculate the SIF
at z0 = 0.2 (Mm = 4.63kNm). The results are shown in Table 2, where the moment is in kNm, the SIF is in
MN/m3/2.

Tab l e 2

SIF changing dependent on the moment

M 2 4 4.63 6 8 12 16 20
KI 0.154 0.308 0.357 0.29 0.255 0.203 0.178 0.159

The Table shows that if M < Mm, then the SIF increases in direct proportion to the moment, reaching its
maximum at M = Mm. At M > Mm the SIF decreases due to increasing the length of the operational crack.

The obtained results allow estimating the bearing capacity of beams with a crack, as well as their crack
resistance by the stress intensity factor.
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О. Хабидолда, Ж.Б. Бакиров, Ж.С. Нугужинов, Н.И. Ватин

Иiлетiн темiрбетонды арқалықтардағы кернеудiң
қарқындылық коэффициентiн анықтау

Есептiң аналитикалық шешiмi жарығы бар иiлетiн темiрбетонды арқалықтардың көлденең қимасын-
дағы кернеудi анықтайды. Ол үшiн арқалық жарық бойымен кесiледi және арқалықтың бөлiнген
бөлiгiнiң тепе-теңдiк жағдайынан сығылған аймақтық биiктiгi мен жарықтың ұшындағы созылатын
кернеу анықталды. Кернеудiң қалған параметрлерi осы өлшемдер арқылы көрсетiлдi.Жарықтың бас-
тапқы ұзындығының ұлғаюына байланысты иiлу моментi анықталды. Ол үшiн жарықтың пайдалану
ұзындығы анықталған. Бұл қиманың еркiн формасындағы арқалықтар үшiн әдiл шешiм. Кернеудiң
қарқындылық коэффициентiн анықтау кернеудiң шоғырлануын елемей және жарық ұшындағы бой-
лық күштердiң теңдiгiне негiзделген. Кернеудiң шоғырлану аймағының өлшемi жергiлiктi кернеудiң
номиналдық кернеудегi теңдiк шарттарынан анықталды. Осы негiзде арқалықтардың тiкбұрышты
қимасындағы кернеудiң қарқындылық коэффициентiн анықтайтын формула алынған. Мақалада кер-
неудiң қарқындылық коэффициентi жарықтың ұзындығына, моментiне, басқа да геометриялық және
пайдалану факторларына тәуелдiлiгi талданған. Алынған нәтижелер жарығы бар арқалықтардың
көтергiш қабiлетiн, сондай-ақ кернеудiң қарқындылық коэффициентi бойынша олардың жарыққа
төзiмдiлiгiн бағалауға мүмкiндiк бередi.

Кiлт сөздер: темiрбетон, арқалық, иiлу, сығылған аймақ, жарық, арматура, кернеулi жағдай, салмақ
көтеру қабiлетi, кернеудiң қарқындылық коэффициентi, жарыққа төзiмдiлiк.

О. Хабидолда, Ж.Б. Бакиров, Ж.С. Нугужинов, Н.И. Ватин

Определение коэффициента интенсивности напряжений
в изгибаемых железобетонных балках

Аналитически решена задача об определении напряженного состояния в сечении изгибаемых железо-
бетонных балок с трещиной в линейной постановке. Для этого балка разрезается по линии трещины
и из условий равновесия отсеченной части балки определяются высота сжатой зоны и растягивающее
напряжение у вершины трещины. Остальные параметры напряженного состояния выражаются через
эти величины. Определено значение изгибающего момента, при превышении которого происходит
увеличение первоначальной длины трещины. Для этого случая определена длина эксплуатационной
трещины. Решение справедливо для балок произвольной формы сечения. Определение коэффициен-
та интенсивности напряжений основано на предположении о равенстве продольных сил у вершины
трещины с учетом и без учета концентрации напряжений. Размер зоны концентрации напряжений
определяется из условия равенства местного напряжения номинальному напряжению. На этой основе
получена формула для определения коэффициента интенсивности напряжений в балках прямоуголь-
ного сечения. В работе проанализирована зависимость коэффициента интенсивности напряжений от
длины трещины, момента и других геометрических и эксплуатационных факторов. Полученные ре-
зультаты позволяют оценить несущую способность балок с трещиной, а также их трещиностойкость
по коэффициенту интенсивности напряжения.

Ключевые слова: железобетон, балка, изгиб, сжатая зона, трещина, арматура, напряженное состояние,
несущая способность, коэффициент интенсивности напряжений, трещиностойкость.
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The dynamic simulation model of apples contact interaction
The mathematical model of apples shock interaction with each other and with working surfaces of technologi-
cal equipment during their gathering, transportation and technological processing has been presented. In
the model using the Hertz theory, strain and other running parameters of bodies shock interaction have
been determined. To set changes to these parameters in time has been a peculiarity of the model, which
allows simulate the process in the mode of the calculated experiment. The graphic change dependences
of time contact forces, as well as examples of apples kinematics changes at initial angular and tangential
velocities have been given.

Keywords: shock, contact interaction, apple, Hertz contact strain, mathematical model, calculated experi-
ment, recovery coefficient.

Introduction

One of the most important requirements for apples is to ensure a long shelf life without losing conditional
qualities. For this purpose, during their harvesting and processing, damages and excessive shock loads must
be avoided because that may violate the integrity and structure of apples pulp. Therefore, when preparing the
apple handling process and designing the appropriate technological equipment, it is necessary to follow the
requirements that will ensure safe modes of harvesting, transportation and processing of apples for storage.
According to the results of well-known researches [1–5] and everyday practical experience, depending on the
varieties of apples, they have different dimensional, physical and technical characteristics. Since, as a rule, apples
of smaller sizes are used mainly for the manufacture of juices, then in storage are laid mainly apples of larger sizes
with a diameter of 60–80 mm. Such apples, due to their greater weight, receive greater dynamic damage during
transportation. In the shock theory, the assumption of fruits momentary impact, where the main parameters
of interaction correspond to the law of saving the amount of movement, have been assumed. This assumption
leads to a significant simplification of the interaction calculation model and it is inadmissible for the simulation
of objects interaction in time and the simultaneous interaction of several fruits, their movement in the flow
(container), etc., where the assumption of the momentality of the contact is meaningless. In studies [6–17], it
has been shown that with a small impact load for simulation of shock interaction one can use a rheological
model of an elastic body, and to determine the force of impact - the Hertz formula. However, the Hertz formula
makes it impossible to establish the time for elastic contact of bodies and changes in contact forces, magnitude,
and speed of convergence over time. Also, kinematics of bodies, mainly apples, at the time of and after contact,
when they have initial angular or tangential velocities, have not been investigated.

Material and method

Long-term storage of apples is ensured by following high requirements that prevent their damage, that is, not
exceeding the allowable contact strain when they interact with the technological surfaces and with each other.
One of the most suitable ways of solving problems of apples contact interaction with each other and working
surfaces is to construct a model based on the elastic contact interaction of apples on impact. This model has
a real physical content at low kinetic energies of fruits. According to Hertz contact problem, the connection
between the force of contact interaction P12, the radius of the contact platform a12, and the magnitude of the
close convergence of the spheres (apples) u12 are as follows [5, 7, 8, 10]:

a12 = 3

√
3πP12(q1 + q2)R1R2

4(R1 +R2)
; u12 =

3

√
9π2P 2

12(q1 + q2)2(R1 +R2)

16R1R2
, (1)
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where R1 and R2 — radii of the spheres, q1 and q2 — constants characterizing elastic properties of interaction
bodies and are determined through the Lame constants λi and µi, or, relayively, Poisson coefficients νi and
shear modules µi = Gi and Jung (elasticity)Ei.

qi =
λi + 2µi

4πµi(λi + µi)
; λi =

2νiGi
1− 2νi

; µi = Gi =
Ei

2(1 + νi)
. (2)

In accordance, the force of contact interaction P12 of apples between each other or apple with platform of
magnitude of hard convergence u12 connected by dependence

P12 =
k12u

3/2
12√

K1 +K2

, (3)

where k12 — a parameter that takes into account the elastic properties of the contact body in the Hertz contact
problem; K1 and K2 – the average curvature of the surfaces of the interaction bodies at the point of contact
(for curved surfaces with a minus sign). For an apple in the form of a sphere in radius Ri average curvature of
the surface (the sphere) Ki = Ri, in case of an apple impact with a flat platform, the average curvature of such
is Kj = 0.

The model parameter of two bodies interaction k12 takes into account the mechanical properties of the
interaction bodies,

k12 =
4

3π

/(
1− µ2

2

E2
+

1− µ2
1

E1

)
. (4)

Consider the impact interaction of apples with spherical form radius R1 with a hard flat platform. Implicit in
the Cartesian coordinate system Oxyz apple platform surface, the center of its gravity has running coordinates
C[x0(t); y0(t); z0(t)] , is described by the dependence [11],

fS(x, y, x, t) = [(x− x0(t))2 + (y − y0(t))2 + (z − z0(t))2 −R2
1]0,5 = 0. (5)

The potential of a geometric field, which is described by a function (5) at an arbitrary point A(xA; yA; zA)
will be equal to the distance to the surface of the fruit (p. E) at time t,. pA = fS(xA, yA, zA, t) = lAE(t).

Accordingly, the surface of the platform describe the normal plane equation that describes a similar field.
For the case of a stationary platform

fP (x, y, x, ) = cosα · x+ cosβ · y + cos γ · z − d = 0, (6)

where α, β, and γ — directional angles of the platform normali vector; d — the distance from the platform to
the coordinates beginning.

At the point of contact of the apple with the plane E(xE ; yE ; zE) both functions (5) and (6) takes the value
fS(xE , yE , zE , t) = fP (xE , yE , zE) = 0, but normali to the surface of the apple n̄S and sufaces of the platform
n̄P will be n̄S = −n̄P .

Here n̄S = gradfS ; n̄P = gradfP = cosα · ī+ cosβ · j̄ + cos γ · k̄.
So, the force vector of impact interaction N̄P , which influences on an apple from the side of the platform

will be N̄P = −P̄21 = P21 · n̄P .
The apple movement speed at any given time t will be determined by the vector

~νS(t) =
∂x0(t)

∂t
· ī+

∂y0(t)

∂t
· j̄ +

∂z0(t)

∂t
· k̄. (7)

The value of the hard convergence of an apple by radius R1 with platform, which is described by the
dependence (5), at the point of contact will be

u12(t) = R1 − fPl(x0, y0, x0, ) = R1 − d+ cosα · x0 + cosβ · y0 + cos γ · z0 = 0. (8)

In general case i is such apple by weight mi can contact with other apples or work surfaces and have j
contact points Eij . On the selected movable i apple in general influence such forces as: earthly gravity Ḡi;
inertia — miāi, directed opposite to the acceleration vector āi = dν̄S/dt; normal and tangential forces P̄ij and
F̄ij in each Eij — contact zone from interaction with j body. Accordingly, moments also influence into an apple
M̄Pij and M̄Fij from forces P̄ij and F̄ij , the moments of twisting from the rotating motion of the fruit at the
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point of contact T̄ij and inertial moments of forces. At the same time, equation of equilibrium of all forces,
applied to the apple it is expedient to put in a fixed, basic coordinate system Oxyz, and equation of equilibrium
of forces moments – in its own coordinate system of the apple, O∧x∧y∧z∧ the center of which O∧ located in
the center of the apple C[x0(t); y0(t); z0(t)], and the axes are tightly bound with the body of the apple [6–8, 11]

k∑
j=1

(
P̄ij + F̄ij

)
−miāi + Ḡi = 0;

k∑
j=1

[
(
r̄∧ij + δ̄∧ij)× (P̄∧ij + F̄∧ij

)
+

k∑
j=1

T∧ij − L̄
(e)
oi = 0, (9)

where P̄ij and P̄∧ij — vectors of normal forces of elastic interaction on the Hertz model are given in the general
and proper coordinate systems; F̄ij and F̄∧ij — the corresponding vectors of tangential forces; r̄ij and r̄∧ij — the
corresponding radii-vectors of ij zone; δ̄∧ij=F̄ijνi/(4aijGi) — the tangential displacement of contact platform
from force F̄∧ij , [ 6,7]; L̄

(e)
oi — vector amount of forces moments.

In the coordinate system of a moving body L̄(e)
0i =

dK̄∧0i
dt +

([
ω̄∧0 × K̄∧0i

])
, where K̄∧0i — apple kinetic moment.

The twisting moments form a small fate of power factors, that act on a particle (less than 2–3 %), that’s why
they are not taken into account in the simplified model. Friction forces have been determined by Amonton-
Coulomb law F̄ij = µ∆ν̄∧eij/|∆ν̄∧eij |, where µ — the coefficient of dry friction, ν̄∧eij — speed of the point on the
apple surface relative to the platform Eij in contact zone.

The transition from the coordinate system Oxyz to O∧x∧y∧z∧ have been conducted in a homogeneous
base ζxζyζzζ and own apple ζ∧x ζ∧y ζ∧z ζ coordinate systems, where ζ = ζ∧ — a scale multiplier [11, 12]. For the
objects of unchanging volume ζ = ζ∧ = 1. The relation between coordinate systems Oxyz and O∧x∧y∧z∧ with
homogeneous coordinates will be the following

x = ζx/ζ; y = ζy/ζ; z = ζz/ζ; x∧ = ζ∧x /ζ
∧; y∧ = ζ∧y /ζ

∧; z∧ = ζ∧z /ζ
∧.

The matrix record of the transition from its own coordinate system of the apple to the base will look like [12]:

M(R) =

∣∣∣∣∣∣∣∣
α11 α12 α13 x0(t)
α21 α22 α23 y0(t)
α31 α32 α33 z0(t)
0 0 0 1

∣∣∣∣∣∣∣∣M(R∧) = ΠνΠω(α)M(R∧), (10)

where αij — guiding cosines between the axes of the base and their own coordinate systems;M(R) = |xyz1|T —
a matrix that specifies the coordinates of an arbitrary point of the body in the general coordinate system Oxyz
and corresponds to the vector r(t) = x(t)i + y(t)j + z(t)k; M(R∧) = |x∧y∧z∧1|T — matrix corresponding to
the vector r(t) = x∧(t)i+ y∧(t)j + z∧(t)k and specifies the coordinates of the same point in its own coordinate
system of the object O∧x∧y∧z∧; r0(t) = x0(t)i + y0(t)j + z0(t)k — radius vector that connects the beginning
of the base coordinate system with the start of its own aperture coordinate system, which coincides with its
gravity center; Πν and Πω — matrices of linear displacements and turns of its own coordinate system O∧x∧y∧z∧

in general Oxyz:
Similarly, the matrices of the inverse transform from the inertial coordinate system to the own coordinate

system of the object jave been written.
In an expanded form, the system of equations (9) takes the form:

k∑
i=1

Pij

[
grad(fi)−

µ∆ν̄eij
|∆ν̄eij |

]
−miāi + Ḡi = 0; (11)

m∑
i=1

Pij

{
(r̄∧ij + δ̄∧ij)×

[
grad(f∧i )−

µ∆ν̄∧eij
|∆ν̄∧eij |

]}
− L̄(e)

0i = 0.

Here the first equation of the system (11) is written in the base (fixed) coordinate system, and the second
- in the own (moving) coordinate system of the apple.

The indicated dependences are the basis for constructing an imitation model for the interaction of apples
with each other and with technological surfaces. In the model, the description of bodies interaction has been given
by the normal equations of their surfaces, whose potential geometric fields determined their mutual placement
in space, their convergence and availability of contact points. In case of contact, the interval ∆t was set for the
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procedure of numerical differentiation. Step by step the amount of hard convergence u12 and contact forces P̄ij
and F̄ij , that occur at such convergence and moments from these forces have been determined. The next step
was to determine the linear and angular accelerations from the forces found and the new values of the velocities
and displacements of each body (apple) interaction and their linear and angular velocities, which defined new
coordinates of the bodies through the period of time ∆t and new levels of hard convergence uij and contact
forces P̄ij and F̄ij .

In order to take into account energy losses in determining the contact interaction forces, equation (3) was
represented as [6, 7]

P12 =
k12u

3/2
12 [1 + ke + (1− ke)th(−λduij/dt)]

2
√
K1 +K2

, (12)

where ke — coefficient, which depends on the coefficient of recovery at impact, ke = 0.8− 0.95; λ — parameter
of the model smoothing the load curve at the point of maximum force value P12, λ > 10; Parameters of the
model ke and λ are specified experimentally from the condition while providing a given recovery factor e.

Results

The constructed model allowed to conduct a computational experiment and set the time for contact
interaction tk and running forces of contact interaction, depending on the physical and mechanical characteristics
of the interaction bodies, as well as kinematics of bodies (apples) during contact interaction, depending on the
initial conditions.

The study of the shock interaction of one apple with a hard platform has a significant practical value,
because it is one of the most common case of fruits bruising. Implementation of the models for different initial
conditions is presented in Figure 1-5.

In particular, in Figure 1 it has been shown a graph of time variation of shock contact interaction P = P12

for an apple with a diameter of 80 mm, the modulus shift of which is µ1 = G1 = 1.1 MPa, Poisson’s coefficient
ν1 = 0.18 with a rigid steel surface (G2 = 8.1×1010 Pa, ν2 = 0.28) for cases where the initial apple speed at the
moment of contact varies from ν0 = 0.2 m/s till ν0 = 1.4 m/s. In this case, the force of interaction increased
from P0.2 = 11.5 N at the time of interaction t0.2 = 0.0088 s, till 97.0 N at t1.4 = 0.0055 s.

 

Figure 1. The change of the running force of the apple interaction contact (G1 = 1 MPa, ν1 = 0.18)
with steel platform (G2 = 8.1× 1010 Pa, ν2 = 0.28) at different initial velocities of interaction

ν0 ∈ [0.2; 0.4; 0.6; 0.8; 1.0; 1.2; 1.4; ] m/s

From the graph, it is clear that with the increase of the initial rate of contact, the force of impact interaction
significantly increases with a slight decrease in contact interaction time.

Figure 2 shows a graph of changes in the time of the force of impact contact interaction P = P12 for an
apple of the same physical and mechanical characteristics for different diameters (6; 8 and 10 mm) with a steel
platform at initial contact speeds ν0 = 0.5 m/s (bottom graph) and ν0 = 1.0 m/s.

The analysis of Figure 2 shows that with increased apple size, the force and time of the contact interaction
increases, and at the lower collision rates, the interaction time is greater. Figure 3 shows the graphical dependences
of the time variation of the impact contact interaction force 12 with a steel platform for apples of different
hardness, that is, different values of the displacement module, at the initial collision speed ν0 = 1.0 m/s.
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Figure 2. The change of the running force of the apple interaction contact
(D = 80 mm, ν1 = 0.18) with different diameters D ∈ [60; 80; 100] mm with a steel platform

(G2 = 8.1× 1010 Pa, ν2 = 0.28) at interaction speed ν0 = 0.5 m/s and ν0 = 1.0 m/s

 

Figure 3. The change of the running force of the apple interaction contact at
(D = 80 mm, ν1 = 0.18) of different hardness G1 ∈ [0.6; 0.8; 1.0; 1.2; 1.4; 1.6] MPa

with a steel platform (G2 = 8.1× 1010 Pa, ν2 = 0.28) at a speed collision ν0 = 1.0 m/s

From the graphs it has been seen that for harder apples, the impact forces are larger with less contact time
interaction.

Figure 4 shows the interaction of apples with platforms of different materials.

 

Figure 4. The change of the running force of the apple interaction contact
(D = 80 mm,G1 = 1 MPa, ν1 = 0.18) with an platform with different values of the shift modulus

G2 ∈ [1 · 104; 1 · 105; 5 · 105; 1 · 106; 5 · 106; 1 · 107; 1 · 108]

It follows from the graphs (Fig. 4) that the impact strength can be significantly reduced only when the
platform is made of a material for which the shift modulus (or the Young module) is smaller or at least equal
to the apple displacement modulus. The shiftness platform change in the rate G2 > 1 · 108 practically does
not affect on the change in the force of impact P12. So, the replacement of the steel platform on the wooden
(G2 = 4 · 109 Pa) practically does not reduce the forces of contact interaction.

In the case of falling packets with apples placed in several layers into the platform, the most injured are
apples placed in the lower layer, which are in contact with the rigid bottom and perceive loading from the upper
layers.
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Figure 5 shows graphs of force time variation of apples contact interaction in the presence of upper layers.

 

Figure 5. The change of the running force of the lower layers the apple interaction
contact (D = 80 mm,G1 = 1 MPa, ν1 = 0.18) in a container with a plastic platform

(G2 = 1× 109 Pa, ν2 = 0.3) with the placement of apples in 1, 2 and 3 layers with the
speed of interaction with the container to the platform ν0 = 0.25 m/s and ν0 = 0.5 m/s

The approximation of dependencies of force impact change in time for a case of contact interaction with
sufficient accuracy for practical use, it is advisable to make dependencies of the

Pij(t) = Pijmax

(
t

τ · tk

)ε [
tk − t

tk(1− τ)

]ε(1−τ)/τ

, (13)

where ε– the shape coefficient of the curve, for elastic impact ε ≈ 2, for visco-elastic and elastic-plastic bodies
ε < 1.5; tk - a time of contact interaction; τ – the asymmetry parameters of the curve interaction, τ = tP max/tk,
for a symmetric curve τ = 0.5. The bigger values of the coefficient ε are taken for greater speeds of collision and
normal impact without a tangential component.

If the mass element j significantly greater than mass element i, mj > mi so, in accordance with the law
of conservation of momentum, element with mass mi on impact it changes the magnitude and direction of
movement (reflected from the surface of the platform) and therefore the ratio is the following

miν0(1 + e) =

∫ tk

0

Pijdt = kPPijmaxtk, (14)

where e– recovery coefficient at impact, for apples e = 0.25 − 0.35; kP - the parameter determining the shape
effect of the curve on the magnitude of the force impulse.

The shape of the curve varies a liitle bit from the physical and mechanical characteristics of the apple and
to a small extent depends on the speed of impact. For critical speed of apples collision with a hard platform
kP = 0.53− 0.54.

Firthermore, taking into account (14) the dependence (13) takes the form

Pij(t) =
miν0(1 + e)

kP tk

(
t

τ · tk

)ε [
tk − t

tk(1− τ)

]ε(1−τ)/τ

. (15)

Since dependence (15) describes the change in the force of contact interaction at a given contact time tk,
which is easy to install experimentally, so it has a significant practical value.

The developed model also allows to simulate a change in the kinematic parameters of apples when they
are transported on technological surfaces, taking into account their initial linear and angular displacements. In
Figure 6 and 7 the kinematics of the transition from slipping to rolling the apples on a steel platform at different
initial values of linear and angular velocities (without impact) has been shown.
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Figure 6. The change of apples linear speed (D = 80 mm,G1 = 1 MPa, ν1 = 0.18)
on steelsurface (G2 = 8.1× 1010 Pa, ν2 = 0.28) in the transition from slipping to rolling

at an initialspeed νx = 0 and different angular velocities ωy = 5; 10; 15; 20s−1

 

Figure 7. The change of apples linear speed (D = 80 mm,G1 = 1 MPa, ν1 = 0.18) on steel surface
(G2 = 8.1× 1010 Pa, ν2 = 0.28) in the transition from slipping to rolling at an initial speed ωy = 0 and

different angular velocities νx ∈ 0.25; 0.5; 0.75; 1.0 m/s

As follows from the figures, the transition from slipping to rolling of apples having an initial only linear or
angular velocity occurs over a short period of time (less than 0.1s).

Conclusions

The deduced dependencies are the basis of the simulation mathematical model, which allows to determine
not only the parameters of contact interaction of apples between themselves or with technological surfaces, but
also to simulate in the mode of the computational experiment the processes of transportation of apples, their
movement during processing under the conditions of interaction with several objects simultaneously. According
to the results of the study, it was found that the contact time of the apples between themselves and in hard
containers does not exceed 0.001 s. It is grater for apples of larger size, of soft varieties and with layered apples
placed in the container. To significantly reduce the force of contact interaction and increase the contact time
(more than 0.01 s), it is necessary that the modulus of the elasticity of the platform was one-two times less than
the modulus of apples elasticity. With the increase in the collision rate of apples with the platform or among
themselves, the contact interaction strength increases significantly with a slight decrease in contact time. The
critical values of the force of the impact contact interaction, in which the structure of the flesh of the apples for
the solid varieties has not disturbed, is Pmax = 80 , for soft — 35− 40 .
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Р.Рогатынский, Р.Гевко, Ю.Никеруй, О.Дмитров, Р.Розум

Алманың өзара жанасуы әрекетiнiң
динамикалық имитациялық моделi

Алмалардың бiр-бiрiмен, сондай-ақ технологиялық жабдықтардың жұмыс беттерiмен оларды жинау,
тасымалдау және технологиялық өңдеу кезiндегi соққымен өзара әсерлесуiнiң математикалық мо-
делi ұсынылған. Герц теориясын пайдалана отырып модельде кернеудi, сондай-ақ дененiң соққылық
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әсерiнiң басқа да ағымдағы параметрлерiн анықтайды. Модельдiң ерекшелiгi уақыт параметрлерiнiң
өзгеруiн орнату болып табылады, бұл есептелген эксперимент режимiнде процестi модельдеуге мүм-
кiндiк бередi. Сонымен қатар, бастапқы бұрыштық және тангенциялық жылдамдық кезiндегi алма
кинематикасының өзгеру мысалдары келтiрiлген.

Кiлт сөздер: соққы, өзара байланысу әрекетi, алма, Герцтiң түйiспелi кернеуi, математикалық модель,
есептелетiн эксперимент, қалпына келтiру коэффициентi.

Р.Рогатынский, Р.Гевко, Ю.Никеруй, О.Дмитров, Р.Розум

Динамическая имитационная модель
контактного взаимодействия яблок

Представлена математическая модель ударного взаимодействия яблок между собой, а также с рабо-
чими поверхностями технологического оборудования при их уборке, транспортировке и технологиче-
ской обработке. В модели с использованием теории Герца определяются напряжения, а также другие
текущие параметры ударного взаимодействия тел. Особенность модели есть установление изменений
параметров во времени, что позволяет моделировать процесс в режиме исчисляемого эксперимен-
та. Приведены графические зависимости изменения контактных сил во времени, а также примеры
изменения кинематики яблок при начальных угловых и тангенциальных скоростях.

Ключевые слова: удар, контактное взаимодействие, яблоко, контактные напряжения Герца, матема-
тическая модель, исчисляемый эксперимент, коэффициент восстановления.
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The development of the model of the intelligent system on the
basis of fuzzy sets for microclimate control of building

Nowadays, much attention is paid to the creation of favorable conditions for the health and work of people
and the microclimate in the design and further operation of buildings. It is necessary to investigate the
processes of forming a microclimate in the room to assess the comfort of the microclimate, as well as to
determine the required capacity of the equipment of engineering systems. Analytical research methods,
methods of mathematical and computer modeling are used as research methods. The methods of analysis
and synthesis of automatic control systems, mathematical apparatus of theory of fuzzy logic, the Matlab
software environment, the system of visual modeling Simulink, and the system for designing fuzzy systems
Fuzzy Logic Toolbox are used for research. The paper presents a model of the room, taking into account
the heat loss through the enclosing structures, the model of the air conditioner, the structure of the fuzzy
control system, the algorithm of its functioning, input and output variables of the fuzzy controller, the
composition of their terms, membership functions, the formed complete database of rules. On the basis of
research methods, the actual scientific and practical problem of developing an intelligent control system for
the formation of the comfort microclimate of the building is solved.

Keywords: intelligent system, building microclimate, simulation, fuzzy inference system, fuzzy logic, linguistic
rules, air conditioning system.

Introduction

The favorable microclimate is created by the building’s engineering systems, such as heating, ventilation
and air conditioning.

Using of computer simulation and the choice of an adequate microclimate model reduce labor costs in the
design of the above systems.

At present, in the domestic and foreign literature, a large number of articles are devoted to research models
and methods of microclimate control in buildings [1–15].

At the same time, there are no publications of scientists where research and development of a control system
would be conducted taking into account the characteristics of the room and all disturbing influences.

All microclimate control models are divided into three classes: white, black and gray box models [16; 225].
Analysis of the works of foreign authors showed that the most used models are models based on the comfort

index PMV/PDD (23 %), models based on fuzzy logic (22 %) and learning models (20 %).
The advantages and disadvantages of models of three classes are considered in the work [16; 226, 227].
Despite the shortcomings, the considered models have the ability to maintain thermal comfort in the

building. But the most effective for solving this problem is the use of fuzzy systems [17–19].
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Fuzzy systems are suitable for maintaining microclimate parameters in both industrial and office premises,
for a number of reasons:

– the ability to control nonlinear systems with dynamically changing parameters, even in the absence of a
complete priori information about the control object;

– the use of expert knowledge in a particular subject area and their representation in the form of linguistic
variables that are close to human perception;

– tangible improvements in performance of control processes in the case of application of fuzzy controllers.
The purpose of this article is to research and develop the building microclimate control system based on

fuzzy logic (fuzzy logic is a branch of mathematics that is a generalization of classical logic and set theory, based
on the concept of fuzzy set), taking into account all disturbing influences and characteristics of room, as well
as its approbation (checking the adequacy of the system by conducting a simulation).

1 Development of Matlab model for fuzzy temperature control system in the room

Temperature control is one of the major factors influencing microclimate in both industrial and residential
buildings. Therefore, the modeling of the control system based on the fuzzy controller is tested on the basis of
the room temperature control loop.

This control loop consists of the following blocks (Fig. 1):
– Block «Set temperature» establishes the desired temperature in the room.
– Block «Fuzzy controller» represents a model of the fuzzy controller, which is formed using Fuzzy Logic

Toolbox package, designed specifically for constructing the fuzzy expert and / or control systems.
– Using «Room model» block, heat losses through constructions enclosing room are considered.
– Block «Conditioner Model». In buildings, the conditioner is installed, which can operate in two modes: a

heating or cooling.
The system operates in the following way: the difference between the set and the current room temperature is

provided to the input of the controller. Based on the generated base of rules, the controller provides an output
signal to the conditioner, which includes the heating or the cooling mode with the appropriate productivity
based on the error value.

Figure 1. Temperature control loop block diagram

2 Determination and calculation of heat loss through the enclosing surfaces

Heat losses occur in the room through the walls, windows, ceiling and floor.
The following is the general formula for the calculation of heat loss:

Qheatloss = Qwalls +Qwindows +Qceiling +Qfloor,

where,Qwalls, Qwindows, Qceiling, Qfloor — heat loss through exterior walls, windows, ceiling and floor, respectively.
The premise with the following characteristics is taken as an example for the calculation of heat losses.
The premise is located on the first floor of the business center.
The dimensions of the premises:
– Length - 8 m;
– Width - 5 m;
– Ceiling height - 3 m.
The premise consists of two external walls, one of which has two windows with the following dimensions

(WхH): 1.45 x1.5 m and two internal walls, one of which has a doorway.
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Characteristics of exterior walls.
Exterior wall construction:
– brickwork with a thickness of 640 mm (thermal conductivity is 0,7 kcal/m·hour·◦C);
– internal plaster with a thickness of 15 mm (thermal conductivity is 0,6 kcal/m·hour·◦C).
Heat transfer resistance Rin for internal surfaces of walls, floors, as well as ceilings with a smooth surface is

0.133 m2·hour·◦C/kcal. The heat transfer resistance for Rex outer surfaces which are contacted with the outside
air (exterior walls) is 0.5 m2·hour·◦C/kcal.

Window construction: plastic profile frame (heat transfer coefficient of plastic profile 0.2 W/m2·◦C), double
glazing (heat transfer resistance coefficient 0.51 m2·◦C/W, heat transfer coefficient 1.96 W/m2·◦C).

Heat losses through the wall are determined according to the expression [20]:

Qwalls = kwalls · Swalls · (tin − tout),

where, Qwalls — heat loss through exterior walls, kcal/h; kwalls — heat transfer coefficient of the wall,
kcal/m2·hour·◦C; Swalls — an area of the wall, m2; tin- internal temperature of the room, ◦C; tout — outside
temperature, ◦C.

Heat transfer coefficient of the wall kwalls is calculated by formula [21; 55]:

kwalls = 1/Rc,

where, Rc — heat resistance of enclosure construction m2·hour·◦C / kcal.
Since the wall is a multilayered enclosure, the value Rc is determined by the formula [21; 55]:

Rc = Rin +R1 +R2 + ...Rex,

where, Rin — heat resistance at the inner surface of the enclosure; R1, R2 — thermal resistance of the individual
layers of enclosure; Rex — heat resistance at the outer surface of the enclosure.

Thermal resistance of homogeneous enclosure or layer constituting the multilayer enclosures is calculated
by the formula [21; 32]:

R = δ/λ

where, δ — layer thickness, m; λ — thermal conductivity of the material, kcal / m·hour·◦C.
Applying formulas 3 and 4, the heat transfer resistance of external walls is calculated:

Rc = 0.133 + 0.015/0.6 + 0.64/0.7 + 0.05 = 1.12m2 · hour · ◦C/kcal.

Heat transfer coefficient of exterior walls:

kwalls = 1/1.12 = 0.89kcal/m2 · hour · ◦C.

1 kcal = 4.19 J, then kwalls=3730 J/m2·hour·◦C.
Heat transfer coefficient of the ceiling and floor are calculated similarly heat transfer coefficient of exterior

walls.
Heat loss through the window openings are determined according to the expression [20]:

Qwindows = kwindows · Swindows · (tin − tout),

where Qwindows — heat loss through windows, W; kwindows — heat transfer coefficient of windows (W/m2·◦C);
Swindows — the area of windows, m2.

The heat transfer coefficient of windows kwindows calculated by the following formula [22]:

kwindows =
kglSgl + kfSf

St
,

where kgl – heat transfer coefficient of the glazing unit, W/(m2·◦C); Sgl — glazing area, m2; kf — heat transfer
coefficient of frame (plastic profile), W/(m2·◦C); Sf — frame area, m2; St — window area, m2.

The heat transfer coefficient of windows kwindows:

kwindows =
1.96 · 1.5525 + 0.2 · 06225

2.175
= 1.46W/m2 · ◦C.

The heat transfer coefficient of two windows kwindows= 2.92 W/(m2·◦C);
1 W = 3600 J/hour, then kwindows = 10512 J/m2·hour·◦C.
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3 Development of fuzzy controller for temperature control loop in the room

Input variable of fuzzy controller is the difference between set and current temperatures. The output
parameter is the corresponding signal to the actuator of conditioner. Terms and data for constructing membership
functions of the input and output variables are presented in Tables 1, 2.

The structure of the model of the fuzzy controller is shown in Figure 2.

T a b l e 1

Terms of variable «Temperature difference»

No. Name of the term Designation of the term Range, ◦С
1 Negative Big NB from -22 to -9
2 Negative Middle NM from -14 to -4
3 Negative Small NS from -9 to 0
4 Zero Z from -4 to 4
5 Positive Small PS from 0 to 8
6 Positive Middle PM from 3 to 13
7 Positive Big PB from 8 to 17

T ab l e 2

Terms of variable «Heater (Cooler)»

No. Name of the term Designation of the term Range, %
1 Stop ST 0
2 Low Power LP 0-30
3 Average Power AP 30-60
4 High Power HP 60-100

Table 3 shows the formed base of rules.

T a b l e 3

The rule base of fuzzy temperature control system in the room

No. If the temperature Then the conditioner is operating in the mode ofdifference is important
cooling heating

1 Negative Big At full power Off
2 Negative Middle At average power Off
3 Negative Small At low power Off
4 Zero Off Off
5 Positive Small Off At low power
6 Positive Middle Off At average power
7 Positive Big Off At full power
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Figure 2. The structure of the model of the fuzzy controller

At the next stage, the verification of the adequacy of the developed control system based on a fuzzy controller
for temperature control loop have produced in Simulink package in Matlab software environment (Fig. 3).

Figure 3. The fuzzy microclimate system for temperature control loop

Set temperature of Tset = 18 ◦C is defined for modeling. According to the simulation results, the temperature
difference is equal to 0.2823 ◦C. In response to this difference, the controller initiates a control signal to the
conditioner for turning on the heating mode with performance of 10.3% (Fig. 4). This scenario indicates that
rule № 5 is implemented, when the error has a positive small value (it is slightly cold in the premise), it is
required to turn off the cooling and turn on the heating at low power. The modeling results show that the fuzzy
controller is suitable for maintaining microclimate parameters at the required level (Fig. 5).
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Figure 4. The value of the control signal for 0.2823◦C temperature difference

Figure 5. Plot of current temperature based on simulation results

Main result

The research has produced the following results, which have a scientific and practical importance:
1. The analysis of the microclimate control models has performed.
2. Heat loss through the enclosing surfaces (walls, windows, ceiling and floor) of the room have calculated

in the article.
3. The model of fuzzy controller has developed using Fuzzy Logic Toolbox package.
4. The simulation of developed control system taking into account the characteristics of the premise has

conducted in Simulink package of Matlab software environment.
5. The research results have demonstrated that the developed intelligent microclimate control system of

buildings based on the fuzzy logic ensures the maintenance of microclimate parameters (temperature) at the
required level.

114 Вестник Карагандинского университета



The development of the model...

The further researches in this direction refer to the exploring the possibility of using a fuzzy controller to
optimize the performance of various climatic equipment (heater, humidifier, fan plants, etc.).
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Л.Ж. Сансызбай, Б.Б. Оразбаев

Ғимараттың микроклиматын интеллектуалды басқару жүйесiнiң
моделiн айқын емес жиындар теориясы негiзiнде құру

Қазiргi таңда ғимаратты жобалау және одан әрi пайдалану кезiнде адамдардың денсаулығы мен жұ-
мысы үшiн қолайлы жағдай жасауға, микроклиматқа үлкен көңiл бөлiнедi. Микроклиматтың жай-
лылығын бағалау, сондай-ақ инженерлiк жүйелер жабдықтарының қажеттi жұмыс қуатын анықтау
үшiн үй-жайлардың микроклиматының қалыптасу процестерiн зерттеу қажет. Зерттеу әдiстерi ретiн-
де аналитикалық, математикалық және компьютерлiк модельдеу әдiстерi қолданылды. Зерттеу жүр-
гiзу үшiн автоматты басқару жүйелерiн талдау және синтездеу әдiстерi, анық емес логика теория-
сының математикалық аппараты, Matlab қолданбалы бағдарламалар пакетi, Simulink визуальды мо-
дельдеудiң графикалық жүйесi, Fuzzy Logic Toolbox анық емес жүйелерiн әзiрлеуге арналған жүйесi
қолданылды. Жұмыс барысында қоршау конструкциялары арқылы жылу шығынын ескеретiн үй-
жай моделi, кондиционер моделi, басқару жүйесiнiң құрылымы, оның жұмыс iстеу алгоритмi, анық
емес реттегiштiң кiрiс және шығыс айнымалылары, олардың термаларының құрамы, тиiстiлiк функ-
циялары анықталған, ережелердiң толық базасы қалыптасқан. Теориялық зерттеу, математикалық
және компьютерлiк моделдеу жүргiзу нәтижесiнде үй-жайлардың микроклиматын интеллектуалды
басқару жүйесi айқын емес логика базасында құрылып, қазiргi таңдағы өзектi ғылыми-практикалық
мәселелердiң бiрi шешiлдi.

Кiлт сөздер: интеллектуалдық бақылау жүйесi, ғимараттың микроклиматы, айқын емес қорытын-
дылау жүйесi, айқын емес логика, лингвистикалық ережелер, кондиционерлеу жүйесi.

Л.Ж. Сансызбай, Б.Б. Оразбаев

Разработка модели интеллектуальной системы управления
микроклиматом здания на основе теории нечетких множеств

На сегодняшний день при проектировании и дальнейшей эксплуатации зданий большое внимание уде-
ляется созданию благоприятных условий для здоровья и работы людей, микроклимата. Для оценки
комфортности микроклимата, а также определения требуемой мощности работы оборудования инже-
нерных систем необходимо исследование процессов формирования микроклимата в помещении. В ка-
честве методов исследования применены аналитические методы исследования, методы математиче-
ского и компьютерного моделирования. Для проведения исследований использованы методы анализа
и синтеза систем автоматического управления, математический аппарат теории нечеткой логики, па-
кет прикладных программ Matlab, система визуального моделирования Simulink, система для разра-
ботки нечетких систем Fuzzy Logic Toolbox. В работе представлена модель помещения, учитывающая
теплопотери через ограждающие конструкции, модель кондиционера, определены структура нечет-
кой системы управления, алгоритм ее функционирования, входные и выходные переменные нечеткого
регулятора, состав их термов, функций принадлежности, сформирована полная база правил. На ос-
новании проведения теоретического исследования, математического и компьютерного моделирований
решена актуальная научно-практическая задача разработки интеллектуальной системы управления
процессами формирования микроклимата помещений, реализуемой на базе теории нечеткой логики.

Ключевые слова: интеллектуальная система, микроклимат здания, система нечеткого вывода, нечет-
кая логика, лингвистические правила, система кондиционирования.

116 Вестник Карагандинского университета



The development of the model...

References

1 Sansyzbay, L.Zh. & Orazbayev, B.B. (2017). Intellektualnaia sistema upravleniia protsessom for-
mirovaniia mikroklimata v pomeshchenii [Intelligent control systems indoor climate]. Vestnik ENU
imeni L.N. Gumileva. Seriia estestvenno-tekhnicheskikh nauk — Bulletin of the L.N.Gumilyov Eurasian
National University. Natural and technical Series, 4(119), 161–169 [in Russian].

2 Bobrikov, D.A. (2017). Mnohourovnevaia avtomatizirovannaia sistema upravleniia mikroklimatom na
osnove nechetkoi lohiki [Multi-level automated climate control system based on fuzzy logic]. Candidate’s
thesis. Moscow [in Russian].

3 Peshko, M.S. (2015). Adaptivnaia sistema upravleniia parametrami mikroklimata protsessov proizvodstva
i khraneniia pishchevykh produktov [Adaptive control system of microclimate parameters of food product-
ion and storage processes]. Candidate’s thesis. Moscow [in Russian].

4 Savosin, S.I. (2009). Intellektualnaia sistema kontrolia vlazhnosti i temperatury vozdukha v teplitse
[Intellectual control system of humidity and air temperature in the greenhouse]. Candidate’s thesis.
Moscow [in Russian].

5 Hasim, N., & Aras, M.S.M. (2014). Intelligent room temperature controller system using MATLAB fuzzy
logic toolbox. International Journal of Science and Research (IJSR), 3, 1748–1753.

6 Das, T.K., & Das, Y. (2013). Design of A Room Temperature And Humidity Controller Using Fuzzy
Logic. American Journal of Engineering Research (AJER), 2, 86–97.

7 Alcala, R., Alcala-Fdez, J., Gacto, M.J., & Herrera, F. (2006). Fuzzy Rule Reduction and Tuning of Fuzzy
Logic Controllers for a HVAC System. Journal Fuzzy Applications in Industrial Engineering, 201, 89–117.

8 Calvino, F., Gennusa, M.L., Rizzo, G., & Scaccianoce, G. (2004). The control of indoor thermal comfort
conditions: introducing a fuzzy adaptive controller. Journal Energy and Buildings, 36, 97–102.

9 Eftekhari, M., & Marjanovic, L. (2003). Application of fuzzy control in naturally ventilated buildings for
summer conditions. Journal Energy and Buildings, 35, 645–655.

10 Kolokotsa, D. (2003). Comparison of the performance of fuzzy controllers for the management of the
indoor environment. Journal Building and Environment, 38, 1439–1450.

11 Mirinejad, H., Welch, K.C., & Spicer, L. (2012). A review of intelligent control techniques in HVAC
systems. Proceedings of the IEEE Energytech, 1–5.

12 Molina-Solana, M., Ros, M., & Delgado, M. (2013). Unifying Fuzzy controller for Indoor Environment
Quality. Proceedings of Joint of IFSA World Congress and NAFIPS Annual Meeting (IFSA/NAFIPS),
1080–1085.

13 Xu, X.N., & Ding, Y.F. (2008). Intellectual controlling and energy-saving management for terminal
equipment of air-conditioning system. Building Science, 24(8), 43–46.

14 Soyguder, S., Karakose, M., & Alli, H. (2009). Design and simulation of selftuning pid-type fuzzy adaptive
control for an expert hvac system. Expert Systems with Applications, 36(3), 4566–4573.

15 Dounis, A., &, Caraiscos, C. (2009). Advanced control systems engineering for energy and comfort mana-
gement in a building environment-a review. Renewable and Sustainable Energy Reviews,13, 1246-1261.

16 Karpenko, A.V., & Petrova, I.Iu. (2016). Modeli upravleniia mikroklimatom v pomeshchenii [Microclimate
control models]. Fundamentalnye issledovaniia− Fundamental research, 7(2), 224–229 [in Russian].

17 Zadeh, L. (1990). Fuzzy sets and systems. International Journal of General Systems, 17, 129–138.
18 Takagi, T., & Sugeno, M. (1985). Fuzzy identification of systems and its applications to modeling and

control. IEEE Transactions on Systems, Man and Cybernetics, 15(1), 116–132.
19 Mamdani, E. (1977). Application of fuzzy logic to approximate reasoning using linguistic synthesis. IEEE

Transactions on Computers, 26(12), 1182–1191.
20 Peshko, M.S. (2011). Raskrytaia matematicheskaia model mikroklimata hribnoi teplitsy [The disclosed

mathematical model of the microclimate in the mushroom greenhouses]. Molodoi uchenyi — Young
scientist, 9, 42–48 [in Russian].

21 Maliavina, E. G. (2007). Teplopoteri zdaniia [The heat losses of the building]. Moscow: AVOK-PRESS [in
Russian].

22 SNiP RK 2.04-03-2002. Stroitelnaia teplotekhnika [Construction heat engineering] from 1st March of
2003. Astana: KAZGOR [in Russian].

Серия «Математика». № 4(96)/2019 117



DOI 10.31489/2019M4/118-126

UDC 004.896.2

Sh. Seilov1, V. Goykhman2, M. Kassenova1, A. Seilov1, D. Shingissov1

1L.N. Gumilyov Eurasian National University, Nur-Sultan, Kazakhstan;
2LLC Scientific and Technical Center «SOTSBI», Saint Petersburg, Russia

(E-mail: seilov@kai.kz)

Development of neural network models for
the analysis of infocommunication traffic

This article discusses the problems of today’s infocommunication networks, the basis of which are multiservice
networks serving all types of traffic, presented as a set of IP packets. The characteristic features of this
traffic are analyzed, each of which is oriented to a certain class of services. The knowledge gained as a result
of ongoing traffic research is an essential factor for increasing the effectiveness of decisions made in various
fields of the telecommunications industry. The need for knowledge of the nature of traffic circulating in
the network and the laws of its behavior is revealed and substantiated. Without this, it is impossible to
effectively manage networks, develop solutions for their development, ensure network security and maintain
the required level of quality. Despite the large number of works about building multi-service networks,
a number of issues require further study. Analysis of traffic studies of modern converged, multiservice
networks showed the lack of knowledge about its nature and laws of behavior, given the high variability
of its characteristics. Thus, it can be argued that the parameters of the studied traffic are statistical,
probabilistic in nature, can vary randomly over time and, accordingly, based on the study, the author
proposes a study using statistical analysis methods. To study traffic, you should use the tools of probability
theory and mathematical statistics.

Keywords: infocommunication networks, neural networks, multiservice traffic, probabilistic traffic characte-
ristics, mathematical traffic models, multimedia services, multiservice traffic, neural network technologies,
studied distributions, traffic classifications, information objects.

Introduction

Artificial neural networks being, although very primitive, but still, being an analog of the principles of the
human brain are used to solve those problems that are unknown how to solve. To solve these problems, there
is no finite or approximate solution algorithm that can be expressed by an equation or a block diagram. These,
in particular, include recognition and recognition of speech and images, as well as complex forecasting tasks
carried out with a limited set of known input data, analysis of big data, i.e. such tasks that are solved by a
person «unconsciously». Such tasks include the tasks of studying telecommunications traffic.

Previous studies in [1–3] confirmed the earlier hypothesis about the stability of the distributions of the
probability characteristics of traffic generated by typical information objects, such as student campuses, office
centers, sports and entertainment facilities, etc.

Since the traffic of these objects is, in the probabilistic sense, stable in nature, its characteristic features
can be described by certain models that can be used in the construction and development of communication
networks focused on specific typical traffic sources.

Thus, there is reason to believe that network traffic generated by various information objects will have
distinctive features of the probability distributions of the corresponding traffic characteristics. Accordingly, as
one of the directions of the study of infocommunication traffic, one should single out the classification of the
probability distributions of its characteristics.

The use of neural networks for the analysis of infocommunication traffic

An analytical review of modern scientific and technical literature in the field of infocommunications showed
that the most widespread in works devoted to traffic approximation, approximation of observed distributions, as
well as the construction of mathematical traffic models, were such types of distributions as: Poisson distribution,
normal distribution, Weibull distribution, Pareto distribution and hyperexpo-nential distribution.
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In multiservice networks, mathematical models of traffic flows from the simplest Poisson to the complex
model of fractal processes can be used.

The advent of pervasive sensor networks, the Internet of things, NGN networks, and other technologies
complicates the dynamic processes that occur in information and communication networks. Multimedia services
(video streaming, interactive games, etc.) are gaining more and more popularity as compared to classical
communication services.

Three main types of traffic can be distinguished [4]:
1. Homogeneous traffic in monoservice networks. Representatives of this type are telephone networks that

provide only voice communication services; in most cases, this traffic corresponds to an elementary Poisson
stream model. This model has been widely used in information distribution systems such as switched telephone
networks. The description of flow models in classical telephone networks was mainly carried out on the basis
of an ordinary flow without aftereffect, obeying the family of Poisson distributions [5]. The widespread use of
the Poisson stream is due, in particular, to one of its essential properties - the additivity property - the sum of
Poisson flows is also a Poisson stream.

2. Heterogeneous traffic in multiservice networks. The nature of this traffic is determined by the wide
range of services provided and the integrated characteristics of the multiservice network. This type of traffic is
characterized by increased unevenness.

3. Multiservice traffic in packet networks. Traffic of this type is heterogeneous and even more different from
the Poisson stream. A single network is used to transmit streams of various services, but traffic sources differ in
data transfer speed, type of traffic generation and transmission. Such flows are characterized by «burstiness»,
which causes even greater traffic unevenness.

Thus, packet switched multiservice networks traffic is already significantly different from Poisson stream.
Multiservice traffic has non-stationary properties and is described by heavy-tailed distributions. Such type
of distributions, including the phenomenon of long-term dependence, are signs а large number of popular
IP applications correspond to slowly decaying distributions, for example, some studies show that VoIP is
characterized by Pareto distribution, FTP / TCP traffic is characterized by Weibull distribution or lognormal
distribution, and HTTP / TCP is characterized by lognormal distribution or Pareto distribution [6].

The Weibull and Pareto distributions are examples of slowly decreasing dependencies. Due to the large
dispersion value, these distributions are characterized by certain computational difficulties, because of the need
to consider large amounts of static information [7].

As you know, classification issues are effectively addressed using neural network technologies. Consider the
possibility of using neural networks to classify the main typical probability distributions.

The analysis of neural network models determined the choice for further studies of a multilayer network
with direct signal propagation.

There are various software tools for implementing neural networks: Matlab, Python, RStudio, C ++, etc.
At the previous stage of the study, the Matlab software package was chosen as a tool for working with neural
networks [8–10]. It provides a convenient graphical interface and contains most of the necessary built-in functions,
however, experience with the package showed its lack of speed with an increase in the amount of input training
effects. Therefore, the programming language Python was chosen as a platform for implementing a neural
network.

Python provides the ability to select a neural network model, flexible parameter settings, as well as various
implementation options for activation functions and learning algorithms. The disadvantage of this toolkit is
the lack of a graphical interface. Another advantage of the Python programming language is the availability of
various libraries for modeling neural networks [11, 12].

In this work, the PyBrain library is selected as the Python library for performing operations with neural
networks. PyBrian is a modular library designed to implement various machine learning algorithms in Python.

To initialize a neural network in PyBrain, the net = buildNetwork (layers, options) function is used. This
function creates a network consisting of the number of layers and neurons in them required by the developer.
The layers argument indicates the number of neurons in the layer, and enumerating multiple values with a
comma specifies the number of layers. The options argument is a variety of options that you can configure when
creating a neural network. For example, you can set your own activation function for the output and for each
of the hidden layers.

The training set for a neural network is set by the function ds = SupervisedDataSet (inp, target). The inp
parameter is responsible for the data that will be input to the neural network. The target parameter is the
target neural network training vector, i.e., the vector of those values that the neural network should produce
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for a given set of input values. The advantage of the PyBrain library is the ability to create data for training a
neural network using both the Python programming language and load previously created values from a file.

The neural network learning algorithm is defined by the function corresponding to the name of the algorithm.
In this paper, we study the training of a neural network using the error back propagation algorithm, and it is
specified in this environment by the function trainer = BackpropTrainer (net, ds). The net argument is a link to
the network in the form of the previously declared network name, which must be trained using this algorithm.

The neural network training is initialized using the trainer.train function, where the trainer is a link to the
previously specified training algorithm. Calling the train method performs one iteration (era) of training and
returns the value of the quadratic error. In order not to organize a cycle for passing through each era, there is a
training network function for convergence - trainer.train Until Convergence (ds, maxEpochs). The ds argument
indicates which data to use as the training set. The maxEpochs argument allows you to limit the number of
iterations during which the neural network will be trained. Regulation of this argument reduces the training
time of the neural network. If continuing training using initial vectors will worsen the approach to verification
vectors, then network training will stop earlier. The functional toolkit of the PyBrain library also allows you to
set the value of the target learning error and control the learning speed.

After the training of the neural network is completed, you can begin to test it. To test a neural network, you
must use the previously described function SupervisedDataSet (inp, target) to specify the data that must be
supplied to the input of the neural network, as well as the values of the target vector that should be obtained at
the output. If the target vector for the test data is not known, it must be filled with zeros by default. Similar to
the training sequence, you can create data for testing a neural network using the Python programming language
or load previously created values from a file.

Neural network testing is initialized using the trainer.testOnClassData (ds) function. The ds parameter in
this function indicates the data set on which to test. If this parameter is not specified, then by default testing
is performed on the data used in training the neural network.

Building a neural network architecture

The problem of traffic classification that we are solving consists in assigning the investigated real traffic to
one of the known probability distributions. To do this, you need to create a neural network that can identify
the correspondence between the parameters of the input data and the known probability distributions, i.e. with
a given certainty will ensure the formation of the output signal corresponding to a certain distribution law.

Let us turn to the traffic statistics of one of the typical information objects, on the basis of which there was a
selection of parameters for study [10]. His analysis showed a significant predominance of TCP traffic. Therefore,
at this stage, for further research, the following parameter was selected that characterizes TCP traffic - the
duration of TCP sessions. It is also interesting because it to some extent represents an analogue of the duration
of connections of traditional telephone networks, which provides the basis for future comparative analysis. The
statistics used in this work contained information about TCP sessions, the overwhelming number of which did
not exceed 3000s in duration.

It is known that to select the architecture of a neural network, it is necessary to determine the number of
hidden layers and the number of neurons in each layer, the size of the input and output vectors, and in addition,
select the activation function. A vector, in accordance with the terminology adopted in neural networks, is
understood as a set of data supplied to or received from the input of a neural network.

The studied traffic mainly contained TCP sessions, the duration interval of which ranged from 0 to 3000 s.
At this stage of the study, this interval [0: 3000] was divided into uniform segments with a step of 60, which
allowed the formation of samples containing 51 values (one from each segment). As a result, it was assumed
that the dimension of the input layer of the neural network contains 51 neurons.

An assumption was made that all considered samples have the same values of mathematical expectation
and variance, corresponding to the nature of the TCP sessions of the analyzed traffic approximated by ideal
distributions. The values of each distribution determine the number of TCP sessions from 0 to 3000 s in
length, provided that they are approximated by these distributions. Therefore, 51 values of each of the studied
distributions, which will form the input vector, should be fed to the input of the neural network. In fig. Figure
1 shows graphs of the studied distributions.
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Figure 1. Graphs of the studied distributions

The output of a neural network determines which of the five commonly used distributions the input data
have the most correspondence, based on which five neurons were involved in the output layer. Each of the
neurons of the last layer is associated with an output that «encodes» the distribution. The assignment of the
input sample to the corresponding distribution law is performed with the initially specified reliability. To verify
the effectiveness of the proposed neural network architecture and search for an acceptable design option, the
number of hidden layers and the number of neurons in them were changed [13, 14].

During testing, 100 experiments were conducted for each of the distributions. By one experiment is meant
the input of a trained neural network (with a certain number of neurons and hidden layers, as well as with a
given volume of the training sample) of the input sample corresponding to one of the known distributions and
not included in the training sample. The result of each experiment was the value of the output vector, with a
given reliability, showing the distribution law, which corresponded to the sample submitted to the input of the
neural network. According to the results of all experiments, the proportion of successfully (correctly) recognized
distribution laws was determined according to the success criterion (Tables 1 and 2). The proportion of correctly
recognized distribution laws was estimated by assigning the resulting sum of successes to the total number of
experiments.

T a b l e 1

The number of input samples successfully recognized by the neural network, %

Number of hidden layers
1 2 3 4

The number of neurons in the hidden layer
1 2 3 4 5 6 7 8 9

The number of
10 20 30 40 20, 30, 40,

training samples
10 20, 30,

10 20,
10

Poisson distribution

1 000 0 0 0 0 0 0 0
10 000 11 3 3 3 16 26 28
20 000 15 16 19 15 23 30 33
30 000 20 19 14 19 33 29 32

Normal distribution

1 000 0 0 0 0 0 0 0
10 000 0 0 0 0 0 0 0
20 000 33 20 53 32 98 99 97
30 000 60 68 84 83 97 97 97

Серия «Математика». № 4(96)/2019 121



Sh. Seilov, V. Goykhman et al.

1 2 3 4 5 6 7 8 9

Weibull distribution

1 000 0 0 0 0 0 0 0
10 000 5 5 5 5 6 5 8
20 000 5 5 5 5 6 5 8
30 000 6 6 5 6 5 6 7

Pareto distribution

1 000 0 0 0 0 0 0 0
10 000 0 0 0 0 0 0 0
20 000 15 9 20 10 15 49 41
30 000 37 28 44 37 29 22 43

The neurons in the layers were interconnected according to the principle of «each with each». All connections
of two neurons were assigned a weight coefficient, which was then corrected by the network during training.
In hidden layers, the sigmoidal activation function was used, and in the output layer, the softmax activation
function was used. The training sequence was formed from 30 thousand vectors of each of the distributions. The
values for them were calculated on an argument taken randomly from the interval [0: 3000].

T a b l e 2

The number of input samples successfully recognized by the neural network, %

Number of hidden layers
1 2 3 4

The number of neurons in the hidden layer

The number of
10 20 30 40 20, 30, 40,

training samples
10 20, 30,

10 20,
10

Hyperexpo-nential
1 000 56 55 55 55 55 58 56

distribution
10 000 54 58 53 53 57 63 62
20 000 65 62 62 41 52 62 60
30 000 53 65 57 60 63 60 63

During the study, it was found that an increase in the hidden layers or neurons in them leads to an increase
in the recognition quality of not all distributions [15]. However, an increase in the training sample significantly
increases the likelihood of correct recognition of some distributions supplied to the input of the neural network.

Based on the above experiments, the following neural network architecture was chosen: 51 neurons in the
input layer, two hidden layers with 20 and 10 neurons, one output layer with five neurons (Fig. 2).

Figure 2. Architecture of the studied neural network
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Training Sample Adjustment

It was found that a neural network constructed and trained in the presented way cannot accurately recognize
all types of distributions. The values of many of the studied distributions are mainly contained in the interval
[0: 300] and have a long «tail» of significantly lower values. With a uniform choice of x from the domain of
definition of values characteristic of each distribution, it turned out insufficiently, as a result of which the neural
network could not reveal the distinctive features of all [16]. As a result, the training sample was formed in
such a way that a larger number of x values were concentrated on the interval [0: 300], near the mode of the
corresponding distribution, and the remaining one was evenly distributed outside it randomly.

Table 3 presents the results of testing a neural network when vectors of constructed distributions that
were not included in the training set were fed to it. For each distribution, 100 experiments were performed. In
each experiment, the correspondence of the value of the output vector was determined, which determined the
distribution law recognized by the network and the given distribution law of the input sample applied to the
input of the neural network. According to the results of all experiments, the proportion of successful tests was
determined [17].

T a b l e 3

The number of input samples successfully recognized by the neural network, %

Distribution
Number of training sequences

30 000 50 000 70 000 100 000
Poisson distribution 76 84 78 81
Normal distribution 100 100 100 99
Weibull distribution 94 92 93 93
Pareto distribution 99 99 99 99
Hyperexponential distribution 100 100 100 100

From Table 3 it follows that the network recognizes the normal distribution, Pareto distribution and
hyperexponential distribution as follows. The probability of successful recognition for the normal distribution
is about 0.97, for the Pareto distribution – 0.99 and for the hyperexponential distribution – 0.99.

It is important that, compared with the results shown in Tables 1 and 2, the share of recognized Poisson and
Weibull distributions significantly increased. Consequently, the hypothesis of the necessity (in the formation of
training samples) of the prevailing use of argument values gravitating to the mode value of the corresponding
distributions is confirmed.

Conclusion

The obtained results prove the possibility of creating a neural network that can solve the problem of assigning
the distributions of the values of the parameters of real traffic to one of the known probabilistic distributions

Thus, it was found that a network with 2 hidden layers, 20 neurons in the first hidden layer and 10 neurons
in the second hidden layer will be sufficient architecture for recognizing the given distributions. In hidden layers,
the sigmoidal activation function was used, and in the output layer, the Softmax activation function was used.

It was also revealed that an increase in the hidden layers or neurons in them leads to an increase in the
recognition quality of not all distributions. However, an increase in the training sample significantly increases
the likelihood of correct recognition of the distributions supplied to the input of the neural network.

When testing a neural network, it was noted that the quality of recognition of distributions by a neural
network is affected not only by the size of the training sample, but also by its composition. In the course of
the experiment, the hypothesis was confirmed that with a uniform choice of x from the domain of definition
of values characteristic of each distribution, the neural network could not reveal the distinctive features of all.
Correction of the training sample so that a larger number of x values are concentrated near the mode of the
corresponding distribution, and the remaining one is evenly distributed outside it randomly, thereby increasing
the stability of correct recognition.

Based on the results of the analysis of models of neural networks, and also taking into account the fact
that the data processed during the analysis of teletraffic, firstly, do not have a very high dimension, secondly,
the input vector fully describes the process under study, and thirdly, the main predicted task of the proposed
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analysis is a classification - it should be concluded that the preferred use in further studies of multilayer neural
networks with direct signal propagation.
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Инфокоммуникациялық трафиктi талдау үшiн
нейрондық желiнiң модельдерiн жасау

Мақалада IP пакеттер жиынтығы ретiнде ұсынылған, трафиктiң барлық түрiне қызмет көрсететiн
мультисервистiк желiлер болып табылатын қазiргi инфокоммуникациялық желiлердiң мәселелерi қа-
растырылды. Телекоммуникациялық желiлер жиынтығы үшiн осы трафиктiң сипаттамалары тал-
данды, олардың әрқайсысы белгiлi бiр қызмет түрiне бағытталған. Трафиктi зерттеу нәтижесiнде
алынған бiлiм телекоммуникация саласының әртүрлi салаларында қабылданатын шешiмдердiң тиiм-
дiлiгiн арттырудың маңызды факторы болып табылады. Желiдегi трафиктiң сипаты мен оның заң-
дылықтарын бiлу қажеттiлiгi анықталды және дәлелдендi. Онсыз желiлердi тиiмдi басқару, оларды
дамыту үшiн шешiмдер әзiрлеу, желiнiң қауiпсiздiгiн қамтамасыз ету және қажеттi сапа деңгейiн
ұстап тұру мүмкiн емес. Мультисервистiк желiлердi салу бойынша жұмыстардың көптiгiне қарамас-
тан, бiрқатар мәселелер қосымша зерттеудi қажет етедi. Заманауи конвергенттi трафиктi, мульти-
сервистiк желiлердi зерттеу нәтижесiнде олардың сипаттамаларының жоғары өзгергiштiгiн ескерсек,
оның табиғаты туралы бiлмейтiнiмiздi көрсеттi. Қазiргi желiлердiң трафигiне кездейсоқ факторлар-
дың көптiгi әсер етедi, бұл оның сипаттамаларын детерминант ретiнде талдау мүмкiндiгiн жоққа
шығарады. Осылайша, зерттелетiн трафиктiң параметрлерi статистикалық, ықтималды сипатта бо-
латынын айтуға болады және уақыт өте келе кездейсоқ өзгеруi мүмкiн, сондықтан зерттеу негiзiнде
автор статистикалық талдау әдiстерiн қолдана отырып зерттеу жүргiзудi ұсынады. Трафиктi зерттеу
үшiн ықтималдықтар теориясы мен математикалық статистика құралдарын пайдалану керек.

Кiлт сөздер: инфокоммуникациялық желiлер, нейрондық желiлер, мультисервистiк трафик, трафик-
тiң ықтималды сипаттамалары, трафиктiң математикалық модельдерi, мультимедиялық қызметтер,
мультисервистiк трафик, нейрондық технологиялар, зерттелген таратулар, трафиктiң жiктелiмдерi,
ақпараттық объектiлер.

Ш. Сеилов, В. Гойхман, М. Касенова, А. Сейлов, Д. Шингисов

Разработка моделей нейронных сетей для анализа
инфокоммуникационного трафика

В статье рассмотрены проблемы сегодняшних инфокоммуникационных сетей, основу которых со-
ставляют мультисервисные сети, обслуживающие трафик всех видов, представленный в виде сово-
купности IP-пакетов. Проанализированы характерные особенности этого трафика для набора сетей
телекоммуникаций, каждая из которых ориентирована на определенный класс услуг. Знания, по-
лученные в результате проводимых исследований трафика, являются существенным фактором для
повышения действенности принимаемых решений в самых различных областях телекоммуникацион-
ной отрасли. Выявлена и обоснована необходимость знания природы циркулирующего в сети тра-
фика и законов его поведения. Без этого невозможно эффективное управление сетями, выработка
решений по их развитию, обеспечение сетевой безопасности и поддержка необходимого уровня каче-
ства. Несмотря на большое число работ о построении мультисервисных сетей, ряд вопросов требует
дальнейшего изучения. Анализ исследований трафика современных конвергентных, мультисервис-
ных сетей показал недостаточность имеющихся знаний о его природе и законах поведения, учитывая
высокую изменчивость его характеристик. Трафик современных сетей подвержен влиянию большого
количества случайных факторов, что исключает возможность анализа его характеристик как де-
терминированных. Таким образом, можно утверждать, что параметры исследуемого трафика носят
статистический, вероятностный характер, могут изменяться в течение времени случайным образом, и,
соответственно, на основе проведенного исследования авторами предложено исследование с использо-
ванием статистических методов анализа. Для изучения трафика следует использовать инструменты
теории вероятностей и математической статистики.

Ключевые слова: инфокоммуникационные сети, нейронные сети, мультисервисный трафик, вероят-
ностые характеристики трафика, математические модели трафика, мультимедийные услуги, мульти-
сервисный трафик, нейросетевые технологии, исследуемые распределения, классификации трафика,
информационные объекты.
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Mathematical analysis of trend indicators
of Internet security resources cyber-diagrams

dynamics in the Republic of Kazakhstan
In the research the development of a mathematical model for predicting threats of information security of
Internet resources is carried out, which allows, based on the minimum amount of input data, to indicate
the dynamics of the development of possible threats in the life cycle of information systems, which may in
the long run be a reason for shaping the costs of preventing threats to information security.
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The global tendency characteristic of the last decades of introducing the achievements of information and
communication technologies with a pace that is significantly ahead of the formation of a culture of their use, and
the rooting of social and industrial relations characteristic of the «information society», primarily in matters of
ensuring cybersecurity, also finds the confirmation.

New technologies, electronic services have become an integral part of our daily life. Given that, society is
becoming increasingly dependent on information and communication technologies every day, the protection and
availability of these technologies is becoming a critical moment and a very important topic for national interests.

Today, a necessary condition for the development of the information society is cybersecurity, which can be
followed by a virtually endless list of security problems and their solutions, ranging from technical to legislative.

Traditionally, the concept of security is viewed through the prism of three approaches: the absence of
threats, the security and stability of the system. It is obvious that the specific features of the development
of the information space make the approach based on the understanding of security as the absence of threats
irrelevant. In particular, in accordance with the interactive map of cyber threats of Kaspersky Lab, Kazakhstan
is in the top 30 countries by the number of tested cyber attacks, most often taking place in the corridor between
18 and 27 places [1]. Thus, it makes sense to evaluate information security in contexts of relative security and
the ability of the system to adequately respond to emerging challenges and threats, and minimize risks.

In world practice, as well as in the information segment of Kazakhstan, there is a steady trend of transferring
information assets to Internet platforms and the provision of cloud services. The control of privileged users is
one of the main tasks in relations with Internet service providers, software developers and technical support
specialists. Now information assets of business and government structures can be placed anywhere, they are
serviced by a large number of contractors scattered around the world, who, as a rule, are not responsible for
violation of information security.

Thus, Internet service providers, while performing work in their segment of an information system, may
accidentally or intentionally gain access to foreign systems, unauthorized launch applications or make confi-
guration changes. Therefore, it is extremely difficult to limit their actions at the level of network access to
applications by traditional means of delimiting and controlling access in information systems. In consequence
of this, recently decisions on the control of Internet users will continue to be highly demanded in information
systems, and this demand will increase every year.

In accordance with the international standard ISO / IE C 27001: 2005, information security incident
management is an important element in ensuring the continuity of an organization’s business processes [2].
Incident management is a process that is fed to the data received as a result of logging information about
events related to information security, and the process output is informed about the reasons for the incident
and measures that need to be taken to prevent the incident from happening again.

In general, incident management is a cyclical process, the main stages of which are represented by the
PDCA model (Plan-Do-Check-Act, continuous improvement model of processes). According to ISO 27001,
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the classical model includes four management stages: information security incident identification, information
security incident response, investigation, corrective and preventive measures.

It is during the response and investigation of incidents that the specific information system vulnerabilities
are revealed, traces of attacks and intrusions are detected, the operation of the protective equipment, the quality
of the information security system architecture and its management are checked. Also important is the existence
of procedures for analyzing and eliminating the consequences of incidents and taking corrective measures to
reduce the likelihood of such incidents recurring in the future.

Thus, there is an urgent problem of prompt response to emerging incidents. It is necessary to decide which
strategy out of the set of specific ones can be applied, or to determine that there is no suitable strategy and it
is necessary to work it out (Table 1).

T a b l e 1

The number of cyber incidents registered in Kazakhstan that violate the information
security of users of Internet resources for the period from 2015–2017

№ Incident Type Quantity in 2015 Quantity in 2016 Quantity in 2017 Total
1 Unauthorized access and

modification of the content
of Internet resources (website
defacement) / attacks on an
Internet resource

588 1934 658 3180

Note. Source: State Technical Service https://lsm.kz/kakie-banki-podvergalis-kiberatakam-v-2017-godu.

One of the promising areas of research for solving the problem of protection against cyber attacks on IP
is the creation of methods for predicting their intensity by means of mathematical methods of analysis [3–13].
Note that the intensity of cyber attacks is the total number of these attacks per unit of time. In the case of a
forecast that the intensity of cyber attacks on IP exceeds a certain predetermined value, additional measures of
protection can be taken, including, for example, a more in-depth intelligent analysis of traffic [14–20].

In recent years, an increasing interest of researchers in trend analysis and prediction of cyber attacks has
been observed [21–24]. This can be explained by the fact that trend forecasts make it possible to receive not
only forecasts of directly future events, but also characterizing their estimates.

An important method of stochastic predictions is the exponential smoothing method. This method consists
in the fact that a number of dynamics is smoothed with the help of a moving average in which the weights obey
the exponential law [25, 26].

A special feature of the exponential smoothing method is that the procedure for finding the smoothed level
uses only the previous levels of the series, taken with a certain weight, and the weight decreases as it moves
away from the point in time for which the smoothed value of the series level is determined. If for the initial time
series y1, y2, y3,. . . , yn the corresponding smoothed values of the levels are denoted by St, t = 1,2,...,n, this
exponential smoothing is carried out according to the formula: St = (1-α)yt + αSt−1.

Some sources give a different formula: St = αyt+(1-α)St−1, where α — smoothing parameter (0 < α < 1);
magnitude (1-α) called the discount factor.

In practical tasks of processing economic time series, it is recommended (unreasonable) to choose the value
of the smoothing parameter in the range from 0,1 to 0,3. There are no other precise recommendations for
choosing the optimal value of the parameter α. In some cases, it is proposed to determine the value of α based
on the length of the series being smoothed: α = 2/(n+1).

As for the initial parameter S0, then in tasks it is taken or equal to the value of the first level of the series
Гi1, or equal to the arithmetic average of the first few terms of the series. If, at the approach to the right end of
the time series, the values smoothed by this method with the selected parameter α begin to differ significantly
from the corresponding values of the original series, it is necessary to switch to another smoothing parameter.
The advantage of this method is that with smoothing, neither the initial nor the final levels of the smoothing
time series are lost. As S0 take the first value of the row, S0 = y1 = 588 (Table 2).
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Tab l e 2

Calculated parameters of the model equation

t y St Formula (y - St)2

2015 588 588 (1 – 0,3)*588 + 0,3*588 0
2016 1934 1530,2 (1 – 0,3)*1934 + 0,3*588 163054,44
2017 658 919,66 (1 – 0,3)*658 + 0,3*1530,2 68465,956

231520,396

Note. The table is based on the calculation.

Forecasting data using exponential smoothing:
The prediction methods called «smoothing» take into account the effects of the overshoot function much

better than the methods using regression analysis.
The basic equation is as follows:
S(t+1) = S(t)(1 - α) + αY(t)
S(t) – this is a forecast made at a time t;
S(t+1) reflects the forecast in the time period immediately following the point in time t :
S(3 + 1) = 919, 66(1−−0, 3) + 0, 3 ∗ 658 = 841, 162.
Standard error (error) is calculated by the formula:

et =

√∑
(yi − Si−1)

2

n− 1
,

where i = (t - 2, t)

et =

√
231520, 396

3− 1
= 340, 236.

The linear trend equation has the form: y = bt + a.
1. Find the parameters of the equation by the method of least squares:
The OLS system of equations takes the form:
an + b

∑
t =

∑
y

a
∑

t + b
∑

t2 =
∑

y*t (Table 3).

T a b l e 3

Calculated parameters in tabular form

t y t2 y2 t y
1 588 1 345744 588
2 1934 4 3740356 3868
3 658 9 432964 1974
6 3180 14 4519064 6430

Average value 1060 4.667 1506354.667 2143.333

Note. The table is based on the calculation.

For our data, the system of equations is:
3 a + 6 b = 3180
6 a + 14 b = 6430.
From the first equation we express a and substitute in the second equation.
Get a = 990, b = 35.
Get the trend equation: y = 35 t + 990.
Empirical trend coefficients a and b are only estimates of theoretical coefficients βi, and the equation

itself reflects only a general tendency in the behavior of the variables in question.
Trend ratio b = 35 shows the average change in the effective index (in units of y) with a change in the time

period t per unit of measurement. In this example, with t by 1 unit, y change on average by 35.
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Estimate the quality of the trend equation using the average relative approximation error.

A =

∑
|yt − yi| : yi

n
100 %.

The approximation error within 5 %–7 % indicates a good selection of the trend equation to the source
data.

A =
1, 8592

3
100% = 61, 97 %.

To determine the size of the error or accuracy of the forecast indicator Y calculate the coefficient of disparity
Teil formula:

KT =

√∑
(yi − y)

2√∑
y2
t

;

KT =
1145814

4519064
= 0, 254.

This indicator varies from 0 to 1. The closer its value is to zero, the better the prediction results.
Average values:

t =

∑
ti
n

=
6

3
= 2;

y =

∑
yi
n

=
3180

3
= 1060;

t · y =

∑
tiyi
n

=
6430

3
= 2143, 3333.

Dispersion:

D (t) =

∑
t2i
n
− t2 =

14

3
− 22 = 0, 6667;

D (y) =

∑
y2
i

n
− y2 =

4519064

3
− 10602 = 382754, 6667.

Standard deviation:
σ (t) =

√
D(t) =

√
0, 6667 = 0, 8165;

σ (y) =
√
D(y) =

√
382754, 6667 = 618, 6717.

Calculate the coefficient of determination:

R2 = 1−
∑

(yi − yt)2∑
(yi − y)

2 ;

R2 = 1− 1145814

1148264
= 0, 00213,

where in 0.21 % of cases, t affects the change y. In other words — the accuracy of the selection of the trend
equation is low.

To assess the quality of the parameters of the equation, we construct a calculation table (Table 4).

T a b l e 4

Calculated parameters in tabular form

t y y(t) (yi-ycp)2 (yi-y(t))2 (yi-y(t)) : yi
1 588 1025 222784 190969 0,743
2 1934 1060 763876 763876 0,452
3 658 1095 161604 190969 0,664

3180 1148264 1145814 1,859

Note. The table is based on the calculation.
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2. Analysis of the accuracy of determining estimates of the parameters of the trend equation:
Dispersion error equation:

S2
y =

∑
(yi − yt)2

n−m− 1
,

where m = 1 — the number of influencing factors in the trend model.

S2
y =

1145814

1
= 1145814.

Standard equation error:
Sy =

√
S2
y =
√

1145814 = 1070, 427;

Sb = Sy ·
√∑

t2

nσt
;

Sb = 1070, 427 ·
√

14

3 · 0, 8165
= 1635, 104;

Sa =
Sy√
nσt

=
1070, 427

0, 8165
√

3
= 756, 906.

Perform interval forecast and determine the standard error of the predicted indicator.
Uy = yn+L ± K,

where

K = ta · Sy ·

√
1 +

1

n
+

3(n+ 2L− 1)
2

n(n2 − 1)
,

L — lead period; yn+L — point forecast by model on (n + L) moment of time; n — number of observations in
the time series; Sy — standard prediction error; Ttabl — the tabular value of student’s criterion for the level of
significance α and for the number of degrees of freedom equal to n-2.

According to the student’s table we find Ttabl
Ttabl (n-m-1 ;α/2) = (;) = 12,706.
Spot forecast, t = 4: y(4) = 35*4 + 990 = 1130.

K1 = 12, 706 · 1070, 43 ·

√
1 +

1

3
+

3 (3 + 2 · 1− 1)
2

3 (32 − 1)
= 24831, 63.

1130 – 24831,63 = -23701,63; 1130 + 24831,63 = 25961,63.
Interval forecast:
t = 4: (-23701,63;25961,63)
Spot forecast, t = 5: y(5)= 35*5 + 990 = 1165.

K2 = 12, 706 · 1070, 43 ·

√
1 +

1

3
+

3 (3 + 2 · 2− 1)
2

3 (32 − 1)
= 32849, 16.

1165 – 32849,16 = -31684,16; 1165 + 32849,16 = 34014,16.
Interval forecast:
t = 5: (-31684,16;34014,16).
Spot forecast, t = 6: y(6)= 35*6 + 990 = 1200.

K3 = 12, 706 · 1070, 43 ·

√
1 +

1

3
+

3 (3 + 2 · 3− 1)
2

3 (32 − 1)
= 41551, 27.

1200 - 41551.27 = -40351,27; 1200 + 41551,27 = 42751,27.
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Interval forecast:
t = 6: (-40351,27;42751,27)
Spot forecast, t = 7: y(7) = 35*7 + 990 = 1235.

K4 = 12, 706 · 1070, 43 ·

√
1 +

1

3
+

3 (3 + 2 · 4− 1)
2

3 (32 − 1)
= 50585, 88.

1235 – 50585,88 = -49350,88; 1235 + 50585,88 = 51820,88.
Interval forecast:
t = 7: (-49350,88;51820,88)
3. Testing hypotheses regarding the coefficients of the linear trend equation:
1) t- statistics. Student criterion.
According to the student’s table we find Ttabl
Ttabl (n-m-1 ;α/2) = (1;0,025) = 12,706.

ta =
a

Sa
;

ta =
35

756, 906
= 0, 04624 < 12, 706.

The statistical significance of the coefficient a is not confirmed

tb =
b

Sb
;

tb =
99035

1635, 104
= 0, 6055 < 12, 706.

2) F - statistics. Fisher Criterion.
Coefficient of determination:

F =
R2

1−R2

n−m− 1

m
=

0, 00213

1− 0, 00213

3− 1− 1

1
= 0, 00214.

Find from the table Fkp(1;1;0.05) = 161,
where m — the number of factors in the trend equation (m=1).

Insofar as F < Fkp, then the coefficient of determination (and, in general, the trend equation) is not
statistically significant.

As a result of the study, the time dependence was studied Y from time t. At the specification stage, a linear
trend was chosen. Its parameters are estimated by the method of least squares. The statistical significance of
the equation is verified using the coefficient of determination and the Fisher criterion. It was found that in the
situation under study, 0.21 % of the total variability Y due to the change in the time parameter. It was also
established that the parameters of the model are not statistically significant. Economic interpretation of model
parameters is possible — with each time period t value Y on average, increases by 35 units.

Thus, when creating an IP protection system to counter cyber attacks, in addition to implementing the
information risk management system, their information audit and analysis, it is necessary to pay attention to
predicting the intensity of cyber attacks.

As follows from the results of this work, interval forecasting of the intensity of cyber attacks on informatization
objects of critical infrastructures is an important practical task. Experimental studies of interval prediction
of cyber attack intensity by means of trend extrapolation methods with dynamic updating of the smoothing
parameter showed that the proposed approach has the best accuracy of interval prediction of a selected indicator
of cyber attack intensity.
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B.K. Shayakhmetova, Sh.E. Omarova, V.G. Drozd

Б.К. Шаяхметова, Ш.Е. Омарова, В.Г. Дрозд

Қазақстан Республикасындағы интернет-қауiпсiздiк
ресурстарының кибер-диаграммалары динамикасының

үрдiстiк көрсеткiштерiн математикалық талдау

Мақалада интернет-ресурстардың ақпараттық қауiпсiздiгiне қауiп-қатерлердi алдын ала болжау үшiн
математикалық модель әзiрленген, бұл енгiзiлген деректердiң ең аз мөлшерiне сүйене отырып, ақпа-
раттық жүйелердiң өмiрлiк циклiнде мүмкiн қауiптердiң даму динамикасын көрсетуге мүмкiндiк
бередi, бұл болашақта ақпарат қауiпсiздiгiне төнетiн қатердiң алдын-алуға, шығындардың қалыпта-
суына әкелуi мүмкiн.

Кiлт сөздер: математикалық модель, қауiптердi болжау, ақпараттық қауiпсiздiк, өмiрлiк цикл, ин-
тернет-ресурстар.

Б.К. Шаяхметова, Ш.Е. Омарова, В.Г. Дрозд

Математический анализ трендовых
показателей динамики кибер-диаграмм ресурсов
интернет-безопасности в Республике Казахстан

В статье разработана математическая модель прогнозирования угроз информационной безопасности
интернет-ресурсов, позволяющая на основе минимального объема исходных данных указать дина-
мику развития возможных угроз в жизненном цикле информационных систем, что может явиться
в перспективе основанием по формированию затрат на предотвращение угроз информационной без-
опасности.

Ключевые слова: математическая модель, прогнозирование угроз, информационная безопасность,
жизненный цикл, интернет-ресурсы.
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