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Splitting method and the existence of a strong
solution of the Navier-Stokes equations1

In the author’s article from the previous issue of the journal from the properties of the ONS solutions the
relation between pressure and module square of velocity vector is set. Based on which the uniqueness of the
weak and existence of strong solutions of the problem for three-dimensional equations of Navier-Stokes as a
whole over time are proved. The result is a contribution to a qualitative mathematical theory of the Navier-
Stokes equations. However, one of the actual problems in the theory of equations of Navier-Stokes is the
choice of the mathematical method for proofs of the existence of a theorem. In the work splitting method
is chosen to solve the Navier-Stokes equations. The rationale of this method is given. The compactness of
the solution sequence is showed, thus the existence of strong solutions of the problem for three-dimensional
Navier-Stokes equations as a whole over time is proved.

Keywords: the Navier-Stokes equations, splitting method for the Navier-Stokes equations, compactness, the
existence of strong solutions, determination algorithm of strong solutions.

0.1 Problem statement and splitting method

In [1, 2] the initial-boundary value problem for nonlinear equations of Navier-Stokes relatively to the velocity
vector U = (U1, U2, U3) ∈ J̊(Q) and the pressure P in domain Q = (0, T ]× Ω is reduced to

∂U

∂t
− µ∆U + (U,∇)U−∇

∣∣U∣∣2 = f(t,x), (1a)

U(0,x) = Φ(x), U(t,x)
∣∣
x∈∂Ω

= 0, (1b)

where t ∈ (0, T ],∀T < ∞; x ∈ Ω, Ω ⊂ R3, ∂Ω — is the boundary of Ω, x ∈ Ω ⊂ R3; Ω is a convex domain
J̊(Ω) - space solenoidal vectors; L∞(Q) — is the subspace of C(Q̄). W k

p,0(Ω) is Sobolev space functions equal
to zero on ∂Ω;

The input data f and Φ of the problem (1) meet the requirements:

i) f(t,x) ∈ L∞(0, T ; Lp(Ω)) ∩ J̊(Q); ii) Φ(x) ∈ Lp(Ω) ∩W1
2,0(Ω) ∩ J̊(Ω), ∀p.

1The work was done on the personal initiative of the author, since there was no financial support.
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Further, we use the Holder inequalities∣∣∣∣∣∣
∫
Ω

UV dx

∣∣∣∣∣∣ ≤
∫

Ω

|U |p dx

 1
p
∫

Ω

|V |q dx

 1
q

(2)

in addition, the integration by parts formula∫
Ω

V∆U dx = −
∫
Ω

∇V ∇U dx +

∫
∂Ω

V
∂U

∂n
dx. (3)

To solve the problem (1) we use the splitting method. Let known vector-function be an approximation {un}
in the moment nτ, 0 < τ− step, then vector functions {un+1/2}, {un+1}, n = 0, 1, · · · ,M ; T = Mτ < ∞
determined by the decisions of the following subsystems:

Un+1/2 −Un

τ
+ (Un,∇)Un+1/2 −∇|Un+1/2|2 = fn, (4)

with initial
u0(x) = Φ(x) ∧Φ(x)

∣∣
∂Ω

= 0 (5)

and
Un+1 −Un+1/2

τ
− µ∆Un+1 = 0, (6)

boundary conditions
Un+1

∣∣
∂Ω

= 0, n = 0, 1, · · · ,M − 1. (7)

Lemma. For solving the splitting method scheme(4)-(7) fair estimates:

‖Un+1/2‖Lp(Ω) ≤ ‖Un‖Lp(Ω) + τ‖fn‖Lp(Ω); (8)

max
0≤n≤M−1

‖Un+1‖Lp(Ω) ≤ ‖Φ‖Lp(Ω) + T max
0≤n<M

‖fn‖Lp(Ω),

∀p = 2k, k ∈ N, n = 0, 1, · · · ,M − 1. (9)

Proof. Multiply the scalar equation (4) on a function vector

p(En+1/2)p−1Un+1/2,

we integrate work over the domain Ω and let us use identity Ep = 1
2p |U|

2p, then similarly, both of works (see [1],
inequalities (10)–(14)) find

2

∫
Ω

(En+1/2)pdx + τ

∫
Ω

Un∇(En+1/2)pdx− 2τ

∫
Ω

Un+1/2∇(En+1/2)pdx =

= p

∫
Ω

(En+1/2)p−1Un+1/2
(
Un + τ fn

)
dx. (10)

The second term from the left side (10) is transformed with integration in parts2, then the right-hand side is
estimated by the inequality Holder:

τ

∫
Ω

Un∇
(
En+1/2

)p
dx = −τ

∫
Ω

divUn
(
En+1/2

)p
dx + τ

∫
∂Ω

Unn
(
En+1/2

)p
dx = 0; (11)

−2τ

∫
Ω

Un+1/2∇
(
En+1/2

)p
dx = 2τ

∫
Ω

divUn+1/2
(
En+1/2

)p
dx− 2τ

∫
∂Ω

Un+1/2n
(
En+1/2

)p
dx = 0; (12)

2Of(6) follows divUn+1/2 = 0, consequently in equality (12) Un+1/2n = 0 [3; 46].
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p

∫
Ω

(
En+1/2

)p−1

Un+1/2Undx ≤ p

2p−1

∫
Ω

∣∣Un+1/2
∣∣2pdx


2p−1

2p
∫

Ω

∣∣Un
∣∣2pdx

 1
2p

; (13)

pτ

∫
Ω

(
En+1/2

)p−1

Un+1/2fndx ≤ τ p

2p−1

∫
Ω

∣∣Un+1/2
∣∣2pdx


2p−1

2p
∫

Ω

∣∣fn∣∣2pdx
 1

2p

. (14)

Now from the identity (10), using the relation (11)–(14), we arrive at the inequality

p

2p−1

∫
Ω

|Un+1/2|2pdx ≤

≤ p

2p−1

∫
Ω

|Un+1/2|2pdx


2p−1

2p


∫

Ω

|Un|2pdx

 1
2p

+ τ

∫
Ω

|fn|2pdx

 1
2p

 .

Where there is the estimate for the fractional step n+ 1/2 of the splitting method, that is (8) of the lemma 1.(∫
Ω

|Un+1/2|2pdx
) 1

2p ≤
(∫

Ω

|Un|2pdx
) 1

2p

+ τ
(∫

Ω

∣∣fn∣∣∣2pdx) 1
2p

or

‖Un+1/2‖Lp(Ω) ≤ ‖Un‖Lp(Ω) + τ‖fn‖Lp(Ω), ∀p = 2k, k ∈ N.

To obtain the estimate (9) for the whole step, multiply the equation (6) by vector function p(En+1)p−1Un+1

and integrate the result over Ω

2

∫
Ω

(
En+1

)p
dx− τpµ

∫
Ω

(
∆Un+1,Un+1

) (
En+1

)p−1
dx−

−τp
∫
Ω

(
∇|Un+1|2,Un+1

) (
En+1

)p−1
dx = p

∫
Ω

Un+1Un+1/2
(
En+1

)p−1
dx+

+τp

∫
Ω

Un+1fn(En+1)p−1dx. (15)

For the second term on the left side (15) we find

−τpµ
∫
Ω

(
∆Un+1,Un+1

)
(En+1)p−1dx = τpµ

∫
Ω

(En+1)p−1
3∑

α=1

(∇Un+1
α )2dx+

+τp(p− 1)µ

∫
Ω

(En+1)p−2(∇En+1)2dx ≥ 0, (16)

Taking into account (16) from (15) we have

2

∫
Ω

(En+1)pdx + τpµ

∫
Ω

(En+1)p−1
3∑

α=1

(∇Un+1
α )2dx+

+τp(p− 1)µ

∫
Ω

(En+1)p−2(∇En+1)2dx ≤

≤ p
∫
Ω

(En+1)p−1Un+1Un+1/2dx + τp

∫
Ω

(En+1)p−1Un+1fndx. (17)

10 Вестник Карагандинского университета
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The right-hand sides (17) are estimated using the Holder inequality, i.e.

p

∫
Ω

(
En+1

)p−1
Un+1Un+1/2dx ≤ p

2p−1

∫
Ω

∣∣Un+1
∣∣2pdx


2p−1

2p
∫

Ω

∣∣Un+1/2
∣∣2pdx

 1
2p

.

Hence, taking into account the estimate (8) for the fractional step n+ 1/2, we write

p

∫
Ω

(
En+1

)p−1
Un+1Un+1/2dx ≤ p

2p−1

∫
Ω

∣∣Un+1
∣∣2pdx


2p−1

2p
∫

Ω

∣∣Un
∣∣2pdx

 1
2p

(18)

and

τp

∫
Ω

(
En+1

)p−1
Un+1fndx ≤ τ p

2p−1

∫
Ω

∣∣Un+1
∣∣2pdx


2p−1

2p
∫

Ω

∣∣fn∣∣2pdx
 1

2p

. (19)

Now using (16), (18), (19) from inequalities (17) we obtain

p

2p−1

∫
Ω

(
Un+1

)2p
dx ≤ p

2p−1

∫
Ω

∣∣Un+1
∣∣2pdx


2p−1

2p
∫

Ω

∣∣Un
∣∣2pdx

 1
2p

+

τ
p

2p−1

∫
Ω

∣∣Un+1
∣∣2pdx


2p−1

2p
∫

Ω

∣∣fn∣∣2pdx
 1

2p

.

Where, dividing both parts by a positive value p
2p−1

(∫
Ω

∣∣Un+1
∣∣2pdx) 2p−1

2p

, write down

∫
Ω

| Un+1 |p dx

 1
p

≤

∫
Ω

∣∣Un
∣∣pdx

 1
p

+ τ

∫
Ω

∣∣fn∣∣pdx
 1

p

, ∀p = 2k, k ∈ N.

Which, summing over n = 0, 1, · · · ,M − 1, we have∫
Ω

| Un+1 |p dx

 1
p

≤

∫
Ω

∣∣Φ∣∣pdx
 1

p

+ T max
n

∫
Ω

∣∣fn∣∣pdx
 1

p

.

Or equivalently the norm of the space Lp(Ω) estimate (9) in Lemma, Q. E. D.
Corollary. For solutions of the splitting method schemes (4)–(5), the following estimates are valid:

max
0≤n≤M−1

‖Un+1‖L2(Ω) ≤ ‖Φ‖L2(Ω) + T max
0≤n<M

‖fn‖L2(Ω) ≡ R1, (20)

max
0≤n≤M−1

‖Un+1‖L4(Ω) ≤ ‖Φ‖L4(Ω) + T max
0≤n<M

‖fn‖L4(Ω) ≡ R2. (21)

M−1∑
n=0

τ

3∑
α=1

∥∥∇Un+1
α

∥∥2

L2(Ω)
≤ 1

µ

(∥∥Φ∥∥2

L2(Ω)
+ T/2(1 + T )

∥∥fn∥∥2

L2(Ω)

)
≡ R3, (22)

M−1∑
n=0

τ
∥∥∇En+1

∥∥2

L2(Ω)
≤ 1

2µ

(∥∥Φ∥∥
L4(Ω)

+ TR3
2

∥∥fn∥∥
L4(Ω)

)
≡ R4. (23)
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Proof. The estimates (20), (21) follow from (9) respectively at p = 2 and p = 4. To prove the estimate (22),
write (17) when p = 1∫

Ω

|Un+1|2dx + τµ

∫
Ω

3∑
α=1

(∇Un+1
α )2dx ≤

∫
Ω

Un+1Un+1/2dx + τ

∫
Ω

Un+1fndx. (24)

Where to the right parts, using successive inequalities 2ab ≤ (a2 + b2), (8) and Cauchy-Bunyakovsky, we get

τµ

∫
Ω

3∑
α=1

(
∇Un+1

α

)2
dx ≤

≤ 1

2

∫
Ω

|Un|2dx + τ ‖ Un+1 ‖L2(Ω)‖ fn ‖L2(Ω) .

Here, summing up n, we have

1

2

∫
Ω

|Un+1|2 dx + µ

M−1∑
n=0

τ

3∑
α=1

∫
Ω

(∇Un+1
α )2dx ≤

≤ 1

2

∫
Ω

|Φ|2 dx +

M−1∑
n=0

τ

∫
Ω

∣∣Un+1
∣∣2dx

 1
2
∫

Ω

∣∣fn∣∣2dx
 1

2

.

Where by virtue of the nonnegativity of the first integral in the left part and estimates (9), we arrive at an
inequality (22), i.e.

µ

M−1∑
n=0

τ

3∑
α=1

∥∥∇Un+1
α

∥∥2

L2(Ω)
≤ 1

2

∥∥Φ∥∥2

L2(Ω)
+ max

n

∥∥Un+1
∥∥
L2(Ω)

T max
n

∥∥fn∥∥
L2(Ω)

.

To prove (23) the estimate (17) we write at p = 2, replacing n with m

1

4

∫
Ω

|Um+1|4 dx + µτ

∫
Ω

Em+1
3∑

α=1

(
∇Um+1

α

)2
dx + 2µτ

∫
Ω

(
∇Em+1

)2
dx ≤

≤ 1

4

∫
Ω

| Um |4 dx + τ

∫
Ω

∣∣Um+1
∣∣4dx

 3
4
∫

Ω

∣∣fm∣∣4dx
 1

4

.

Which is the sum of m from 0 to n,

1

4

n∑
m=0

∫
Ω

|Um+1|4 dx + µ

n∑
m=0

τ

∫
Ω

Em+1
3∑

α=1

(∇Um+1
α )2dx+

+2µ

n∑
m=0

τ

∫
Ω

(∇Em+1)2dx ≤ 1

4

n∑
m=0

∫
Ω

| Um |4 dx+

+

n∑
m=0

τ
(∫

Ω

∣∣Um+1
∣∣4dx) 3

4
(∫

Ω

∣∣fm∣∣4dx) 1
4

.

Here, as in the previous case, we find

2µ

n∑
m=0

τ

∫
Ω

(∇Em+1)2dx ≤
∥∥Φ∥∥

L4(Ω)
+ T R3

2 max
0≤m≤M

∥∥fm∥∥
L4(Ω)

.

Where follows (23).
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Splitting method and the existence of a strong solution...

Having excluded from the subsystem (4), (5) a vector function with a fractional exponent {n+ 1/2} of the
splitting method, we obtain a system of the whole step

Um
t̄ − µ∆Um+1 + (Um,∇)Um+1 − 2∇Em+1 = fm, Um

t̄ =
(
Um+1 −Um

)
/τ, (25)

with initial boundary conditions

U0(x) = Φ(x), Um
∣∣
∂Ω

= 0, m = 0, 1, · · · ,M − 1. (26)

Theorem. If the input data of the problem (1) satisfy the requirements i), ii) and ∂Ω ∈ C2, then there is a
strong generalized solution to the U problem (1) and have place of evaluation of spaces

Um ∈W2,1
2,0(Ω) ∩ J̊∞(Ω),∀m ∈ N,

∥∥Um
t̄

∥∥2

L2(Ω)
≤ µ

3∑
α=1

∥∥∇Φα
∥∥2

L2(Ω)
+ 3T

∥∥fm∥∥2

L2(Ω)
≡ R6, (27)

∥∥∆Um
∥∥2

L2(Ω)
≤ R6/µ

2 ≡ R7, (28)∥∥∇Umα ∥∥2

L2(Ω)
≤ R6/µ ≡ R8, α = 1, 3, (29)

‖Um‖W2
2(Ω) ≤ R9‖∆Um‖L2(Ω), R9 − const, ∀m ∈ N. (30)

Proof. In order to establish inequalities (27)–(29) from the equation (25) we pass to the identity∫
Ω

(
Um
t̄ − µ∆Um+1

)2
dx =

∫
Ω

(
fm − (Um,∇)Um+1 + 2∇Em+1

)2
dx.

We square the integrals and from which we turn to inequality

n∑
m=0

τ

∫
Ω

((
Um
t̄

)2
+
(
µ∆Um+1

)2 − 2µUm
t̄ ∆Um+1

)
dx ≤ 3T max

m
‖fm‖L2(Ω)+

+3

n∑
m=0

τ

∫
Ω

|(Um,∇)Um+1|2dx + 12

n∑
m=0

τ‖∇Em+1‖2L2(Ω). (31)

Then pair work on the left side, converting with integration by parts, find the inequality

−2µ

n∑
m=0

τ

∫
Ω

Um
t̄ ∆Um+1dx ≥ µ

3∑
α=1

∫
Ω

|∇Un+1
α |2dx− µ

3∑
α=1

∫
Ω

∣∣∇Φα
∣∣2dx. (32)

In the right part of such force on Young’s inequality at ε = 1 and p = 2:

3

n∑
m=0

τ

∫
Ω

|(Um,∇)Um+1|2dx ≤ 3 max
m
‖Um‖2L2(Ω)

n∑
m=0

τ

3∑
α=1

‖∇Uαm+1‖2L2(Ω) = 3R1R3.

As a result, from (31), taking into account (32) and estimates from Lemmas we obtain the inequalities (27)–(29)
for strong generalized solutions of the problem (1a)–(1b).

Since the boundary of the domain ∂Ω ∈ C2 find the estimate (30), using inequalities from [4], just for any
functions U(x) ∈W 2

2 (Ω) ∩W 2
2,0(Ω):

‖Um‖W2
2(Ω) ≤ R9‖∆Um‖L2(Ω), ∀m ∈ N, R9 − const.

Theorem is proved.
To show the compactness and existence of solutions, we denote a set of approximate solutions of systems

with initial-boundary conditions (4)–(7) via {Uτ}, and the predicted values on the interval [0, T ]− through Ũτ .
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Of the estimates (27)–(30) implies the uniform boundedness the norms of interpolating functions
Ũτ ∈ W2,1

2,0(Ω) ∩ J̊∞(Ω). Consequently, the set {Ũτ} strongly compact in the space W 1
2 (Q). From it you can

select convergent subsequence. It will converge strongly in W 1
2 (Q) to some elements U(t, x) ∈W 1

2 (Q).
The second derivatives and nonlinear terms, respectively, will have its weak limits in L2(Q).
Remark. In [4] for some difference schemes corresponding to three-dimensional system of non-linear Burgers

equations, proved stability in the space `p,∀p.
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Ә.Ш. Ақыш (Ақышев)

Навье-Стокс теңдеуiнiң ыдырату әдiсi және
әлдi шешiмнiң табылатындығы

Журналдың өткен санындағы автордың мақаласында үшөлшемдi Навье-Стокс теңдеулерi (НСТ) ше-
шiмдерiнiң қасиеттерiнен қысым мен жылдамдық векторы модулi квадратының арақатынас байла-
нысы табылған. Осы нәтиже негiзiнде НСТ-ның шешiлетiндiгi көрсетiлген. Зерттеушiнiң таңдаған
кеңiстiгiнде үшөлшемдi НСТ-ға қойылған есептiң әлсiз шешiмiнiң жалқылығы мен әлдi шешiмiнiң
ұзақ уақыт бойы табылатындығы дәлелденген. Бұл алынған нәтиже НСТ-ның математикалық са-
па теориясын дамытуға әрi қарай да өз үлесiн қоса бермек. Ал қазiргi шақтағы өзектi мәселелердiң
негiзгiсiнiң бiрi — қойылған есептiң шешiмiн табу үшiн математикалық әдiстердiң ыңғайлы бiреуiн
негiздеу. Мақалада НСТ-ның шешiмiн табуға қолайлы әдiс ретiнде ыдырату әдiсi таңдалған. Әдiс
негiзделiп, әлдi шешiмдi табу алгоритмi ұсынылған.

Кiлт сөздер: Навье-Стокс теңдеулерi, Навье-Стокс теңдеулерiне ыдырату әдiсi, Навье-Стокс теңдеу-
лерiнiң шешiмiнiң табылатындығы, әлдi шешiмдi табу алгоритмi.

А.Ш. Акыш (Акишев)

Метод расщепления и существование сильного
решения уравнений Навье-Стокса

В предыдущем номере данного журнала в статье автора установлено соотношение между давлением
и квадратом модуля вектора скорости из свойств решений УНС, на основе чего доказаны единствен-
ность слабых и существование сильных решений задачи для трехмерных уравнений Навье-Стокса в
целом по времени. Результат является вкладом в качественную математическую теорию уравнений
Навье-Стокса. Однако одной из актуальных проблем в теории уравнения Навье-Стокса является вы-
бор математического метода для доказательства теоремы существования. В настоящей работе выбран
метод расщепления для решения уравнений Навье-Стокса. Дано обоснование этого метода. Показана
компактность последовательности решений, тем самым доказано существование сильных решений
задачи для трехмерных уравнений Навье-Стокса в целом по времени.

Ключевые слова: уравнения Навье-Стокса, метод расщепления для уравнений Навье-Стокса, компакт-
ность, существование сильных решений, алгоритм определения сильных решений.
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Some new integral inequalities for (s,m)-convex and
(α,m)-convex functions

The paper considers several new integral inequalities for functions the second derivatives of which, with
respect to the absolute value, are (s,m)-convex and (α,m)-convex functions. These results are related
to well-known Hermite-Hadamard type integral inequality, Simpson type integral inequality, and Jensen
type inequality. In other words, new upper bounds for these inequalities using the indicated classes of
convex functions have been obtained. These estimates are obtained using a direct definition for a convex
function, classical integral inequalities of Hölder and power mean types. Along with the new outcomes, the
paper presents results confirming the existing in literature upper bound estimates for integral inequalities
(in particular well known in literature results obtained by U. Kırmacı in [7] and M.Z. Sarıkaya and N. Aktan
in [35]). The last section presents some applications of the obtained estimates for special computing facilities
(arithmetic, logarithmic, generalized logarithmic average and harmonic average for various quantities).

Keywords: convex function, (s,m)-convex, (α,m)-convex, Hermite–Hadamard inequalitiy, Jensen inequality,
Hölder inequality, power mean inequality.

Introduction

Convexity has become a very attractive topic for many authors over the past decades, since it has applications
in many areas of pure and applied mathematics. The following basic two definitions are well known in the
literature [1]:

Definition 1. The function f : [a, b]→ R, is said to be convex, if we have

f (λx+ (1− λ) y) ≤ λf (x) + (1− λ) f (y)

for all x, y ∈ [a, b] and λ ∈ [0, 1] .
Definition 2. A function f : [a, b]→ R is called either midconvex or convex in the Jensen sence, or J–convex

on [a, b] if for all points x, y ∈ [a, b] the inequality

f

(
x+ y

2

)
≤ f(x) + f(y)

2
(1)

is valid. Many important inequalities are established for the class of convex functions, but one of the most
important is so called Hermite–Hadamard’s inequality (or Hadamard’s inequality). This double inequality is
stated as follows in literature:

Let f : I ⊆ R→ R be a convex function and let a, b ∈ I, with a < b. The following double inequality:

f

(
a+ b

2

)
≤ 1

b− a

b∫
a

f(x)dx ≤ f(a) + f(b)

2
. (2)

The above inequality is in the reversed direction if f is concave.
In [2] Toader defines the m-convexity:
Definition 3. Let real function f be defined on a nonempty interval I of real numbers R. The function f is

said to be m-convex on I if inequality

f (λx+m (1− λ) y) ≤ λf(x) +m(1− λ)f(y)

holds for all x, y ∈ I and m,λ ∈ [0, 1] .
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In [3] Breckner defined a new class of functions that are s-convex in the second sense:
Definition 4. f : [0,∞)→ R is said to be s-convex function in the second sense if

f (λx+ (1− λ) y) ≤ λsf (x) + (1− λ)
s
f (y)

holds for all x, y ∈ [0,∞), λ ∈ [0, 1] and for some fixed s ∈ (0, 1]. It is clear that the ordinary convexity of
functions defined on [0,∞) for s = 1.

In [4] Miheşan introduced the following class of functions:
Definition 5. f : [0,∞)→ R is said to be (α,m)-convex function if

f (λx+ (1− λ) y) ≤ λαf (x) +m (1− λα) f (y)

holds for all x, y ∈ [0,∞), λ ∈ [0, 1]; and for some fixed α,m ∈ (0, 1].
A series of works ([5–38] and references therein) devoted to (α,m)-convex and (s,m)-convex functions and

established some Hermite-Hadamard, Ostrovski, Jensen et al. type inequalities (1) and (2).
The following theorem was proved by Dragomir and Pearce, in [5]:
Theorem 1. Let f : [0,∞)→ R be a m-convex function with m ∈ (0, 1]. If 0 ≤ a < b <∞ and f ∈ L1[a, b],

then one has the inequality:

1

b− a

∫ b

a

f(x)dx ≤ min

{
f(a) +mf( bm )

2
,
f(b) +mf( am )

2

}
. (3)

Some generalizations of this result can be found in [36–38].
In [6] Özdemir et al. the following lemma is proved.
Lemma 1. Let f : I ⊆ R → R be a twice differentiable mapping on I◦ (I◦ is interior of I), where a, b ∈ I

and m ∈ (0, 1]. If f ′′ ∈ L[a, b], then the following equality holds

f(a) + f(mb)

2
− 1

mb− a

∫ mb

a

f(x)dx =

=
(mb− a)2

2

∫ 1

0

(t− t2)f ′′(ta+m(1− t)b)dt. (4)

In [7], Kırmacı proved the following lemma
Lemma 2. Let f : I ⊂ R→ R be twice differentiable function on I◦ with f

′′ ∈ L[a, b]. Then we have

(b− a)2

2
(I1 + I2) =

1

b− a

∫ b

a

f(x)dx− 1

2

[
f(a) + f(b)

2
+ f

(
a+ b

2

)]
, (5)

where

I1 =

∫ 1/2

0

t (t− 0.5) f ′′(ta+ (1− t)b)dt, I2 =

∫ 1

1/2

(t− 0.5) (t− 1) f ′′(ta+ (1− t)b)dt

and I◦ denotes the interior of I.
In [8] B. Bayraktar and M. Gürbüz the following lemma is proved.
Lemma 3. Let f : I ⊂ R → R be a twice differentiable function on I◦(I◦is interior of I), where a, b ∈ I.

If f
′′ ∈ L [a, b], then we have

f(a) + f(mb)

2
− f

(
a+mb

2

)
=

=
(mb− a)2

2

[∫ 1/2

0

tf ′′(at+m(1− t)b)dt+

∫ 1

1/2

(1− t)f ′′(at+m(1− t)b)dt

]
. (6)

In this paper we give some integral inequalities of Hadamard type and inequalities Jensen type for twice
differentiable (s,m)-convex and (α,m)-convex functions and give some applications to the special means of real
numbers.
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Some new integral inequalities for (s,m)-convex...

1 Some new results for (s,m)-convex functions

We start with the definition [9] of a (s,m)-convex functions.
Definition 6. For some fixed s ∈ (0, 1] and m ∈ [0, 1] a mapping f : I ⊂ [0,∞) → R is said to be

(s,m)-convex in the second sense on I if

f(tx+m(1− t)y) ≤ tsf(x) +m(1− t)sf(y)

holds for all x, y ∈ I and t ∈ [0, 1].
It should be noted that the following proposition is true:
Proposition 1. Any m-convex function is (s,m)-convex function.
Proof. Indeed, for m-convex functions we have

f(tx+m(1− t)y) ≤ tf(x) +m(1− t)f(y), ∀ m, t ∈ [0, 1].

Since t ≤ ts and 1− t ≤ (1− t)s for all s ∈ (0, 1] then we can write

tf(x) +m(1− t)f(y) ≤ tsf(x) +m(1− t)sf(y)

and then
f(tx+m(1− t)y) ≤ tsf(x) +m(1− t)sf(y).

The proof is completed.
Theorem 2. Let f : [0,∞) → R be an (s,m)-convex function with s,m ∈ (0, 1]. If 0 ≤ a < b < ∞ and

f ∈ L[a, b], then has the inequality:

1

b− a

∫ b

a

f(x)dx ≤ 1

s+ 1

[
f(a) +mf( bm )

2
+
f(b) +mf( am )

2

]
. (7)

Proof. It’s obvious that∫ 1

0

f(ta+ (1− t)b)dt =

∫ 1

0

f((1− t)a+ tb)dt =
1

b− a

∫ b

a

f(x)dx; (8)

and ∫ 1

0

[f(ta+ (1− t)b) + f((1− t)a+ tb)] dt =
2

b− a

∫ b

a

f(x)dx. (9)

Since the function f is (s,m)-convex functions for all t ∈ [0, 1]

f(ta+ (1− t)b) = f

(
ta+m(1− t) b

m

)
≤ tsf(a) +m(1− t)sf

(
b

m

)
and

f(tb+ (1− t)a) ≤ tsf(b) +m(1− t)sf
( a
m

)
then ∫ 1

0

[f(ta+ (1− t)b) + f((1− t)a+ tb)] dt ≤

≤
∫ 1

0

[
tsf(a) +m(1− t)sf

(
b

m

)]
dt+

∫ 1

0

[
tsf(b) +m(1− t)sf

( a
m

)]
dt =

=
f(a) +mf( bm )

s+ 1
+
f(b) +mf( am )

s+ 1
.

Taking into account equality (9) completes the proof.
Remark 1. From (7) for m = 1 and s = 1 we have right hand inequality (2)

1

b− a

∫ b

a

f(x)dx ≤ f(a) + f(b)

2
.
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Corollary 1. It is obvious that for (s,m)-convex functions the inequalities

1

b− a

∫ b

a

f(x)dx ≤ min

{
f(a) +mf( bm )

s+ 1
,
f(b) +mf( am )

s+ 1

}
. (10)

Proof. Since the ∫ 1

0

f(ta+ (1− t)b)dt ≤
f(a) +mf( bm )

s+ 1

and ∫ 1

0

f(tb+ (1− t)a)dt ≤
f(b) +mf( am )

s+ 1

and taking into account equalities (8) we have (10).
Remark 2. If we choose s = 1 from (10) we have (3).
Theorem 3. Let f : I ⊂ [0, b∗] → R be a twice differentiable mapping on I◦such that f ′′ ∈ L[a, b] where

a, b ∈ I. If |f ′′|q is (s,m)-convex on [a, b] for s,m ∈ (0, 1], q ≥ 1, then the following inequality holds

f(a) + f(mb)

2
≤ (11)

≤ (mb− a)2

2

(|f ′′(a)|q +m|f ′′(b)|q)1/q

61− 1
q (s+ 2)(s+ 3)

.

Proof. Suppose that q = 1. From (4) and using the (s,m)-convexity of |f ′′|, we have∣∣∣∣∣f(a) + f(mb)

2
− 1

mb− a

∫ mb

a

f(x)dx

∣∣∣∣∣ ≤ (mb− a)2

2

∫ 1

0

(t− t2) |f ′′(ta+m(1− t)b)| dt ≤

≤ (mb− a)2

2

∫ 1

0

(t− t2) [ts |f ′′(a)|+m(1− t)s |f ′′(b)|)] dt =

=
(mb− a)2

2

1

(s+ 2)(s+ 3)
(|f ′′(a)|+m |f ′′(b)|)

which completes the proof for q = 1.
Suppose now that q > 1. From (4) in Lemma 1 and using the Hölder’s integral inequality for q > 1, we have∫ 1

0

(t− t2) |f ′′(ta+m(1− t)b)| dt = (12)

=

∫ 1

0

(t− t2)
1
p (t− t2)

1
q |f ′′(ta+m(1− t)b)| dt ≤

≤
[∫ 1

0

(
(t− t2)

1

p

)p
dt

] 1
p
(∫ 1

0

[
(t− t2)

1
q |f ′′(ta+m(1− t)b)|

]q
dt

) 1
q

,

where 1
q + 1

p = 1.

Since |f ′′|q is (s,m)-convex on[a, b], we know that for all t ∈ [0, 1],

|f ′′(ta+m(1− t)b)|q ≤ ts |f ′′(a)|q +m(1− t)s |f ′′(b)|q . (13)

From (12) and (13) we have∣∣∣∣∣f(a) + f(mb)

2
− 1

mb− a

∫ mb

a

f(x)dx

∣∣∣∣∣ ≤ (mb− a)2

2

(
1

6

) 1
p

×

×
[
|f ′′(a)|q

∫ 1

0

(t− t2)tsdt+m |f ′′(b)|q
∫ 1

0

(t− t2)(1− t)sdt
]
,
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here ∫ 1

0

(t− t2)tsdt =
1

(s+ 2)(s+ 3)
and

∫ 1

0

(t− t2)(1− t)sdt =
1

(s+ 2)(s+ 3)
,

we have (11). The proof is completed.
Corollary 2. From (11) for s = m = q = 1, we have estimates obtained by Sarıkaya and Aktan (see [35],

Proposition 2): ∣∣∣∣∣f(a) + f(mb)

2
− 1

mb− a

∫ mb

a

f(x)dx

∣∣∣∣∣ ≤ (b− a)2

24
[|f ′′(a)|+ |f ′′(b)|] .

Theorem 4. Let f : I ⊂ R → R, I ⊂ [0,∞), be twice differentiable function on I◦ such that f
′′ ∈ L [a, b]

with 0 ≤ a < b <∞. If
∣∣∣f ′′ ∣∣∣ is (s,m)-convex function with s,m ∈ (0, 1] then we have

1

b− a

∫ b

a

f(x)dx− 1

2

[
f(a) + f(b)

2
+ f

(
a+ b

2

)]
≤

≤ (b− a)2

2
ξ(1 + τ)

[
|f ′′(a)|+m

∣∣∣∣f ′′( b

m

)∣∣∣∣] , (14)

where

ξ =
1

(s+ 2)(s+ 3)2s+3
and τ =

2s+2(s− 1) + s+ 5

s+ 1

Proof. Since f ′′ is a (s,m)-convex function

f ′′(ta+ (1− t)b) = f ′′
(
ta+m(1− t) b

m

)
≤ tsf(a) +m(1− t)sf

(
b

m

)
,∀t ∈ [0, 1]

From equality (5) and using the triangle inequality, we can write∣∣∣∣∣ 1

b− a

∫ b

a

f(x)dx− 1

2

[
f(a) + f(b)

2
+ f

(
a+ b

2

)]∣∣∣∣∣ ≤
≤ |f ′′(a)|

∫ 1/2

0

ts+1 (0.5− t) dt+m

∣∣∣∣f ′′( b

m

)∣∣∣∣ ∫ 1/2

0

t (0.5− t) (1− t)s dt +

+ |f ′′(a)|
∫ 1

1/2

ts (t− 0.5) (1− t)dt+m

∣∣∣∣f ′′( b

m

)∣∣∣∣ ∫ 1

1/2

(t− 0.5) (1− t)s+1
dt. (15)

Obviously, the first and third integrals are easy to calculate:∫ 1/2

0

ts+1 (0.5− t) dt = ξ,

∫ 1

1/2

ts (t− 0.5) (1− t)dt = ξτ.

If we do 1− t = z transformations in second and fourth integrals, we get:∫ 1

1/2

(t− 0.5) (1− t)s+1
dt = ξ and

∫ 1/2

0

t (0.5− t) (1− t)s dt = ξτ.

Substituting the values of the integrals in inequality (15) and completing the grouping, we complete the proof.
Corollary 3. Let f : I → R, I ⊂ [0,∞) be twice differentable function on I◦ such as f ′′ ∈ L[a, b],

0 ≤ a < b <∞. If |f ′′| is m-convex with m ∈ (0, 1] then we have∣∣∣∣∣ 1

b− a

∫ b

a

f(x)dx− 1

2

[
f(a) + f(b)

2
+ f

(
a+ b

2

)]∣∣∣∣∣ ≤
≤ (b− a)2

96

[
|f ′′(a)|+m

∣∣∣∣f ′′( b

m

)∣∣∣∣] . (16)
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Proof. In inequality (14) if we choose s = 1 we have:

ξ =
1

(s+ 2)(s+ 3)2s+3
=

1

3 · 26
; τ =

2s+2(s− 1) + s+ 5

s+ 1
= 3, ξ(1 + τ) =

1

48

and from (14) we get (16). The proof is completed. This inequality were obtained by Kırmacı (see [7], Corollary 1).
Corollary 4. If ‖f ′′‖∞ = sup

x∈[a,b]

|f ′′(x)| <∞ and m ∈ (0, 1], we have

∣∣∣∣∣ 1

b− a

∫ b

a

f(x)dx− 1

2

[
f(a) + f(b)

2
+ f

(
a+ b

2

)]∣∣∣∣∣ ≤ (b− a)2

96
(1 +m) ‖f ′′‖∞ .

Also putting m = 1 we get inequality∣∣∣∣∣ 1

b− a

∫ b

a

f(x)dx− 1

2

[
f(a) + f(b)

2
+ f

(
a+ b

2

)]∣∣∣∣∣ ≤ (b− a)2

48
‖f ′′‖∞ .

The same estimates were obtained by U. Kırmacı (see [7], Remark 1).

2 Some new results for (α,m)-convex functions

The following theorem gives an upper estimate the value of the inequality (1) for a (α,m)-convex function.
Theorem 5. Let f : [0,∞)→ R be twice differentiable function on I◦ such as f

′′ ∈ L [a, b] with
0 ≤ a < b <∞. If b

m ∈ I
◦ and

∣∣∣f ′′ ∣∣∣ is (α,m)-convex function with α,m ∈ (0, 1] then we have∣∣∣∣f(a) + f(mb)

2
− f

(
a+mb

2

)∣∣∣∣ ≤ (17)

≤ (mb− a)2

2

[
(ζ + η) |f ′′(a)|+m |f ′′(b)|

∣∣∣∣14 − (ζ + η)

∣∣∣∣] ,
where

ζ =
1

(α+ 2) 2α+2
and η =

2α+2 − α− 3

(α+ 1) (α+ 2) 2α+2
.

Proof. Using the triangle inequality for the equality (6) in Lemma 3, we can write

f(a) + f(mb)

2
− f

(
a+mb

2

)
≤ (mb− a)2

2
×

×

[∣∣∣∣∣
∫ 1/2

0

tf ′′(at+m(1− t)b)dt

∣∣∣∣∣+

∣∣∣∣∣
∫ 1

1/2

(1− t)f ′′(at+m(1− t)b)dt

∣∣∣∣∣
]

=

=
(mb− a)2

2
(|I1|+ |I2|) . (18)

Since f ′′ is a (α,m)-convex function

|I1| ≤
∫ 1/2

0

t|f ′′(at+m(1− t)b)|dt ≤ |f ′′(a)|
∫ 1/2

0

tα+1dt+m|f ′′(b)|
∫ 1/2

0

t (1− tα) dt =

=
1

(α+ 2)2α+2
|f ′′(a)|+m|f ′′(b)|

∣∣∣∣18 − 1

(α+ 2t)2α+2

∣∣∣∣ =

= ζ|f ′′(a)|+m|f ′′(b)|
∣∣∣∣18 − ζ

∣∣∣∣ .
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For the second integral |I2| we can write

|I2| ≤ |f ′′(a)|
∫ 1

1/2

tα (1− t) dt+m |f ′′(b)|
∫ 1

1/2

(1− t) (1− tα) dt =

=
2α+2 − α− 3

(α+ 1) (α+ 2) 2α+2
|f ′′(a)|+m |f ′′(b)|

∣∣∣∣18 − 2α+2 − α− 3

(α+ 1) (α+ 2) 2α+2

∣∣∣∣ =

= η |f ′′(a)|+m |f ′′(b)|
∣∣∣∣18 − η

∣∣∣∣ .
Substituting these inequalities for |I1| and |I2| into inequality (18), we complete the proof.

Corollary 5. In inequality (17) if we choose α = 1 and m = 1 we have:∣∣∣∣f(a) + f(b)

2
− f

(
a+ b

2

)∣∣∣∣ ≤ (b− a)2

16
[|f ′′(a)|+ |f ′′(b)|] .

The same estimates were obtained by Bayraktar and Gürbüz (see [8], Corollary 2.2).
Theorem 6. Let f : I = [0, b∗] → R be a twice differentiable function on I◦ such as f ′′ ∈ L[a, b] where

a, b ∈ I◦. If b
m ∈ I

◦ and |f ′′|q is (α,m)-convex on I, for α,m ∈ (0, 1] and q ≥ 1, the following inequality holds∣∣∣∣f(a) + f(mb)

2
− f

(
a+mb

2

)∣∣∣∣ ≤ (mb− a)2

24− 3
q

× F,

where

F =

[
η |f ′′(a)|q +m|1

8
− η| |f ′′(b)|q

] 1
q

+

[
ζ |f ′′(a)|q +m|1

8
− ζ| |f ′′(b)|q

] 1
q

;

η =
1

(α+ 2) 2α+2
and ζ =

2α+2 − 1

(α+ 1) (α+ 2) 2α+2
.

Proof. Using the triangle inequality for the equality (6) in Lemma , we can write∣∣∣∣f(a) + f(mb)

2
− f

(
a+mb

2

)∣∣∣∣ ≤
≤ (mb− a)2

2

[∫ 1/2

0

t |f ′′(ta+m(1− t)b)| dt+

∫ 1

1/2

(1− t) |f ′′(ta+m(1− t)b)| dt

]
=

=
(mb− a)2

2
(I1 + I2) . (19)

Using the power mean inequality and (α,m)-convexity of |f ′′|q on [a, b] we get

I1 ≤

(∫ 1/2

0

tdt

)1− 1
q
[∫ 1/2

0

t |f ′′(at+m(1− t)b)|q dt

] 1
q

≤

≤ 2
3(1−q)
q

[
|f ′′(a)|q

∫ 1/2

0

tα+1dt+m |f ′′(b)|q
∣∣∣∣∣
∫ 1/2

0

t(1− tα)dt

∣∣∣∣∣
] 1
q

.

And calculating these integrals, we have

I1 ≤ 2
3(1−q)
q

[
η |f ′′(a)|q + |1

8
− η|m |f ′′(b)|q

] 1
q

. (20)

Similarly for I2 we can write

I2 ≤

(∫ 1

1/2

(1− t) dt

)1− 1
q
[∫ 1

1/2

(1− t) |f ′′(at+m(1− t)b)|q dt

] 1
q

≤
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≤ 2
3(1−q)
q

[
|f ′′(a)|q

∣∣∣∣∣
∫ 1

1/2

tα (1− t) dt

∣∣∣∣∣+m |f ′′(b)|q
∣∣∣∣∣
∫ 1

1/2

(1− t) (1− tα)dt

∣∣∣∣∣
] 1
q

.

And calculating these integrals, we have

I2 ≤ 22
3(1−q)
q

[
ζ |f ′′(a)|q +m|1

8
− ζ| |f ′′(b)|q

] 1
q

. (21)

Substituting these inequalities for (20) and (21) into inequality (19) and rearranging we complete the proof.
Corollary 6. In Theorem 6 if we choose α = m = q = 1, we have∣∣∣∣f(a) + f(b)

2
− f

(
a+ b

2

)∣∣∣∣ ≤ (b− a)2

32
[3 |f ′′(a)|+ |f ′′(b)|] .

3 Applications to special means

We now consider the means for arbitrary real numbers α, β (α 6= β). We take

1 Arithmetic mean : A(α, β) = α+β
2 .

2 Logarithmic mean : L(α, β) = α−β
ln|α|−ln|β| , |α| 6= |β| , α, β 6= 0.

3 Generalized log-mean: Ln(α, β) =
[
βn+1−αn+1

(n+1)(β−α)

] 1
n

, n ∈ Z\{−1, 0}, α, β ∈ R+.

4 Harmonic mean : H = H(a, b) = 2αβ
α+β , α+ β 6= 0.

Now, using some results, we give some applications to special means of real numbers.
Proposition 2. Let a, b ∈ R+, a < b and n ∈ Z\{−1}. Then we have

|Lnn(a, b)−A [A(an, bn), An(a, b)]| ≤ (b− a)
2

48
n(n− 1)A(an−2, bn−2).

Proof. The assertion follows from Corollary 3 for m = 1 applied to the (s,m)-convex function f(x) = xn,
x ∈ R.

Proposition 3. Let a, b ∈ R+, a < b then we have

∣∣L−1(a, b)−A
[
H−1(a, b), A−1(a, b)

]∣∣ ≤ (b− a)
2

24
H−1(a3, b3).

Proof. The assertion follows from Corollary 3 for m = 1 applied to the (s,m)-convex function f(x) = 1
x ,

x ∈ R+.
Proposition 4. Let a, b ∈ R+, a < b and n ∈ Z\{−1}. Then, we have

|A(an, bn)−An(a, b)| ≤ (b− a)2

8
n(n− 1)A(an−2, bn−2).

Proof. The assertion follows from Corollary 5 applied to the (s,m)-convex function f(x) = xn, x ∈ R.
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4 Miheşan, V.G. (1993). A generalisation of the convexity. Seminar on functional equations, Approximation
and Convex., Cluj-Napoca.

5 Dragomir, S., & Pearse, C.E.M. (2000). Selected Topics on Hermite–Hadamard Inequalities and
Applications. RGMIA Monographs, Victoria University, ONLINE. rgmia.org. Retrieved from
http://rgmia.org/papers/monographs/Master.pdf.
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Б. Байрактар, В.Ч. Кудаев

(S,m)-дөңес және (α,m)-дөңес функциялар үшiн
кейбiр жаңа интегралдық теңсiздiктер

Мақалада (s,m)-дөңес және (α,m)-дөңес функциялар үшiн бiрнеше жаңа интегралдық теңсiздiктер
ұсынылған. Бұл нәтижелер жақсы белгiлi Эрмит-Адамар типтi интегралдық теңсiздiкпен, Симп-
сон типтi интегралдық теңсiздiкпен және Йенсен типтi теңсiздiкпен байланысты. Басқаша айтқанда,
дөңес функциялардың көрсетiлген кластар арқылы осы теңсiздiктер үшiн жоғарыдан жаңа баға-
лар алынды. Мақалада келтiрiлген нәтижелер дөңес функциялардың анықтамаларын тiкелей пай-
далануы мен Гельдер типтi және дәрежелiк орташа типтi классикалық интегралдық теңсiздiктердi
қолдану арқылы алынды. Жаңа нәтижелермен бiрге авторлар әдебиеттегi интегралдық теңсiздiк-
терге арналған жоғары шекара бағаларын растайтын нәтижелерге қолжеткiздi (дербес жағдайда
M.Z. Sarıkaya және N. Aktan [35] және U. Kırmacı [7] алынған әдебиеттердегi жақсы белгiлi нәти-
желер). Мақаланың соңғы бөлiмiнде арнайы есептеу құралдары үшiн алынған бағаларды кейбiр қо-
сымшалары келтiрiлген, яғни әртүрлi шамалар үшiн арифметикалық, логарифмдiк, жалпыланған
логарифмдiк орташа және гармоникалық орташа.

Кiлт сөздер: дөңес функция, (s,m)-дөңес, (α,m)-дөңес, Эрмит-Адамар теңсiздiгi, Йенсен теңсiздiгi,
Гёльдер теңсiздiгi, орташа дәрежелi үшiн теңсiздiк.
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Б. Байрактар, В.Ч. Кудаев

Некоторые новые интегральные неравенства для
(s,m)-выпуклых и (α,m)-выпуклых функций

В статье представлено несколько новых интегральных неравенств для (s,m)-выпуклых и (α,m)-
выпуклых функций. Эти результаты связаны с хорошо известным интегральным неравенством типа
Эрмита-Адамара, интегральным неравенством типа Симпсона и с неравенством типа Йенсена. Други-
ми словами, получены новые оценки сверху для этих неравенств с использованием указанных классов
выпуклых функций. Представленные результаты получены с помощью непосредственно определения
выпуклых функций, а также классических интегральных неравенств типа Гельдера и типа степенно-
го среднего. Наряду с новыми результатами авторами получены результаты, подтверждающие суще-
ствующие в литературе оценки верхних границ для интегральных неравенств (в частности, хорошо
известные в литературе результаты M.Z. Sarıkaya и N. Aktan в [35] и U. Kırmacı в [7]). В последнем
разделе статьи приведены некоторые приложения полученных оценок для специальных вычислитель-
ных средств, а именно: арифметическое, логарифмическое, обобщенное логарифмическое, среднее и
среднее гармоническое для различных величин.

Ключевые слова: выпуклая функция, (s,m)-выпуклая, (α,m)-выпуклая, неравенство Эрмита-Адамара,
неравенство Йенсена, неравенство Гёльдера, неравенство для среднестепенного.
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Best trigonometric approximation and modulus of smoothness
of functions in weighted grand Lebesgue spaces

In this work, first of all, Lp),θω (T) weighted grand Lebesgue spaces and Muckenhoupt weights is defined.
The information about properties of these spaces is given. Let Tn be the trigonometric polynomial of best
approximation. The approximation of the functions in grand Lebesgue spaces have been investigated by
many authors. In this work the relation between fractional derivatives of a Tn trigonımetric polynomial and
the best approximation of the function is investigated in weighted grand Lebesgue spaces. In that regard,
the neccessary and sufficient condition is expressed in Theorem 1. In addition, in this work in weighted
grand Lebesgue spaces a specific operator is defined. Later on, with the help of this operator the fractional
modules of smoothness of order r of function f is defined. Also, in this work, using the properties of modulus
of smoothness of function, the relationship between the fractional modulus of smoothness of the function
and n−th partial and de la Vallée-Poussin sums of its Fourier series in subspace of weighted grand Lebesgue
spaces are studied. These results are expressed in Theorem 2.

Keywords: heneralized grand Lebesgue spaces, fractional derivative, fractional moduli of smoothness,
n− th partial sums, de la Vallée-Poussin sums, best approximation by trigonometric polynomials.

Introduction and the main results

Let T denote the interval [−π, π]. We denote by Lp(T), 1 ≤ p ≤ ∞, the Lebesgue space of all measurable
functions f on T, that is, the space of all such functions for which

‖f‖p =

∫
T

|f(x)|p dx

1/p

<∞.

A function ω is called a weight on T if ω : T → [0,∞] is measurable and ω−1({0,∞}) has measure zero
(with respect to Lebesgue measure).

Let ω be a 2π periodic weight function. We denote by Lpω(T), 1 < p <∞, the weighted Lebesgue space of
all measurable functions on T for which the norm

‖f‖p =

∫
T

|f(x)|p ωdx

1/p

<∞.

We define a class L
p),θ
ω (T), θ > 0 of 2π periodic measurable functions on T satisfying the condition

sup
0<ε<p−1

 εθ

2π

∫
T

|f(x)|p−ε ω(x)dx


1/(p−ε)

<∞.

The class L
p),θ
ω (T), θ > 0, is a Banach space with respect to the norm

‖f‖
L
p),θ
ω (T)

:= sup
0<ε<p−1

εθ 1

2π

∫
T

|f(x)|p−ε ω(x)dx


1/(p−ε)

. (1)
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The class Lp),θω (T) with the norm (1) is called as the weighted generalized grand Lebesgue space. Note that
non- weighted grand Lebesgue space Lp)(T) was introduced by Iwaniec and Sbordone [1]. Information about
properties of these spaces can be found in [2–4]. The embeddings

Lp(T) ⊂ Lp)(T) ⊂ Lp−ε,

hold. According to [2] Lp(T) is not dense in Lp)(T). Also, if θ1 < θ2 and 1 < p < ∞, for weighted generalized
grand Lebesgue space, the following relations hold:

Lpω(T) ⊂Lp),θ1ω (T) ⊂Lp),θ2ω (T) ⊂Lp−ε,ω (T).

The closure of the space Lp(T) by the norm of Lp),θω (T), θ > 0, we denote by L̃p,θω (T).
Let 1 < p <∞ and let Ap(T) be the collection of all weights on T satisfying the condition

sup
I

(
1

|I|

∫
I

ω(x)pdx

)1/p(
1

|I|

∫
I

[ω(x)]−1/(p−1)dx

)p−1

<∞, (2)

where the supremum is taken over all intervals I with length |I| ≤ 2π. The condition (2) is called the
Muckenhoupt -Ap condition [5] and the weight functions which belong to Ap(T), (1 < p < ∞), are called
as the Muckenhoupt weights.

Suppose that f ∈ Lp),θω . We define the operator by

Ahf(x) :=
1

h

x+h
2∫

x−h2

f(t)dt, x ∈ T 0 < h ≤ 1.

Note that 0 < p <∞, θ > 0 and ω ∈ Ap then the operator Ah is bounded in Lp),θω . For f ∈ Lp),θω , we define

σrhf(x) := (I −Ah)rf(x) =

=

∞∑
k=0

(−1)
k

Γ (r + 1)

Γ (k + 1) Γ (r − k + 1)
(Ah)

k
, x, h ∈ T, 0 ≤ r,

where I is the identity operator and Γ is gamma function.
Let ω ∈ Ap and f ∈ Lp),θω . If 0 ≤ r we can define the fractional modules of smoothness of order r of f as

Ωr(f, δ)p),θ,ω := sup
0≤hi, t≤δ

∥∥∥∥∥∥
[r]∏
i=1

(I −Ahi)σ
{r}
t f

∥∥∥∥∥∥
p),θ,ω

, δ ≥ 0,

where [r] denotes the integer part of the real number r and {r} := r− [r] .− Note that Ω0 (f, δ)p),θ,ω := ‖f‖p),θ,ω

and
0∏
i=1

(I −Ahi)σrt f := σrt for 0 < r < 1. The modulus of smoothness Ωr(f, δ)p)θ,ω, r ∈ R+, is a nondecreasing,

nonnegative function of δ, and

Ωr(f + g, δ)p),θ,ω ≤ Ωα(f, δ)p),θ,ω + Ωα(g, δ)p),θ,ω,

lim
δ→0

Ωr(f, δ)p),θ,ω = 0

for f, g ∈ Lp),θω .
Let

a0

2
+

∞∑
k=1

Ak(f, x), Ak(f, x) := ak(f) cos kx+ bk(f) sin kx (3)
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be the Fourier series of the function f ∈ L1(T), where ak(f) and bk(f) are Fourier coefficients of the function f.
The nth partial sums and de la Vallée-Poussin sums of the series (3) are defined, respectively, as:

Sn (f, x) =
a0

2
+

n∑
k=1

Ak(f, x),

Vn(f, x) : =
1

n

2n−1∑
ν=n

Sν(f, x).

We denote by En(f)p(.), (n = 0, 1, 2, ...) the best approximation of f ∈ Lp(.)2π by trigomonetric polynomials
of degree not exceeding n, i.e.

En(f)p),θ,ω := inf
{
‖f − Tn‖p),θ,ω : Tn ∈ Πn

}
,

where Πn denotes the class of trigonometric polynomials of degree at most n.
We use the relation αn = O(βn), n = 1, 2, ..., that is, there exists a constant C > 0 such as αn ≤ Cβn,

n = 1, 2, ....
The approximation problems of the functions by trigonometric polynomials in grand Lebesgue spaces have

been investigated by several authors [6–13].
In the present paper, in weighted generalized grand Lebesgue spaces we investigate the relation between

derivatives of a polynomial of best approximation and the best approximation of the function. In addition,
relationship between fractional modulus of smoothness of the function and nth partial and de la Vallée-Poussin
sums of its Fourier series in subspace of weighted grand Lebesgue spaces are studied. Simillar results in different
spaces have been investigated in [14–34], and [5]. Note that, in the proof of the main results we use the method
as in the proof of [27, 28].

Our main results are the following:
Theorem 1. Let Tn(f) ∈ Πn be the polynomial of best approximation to f, let r, α ∈ R+. In order that∥∥∥T (r)

n (f)
∥∥∥
p),θ,ω

= O(nr−α) (r > α > 0)

it is necessary and sufficient that

En(f)p),θ,ω = O(n−α).

Theorem 2. Let 1 < p <∞, θ > 0, r ∈ R+ and ω ∈ Ap. If f ∈ L̃p),θω (T), then
1.

c4Ωr(f,
1

n
)p),θ,ω ≤ n−2r

∥∥∥V (2r)
n (f, ·)

∥∥∥
p),θ,ω

+ ‖f(x)− Vn(f, ·)‖p),θ,ω ≤

≤ c5Ωr(f,
1

n
)p),θ,ω, (4)

where the constants c4 and c5 are dependent on p and r.
2.

c6Ωr(f,
1

n
)p),θ,ω ≤ n−2r

∥∥∥S(2r)
n (f, ·)

∥∥∥
p),θ,ω

+ ‖f(x)− Sn(f, ·)‖p),θ,ω ≤

≤ c7Ωr(f,
1

n
)p),θ,ω, (5)

where the constants c6 and c7 are dependent on p and r.

Proofs of the main results

Proof of Theorem 1. Let us assume that

En(f)p),θ,ω = ‖f − Tn(f)‖p),θ,ω = O(n−α), (α > 0). (6)
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is satisfied. We can write

T (r)
n (x) = T

(r)
0 (x) +

n−1∑
ν=0

{
T

(r)
ν+1(x)− T (r)

ν (x)
}
. (7)

Using Bernstein inequality for the spaces L̃p),θω (T) in [35] we have∥∥∥T (r)

n (f)
∥∥∥
p),θ,ω

≤ c8nr ‖Tn(f)‖p),θ,ω .

From (6), (7) and the last relation we conclude that∥∥∥T (r)

n (f)
∥∥∥
p),θ,ω

≤ c9c10n
rn−α ≤ c11n

r−α.

Now we suppose that ∥∥∥T (r)

n (f)
∥∥∥
p),θ,ω

= O(nr−α). (8)

Use of [9] and (8) leads to

‖T2n(f)− Tn(T2n(f))‖p),θ,ω ≤ ‖f − T2n(f)‖p),θ,ω + ‖f − Tn(T2n(f))‖p),θ,ω ≤

≤ c12n
−r
∥∥∥T (r)

n (f)
∥∥∥
p),θ,ω

≤ c13n
−α. (9)

On the other hand, since Tn(T2n(f)) is a polynomial of order n the following inequality holds:

‖T2n(f)− Tn(T2n(f))‖p),θ,ω = ‖f − Tn(T2n(f))− (f − T2n(f))‖p),θ,ω ≥

≥ ‖f − Tn(T2n(f))‖p),θ,ω − ‖f − T2n(f))‖p),θ,ω ≥

≥ En(f)p),θ,ω − E2n(f)p),θ,ω ≥ 0. (10)

Use of (9) and (10) gives us

0 ≤ En(f)p),θ,ω − E2n(f)p),θ,ω ≤ c14n
−α. (11)

Condition En(f)p),θ,ω → 0 is satisfied. Therefore, from the inequality (11) we have

∞∑
k=n0

{
E2k(f)p),θ,ω − E2k+1(f)p),θ,ω

}
≤ c15

∞∑
k=n0

2−kα.

Thus,

E2n0 (f)p),θ,ω ≤ c162−n0α. (12)

By (12) we conclude that En(f)p),θ,ω ≤ c15(n−α).
This completes the proof Theorem 1.
Proof of Theorem 2. By [9] the inequality

Ωr(Tn,
1

n
)p),θ,ω ≤ c17(p, r)n−2r

∥∥∥T (2r)
n

∥∥∥
p),θ,ω

, (13)

holds, where Tn ∈ Πn. On the other hand, using the properties of modulus of smoothness Ωr(f,
1
n )p),θ,ω and (13),

we find

Ωr

(
f,

1

n

)
p),θ,ω

≤

(
Ωr

(
f − Tn,

1

n

)
p),θ,ω

+ Ωr

(
Tn,

1

n

)
p),θ,ω

)
≤

≤ c18 (p, r)

(
‖f − Tn‖p),θ,ω + n−2r

∥∥∥T (2r)
n

∥∥∥
p),θ,ω

)
.
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Now we estimate the modulus of smoothness Ωr(f, ·)p),θ,ω from below. According to reference [10] the
following inequalities hold:

En(f)p),θ,ω ≤ c19 (p, r) Ωr

(
f,

2π

n+ 1

)
p),θ,ω

; (14)

n−2r
∥∥∥T (2r)

n

∥∥∥
p),θ,ω

≤ c20 (p, r) Ωr

(
f,

2π

n+ 1

)
p),θ,ω

. (15)

Let Vn(f, x) be de la Vallée-Poussin sums of the series (3) and let T ∗n ∈ Πn be the polynomial of best
approximation to f in L̃p),θω (T), that is ‖f − T ∗n‖p),θ,ω = En(f)p),θ,ω. Then we get

‖f − Vn(f, ·)‖p),θ,ω ≤ ‖f − T
∗
n‖p),θ,ω + ‖T ∗n − Vn(f, ·)‖p),θ,ω ≤

≤ c21(p)En(f)p),θ,ω + ‖Vn(T ∗n − f, ·)‖p),θ,ω ≤

≤ c22(p)En(f)p),θ,ω. (16)

Using (14), (15) and (16) we have

n−2r
∥∥∥V (2r)

n (f, ·)
∥∥∥
p),θ,ω

+ ‖f − Vn(f, ·)‖p),θ,ω ≤

≤ c23 (p, r)

(
Ωr(Vn,

1

n
)p),θ,ω + En(f)p),θ,ω

)
≤

≤ c24 (p, r)

(
Ωr(f,

1

n
)p),θ,ω + Ωr(f − Vn,

1

n
)p),θ,ω + En(f)p),θ,ω

)
≤

≤ c25 (p, r) Ωr(f,
1

n
)p),θ,ω.

which completes the estimation (4) of Theorem 2.
Let Tn be the best approximation polynomial for f, i.e.,

En(f)p),θ,ω = ‖f − Tn‖p),θ,ω .

By [9], Theorem 5; [10], Theorem 2.1 there exists a constant c25(p) such as

‖f − Sn(f, ·)‖p),θ,ω ≤ ‖f − Tn‖p),θ,ω + ‖Sn (Tn − f)‖p),θ,ω ≤ c26(p)En(f)p),θ,ω. (17)

Using inequality (17) and the scheme of proof of the estimation (4) we have the estimate (5).
Proof of Theorem 2 is completed.
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С.З. Джафаров

Ең жақын тригонометриялық жуықтау және Лебегтiң салмақтық
гранд-кеңiстiктерiндегi функцияның тегiстiгiнiң модулi

Мақалада бiрiншi кезекте Лебегтiң салмақтық гранд-кеңiстiктерi және Макенхаупт L
p),θ
ω (T) сал-

мақтары анықталды. Осы қеңiстiктердiң қасиеттерi жайлы ақпарат берiлдi. Tn ең жақын жуықтау-
дың тригонометриялық полиномы болсын. Лебегтiң гранд-кеңiстiктерiндегi функцияны аппроксима-
циялау көптеген авторлармен зерттелдi. Бұл жұмыста тригонометриялық полиномдағы Tn бөлшек
туынды мен Лебегтiң салмақтық гранд-кеңiстiктерiндегi ең жақын жуықтау арасындағы байланыс
қарастырылды. Осыған байланысты қажеттi және жеткiлiктi шарттар 1-теоремада келтiрiлдi. Автор
Лебегтiң салмақтық гранд-кеңiстiктерiнде нақты операторды анықтаған. Кейiнiрек бұл оператордың
көмегiмен f функциясының r реттi тегiстiгiнiң бөлшектi модульдерi анықталды. Сонымен қоса бұл
жұмыста функцияның тегiстiгiнiң модулiнiң қасиеттерiн қолдана отырып, тегiстiктiң бөлшектi модулi
мен Лебегтiң салмақтық гранд-кеңiстiгiнiң iшкi кеңiстiгiндегi Фурье қатарының де Валле-Пуссеннiң
n− th дербес қосындылары арасындағы өзара байланыс қарастырылды. Бұл нәтижелер 2-теоремада
келтiрiлген.

Кiлт сөздер: Лебегтiң жалпыланған гранд-кеңiстiктерi, бөлшектi туынды, тегiстiктiң бөлшектi мо-
дульдерi, n− th дербес қосындылары, де Валле-Пуссен қосындылары, тригонометриялық полином-
дармен ең жақын жуықтау.

С.З. Джафаров

Наилучшее тригонометрическое приближение и модуль
гладкости функций в весовых гранд-пространствах Лебега

В статье, в первую очередь, определены весовые гранд-пространства Лебега и веса Макенхаупта
L
p),θ
ω (T). Дана информация о свойствах этих пространств. Пусть Tn будет тригонометрическим по-

линомом наилучшего приближения. Аппроксимация функций в гранд-пространствах Лебега иссле-
довалась многими авторами. В этой работе изучена связь между дробными производными Tn три-
гонометрического полинома и наилучшим приближением функции в весовых гранд-пространствах
Лебега. В связи с этим необходимое и достаточное условие выражено в теореме 1. Кроме того, в этой
работе в весовых гранд-пространствах Лебега определен конкретный оператор. Позже с помощью
этого оператора будут определены дробные модули гладкости порядка r функции f . Также, ис-
пользуя свойства модуля гладкости функции, автором изучена взаимосвязь между дробным модулем
гладкости и n − th частичными суммами де Валле-Пуссена ряда Фурье в подпространстве весового
гранд-пространства Лебега. Эти результаты выражены в теореме 2.

Ключевые слова: обобщенные гранд-пространства Лебега, дробная производная, дробные модули
гладкости, n − th частичные суммы, суммы де Валле-Пуссена, наилучшее приближение тригоно-
метрическими полиномами.
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Integro-differentiated singularly perturbed equations
with fast oscillating coefficients

In the study of various issues related to dynamic stability, with the properties of media with a periodic
structure, in the study of other applied problems, one has to deal with differential equations with rapidly
oscillating coefficients. Asymptotic integration of differential systems of equations with such coefficients
was carried out by the splitting method and the regularization method. In this paper, a system of integro-
differential equations is considered. The main objective of the study is to identify the influence of the
integral term on the asymptotics of the solution to the original problem. The case of the absence of
resonance is considered, i.e. the case when the integer linear combination of frequencies of the rapidly
oscillating coefficient does not coincide with the frequency of the spectrum of the limit operator.

Keywords: singularly perturbation, integro-differential equation, rapidly oscillating coefficient, regularization,
asymptotic convergence.

Introduction

Consider the following integro-differential system:

ε
dz

dt
−A(t)z − εg(t) cos

β(t)

ε
B (t) z −

∫ t

t0

K (t, s) z(s, ε)ds = h(t), z(t0, ε) = z0, t ∈ [t0, T ], (1)

where z = {z1, z2}, h (t) = {h1 (t) , h2 (t)} , β′ (t) > 0, ω (t) > 0 (∀t ∈ [t0, T ]), g (t) is a scalar function, A (t) and

B (t) are (2× 2)− matrices, with A (t) =

(
0 1

−ω2 (t) 0

)
, z0 =

{
z0

1 , z
0
2

}
, ε > 0 is a small parameter. Such a

system in the case β (t) = 2γ (t) , B (t) =

(
0 0
1 0

)
of the absence of an integral term was considered in [1–6].

In the present work, ideas of the regularization method [3–6] are generated on singularly perturbed systems
of integro-differential equations with rapidly oscillating coefficients. The study of singularly perturbed integro-
differential problems by the regularization method of S.А. Lomov [3, 4] with unstable values of the kernel
of an integral operator is reflected in [7–12]. It should also be noted that it is the merit of V.F. Safonov
and A.A. Bobodzhanov in the development of the theory of singularly perturbed integro-differential
equations [13–16]. In their studies, various problems for integro-differential systems were considered: with
diagonal kernel degenerations, with inverse time, with rapidly changing kernels, with rapidly varying kernels,
with partial derivatives, etc. [17–21].

In the system the limiting operator A (t) has a spectrum λ1 (t) = −iω (t) , λ2 (t) = +iω (t) , β′ (t) is a
frequency of rapidly oscillating cosine. In the following, functions λ3 (t) = −iβ′ (t) , λ4 (t) = +iβ′ (t) will be
called the spectrum of a rapidly oscillating coefficient.

We assume that the following conditions are fulfilled:
1) ω (t) , β (t) , g (t) ∈ C∞

(
[t0, T ] , C1

)
, h (t) ∈ C∞

(
[t0, T ] , C2

)
,

B (t) ∈ C∞
(
[t0, T ] , C2×2

)
, K (t, s) ∈ C∞

(
[t0, T ] , C2×2

)
,

2) for ∀t ∈ [t0, T ] and n3 6= n4 inequalities

n3λ3 (t) + n4λ4 (t) 6= λj (t) ,
λk (t) + n3λ3 (t) + n4λ4 (t) 6= λj (t) , k 6= j, k, j = 1, 2,

for all multi-indices n = (n3, n4) with |n| ≡ n3 + n4 ≥ 1 (n3 and n4 are non-negative integers) are holds.
We will develop an algorithm for constructing a regularized [3] asymptotic solution of problem (1). Condition

2) is called the absence of resonance condition.
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1. Regularization of problem (1)

Denote by σj = σj (ε), independent of t magnitudes σ1 = e−
i
εβ(t0), σ1 = e+ i

εβ(t0), and rewrite system (1) as

ε
dz

dt
−A(t)z − εg(t)

2

(
e
− i
ε

∫ t
t0
β′(θ)dθ

σ1 + e
+ i
ε

∫ t
t0
β′(θ)dθ

σ2

)
B (t) z −

−
∫ t
t0
K (t, s) z(s, ε)ds = h(t), z(t0, ε) = z0, t ∈ [t0, T ]. (2)

We introduce regularizing variables [3, 4]

τj =
1

ε

∫ t

t0

λj (θ) dθ ≡ ψj (t)

ε
, j = 1, 4 (3)

and instead of problem (2), consider the problem

ε
∂z̃

∂t
+

4∑
j=1

λj (t)
∂z̃

∂τj
−A(t)z̃ − εg(t)

2
(eτ3σ1 + eτ4σ2)B (t) z̃ −

−
∫ t
t0
K (t, s) z̃(s, ψ(s)

ε , ε)ds = h(t), z̃(t, τ, ε)|t=t0,τ=0 = z0, t ∈ [t0, T ], (4)

for the function z̃ = z̃ (t, τ, ε), where is indicated (by (3)): τ = (τ1, τ2, τ3, τ4), ψ = (ψ1, ψ2, ψ3, ψ4). It is clear
that if z̃ = z̃ (t, τ, ε) is a solution to problem (4), then the vector function z = z̃

(
t, ψ(t)

ε , ε
)
is an exact solution

to problem (2), therefore, problem (4) is extended with respect to problem (2). However, it cannot be considered
fully regularized, since it does not regularize the integral term Jz̃ =

∫ t
t0
K (t, s) z̃(s, ψ(s)

ε , ε)ds. To regularize the
integral operator, we introduce a classMε that is asymptotically invariant with respect to the operator Jz̃ [3; 62].
Recall the corresponding concept.

Definition 1. A class Mε is said to be asymptotically invariant (with ε → +0) with respect to an operator
P0 if the following conditions are fulfilled:

1) Mε ⊂ D(P0) with each fixed ε > 0;
2) the image P0g(t, ε) of any element g(t, ε) ∈Mε decomposes in a power series

P0g(t, ε) =

∞∑
n=0

εngn(t, ε)(ε→ +0, gn(t, ε) ∈Mε, n = 0, 1, ...),

convergent asymptotically for ε→ +0 (uniformly with t ∈ [t0, T ]).
From this definition it can be seen that the class Mε depends on the space U, in which the operator P0 is

defined. In our case P0 = J. For the space U we take the space of vector functions z (t, τ) , represented by sums

z (t, τ, σ) = z0 (t, σ) +

4∑
i=1

zi (t, σ) eτi +

∗∑
2≤|m|≤Nz

zm (t, σ) e(m,τ) +

2∑
j=1

∗∑
1≤|m|≤Nz

zej+m (t, σ) e(ej+m,τ),

m = (0, 0,m3,m4), zi (t, σ), zm (t, σ), zej+m (t, σ) ∈ C∞
(
[t0, T ], C2

)
,

1 ≤ |m| ≡ m3 +m4 ≤ Nz, i = 1, 4, j = 1, 2,
(5)

where is denoted: λ (t) ≡ (λ1, λ2, λ3, λ4) , (m,λ (t)) ≡ m3λ3 (t) +m4λ4 (t) , (ej +m,λ (t)) ≡ λj (t) +m3λ3 (t) +
+m4λ4 (t); an asterisk ∗ above the sum sign indicates that the summation for |m| ≥ 1 it occurs only over
multi-indices m = (0, 0,m3,m4) with m3 6= m4, e1 = (1, 0, 0, 0), e2 = (0, 1, 0, 0), σ = (σ1, σ2) .

Note that here the degree Nz of the polynomial z (t, τ, σ) relative to the exponentials eτj depends on the
element z. In addition, the elements of space U depend on bounded in ε > 0 terms of constants σ1 = σ1 (ε)
and σ2 = σ2 (ε), and which do not affect the development of the algorithm described below, therefore, in the
record of element (5) of this space U, we omit the dependence on σ = (σ1, σ2) for brevity. We show that the
class Mε = U |τ=ψ(t)/ε is asymptotically invariant with respect to the operator J. The image of the operator on
the element (5) of the space U has the form
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Jz (t, τ) =
∫ t
t0
K (t, s) z0 (s) ds+

4∑
i=1

∫ t
t0
K (t, s) zi (s) e

1
ε

∫ s
t0
λi(θ)dθds+

+
∗∑

2≤|m|≤Nz

∫ t
t0
K (t, s) zm (s) e

1
ε

∫ s
t0

(m,λ(θ))dθ
ds+

+
2∑
j=1

∗∑
1≤|m|≤Nz

∫ t
t0
K (t, s) zej+m (s) e

1
ε

∫ s
t0

(ej+m,λ(θ))dθ
ds.

Integrating in parts, we will have

Ji (t, ε) =
∫ t
t0
K (t, s) zi (s) e

1
ε

∫ s
t0
λi(θ)dθds = ε

∫ t
t0

K(t,s)zi(s)
λi(s)

de
1
ε

∫ s
t0
λi(θ)dθ =

= εK(t,s)zi(s)
λi(s)

e
1
ε

∫ s
t0
λi(θ)dθ|s=ts=t0 − ε

∫ t
t0

(
∂
∂s

K(t,s)zi(s)
λi(s)

)
e

1
ε

∫ s
t0
λi(θ)dθds =

= ε
[
K(t,t)zi(t)
λi(t)

e
1
ε

∫ t
t0
λi(θ)dθ − K(t,t0)zi(t0)

λi(t0)

]
− ε

∫ t
t0

(
∂
∂s

K(t,s)zi(s)
λi(s)

)
e

1
ε

∫ s
t0
λi(θ)dθds.

Continuing this process further, we obtain the decomposition

Ji (t, ε) =
∞∑
ν=0

(−1)νεν+1[(Iνi (K (t, s) zi (s)))s=t e
1
ε

∫ t
t0
λi(θ))dθ − (Iνi (K (t, s) zi (s)))s=t0 ],

I0
i = 1

λi(s)
·, Iνi = 1

λi(s)
Iν−1
i (ν ≥ 1, i = 1, 4).

Applying the integration operation in parts to integrals

Jm (t, ε) =

∫ t

t0

K (t, s) (s) e
1
ε

∫ s
t
0

(m,λ(θ))dθ
ds, Jej+m (t, ε) =

∫ t

t0

K (t, s) zej+m (s) e
1
ε

∫ s
t
0

(ej+m,λ(θ))dθ
ds,

we note that for all multi-indices m = (0, 0,m3,m4) ,m3 6= m4, inequalities

(m,λ (t)) ≡ m3λ3 (t) +m4λ4 (t) 6= 0∀t ∈ [t0, T ] ,m3 +m4 ≥ 2

are satisfied. In addition, for the same multi-indices we have

(ej +m,λ (t)) 6= 0∀t ∈ [t0, T ] , j = 1, 2,m3 6= m4, |m| = m3 +m4 ≥ 1.

Indeed, if (e1 +m,λ (t)) = 0 for some t ∈ [t0, T ] and m3 6= m4,m3 + m4 ≥ 1, then m3λ3 (t) +m4λ4 (t) =
= −λ1 (t) = λ2 (t) ,m3 +m4 ≥ 1, which contradicts condition 2). And likewise, if (e2 +m,λ (t)) = 0 with some
t ∈ [t0, T ] and m3 6= m4,m3 + m4 ≥ 1, then m3λ3 (t) + m4λ4 (t) = −λ1 (t) = λ2 (t),m3 + m4 ≥ 1, which also
contradicts condition 2). Therefore, integration by parts in integrals Jm (t, ε) , Jej+m (t, ε) is possible. Performing
it, we will have:

Jm (t, ε) =
∫ t
t0
K (t, s) zm (s) e

1
ε

∫ s
t0

(m,λ(θ))dθ
ds = ε

∫ t
t0

K(t,s)zm(s)
(m,λ(s)) de

1
ε

∫ s
t0

(m,λ(θ))dθ
=

= ε
[
K(t,t)zm(t)

(m,λ(t)) e
1
ε

∫ t
t0

(m,λ(θ))dθ − K(t,t0)zm(t0)
(m,λ(t0))

]
− ε

∫ t
t0

∂
∂s

K(t,s)zm(s)
(m,λ(s)) e

1
ε

∫ s
t0

(m,λ(θ))dθ
ds =

=
∑∞
ν=0(−1)νεν+1[(Iνm (K (t, s) zm (s)))s=t e

1
ε

∫ t
t0

(m,λ(θ))dθ − (Iνm (K (t, s) zm (s)))s=t0 ];

I0
m = 1

(m,λ(s)) ., I
ν
m = 1

(m,λ(s))
∂
∂sI

ν−1
m (ν ≥ 1, |m| ≥ 2);

Jej+m (t, ε) =

∫ t

t0

K (t, s) zej+m (s) e
1
ε

∫ s
t0

(ej+m,λ(θ))dθ
ds =

= ε

∫ t

t0

K (t, s) zej+m (s)

(ej +m,λ (s))
de

1
ε

∫ s
t
0

(ej+m,λ(θ))dθ
=
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= −ε
[
K (t, t) zej+m (t)

(ej +m,λ (t))
e

1
ε

∫ s
t0

(ej+m,λ(θ))dθ − K (t, t0) zej+m (t0)

(ej +m,λ (t0))

]
−

−ε
∫ t

t0

∂

∂s

K (t, s) zej+m (s)

(ej +m,λ (s))
e

1
ε

∫ s
t0

(ej+m,λ(θ))dθ
ds =

=

∞∑
ν=0

(−1)
ν
εν+1[

(
Iνj,m

(
K (t, s) zej+m (s)

))
s=t

e
1
ε

∫ t
t0

(ej+m,λ(θ))dθ−

−
(
Iνj,m

(
K (t, s) zej+m (s)

))
s=t0

],

I0
j,m =

1

(ej +m,λ(s))
, Iνj,m =

1

(ej +m,λ(s))

∂

∂s
Iν−1
j,m (ν ≥ 1, |m| ≥ 1, j = 1, 2),

Therefore, the image of the operator J on the element (5) of the space U is represented as a series

Jz (t, τ) =
∫ t
t0
K (t, s) z0 (s) ds+

4∑
i=1

∞∑
ν=0

(−1)νεν+1[(Iνi (K (t, s) zi (s)))s=t e
1
ε

∫ t
t0
λi(θ))dθ−

− (Iνi (K (t, s) zi (s)))s=t0 ] +
∞∑
ν=0

(−1)νεν+1[(Iνm (K (t, s) zm (s)))s=t e
1
ε

∫ t
t0

(m,λ(θ))dθ−

− (Iνm (K (t, s) zm (s)))s=t0 ] +
2∑
j=1

∑
1≤|m|≤Nz

∞∑
ν=0

(−1)νεν+1[
(
Iνj,m (K (t, s) zej+m (s))

)
s=t
×

×e
1
ε

∫ t
t0

(ej+m,λ(θ)) −
(
Iνj,m (K (t, s) zej+m (s))

)
s=t0

]τ=ψ(t)/ε.

It is easy to show [22; 291–294] that this series converges asymptotically for ε → +0 (uniformly in t ∈ [t0, T ]).
This means that the class Mε is asymptotically invariant (for ε→ +0) with respect to the operator J.

We introduce operators Rν : U → U, acting on each element z (t, τ) ∈ U of the form (5) according to the
law:

R0z (t, τ) =

∫ t

t0

K (t, s) z0 (s) ds, (60)

R1z (t, τ) =

4∑
i=1

[
(
I0
i (K (t, s) zi (s))

)
s=t

eτi −
(
I0
i (K (t, s) zi (s))

)
s=t0

]+

+

∗∑
1≤|m|≤Nz

(
I0
m (K (t, s) zm (s))

)
s=t

e(m,τ) −
(
I0
m (K (t, s) zm (s))

)
s=t0

+

+
2∑
j=1

∗∑
1≤|m|≤Nz

[
(
I0
j,m (K (t, s) zej+m (s))

)
s=t

e(ej+m,τ) −
(
I0
j,m (K (t, s) zej+m (s))

)
s=t0

]; (61)

Rν+1z (t, τ) =
4∑
i=1

(−1)νεν+1[(Iνi (K (t, s) zi (s)))s=t e
τi − (Iνi (K (t, s) zi (s)))s=t0 ]+

+
∗∑
ν=0

(−1)νεν+1[(Iνm (K (t, s) zm (s)))s=t e
(m,τ) − (Iνm (K (t, s) zm (s)))s=t0 ]+

+
2∑
j=1

∗∑
1≤|m|≤Nz

(−1)
ν

[
(
Iνj,m (K (t, s) zej+m (s))

)
s=t

e(ej+m,τ) −
(
Iνj,m (K (t, s) zej+m (s))

)
s=t0

], ν ≥ 1.

(6ν+1)
Now let z̃ (t, τ, ε) be an arbitrary continuous function on (t, τ) ∈ [t0, T ]×

{
τ : Reτj ≤ 0, j = 1, 4

}
with asymptotic

expansion

z̃ (t, τ, ε) =

∞∑
k=0

εkzk (t, τ) , zk (t, τ) ∈ U, (7)
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converging as ε→ +0 (uniformly in (t, τ) ∈ [t0, T ]×
{
τ : Reτj ≤ 0, j = 1, 4

}
). Then the image Jz̃ (t, τ, ε) of this

function is decomposed into an asymptotic series

Jz̃ (t, τ, ε) =

∞∑
k=0

εkJzk (t, τ) =

∞∑
r=0

εr
r∑
s=0

Rr−szs (t, τ) |τ=ψ(t)/ε.

This equality is the basis for introducing an extension of an operator J on series of the form (7):

J̃ z̃ (t, τ, ε) ≡ J̃

( ∞∑
k=0

εkzk (t, τ)

)
∆
=

∞∑
r=0

εr
r∑
s=0

Rr−szs (t, τ) . (8)

Although the operator (8) is formally defined, its utility is obvious, since in practice it is usual to construct the
N–th approximation of the asymptotic solution of the problem (2), in which impose only N -th partial sums of
the series (7), which have not a formal, but a true meaning. Now you can write a problem that is completely
regularized with respect to the original problem (2):

ε
∂z̃

∂t
+

4∑
j=1

λj (t)
∂z̃

∂τj
−A(t)z̃ − εg(t)

2
(eτ3σ1 + eτ4σ2)Bz̃ − J̃ z̃ = h(t),

z̃(t, τ, ε)|t=t0,τ=0 = z0, t ∈ [t0, T ]. (9)

2. Iterative problems and their solvability in space solution
of the first iterative problem

Substituting the series (7) into (9) and equating the coefficients with the same degrees, we obtain the
following iterative problems:

Lz0 (t, τ) ≡
4∑
j=1

λj (t)
∂z0

∂τj
−A(t)z0 −R0z0 = h (t) , z0 (t0, 0) = z0; (100)

Lz1 (t, τ) = −∂z0

∂t
+
g(t)

2
(eτ3σ1 + eτ4σ2)B (t) z0 +R1z0, z1 (t0, 0) = 0; (101)

Lz2 (t, τ) = −∂z1

∂t
+
g(t)

2
(eτ3σ1 + eτ4σ2)B (t) z1 +R1z1 +R2z0, z0 (t0, 0) = 0; (102)

· · ·

Lzk (t, τ) = −∂zk−1

∂t
+
g(t)

2
(eτ3σ1 + eτ4σ2)B (t) zk−1 +Rkz0 + ...+R1zk−1, zk (t0, 0) = 0, k ≥ 1. (10k)

Each of the iterative problems (10k) can be written as

Lz (t, τ) ≡
4∑
j=1

λj (t)
∂z

∂τj
−A(t)z −R0z = H (t, τ) , z (t0, 0) = z∗, (10)

where

H (t, τ) = H0 (t) +

4∑
i=1

Hi (t) eτi +

∗∑
2≤|m|≤Nz

Hm (t) e(m,τ) +

2∑
j=1

∗∑
1≤|m|≤NH

Hej+m (t) e(ej+m,τ)

is the known vector function of space U, z∗ is the known constant vector of the complex space C2, and the
operator R0 has the form (see (60))

R0z ≡ R0

(
z0 (t) +

4∑
i=1

zi (t) eτi +
∗∑

2≤|m|≤Nz
zm (t) e(m,τ)+

+
2∑
j=1

∗∑
0≤|m|≤Nz

zej+m (t) e(ej+m,τ)

)
∆
=
∫ t
t0
K (t, s) z0 (s) ds.
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In the future, we will need λj (t)-eigenvectors of the matrix A (t) :

ϕ1 (t) =

(
1

−iω (t)

)
, ϕ2 (t) =

(
1

+iω (t)

)
,

and also λ̄j (t)–eigenvectors of the matrix A∗ (t) :

χ1 (t) =

(
1
− i
ω(t)

)
, χ2 (t) =

(
1

+ i
ω(t)

)
.

These vectors form a biorthogonal system, i.e.

(ϕk (t) , χj (t)) =

{
2, k = j,
0, k 6= j

(k, j = 1, 2).

We introduce scalar (for each t ∈ [t0, T ]) product in space U :

< z,w >≡

≡< z0 (t) +

4∑
i=1

zi (t) eτi +

∗∑
2≤|m|≤Nz

zm (t) e(m,τ) +

2∑
j=1

∗∑
1≤|m|≤Nz

zej+m (t) e(ej+m,τ),

w0 (t) +

4∑
i=1

wi (t) eτi +

∗∑
2≤|m|≤Nw

wm (t) e(m,τ) +

2∑
j=1

∗∑
1≤|m|≤Nw

wej+m (t) e(ej+m,τ) >,

, (z0 (t) , w0 (t)) +

4∑
i=1

(zi (t) , wi (t))+

+

∗∑
2≤|m|≤min(Nz,Nw)

(zm (t) , wm (t)) +

2∑
j=1

∗∑
1≤|m|≤min(Nz,Nw)

(
zej+m (t) , wej+m (t)

)
,

where we denote by (∗, ∗) the usual scalar product in the complex space C2. Let us prove the following statement.
Theorem 1. Let conditions 1) and 2) be fulfilled and the right-hand side H (t, τ) = H0 (t)+

∑4
i=1Hi (t) eτi+

+
∑∗

2≤|m|≤Nz H
m (t) e(m,τ)+

∑2
j=1

∑∗
1≤|m|≤NH H

ej+m (t) e(ej+m,τ) of system (10) belongs to the space U. Then
the system (10) is solvable in U, if and only if

< H (t, τ) , χk (t) eτk >≡ 0, k = 1, 2, ∀t ∈ [t0, T ] . (11)

Proof. We will determine the solution of system (10) as an element (5) of the space U :

z (t, τ) = z0 (t) +

4∑
i=1

zi (t) eτi +

∗∑
2≤|m|≤Nz

zm (t) e(m,τ)+

+

2∑
j=1

∗∑
1≤|m|≤NH

zej+m (t) e(ej+m,τ) ≡

≡ z0 (t) +
4∑
i=1

zi (t) eτi +
∗∑

2≤|m|≤Nz
zm (t) e(m,τ) +

2∑
k=1

∗∑
2≤|mk|≤NH

zm
k

(t) e(m
k,τ), (12)

where for convenience are introduced multi-indices

m1 = e1 +m ≡ (1, 0,m3,m4),m2 = e2 +m ≡ (0, 1,m3!,m4),
∣∣mk

∣∣ = 1 +m3 +m4 ≥ 2,

m3 and m4 are non-negative integer numbers. Substituting (12) into system (10), we will have
4∑
i=1

[λi (t) I −A (t)] zi (t) eτi +
∗∑

2≤|m|≤Nz
[(m,λ (t)) I −A (t)] zm (t) e(m,τ)+

+
2∑
k=1

∗∑
2≤|mk|≤NH

[(
mk, λ (t)

)
I −A (t)

]
zm

k

(t) e(m
k,τ) −A (t) z0 (t)−

∫ t
t0
K (t, s) z0 (s) ds =

= H0 (t) +
4∑
i=1

Hi (t) eτi +
∗∑

2≤|m|≤Nz
Hm (t) e(m,τ) +

2∑
k=1

∗∑
2≤|mk|≤NH

Hmk (t) e(m
k,τ).

38 Вестник Карагандинского университета



Integro-differentiated singularly perturbed equations...

Equating here the free terms and coefficients separately for identical exponents, we obtain the following systems
of equations:

−A (t) z0 (t)−
∫ t

t0

K (t, s) z0 (s) ds = H0 (t), (13)

[λi (t) I −A (t)] zi (t) = Hi (t), i = 1, 4; (13i)

[(m,λ (t)) I −A (t)] zm (t) = Hm (t), m3 6= m4, 2 ≤ |m| ≤ NH ; (13m)[(
mk, λ (t)

)
I −A (t)

]
zm

k

(t) = Hmk (t), m3 6= m4, 2 ≤
∣∣mk

∣∣ ≤ NH , k = 1, 2. (14)

Since the matrix A (t) is reversible, the system (13) can be written as

z0 (t) =

∫ t

t0

(
−A−1 (t)K (t, s)

)
z0 (s) ds−A−1 (t)H0 (t) . (130)

Due to the smoothness of the kernel −A−1 (t)K (t, s) and heterogeneity −A−1 (t)H0 (t), this Volterra integral
system has a unique solution z0 (t) ∈ C∞

(
[t0, T ],C2

)
. The systems (133) and (134) also have unique solutions

zi (t) = [λi (t) I −A (t)]
−1
Hi (t) ∈ C∞

(
[t0, T ],C2

)
, i = 3, 4,

since λ3 (t), λ4 (t) do not belong to the spectrum of the matrix A (t). Systems (131) and (132) are solvable in
space C∞

(
[t0, T ] ,C2

)
if and only if there are identities

(Hi (t) , χi (t)) ≡ 0∀t ∈ [t0, T ] , i = 1, 2.

It is not difficult to see that these identities coincide with identities (11). Further, since (m,λ (t)) ≡ m3λ3 (t) +
+m4λ4 (t) 6= λj (t), j = 1, 2, |m| = m3 + m4 ≥ 2,m3 6= m4 (see condition 2) the absence of resonance), the
system (13m) has a unique solution

zm (t) = [(m,λ (t)) I −A (t)]
−1
Hm (t) , 2 ≤ |m| ≤ NH ∈ C∞

(
[t0, T ] ,C2

)
.

We now consider systems (14). Let us show that when
∣∣mk

∣∣ ≥ 2 the functions
(
mk, λ (t)

)
are not eigenvalues of

the matrix A (t). Indeed, let
(
m1, λ (t)

)
= λ1 (t),

∣∣m1
∣∣ ≥ 2. Then

λ1 (t) +m3λ3 (t) +m4λ4 (t) = λ2 (t) , m3 +m4 ≥ 1,

which contradicts condition 2) the absence of resonance. And likewise, equality
(
m2, λ (t)

)
= λ1 (t) ,

∣∣m2
∣∣ ≥ 2,

m3 +m4 ≥ 1 cannot be fulfilled.
Therefore, when

∣∣mk
∣∣ ≥ 2 the matrix

(
mk, λ (t)

)
I − A (t) is reversible, we get a unique solution of system

(14) for
∣∣mk

∣∣ ≥ 2 in the class C∞
(
[t0, T ] , C2

)
:

zm
k

(t) =
[(
mk, λ (t)

)
I −A (t)

]−1
Hmk (t), 2 ≤

∣∣mk
∣∣ ≤ NH , k = 1, 2.

Thus, condition (11) is necessary and sufficient for the solvability of system (10) in the space U. The theorem
is proved.

Remark 1. If identity (11) holds, then under conditions 1) and 2), system (10) has the following solution in
the space U :

z (t, τ) = z0 (t) +

2∑
k=1

αk (t)ϕk (t) eτk +
(H1 (t) , χ2 (t))

λ1 (t)− λ2 (t)
ϕ2 (t) eτ1+

+
(H2 (t) , χ1 (t))

λ2 (t)− λ1 (t)
ϕ1 (t) eτ2 +

4∑
i=3

[λi (t) I −A (t)]
−1
Hi (t) eτi+

+

∗∑
2≤|m|≤NH

[(m,λ (t)) I −A (t)]
−1
Hm (t) e(m,τ)+

+
2∑
k=1

∗∑
1≤|m|≤NH

[(ek +m,λ (t)) I −A (t)]
−1
Hek+m (t) e(ek+m,τ), (15)

where αk (t) ∈ C∞
(
[t0, T ] ,C1

)
are arbitrary functions, k = 1, 2, z0 (t) is the solution of an integral system(130),

m ≡ (0, 0,m3,m4) ,m3 6= m4, |m| = m3 +m4 ≥ 1.
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3. The unique solvability of the general iterative problem in the space U. Residual term theorem

Let us proceed to the description of the conditions for the unique solvability of system (10) in space Along
with problem (10), we consider the system

Lw (t, τ) = −∂z
∂t

+
g (t)

2
(eτ3σ1 + eτ4σ2)B (t) z +Q (t, τ), (16)

where z = z(t, τ) is the solution (15) of the system (10), Q(t, τ) is the well-known function of the space U. The
right part of this system:

G (t, τ) ≡ −∂z
∂t

+
g (t)

2
(eτ3σ1 + eτ4σ2)B (t) z +Q (t, τ) = − ∂

∂t
[z0 (t) +

4∑
i=1

zi (t) eτi+

+

∗∑
2≤|m|≤Nz

zm (t) e(m,τ) +

2∑
j=1

∗∑
1≤|m|≤Nz

zej+m (t) e(ej+m,τ)] +
g (t)

2
(eτ3σ1 + eτ4σ2)B (t)×

× [z0 (t) +

4∑
i=1

zi (t) eτi +

∗∑
2≤|m|≤Nz

zm (t) e(m,τ) +

2∑
j=1

∗∑
1≤|m|≤Nz

zej+m (t) e(ej+m,τ)] +Q (t, τ),

may not belong to space U, if z = z (t, τ) ∈ U. Indeed, taking into account the form (15) of the function
z = z (t, τ) ∈ U, we will have

Z (t, τ) ≡ G (t, τ) +
∂z

∂t
=
g (t)

2
(eτ3σ1 + eτ4σ2)B (t) [z0 (t) +

+

4∑
i=1

zi (t) eτi +

∗∑
2≤|m|≤Nz

zm (t) e(m,τ) +

2∑
j=1

∗∑
1≤|m|≤Nz

zej+m (t) e(ej+m,τ)] =

= g(t)
2 B (t) z0 (t) (eτ3σ1 + eτ4σ2) +

4∑
i=3

g(t)
2 B (t) zi (t) (eτi+τ3σ1 + eτi+τ4σ2) +

+
2∑
k=1

g(t)
2 B (t) zk (t) (eτk+τ3σ1 + eτk+τ4σ2) +

+ g(t)
2 (eτ3σ1 + eτ4σ2)B (t) [

∗∑
2≤|m|≤Nz

zm (t) e(m,τ) +
2∑
j=1

∗∑
1≤|m|≤Nz

zej+m (t) e(ej+m,τ)]+

+Q (t, τ) .

Here are terms with exponents

eτ4+τ3 = e(m,τ)|m=(0,0,1,1),
eτ3+(m,τ) (if m3 + 1 = m4), eτ4+(m,τ) (if m4 + 1 = m3) ,
eτ3+(e1+m,τ) (if m3 + 1 = m4), eτ4+(e2+m,τ) (if m4 + 1 = m3)

(∗)

do not belong to space U, since in multi-indexm = (0, 0,m3,m4) of the space U must bem3 6= m4, m3 +m4 ≥ 1.
Then, according to the well-known theory [3; 234], we embed these terms in the space U according to the following
rule (see (∗)):

êτ4+τ3 = e0 = 1, ̂eτ3+(m,τ) =

= e0 = 1 (m3 + 1 = m4,m3 6= m4) , ̂eτ4+(m,τ) = e0 = 1 (m4 + 1 = m3,m3 6= m4) ,
̂eτ3+(e1+m,τ) = eτ1 (m3 + 1 = m4,m3 6= m4) , ̂eτ4+(e2+m,τ) = eτ2 (m4 + 1 = m3,m3 6= m4) .

(∗∗)

In Z (t, τ) need of embedding only the terms

M (t, τ) ≡
4∑
i=3

g(t)
2 B (t) zi (t) (eτi+τ3σ1 + eτi+τ4σ2) +

2∑
k=1

g(t)
2 B (t) zk (t) (eτk+τ3σ1 + eτk+τ4σ2),

S (t, τ) ≡ g(t)
2 (eτ3σ1 + eτ4σ2)B (t) [

∗∑
2≤|m|≤Nz

zm (t) e(m,τ) +
2∑
j=1

∗∑
1≤|m|≤Nz

zej+m (t) e(ej+m,τ)].
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We describe this embedding in more detail, taking into account formulas (∗∗):

M (t, τ) ≡
2∑
k=1

g (t)

2
B (t) zk (t)

(
eτk+τ3σ1 + eτk+τ4σ2

)
+

+

4∑
i=3

g (t)

2
B (t) zi (t)

(
eτi+τ3σ1 + eτi+τ4σ2

)
=

=
g (t)

2
B (t) [z1 (t) eτ1+τ3σ1 + z1 (t) eτ1+τ4σ2 + z2 (t) eτ2+τ3σ1 + z2 (t) eτ2+τ4σ2+

+z3 (t) e2τ3σ1 + z3 (t) eτ3+τ4σ2 + z4 (t) eτ4+τ3σ1 + z4 (t) e2τ4σ2] ⇒

⇒ M̂ (t, τ) =
g (t)

2
B (t) [z1 (t) eτ1+τ3σ1 + z1 (t) eτ1+τ4σ2 + z2 (t) eτ2+τ3σ1+

+z2 (t) eτ2+τ4σ2 + z3 (t) e2τ3σ1 + z3 (t)σ2 + z4 (t)σ1 + z4 (t) e2τ4σ2

(note that in M̂ (t, τ) there are no members containing eτ1 , eτ2 measurement exponents |m| = 1);

S (t, τ) ≡ g (t)

2
(eτ3σ1 + eτ4σ2)B (t) [

∗∑
2≤|m|≤Nz

zm (t) e(m,τ)+

+

2∑
j=1

∗∑
1≤|m|≤Nz

zej+m (t) e(ej+m,τ)] =

=
g (t)

2
B (t) [

∗∑
2≤|m|≤Nz

zm (t)
(
eτ3+(m,τ)σ1 + eτ4+(m,τ)σ2

)
+

+

∗∑
1≤|m|≤Nz

ze1+m (t)
(
e(e1+m,τ)+τ3σ1 + e(e1+m,τ)+τ4σ2

)
+

+

∗∑
1≤|m|≤Nz

ze2+m (t)
(
e(e2+m,τ)+τ3σ1 + e(e2+m,τ)+τ4σ2

)
] ⇒ Ŝ (t, τ) =

=
g (t)

2
B (t)

∑
2 ≤ |m| ≤ Nz,
m3 + 1 = m4

zm (t)σ1 +
∑

2 ≤ |m| ≤ Nz,
m4 + 1 = m3

zm (t)σ2 +

∗∑
2 ≤ |m| ≤ Nz,

m3 + 1 6= m4,m4 + 1 6= m3

zm (t) e(m,τ) +

+


∑

1 ≤ |m| ≤ Nz,
m3 + 1 = m4

ze1+m (t)σ1 +
∑

1 ≤ |m| ≤ Nz,
m4 + 1 = m3

ze1+m (t)σ2

 eτ1+

+


∑

1 ≤ |m| ≤ Nz,
m3 + 1 = m4

ze2+m (t)σ1 +
∑

1 ≤ |m| ≤ Nz,
m4 + 1 = m3

ze2+m (t)σ2

 eτ2+

+

2∑
j=1

∗∑
1 ≤ |m| ≤ Nz,

m3 + 1 6= m4,m4 + 1 6= m3

zej+m (t) e(ej+m,τ)].
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After embedding, the right-hand side of system (20) will look like

Ĝ (t, τ) = − ∂

∂t
[z0 (t) +

4∑
i=1

zi (t) eτi +

∗∑
2≤|m|≤Nz

zm (t) e(m,τ)+

+

2∑
j=1

∗∑
1≤|m|≤Nz

zej+m (t) e(ej+m,τ)] + M̂ (t, τ) + Ŝ (t, τ) +Q (t, τ),

moreover, in Ŝ (t, τ) the coefficients at eτ1 , eτ2 do not depend on zk (t), k = 1, 2. As indicated in [3], the embedding
G (t, τ)→ Ĝ (t, τ) will not affect the accuracy of the construction of asymptotic solutions of problem (2), since
Ẑ (t, τ) |τ=ψ(t)/ε ≡ Z (t, τ) |τ=ψ(t)/ε.

Theorem 2. Let conditions 1) and 2) be fulfilled and the right-hand side H (t, τ) = H0 (t)+
∑4
i=1Hi (t) eτi+

+
∑∗

2≤|m|≤Nz H
m (t) e(m,τ) +

∑2
j=1

∑∗
1≤|m|≤NH H

ej+m (t) e(ej+m,τ) ∈ U of system (10) satisfy condition (11).
Then problem (10) under additional conditions

< Ĝ (t, τ) , χk (t) eτk >≡ 0 ∀t ∈ [t0, T ] , k = 1, 2, (17)

where

Q (t, τ) = Q0 (t) +
4∑
k=1

Qk (t) eτk +
∗∑

2≤|m|≤Nz

Qm (t) e(m,τ) +
2∑
k=1

∗∑
1≤|m|≤NQ

Qek+m (t) e(ek+m,τ)

is the known vector function of space U, is uniquely solvable in U.
Proof. Since the right-hand side of system (10) satisfies condition (11), this system has a solution in space

U in the form (15), where αk (t) ∈ C∞
(
[t0, T ] , C1

)
are arbitrary functions so far, k = 1, 2. Submit (15) to the

initial condition z (t0, 0) = z∗. We get
∑2
k=1 αk (t0)ϕk (t0) = z∗, where denoted

z∗ = z∗ +A−1 (t0)H0 (t0)−
∑4
i=3 [λi (t0) I −A (t0)]

−1
Hi (t0)−

− (He1 (t0),χ2(t0))
λ1(t0)−λ2(t0) ϕ2 (t0)− (He2 (t0),χ1(t0))

λ2(t0)−λ1(t0) ϕ1 (t0)−

−
∑∗

2≤|m|≤Nz z
m (t0)−

∑2
k=1

∑∗
1≤|mk|≤NH

[(
mk, λ (t0)

)
I −A (t0)

]−1
Hmk (t0).

Multiplying the equality
∑2
k=1 αk (t0)ϕk (t0) = z∗ scalarly by χj (t0) and taking into account the biorthogonality

of the systems {ϕk (t)} and {χj (t)}, we find the values αk (t0) = 1
2 (z∗, χk (t0)), k = 1, 2. Now we submit the

solution (15) to the condition of orthogonality (17). Considering that under these conditions, scalar multiplication
performed by vector functions χk (t) eτk , containing only exponents eτk , k = 1, 2, it is necessary to keep in the
expression Ĝ (t, τ) only terms with exponents eτ1 and eτ2 . Then condition (17) takes the form

< − ∂

∂t

(
2∑
k=1

αk (t)ϕk (t) eτk +
(H1 (t) , χ2 (t))

λ1 (t)− λ2 (t)
ϕ2 (t) eτ1 +

(H2 (t) , χ1 (t))

λ2 (t)− λ1 (t)
ϕ1 (t) eτ2

)
+

+

∑ 1 ≤ |m| ≤ Nz,
m3 + 1 = m4

ze1+m (t)σ1 +
∑

1 ≤ |m| ≤ Nz,
m4 + 1 = m3

ze1+m (t)σ2

 eτ1+

+

∑ 1 ≤ |m| ≤ Nz,
m3 + 1 = m4

ze2+m (t)σ1 +
∑

1 ≤ |m| ≤ Nz,
m4 + 1 = m3

ze2+m (t)σ2

 eτ2+

+Q1 (t) eτ1 +Q2 (t) eτ2 , χk (t) eτk >≡ 0 ∀t ∈ [t0, T ], k = 1, 2.

Performing here scalar multiplication, we obtain linear ordinary differential equations with respect
to the functions αk (t), involved in the solution (15) of system (10). Attaching to them the initial conditions
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αk (t0) = 1
2 (z∗, χk (t0)), k = 1, 2, computed earlier, we find uniquely the functions αk (t) ∈ C∞

(
[t0, T ] , C1

)
,

k = 1, 2, and, therefore, we construct solution (15) in the space in a unique way. The theorem is proved.
Applying Theorems 1 and 2 to iterative problems (10k) (in this case, the right-hand sides H(k) (t, τ) of these

problems are embedded in the space U, i.e. H(k) (t, τ) we replace with Ĥ(k) (t, τ) ∈ U), we find uniquely their
solutions in space U and construct series (7). Just as in [3], we prove the following statement.

Theorem 3. Suppose that conditions (1) – 2) are satisfied for system (2). Then, when ε ∈ (0, ε0] (ε0 > 0 is
sufficiently small), system (2) has a unique solution z(t, ε) ∈C1([0, T ],C2); in this case, the estimate

||z(t, ε)− zεN (t)||C[0,T ] ≤ cNεN+1,

holds true, where zεN (t) is the restriction (for τ = ψ(t)
ε ) of the N - partial sum of series (9) (with

coefficients zk (t, τ) ∈ U, satisfying the iteration problems (10k)), and the constant cN > 0 does not depend on
ε ∈ (0, ε0].

4. Construction of the solution of the first iteration problem in space U.

Using Theorem 1, we will try to find a solution to the first iteration problem (100). Since the right side h (t)
of the system (100) satisfies condition (11), this system has (according to (15)) a solution in space U in the form

z0 (t, τ) = z
(0)
0 (t) +

2∑
k=1

α
(0)
k (t)ϕk (t) eτk , (18)

where z(0)
0 (t) is the solution of the integrated system

z
(0)
0 (t) =

∫ t

t0

(
−A−1 (t)K (t, s)

)
z

(0)
0 (s) ds−A−1 (t)h (t), (19)

α
(0)
k (t) ∈ C∞

(
[t0, T ] , C1

)
are arbitrary functions. Subjecting (18) to the initial condition z0 (t0, 0) = z0, we will

have

z
(0)
0 (t0) +

2∑
k=1

α
(0)
k (t0)ϕk (t0) = z0 ⇔

2∑
k=1

α
(0)
k (t0)ϕk (t0) = z0 +A−1 (t0)h (t0).

Multiplying this equality scalarly by χj (t0) and taking into account the biorthogonality of the systems {ϕk (t)}
and {χj (t)}, we find the values α(0)

k (t0) = 1
2

(
z0 +A−1 (t0)h (t0) , χk (t0)

)
, k = 1, 2. To fully compute the

functions α(0)
k (t), we proceed to the next iteration problem (101). Substituting into it the solution (16) of the

system (100), we arrive at the following system:

Lz1 (t, τ) = − d

dt
z

(0)
0 (t)−

2∑
k=1

d

dt
(α

(0)
k (t)ϕk (t))eτk+

+
g(t)

2
(eτ3σ1 + eτ4σ2)B (t)

(
z

(0)
0 (t) +

2∑
k=1

α
(0)
k (t)ϕk (t) eτk

)
+

+

2∑
j=1


(
K (t, t)α

(0)
j (t)ϕj (t)

)
λj (t)

eτj −

(
K (t, t0)α

(0)
j (t0)ϕj (t0)

)
λj (t0)

 (20)

(here we used the expression (61) for R1z (t, τ) and took into account that for z (t, τ) = z0 (t, τ) only the terms
with eτ1 and eτ2 remain in the sum (61)). It is not difficult to see that the right side

H (t, τ) = − d
dtz

(0)
0 (t)−

∑2
k=1

d
dt (α

(0)
k (t)ϕk (t))eτk+

+ g(t)
2 (eτ3σ1 + eτ4σ2)B (t)

(
z

(0)
0 (t) +

∑2
k=1 α

(0)
k (t)ϕk (t) eτk

)
+

+
∑2
j=1

[(
K(t,t)α

(0)
j (t)ϕj(t)

)
λj(t)

eτj −
(
K(t,t0)α

(0)
j (t0)ϕj(t0)

)
λj(t0)

]
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of system (20) belongs to space U. System (20) is solvable in this space U if and only if conditions (11) are
satisfied, which in our case take the form(

− d
dt (α

(0)
k (t)ϕk (t)) +

(
K(t,t)α

(0)
k (t)ϕk(t)

)
λk(t) , χk (t)

)
= 0 ⇔

⇔ 2
dα

(0)
k (t)

dt =
(

(K(t,t)ϕk(t))
λk(t) − ϕ̇k (t) , χk (t)

)
α

(0)
k (t), k = 1, 2.

Attaching to this system the initial conditions α(0)
k (t0) = 1

2

(
z0 +A−1 (t0)h (t0), χk (t0)

)
, we find uniquely

functions

α
(0)
k (t) = α

(0)
k (t0) exp

{
1

2

∫ t

t0

(
(K (s, s)ϕk (s))

λk (t)
− ϕ̇k (s) , χk (s)

)
ds

}
, k = 1, 2,

therefore, we uniquely calculate the solution (18) of the problem (100) in the space U. Moreover, the main term
of the asymptotic of the solution to problem (2) has the form

zε0 (t) = z
(0)
0 (t) +

+

2∑
k=1

α
(0)
k (t0) exp

{
1

2

∫ t

t0

(
(K (s, s)ϕk (s))

λk (s)
− ϕ̇k (s) , χk (s)

)
ds

}
ϕk (t) e

1
ε

∫ t
t0
λk(θ)dθ

,

where α(0)
k (t0) = 1

2

(
z0 +A−1 (t0)h (t0) , χk (t0)

)
, k = 1, 2, z

(0)
0 (t) is the solution of the integra system (19).
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Б.Т. Кaлимбетов, В.Ф. Сафонов

Жылдам осцилляцияланатын коэффициенттi сингуляр
ауытқыған интегро-дифференциалдық теңдеулер

Динамикалық орнықтылықпен, периодты құрылымға ие ортамен байланысты және басқа да қолдан-
балы мәселелердi зерттеулер жылдам осцилляцияланатын коэффициенттi дифференциалдық теңдеу-
лермен айналысуды қажет етедi. Мұндай коэффициенттi дифференциалдық теңдеулер жүйелерiнiң
асимптотикалық интегралдау бөлшектеу және регуляризация әдiстермен жүргiзiлген. Осы жұмыста
интегралды-дифференциалдық теңдеулер жүйесi қарастырылған. Зерттеудiң негiзгi мақсаты — ин-
тегралдық мүшенiң алғашқы есептiң шешiмiнiң асимптотикасына әсерiн зерттеу. Есепте резонанс
болмаған жағдай, яғни жылдам осцилляцияланатын коэффициенттiң бүтiн сызықтық комбинация-
сының жиiлiктерi шектi оператордың спектрiнiң жиiлiгiмен сәйкес келмейтiн жағдай, зерттелген.

Кiлт сөздер: сингуляр ауытқу, интегро-дифференциалдық теңдеу, жылдам осцилляцияланатын ко-
эффициент, регуляризация, асимптотикалық жинақтылық.
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Б.Т. Кaлимбетов, В.Ф. Сафонов

Интегро-дифференциальные сингулярно возмущенные
уравнения с быстро осциллирующими коэффициентами

При исследовании различных вопросов, связанных с динамической устойчивостью, со свойствами
сред с периодической структурой, при исследовании других прикладных задач приходится иметь
дело с дифференциальными уравнениями с быстро осциллирующими коэффициентами. Асимпто-
тическое интегрирование дифференциальных систем уравнений с такими коэффициентами проводи-
лось методами расщепления и регуляризации. В настоящей работе рассмотрена система интегрально-
дифференциальных уравнений. Основная цель исследования состоит в выявлении влияния интеграль-
ного члена на асимптотику решения исходной задачи. Изучен случай отсутствия резонанса, т.е. слу-
чай, когда целочисленная линейная комбинация частот быстро осциллирующего коэффициента не
совпадает с частотой спектра предельного оператора.

Ключевые слова: сингулярное возмущение, интегрально-дифференциальное уравнение, быстро осцил-
лирующий коэффициент, регуляризация, асимптотическая сходимость.
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On a pseudo-Volterra nonhomogeneous integral equation
In this paper the issues of the solvability of a pseudo-Volterra nonhomogeneous integral equation of the
second kind are studied. The solution to the corresponding homogeneous equation and the classes of the
uniqueness of the solution are found in [1]. By replacing the right-hand side and the unknown function, the
integral equation is reduced to an integral equation, the kernel of which is not «compressible». Using the
Laplace transform, the obtained equation is reduced to an ordinary first-order differential equation (linear).
Its solution is found. By using the solution of the homogeneous equation the form of a particular solution of
the nonhomogeneous differential equation is defined (by the variation method of an arbitrary constant). By
using the inverse Laplace transform, a particular solution of the pseudo-Volterra nonhomogeneous integral
equation under study is obtained. The case of an nonhomogeneous integral equation with the value of
the parameter k = 1 is considered and studied. Classes for the right side and the solution of the integral
equation are indicated.

Keywords: pseudo-Volterra nonhomogeneous integral equation, class of essentially bounded functions, inverse
Laplace transformation, residue.

Introduction

We research the solvability of the following nonhomogeneous pseudo-Volterra integral equation of the second
kind

ν(t)− a

2
√
π

∫ t

0

1√
tτ
√
t− τ

exp

(
− t− τ

4a2

)
· ν(τ)dτ − 1

k a
√
π

∫ t

0

√
τ√

t(t− τ)
exp

(
− t− τ

4a2

)
· ν(τ)dτ = f(t), (1)

where a, k are positive constants, f(t) is the given function.

1. Reducing the equation (1) to a differential equation in images

Following the results of work [1] after replacements:

1√
t

exp

(
t

4a2

)
ν(t) = ν1(t),

√
t exp

(
t

4a2

)
f(t) = f1(t) (2)

we get the following integral equation

t · ν1(t)− a

2
√
π

∫ t

0

1√
t− τ

· ν1(τ)dτ − 1

k a
√
π

∫ t

0

1√
t− τ

· τ ν1(τ) dτ = f1(t). (3)

Applying the Laplace transform the equation (3) transforms to the following differential equation[
1

k a
√
p
− 1

]
ν̂′1(p)− a

2
√
p
ν̂1(p) = f̂1(p). (4)

The general solution to corresponding homogeneous (4) has the form

ν̂1, hom(p) = C
e−a
√
p(√

p− 1
ka

) 1
k

,

where C − const.
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Then the solution of the nonhomogeneous equation (4) is sought in the form

ν̂1 (p) = C(p)
e−a
√
p(√

p− 1
ka

) 1
k

. (5)

Substituting function (5) into equation (4), we get

C(p) = −
∫ +∞

p

f̂1(p) · ea
√
p √p ·

(
√
p− 1

ka

) 1
k−1

dp+ C. (6)

After substituting (6) into (5), we can write out the partial solution of the nonhomogeneous equation (4) as

ν̂1, part(p) = − e−a
√
p(√

p− 1
ka

) 1
k

∫ +∞

p

(∫ +∞

0

e−qtf1(t)dt

)
· ea
√
p √q ·

(
√
q − 1

ka

) 1
k−1

dq.

Changing the order of integration, we obtain

ν̂1, part(p) = − e−a
√
p(√

p− 1
ka

) 1
k

∫ +∞

0

f1(t)

∫ +∞

p

e−qtea
√
q √q ·

(
√
q − 1

ka

) 1
k−1

dq︸ ︷︷ ︸
I(p,t)

dt.

This way, we get

ν̂1, part(p) = − e−a
√
p(√

p− 1
ka

) 1
k

∫ +∞

0

f1(t)I(p, t) dt, (7)

where

I(p, t) =

∫ +∞

p

√
q ·
(
√
q − 1

ka

) 1
k−1

e−qt+a
√
qdq. (8)

We rewrite integral (8) in the form

I(p, t) =

∫ +∞

p

(
√
q − 1

ka

) 1
k

e−qt+a
√
qdq︸ ︷︷ ︸

J 1
k

(p, t)

+
1

ka

∫ +∞

p

(
√
q − 1

ka

) 1
k−1

e−qt+a
√
qdq︸ ︷︷ ︸

J 1
k
−1

(p, t)

. ⇒

I(p, t) = Jn(p, t) +
1

ka
Jn−1(p, t), (9)

where

Jn−1(p, t) =

∫ +∞

p

(
√
q − 1

ka

)n−1

e−qt+a
√
qdq =

∥∥∥∥ √q = x, q = x2;
dq = 2xdx;

√
p ≤ x < +∞

∥∥∥∥ =

= 2

∫ +∞

√
p

x−
1
ka+ 1

ka

(
x− 1

ka

)n−1

e−tx
2+axdx = 2

∫ +∞

√
p

(
x− 1

ka

)n
e−tx

2+axdx︸ ︷︷ ︸
An(p, t)

+

+
2

ka

∫ +∞

√
p

(
x− 1

ka

)n−1

e−tx
2+axdx︸ ︷︷ ︸

An−1(p,t)

⇒

Jn−1(p, t) = 2An(p, t) +
2

ka
An−1(p, t), (10)

where

An−1(p, t) =

∫ +∞

√
p

(
x− 1

ka

)n−1

exp(−tx2 + ax)dx =
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= exp

(
a2

4t

)∫ +∞

√
p

(
x− 1

ka

)n−1

exp

(
−t
(
x− a

2t

)2
)
dx =

∥∥∥∥ λ = x− a
2t ; dλ = dx√

p− a
2t < λ < +∞

∥∥∥∥ =

= exp

(
a2

4t

)∫ +∞

√
p− a

2t

(
λ+

a

2t
− 1

ka

)n−1

e−tλ
2

dλ︸ ︷︷ ︸
Bn−1(p,t)

or

An−1(p, t) = exp

(
a2

4t

)
Bn−1(p, t), (11)

where

Br(p, t) =

∫ +∞

√
p− a

2t

(
λ+

a

2t
− 1

ka

)r
e−tλ

2

dλ.

We find the last integral when r = n− 1:

Bn−1(p, t) =

∫ +∞

√
p− a

2t

(
λ+

a

2t
− 1

ka

)n−1

e−tλ
2

dλ =

∥∥∥∥∥ u = e−tλ
2

; dv =
(
λ+ a

2t −
1
ka

)n−1
dλ

du = −2tλe−tλ
2

dλ; v = 1
n

(
λ+ a

2t −
1
ka

)n
∥∥∥∥∥ =

=
1

n
e−tλ

2

(
λ+

a

2t
− 1

ka

)n∣∣∣∣λ→+∞

λ=
√
p− a

2t

+
2t

n

∫ +∞

√
p− a

2t

(
λ+

a

2t
− 1

ka

)n
λe−tλ

2

dλ =

= − 1

n
exp

(
−t
(√

p− a

2t

)2
)(
√
p− 1

ka

)
+

2t

n

[
Bn+1(p, t)−

(
a

2t
− 1

ka

)
Bn(p, t)

]
.⇒

Bn−1(p, t) = − 1

n

(
√
p− 1

ka

)
exp

(
−t
(√

p− a

2t

)2
)

+
2t

n

[
Bn+1(p, t)−

(
a

2t
− 1

ka

)
Bn(p, t)

]
. (12)

We substitute the expression (12) into (11):

An−1(p, t) = exp

(
a2

4t

){
− 1

n

(
√
p− 1

ka

)
exp

(
−t
(√

p− a

2t

)2
)

+

+
2t

n

[
Bn+1(p, t)−

(
a

2t
− 1

ka

)
Bn(p, t)

]}
. (13)

Then

An(p, t) = exp

(
a2

4t

){
− 1

n+ 1

(
√
p− 1

ka

)
exp

(
−t
(√

p− a

2t

)2
)

+

+
2 t

n+ 1

[
Bn+2(p, t) +

(
1

ka
− a

2t

)
Bn+1(p, t)

]}
. (14)

Substituting the expressions (13) and (14) into (10) we get

Jn−1(p, t) = 2 exp

(
a2

4t

){
− 1

n+ 1

(
√
p− 1

ka

)
exp

(
−t
(√

p− a

2t

)2
)

+

+
2 t

n+ 1

[
Bn+2(p, t) +

(
1

ka
− a

2t

)
Bn+1(p, t)

]
− 1

nka

(
√
p− 1

ka

)
exp

(
−t
(√

p− a

2t

)2
)

+

+
2t

nka

[
Bn+1(p, t)−

(
a

2t
− 1

ka

)
Bn(p, t)

]}
.

Or

Jn−1(p, t) = 2 exp

(
a2

4t

){
− nka+ n+ 1

nka(n+ 1)

(
√
p− 1

ka

)
exp

(
−t
(√

p− a

2t

)2
)

+
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+
2t

n+ 1
Bn+2(p, t) + 2t

[
1

n+ 1

(
1

ka
− a

2t

)
+

1

nka

]
Bn+1(p, t) +

2t

n k a

(
1

ka
− a

2t

)
Bn(p, t)

}
. (15)

Then

Jn(p, t) = 2 exp

(
a2

4t

){
− (n+ 1)ka+ n+ 2

(n+ 1)ka(n+ 2)

(
√
p− 1

ka

)
exp

(
−t
(√

p− a

2t

)2
)

+
2t

n+ 2
Bn+3(p, t)+

+2t

[
1

n+ 2

(
1

ka
− a

2t

)
+

1

(n+ 1)ka

]
Bn+2(p, t) +

2t

(n+ 1)k a

(
1

ka
− a

2t

)
Bn+1(p, t)

}
. (16)

Substituting the expressions (15) and (16) into (9) we get:

I(p, t) = 2 exp

(
a2

4t

){
−

(
(n+ 1)ka+ n+ 2

(n+ 1) (n+ 2)ka
+

nka+ n+ 1

n(n+ 1) (ka)
2

)(
√
p− 1

ka

)
exp

(
−t
(√

p− a

2t

)2
)

+

+
2t

n+ 2
Bn+3(p, t) + 2t

[
1

n+ 2

(
1

ka
− a

2t

)
+

1

(n+ 1)ka
+

1

ka(n+ 1)

]
Bn+2(p, t)+

+2t

[
2

ka(n+ 1)

(
1

ka
− a

2t

)
+

1

n(ka)2

]
Bn+1(p, t) +

2t

n(ka)2

(
1

ka
− a

2t

)
Bn(p, t)

}
. (17)

Substituting the expression (17) into (7) we get ν̂1, part(p):

ν̂1, part(p) = − e−a
√
p(√

p− 1
ka

) 1
k

∫ +∞

0

f1(θ)I(p, θ) dθ, (18)

where the function I(p, θ) is defined by formula (17).
We rewrite (18) in the form

ν̂1, part(p) = −
∫ +∞

0

e−a
√
p(√

p− 1
ka

) 1
k

I(p, θ) f1(θ) dθ. (19)

We apply the inverse Laplace transform to (19)

ν1, part(t) =
1

2π i

∫ c+i∞

c−i∞
ν̂1, part(p) e

ptdp, (20)

where the integration is performed along the line Rep=c, that is parallel to the imaginary axis and is shifted so
that all singularities of function ν̂1,part lie on the left side of it.

Changing in (20) the order of integration θ and t, we get by virtue of the Cauchy residue theorem:

ν1, part(t) = −
∫ +∞

0

f1(θ)
∑
pr

res
p=pr

 e−a
√
p(√

p− 1
ka

) 1
k

I(p, θ)ept

 dθ, (21)

where pr is a singular point of a function

G(p, θ) =
e−a
√
p+pt(√

p− 1
ka

) 1
k

I(p, θ), (22)

because by virtue of the formula

Br(p, t) =

∫ +∞

√
p− a

2t

(
λ+

a

2t
− 1

ka

)r
e−tλ

2

dλ.
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and formula (17) we have

lim
p→+∞

 e−a
√
p(√

p− 1
ka

) 1
k

I(p, θ)ept

 = 0,

where ∞ is a removable singularity.

Obviously, the singular point of the function (22) (as a function of р) is the point p =
1

k2 a2
. We will find

the residue of the function G(p, θ) at this point.
We consider the case when k = 1.
When k = 1 from (8) we have:

I(p, θ) =

∫ +∞

p

√
q e−qθ+a

√
qdq = 2

∫ +∞

√
p

x2ex
2θ+axdx = 2 exp

(
a2

4θ

)∫ +∞

√
p− a

2θ

(
λ+

a

2θ

)2

e−θλ
2

dλ =

= 2 exp

(
a2

4θ

)[∫ +∞

√
p− a

2θ

λ2e−θλ
2

dλ+
a

θ

∫ +∞

√
p− a

2θ

λ e−θλ
2

dλ+
a2

4θ2

∫ +∞

√
p− a

2θ

e−θλ
2

dλ

]
=

=
1

θ
exp

(
a2

4θ

)[(√
p+

a

2θ

)
exp

(
−θ
(√

p− a

2θ

)2
)

+

(
1 +

a2

2θ

)
erfc

(√
p− a

2θ

)]
⇒

I(p, θ) =
1

θ
exp

(
a2

4θ

)[(√
p+

a

2θ

)
exp

(
−θ
(√

p− a

2θ

)2
)

+

(
1 +

a2

2θ

)
erfc

(√
p− a

2θ

)]
. (23)

Then at p =
1

a2
we obtain from (23):

I

(
1

a2
; θ

)
=

(
a

2θ2
+

1

aθ

)
exp

(
1− θ

a2

)
+

(
1 +

a2

2θ

)
exp

(
a2

4θ

)
erfc

(
1

a
− a

2θ

)
. (24)

When k = 1 (p =
1

a2
is a simple pole) for the function (22) we have in view of (24)

res
p= 1

a2

G(p, θ) =
2

a
exp

(
t

a2
− 1

)
· I
(

1

a2
; θ

)
=

=

(
1

θ2
+

1

a2θ

)
exp

(
t− θ
a2

)
+

(
2

a
+
a

θ

)
exp

(
t

a2
+
a2

4θ
− 1

)
erfc

(
1

a
− a

2θ

)
.

Then from (21) we get

ν1, part(t) = −
∫ +∞

0

f1(θ)

[(
1

θ2
+

2

a2θ

)
exp

(
t− θ
a2

)
+

+

(
2

a
+
a

θ

)
exp

(
t

a2
+
a2

4θ
− 1

)
erfc

(
1

a
− a

2θ

)]
dθ. (25)

By virtue of replacements (2) from (25) we obtain a particular solution of the initial equation (1)

νpart(t) = −
√
t exp

(
− 3t

4a2

)∫ +∞

0

f(θ)

[(
1

θ
3
2

+
2

a2
√
θ

)
exp

(
− 3θ

4a2

)
+

+

(
2
√
θ

a
+

a√
θ

)
exp

(
a2

4θ
+

θ

4a2

)
erfc

(
1

a
− a

2θ

)]
dθ. (26)

Thus, the following theorem is proved.
Theorem. The integral equation

ν(t)− a

2
√
π

∫ t

0

1√
tτ
√
t− τ

exp

(
− t− τ

4a2

)
· ν(τ)dτ − 1

a
√
π

∫ t

0

√
τ√

t(t− τ)
exp

(
− t− τ

4a2

)
· ν(τ)dτ = f(t)
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in the weight class of functions

exp

(
− t

4a2

)
ν(τ) ∈ L∞(0, +∞)

at

exp

(
− t

4a2

)
f(t) ∈ L∞(0, +∞)

has a solution defined by the formula (26).
Remark. Singular homogeneous integral equations were considered in works [2–4]. Their kernels were also

«incompressible», but kernels had an another form. In this connection, the weight classes of the solution existence
differ from the class of the solution existence for the equation considered in this work. We also note that boundary
value problems for a spectrally loaded parabolic equation reduce to this kind of singular integral equations,
when the load line moves according to the law x = t [5–10] and problems for essentially loaded equation of heat
conduction [11–15].

In works [16, 17] it is shown that the homogeneous Volterra integral equation of the second kind, to which
the homogeneous boundary value problem of heat conduction in the degenerating domain is reduced, has a
nonzero solution.

In works [18, 19] boundary value problems for heat equation in angular domains with special boundary
conditions are studied. The problems are reduced to singular integral equations of Volterra type of the second
kind, similar to the equation (1).

A similar kind of integral equation arises in solving the boundary value problems of heat conduction with
heat generation, which describe the development of the one-dimensional unsteady heat processes with axial
symmetry. More complex equations arise from the model that is based on the system of spherical heat equations
in a domain with moving boundary and when studying the Stefan problem [20–23].

To find analytical solutions for classes of transfer problems, special methods or modification of known
approaches are needed. Summary of the results accumulated in this area of the analytic theory of the thermal
conductivity of solids is given in reviews [24, 25].
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On a pseudo-Volterra nonhomogeneous...

М.Т. Космакова, Д.М. Ахманова, Ж.М. Тулеутаева, Л.Ж. Касымова

Бiртектi емес псевдо-Вольтерра
интегралдық теңдеуi туралы

Мақалада екiншi тектi бiртектi емес псевдо-Вольтерра теңдеуiнiң шешiмi болады ма деген сұрақтар
қарастырылды. Теңдеуге сәйкес бiртектi теңдеудiң шешiмi және шешiмiнiң жалғыздығының класы [1]
жұмыста табылған. Берiлген интегралдық теңдеудiң оң жағы мен iзделiндi функцияны ауыстыру
арқылы, ядросы «қысылған» болмайтын интегралдық теңдеу түрiне келдi. Алынған теңдеу Лаплас
түрлендiруiнiң көмегiмен бiрiншi реттi қарапайым (сызықты) дифференцалдық теңдеуге алып ке-
ледi. Оның шешiмi табылды. Бiртектi теңдеудiң шешiмiнiң көмегiмен бiртектi емес дифференциал-
дық теңдеудiң дербес шешiмiнiң түрi анықталды (тұрақтыны вариациялау әдiсiмен). Лапластың керi
түрлендiруiн қолданып, зерттелiп отырған бiртектi емес псевдо-Вольтерра интегралдық теңдеуiнiң
дербес шешiмi алынды. Бiртектi емес интегралдық теңдеуiнiң параметрiнiң мәнi k = 1 болған жағ-
дайы зерттелдi. Интегралдық теңдеудiң оң жағы мен шешiмi үшiн кластары көрсетiлдi.

Кiлт сөздер: бiртектi емес псевдо-Вольтерра интегралдық теңдеуi, маңызды шектелген функциялар
класы, Лапластың керi түрлендiруi, шегерiм.

М.Т. Космакова, Д.М. Ахманова, Ж.М. Тулеутаева, Л.Ж. Касымова

Об одном псевдо-Вольтерровом неоднородном
интегральном уравнении

В статье исследованы вопросы разрешимости псевдо-Вольтеррового неоднородного интегрального
уравнения второго рода. Решение соответствующего однородного уравнения и классы единственно-
сти решения найдены в работе [1]. С помощью замен правой части и искомой функции интегральное
уравнение сведено к интегральному уравнению, ядро которого не является «сжимаемым». С помо-
щью преобразования Лапласа полученное уравнение сведено к обыкновенному дифференциальному
уравнению первого порядка (линейному). Найдено его решение. С помощью решения однородного
уравнения определен вид частного решения неоднородного дифференциального уравнения (мето-
дом вариации произвольной постоянной). Применением обратного преобразования Лапласа получено
частное решение исследуемого псевдо-Вольтеррового неоднородного интегрального уравнения. Рас-
смотрен и исследован случай неоднородного интегрального уравнения при значении параметра k = 1.
Указаны классы для правой части и решения интегрального уравнения.

Ключевые слова: псевдо-Вольтеррово неоднородное интегральное уравнение, класс существенно огра-
ниченных функций, обратное преобразование Лапласа, вычет.
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Conditions of coercive solvability of third-order differential
equation with unbounded intermediate coefficients

In this paper we study the following equation −y′′′ + r (x) y′′ + q (x) y′ + s (x) y = f (x), where the
intermediate coefficients r and q do not depend on s. We give the conditions of the coercive solvability
for f ∈ L2 (−∞, +∞) of this equation. For the solution y, we obtained the following maximal regularity
estimate: ‖y′′′‖2 + ‖ry′′‖2 + ‖qy′‖2 + ‖sy‖2 ≤ C ‖f‖2, where ‖ · ‖2 is the norm of L2 (−∞, +∞). This
estimate is important for study of the qwasilinear third-order differential equation in (−∞, +∞). We
investigate some binomial degenerate differential equations and we prove that they are coercive solvable.
Here we apply the method of the separability theory for differential operators in a Hilbert space, wich was
developed by M. Otelbaev. Using these auxillary statements and some well-known Hardy type weighted
integral inequalities, we obtain the desired result. In contrast to the preliminary results, we do not assume
that the coefficient s is strict positive, the results are also valid in the case that s = 0.

Keywords: differential equation, unbounded coefficients, maximal regularity, separability.

1 Introduction and Main Theorems

We consider the following linear differential equation:

L0y ≡ −y′′′ + r (x) y′′ + q (x) y′ + s (x) y = f (x), (1.1)

where x ∈ R = (−∞,+∞) and f ∈ L2 := L2 (R). By C(j)
loc (R) (j = 0, 1, 2, ...) we denote the set of the j-times

continuously differentiable functions in the every compact, C(0)
loc (R) = Cloc (R) is the set of the continuous

functions. We assume that r ∈ C
(2)
loc (R), q ∈ C

(1)
loc (R), s ∈ Cloc (R) in (1.1) are real functions, in general,

they are unbounded. We denote by L the closure in L2 of the operator L0 defined on the set of three times
continuously differentiable functions with compact support C(3)

0 (R).
Definition 1.1. The function y ∈ L2 is called a solution of the equation (1.1), if y ∈ D(L) and Ly = f .
In future, by C, C1, C2 and etc. we will denote the positive constants, which, generally speaking, are different

in the different places.
Definition 1.2. The solution y of the equation (1.1) is called a maximally L2-regular, if the following estimate

holds:
‖y′′′‖2 + ‖ry′′‖2 + ‖qy′‖2 + ‖sy‖2 ≤ C ‖f‖2 , (1.2)

where ‖ · ‖2 is a norm in L2. The inequality (1.2) is called the maximal L2-regularity estimate. If (1.2) holds,
then the operator L is said to be separable in L2.

The purpose of this work is to find the sufficient conditions for correct solvability of the equation (1.1) and
the fullfilment of the estimate (1.2) for a solution of the equation (1.1). The important examples of the equation
(1.1) are the Korteweg-de Vries equation (linearized) and its modifications that describe the wave propagation
and are used in the problems of a gas dynamics (see [1] and the references therein), as well as the composite type
equations that are used in the hydrodynamics and hydromechanics [2]. Furthermore, the equation (1.1) appear
in the case that we apply the Fourier method to the partial differential equations of mathematical physics. The
other applications of the third-order differential equations can be seen in [3–6].

The smoothness problems for solutions of the equation (1.1) are of a great interest. The case of the
bounded domains and smooth scalar coefficients are well understood and sufficiently well described in the known
literature. In the case that the domain is unbounded, although the solution of the odd-order equation (1.1) is
local smooth, but it may not belong to the Sobolev spaces. This fact causes some difficulties for study of (1.1).
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The estimate (1.2) is very important for the study of singular nonlinear differential equations [7]. The maximal
regularity problem for the second-order partial differential equations were investigated by P.C. Kunstmann,
W. Arendt, M. Duelli, G. Metafune, D. Pallara, J. Prüss, R. Schnaubelt, A. Rhandi [7–10] in the case that
their intermediate coefficients are unbounded, although they were controlled by the potential. This problem for
a degenerate second-order differential operator was studied in [11].

The maximal regularity (separability) problem for a singular third-order equation has been investigated,
mainly, for the following two-terms equation (see [12-19] and the references therein)

Ky = −y′′′ + s(x)y = F (x) (x ∈ (−∞, +∞)). (1.3)

In [12–19] were obtained conditions for the continuous invertibility and separability of the operator K in Lp(R)
(1 < p < +∞). However, we can not use their results to investigate of the equation (1.1) with unbounded
intermediate coefficients. In general, in the case that the intermediate coefficients have more faster growth, the
equations (1.1) and (1.3) are different. For example, the solution of (1.1) belongs to L2 in the case only that
the functions r and q satisfy some additional conditions. The question of maximum regularity for other elliptic
and parabolic equations defined in infinite domains has been investigated in many papers [20–35].

In the present paper, we consider the following two cases for the intermediate coefficients r and q of (1.1):
a) the growth of the function r does not depend on q and s;
b) the growth of the function q does not depend on r and s.

For continuous functions p and v 6= 0, we denote

αp,v, j (x) =

(∫ x

0

|p (t)|2 dt
) 1

2

·
(∫ +∞

x

t2jv−2 (t) dt

) 1
2

, x > 0,

βp,v, j (τ) =

(∫ 0

τ

|p (t)|2 dt
) 1

2

·
(∫ τ

−∞
t2jv−2 (t) dt

) 1
2

, τ < 0,

γp,v, j = max

(
sup
x>0

αp,v, j (x) , sup
τ<0

βp,v, j (τ)

)
(j = 0, 1),

Theorem 1.1. Assume that the functions r, q and s satisfy the following conditions:

r ∈ C(2)
loc (R) , |r| ≥ 1, q ∈ C(1)

loc (R), s ∈ Cloc (R), (1.4)

γ
1,
√
|r|, 1 <∞, C

−1
0 ≤ r (x)

r (η)
≤ C0, ∀x, η ∈ R : |x− η| ≤ 1, C0 > 1, (1.5)

γq, r, 0 <∞, γs, r, 1 <∞. (1.6)

Then for any right-hand side f ∈ L2 there exists a unique solution y of the equation (1.1). Moreover, for y the
estimate (1.2) holds.

In the theorem the growth of coefficients q and s are controlled by r.
Remark 1.1. The condition |r| ≥ 1 in (1.4) can be replaced by the inequality |r| ≥ δ > 0. To show this

statement it is enough to put x =
√
δt in (1.1), where t ∈ R.

The following equation:

−y′′′ +
(
7x2 + 3

)4
y′′ +

(
2x3 − 3x2 + 1

)
y′ + x3y = f1, f1 ∈ L2, (1.7)

satisfies (see Example 2.1 below) the conditions of Theorem 1.1, consequently, the equation (1.7) is uniquely
solvable, and for its solution y the following estimate holds:

‖y′′′‖2 +
∥∥∥(7x2 + 3

)4
y′′
∥∥∥

2
+
∥∥(2x3 − 3x2 + 1

)
y′
∥∥

2
+
∥∥x3y

∥∥
2
≤ C ‖f1‖2 . (1.8)

In the following theorem the growth of r and s are controlled by coefficient q.
Theorem 1.2. Assume that the functions r ∈ C(2)

loc (R), q ∈ C(1)
loc (R) and s ∈ Cloc (R) satisfy the following

conditions:
q ≥ 1, γ1,

√
q, 0 <∞, C−1

1 ≤ q (x)

q (η)
≤ C1, ∀x, η ∈ R : |x− η| ≤ 1, (C1 > 1); (1.9)

γs, q, 0 <∞; (1.10)

2
(
r2 + 2r′

)
≤ q. (1.11)
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Then for any f ∈ L2 there exists a unique solution y of the equation (1.1). Moreover, for y the estimate
(1.2) holds.

Remark 1.2. In Theorem 1.2 the condition q ≥ 1 can be replaced by q ≥ δ > 0. To show this statement it is
enough to put x = δt in the equation (1.1).

The conditions of Theorem 1.2 satisfy the coefficients of the following equation:

−y′′′ + x3 cos2 x2y′′ +
[
18(1 + x6)

]
y′ + 3x4y = f2 (x) (1.12)

(see Example 3.1 below).

2 The case that the coefficient r is growing independently

In this section we investigate the equation (1.1) in the case that the growth of the function r does not
depend on q and s. First, we consider the following linear two term differential equation:

l0y = −y′′′ + r(x)y′′ = h (x) , (2.1)

where x ∈ R, h ∈ L2, and r ∈ C(2)
loc (R). We denote by l the closure in L2 of the operator l0 defined on the set

of three times continuously differentiable functions with compact support C(3)
0 (R).

Definition 2.1. The function y ∈ L2 is called a solution of the equation (2.1), if y ∈ D(l) and ly = h.
The following statement is proved in [36].
Lemma 2.1. Let the function r be a twice continuously differentiable function and it satisfies the following

conditions:
r ≥ δ > 0, γ1,

√
r, 1 <∞,

C−1 ≤ r (x)

r (η)
≤ C ∀x, η ∈ R : |x− η| ≤ 1, C > 1.

Then for any right — hand side h ∈ L2 there exists a unique solution y of the equation (2.1). Moreover, for y
the following estimate holds (i.e. y is maximally L2- regular):

‖y′′′‖2 + ‖ry′′‖2 ≤ Cl ‖h‖2 .

Proof of Theorem 1.1. We put x = at (0 > 0, t is new variable) in the equation (1.1). Then (1.1) become
the following form:

L̃aỹ = −ỹ′′′ + ar̃ (t) ỹ′′ + a2q̃ (t) ỹ′ + a3s̃ (t) ỹ = f̃ (t), (2.2)

where y (at) = ỹ (t), r (at) = r̃ (t), q (at) = q̃ (t), s (at) = s̃ (t), a3f (at) = f̃ (t) and a3Lay = L̃aỹ. First, we
consider the following equation:

l0aỹ = −ỹ′′′ + ar̃ (t) ỹ′′ = h̃ (t) . (2.3)

We denote by la a closure in L2 of the operator l0a defined in C(3)
0 (R). We have a−1r̃ (t) ≥ δ > 0. By Remark 1.1

and Lemma 2.1, for any function h̃ ∈ L2 there exists a unique solution ỹ of the equation (2.3) and for ỹ the
following estimate holds:

‖ỹ′′′‖2 + ‖ar̃ỹ′′‖2 ≤ Cla ‖laỹ‖2 ,∀ỹ ∈ D (la). (2.4)

Using (2.4), by Theorem 2.1 in [37] and Lemma 2.1 [11], we have∥∥a2q̃ỹ′
∥∥

2
≤ 2aγq̃, r̃, 0Cla ‖laỹ‖2 (2.5)

and ∥∥a3s̃ỹ
∥∥

2
≤ 2a2γs̃, r̃, 1Cla ‖laỹ‖2 . (2.6)

If we choose
a = [2 (γq̃, r̃, 0 + aγs̃, r̃, 1)Cla + 1]

−1
,

then, by (2.5) and (2.6), the following estimate holds:∥∥a2q̃ỹ′
∥∥

2
+
∥∥a3s̃ỹ

∥∥
2
≤ θ ‖laỹ‖2 , (2.7)

58 Вестник Карагандинского университета



Conditions of coercive solvability...

where
0 < θ =

2 (γq̃, r̃, 0 + γs̃, r̃, 1)Cla
2 (γq̃, r̃, 0 + γs̃, r̃, 1)Cla + 1

< 1.

Then by Lemma 2.1 and the well-known perturbation theorem [38; 196], there exists a unique solution of the
equation (2.2).

Now, we show the maximal L2-regularity estimate for a solution of the equation (2.2). By (2.7),

‖laỹ‖2 ≤
∥∥laỹ + a2q̃ỹ′ + a3s̃ỹ

∥∥
2

+
∥∥a2q̃ỹ′ + a3s̃ỹ

∥∥
2
≤
∥∥∥L̃aỹ∥∥∥

2
+ θ ‖laỹ‖2

(0 < α < 1). Consequently

‖laỹ‖2 ≤
1

1− θ

∥∥∥L̃aỹ∥∥∥
2
. (2.8)

By the estimates (2.4), (2.7) and (2.8),

‖ỹ′′′‖2 + ‖ar̃ỹ′′‖2 +
∥∥a2q̃ỹ′

∥∥
2

+
∥∥a3s̃ỹ

∥∥
2
≤ Cla + θ

1− θ

∥∥∥L̃aỹ∥∥∥
2
. (2.9)

(2.9) is the desired estimate for a solution ỹ of the equation (2.2). By replacing t = x
a , we get that there exists

a unique solution y of the equation (1.1), moreover, for it the estimate (1.7) holds.
Example 2.1. We consider the following equation

−y′′′ +
(
7x2 + 3

)4
y′′ +

(
2x3 − 3x2 + 1

)
y′ + x3y = f1 (x),

where x ∈ R, f1 (x) ∈ L2. Here, r =
(
7x2 + 3

)4, q = 2x3 − 3x2 + 1 and s = x3. The intermediate coefficients
r and q satisfy conditions (1.4), (1.5), and (1.6) of Theorem 1.1. In fact, since the function

(
7x2 + 3

)4 is even,
for any x > 0

α1,
√
r, 1 (x) = β1,

√
r, 1 (−x) ≤

√
x

(∫ +∞

x

dt

(7t2 + 3)
4

) 1
2

≤
√
x

(7x2 + 3)
3

(∫ +∞

x

dt

7t2 + 3

) 1
2

<∞.

Analogously, we obtain

αq, r, 0 (x) = βq, r, 0 (−x) ≤
(∫ x

0

3
(
4t6 + 9t4 + 1

)
dt

) 1
2

(∫ +∞

x

dt

(7t2 + 3)
8

) 1
2

≤

≤
(

12
7 x

7 + 9
5x

5 + x
) 1

2

(7x2 + 3)
7

(∫ +∞

x

dt

7t2 + 3

) 1
2

<∞

and

αs, r, 1 (x) = βs, r, 1 (−x) ≤
(∫ x

0

∣∣t3∣∣2 dt) 1
2
(∫ +∞

x

t2
(
7t2 + 3

)−8
dt

) 1
2

<∞.

For any x, η ∈ R such that |x− η| ≤ 1(
7x2 + 3

)4
(7η2 + 3)

4 ≤
[
6
(
7η2 + 3

)]4
(7η2 + 3)

4 = 1296.

So, by Theorem 1.1, for any f1 ∈ L2 there exists a unique solution y of the equation (1.7) and for it the estimate
(1.8) holds.
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3 The case that the coefficient q is growing independently

In this section we consider the equation (1.1) in the case that the function q is fast growing function. First,
we consider the following differential equation:

l̃0y = −y′′′ + q (x) y′ = u (x), x ∈ R, u ∈ L2. (3.1)

We denote by l̃ a closure in L2 of the operator l̃0y = −y′′′ + q (x) y′ defined in C(3)
0 (R). The element y ∈ D(l̃)

such as l̃y = u, is called a solution of the equation (3.1).
Lemma 3.1. If q (x) is continuously differentiable function such as

q ≥ 1, γ1,
√
q,0 <∞, (3.2)

then for any u ∈ L2 there exists a unique solution y of the equation (3.1). Moreover, for y the following estimate
holds:

‖√qy′‖2 + ‖y‖2 ≤ C
∥∥∥l̃y∥∥∥

2
. (3.3)

Proof. Let y ∈ C(3)
0 (R). Integrating by parts, we have(

l̃0y, y
′
)

= ‖y′′‖22 + ‖√qy′‖22 . (3.4)

Taking into account the condition (3.2), by the Holder inequality, we obtain∣∣∣(l̃0y, y′)∣∣∣ ≤ ∥∥∥∥ 1
√
q
l̃0y

∥∥∥∥
2

‖√qy′‖2 .

Then by (3.2) and (3.4),

‖y‖2 ≤ 2γ1,
√
q,0 ‖
√
qy′‖2 ≤ 2γ1,

√
q,0

∥∥∥∥ 1
√
q
l̃0y

∥∥∥∥
2

and
‖y‖2 + ‖√qy′‖2 ≤

[
2γ1,

√
q,0 + 1

] ∥∥∥l̃0y∥∥∥
2
, y ∈ C(3)

0 (R). (3.5)

Further, we show that the estimate (3.5) holds for any y ∈ D(l). Let {yn}∞n=1 ⊂ C
(3)
0 (R) such sequence that

‖yn − y‖2 → 0,
∥∥∥l̃0yn − ly∥∥∥

2
→ 0 (n→∞). (3.6)

By (3.5), for any yn, ym ∈ C(3)
0 (R)

‖yn‖2 + ‖√qy′n‖2 ≤
[
2γ1,

√
q,0 + 1

] ∥∥∥l̃0yn ∥∥∥
2

(3.7)

and
‖yn − ym‖2 + ‖√q (y′n − y′m)‖2 ≤

[
2γ1,

√
q,0 + 1

] ∥∥∥l̃0yn − l̃0ym

∥∥∥
2
. (3.8)

We denote byW 1
2,
√
q(R) the completion of C(3)

0 (R) with respect to the norm ‖y‖W =
∥∥√q y′ ∥∥

2
+‖y‖2. According

to (3.8), {yn}∞n=1 is a Cauchy sequence in W 1
2,
√
q(R). W 1

2,
√
q(R) is a Banach space, therefore there exists an

element z such as ‖yn − z‖W → 0 (n → ∞). Then by (3.6), z ∈ D(l), furthermore, z is a solution of (3.1).
Passing to the limit at n→∞ in (3.7), we obtain the inequality (3.3) for z with C = 2γ1,

√
q,0 + 1.

By (3.3) and Definition 2.1, there exists the inverse l̃−1 to the operator l̃. So, a solution of the equation
(3.1) is unique.

We show, that for any u ∈ L2 there exists a solution of the equation (3.1). By Definition 2.1, it is
sufficient to prove that R(l̃) = L2. Assume the contrary, let R(l̃) 6= L2. Then there exists the non-zero element
z (x) ∈ R(l̃)⊥ :

(
l̃y, z

)
= 0 for any y ∈ C(3)

0 (R). On the other hand

(
l̃y, z

)
=

∫
R

y
(
z̄′′′ − [q (x) z̄]

′)
dx, ∀y ∈ C(3)

0 (R).
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C
(3)
0 (R) is dense in L2, so we have

z′′ − qz = C1. (3.9)

From (3.9), taking into account that q (x) ∈ C(1)
loc (R), we have that z (x) ∈ C(3)

loc (R). We consider two cases with
respect to C1.

1. C1 6= 0. Then, we can assume, that C1 = 1:

z′′ − q(x)z = 1, x ∈ R. (3.10)

The general solution z of this equation belongs to C(3)
loc (R) and is represented in the following form:

z (x) = C2z1 (x) + C3z2 (x) +

∫ +∞

−∞
G (x, t) dt,

where z1 (x) and z2 (x) are two linearly independent solutions of the homogeneous equation z′′− q(x)z = 0 and

G (x, t) =

{
z1 (x) z2 (t) , x ≤ t,
z2 (x) z1 (t) , x > t

is the Green function of the Sturm-Liouville operator. It is known that z1 (x) > 0 and z2 (x) > 0. By well-known
comparison theorem and maximum principle, for any x ∈ R the following estimates hold: z1 (x) ≥ K−1ex, 0 < z2 ≤ Kex, x > 0,

z2 (x) ≥ K−1ex, 0 < z1 ≤ Kex, x < 0,
z′1 (x) > 0, z′2 (x) < 0,

hence 0 < G (x, t) ≤ C4e
−|x−t|. By condition z ∈ L2, we obtain C2 = 0 and C3 = 0. So,

z (x) =

∫ +∞

−∞
G (x, t) dt > 0.

By (3.10), z′′ = 1 + q(x)z ≥ 1. Let a ∈ R such as z (a) = k > 0 and z′ (a) = m > 0. By (3.2) and (3.10),

z (x)− k = m (x− a) +
(x− a)

2

2
+

∫ x

a

(∫ t

a

qz (s) ds

)
dt ≥ (x− a)

2

2
∀x > a.

So, z /∈ L2.
2. Let C1 = 0. Then the solution z of the equation (3.9) is represented as follows:

z (x) = C4z1 (x) + C5z2 (x) , x ∈ R.

As mentioned above, z1 (x)→ +∞, z2 (x)→ 0 (x→ +∞), and z2 (x)→ +∞, z1 (x)→ 0 (x→ −∞). We have
C4 = 0 and C5 = 0. So z (x) = 0, x ∈ R.

We have obtained contradictions, which show that R(l̃ ) = L2.
Lemma 3.2. Assume that the function q satisfies conditions of Lemma 3.1 and

C−1
0 ≤ q (x)

q (η)
≤ C0 ∀x, η ∈ R : |x− η| ≤ 1 (C0 > 1). (3.11)

Then for the solution y of the equation (3.1) the following estimate holds:

‖y′′′‖2 + ‖qy′‖2 ≤ C
∥∥∥l̃y∥∥∥

2
. (3.12)

Proof. Let y be a solution of the equation (3.1). By (3.3), y′ ∈ L2. Assume, that y′ = z, then we obtain the
following Sturm-Liouville equation:

=z = −z′′ + q (x) z = ũ (x).

By conditions of Lemma, the solution z of the last equation satisfies the following estimate [39; 199]:

‖z′′‖2 + ‖qz‖2 ≤ C ‖ũ‖2 .
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Then for the solution y of (3.1), we obtain the estimate (3.12).
Next, we will consider the following equation

y′′′ + q(x)y′ + s(x)y = u0(x). (3.13)

Lemma 3.3. Let q (x) be a continuously differentiable function, and s (x) be a continuous function. Assume
that the conditions (3.2) and (3.11) and the following condition

γs,q,0 <∞ (3.14)

hold. Then for any u0 ∈ L2 there exists the unique solution y of the equation (3.14). Moreover, y satisfies the
following estimate:

‖y′′′‖2 + ‖qy′‖2 + ‖sy‖2 ≤ C ‖u‖2 . (3.15)

Proof. In (3.13) we put x = at, where a > 0 and t ∈ R. Then

a3 l̃y = −y′′′ttt (at) + a2q (at) y′t (at) + a3s (at) y (at) = a3u (at).

If we introduce the notations

y (at) = ỹ (t) , q (at) = q̃ (t) , s (at) = s̃ (t) , a3u (at) = ũ (t) a3 l̃y =
˜̃
lỹ,

then (3.13) become the following form:

˜̃
lỹ = −ỹ′′′ + a2q̃ỹ′ + a3s̃ỹ = ũ. (3.16)

We denote by ˜̃
la a closure in L2 of the differential expression ˜̃

l0aỹ = −ỹ′′′ + a2q̃ỹ′ defined on C
(3)
0 (R). Since

a2q̃ (t) ≥ δ > 0, by Lemma 3.1 and Remark 1.1, the operator ˜̃
la is continuously invertible and the following

estimate holds:
‖ỹ′′′‖2 +

∥∥a2q̃ỹ′
∥∥

2
≤ C˜̃

la

∥∥∥˜̃
laỹ
∥∥∥

2
, ∀ỹ ∈ D

(
˜̃
la

)
. (3.17)

Taking into account the condition (3.14) and Lemma 3.1, we have∥∥a3s̃ỹ
∥∥

2
≤ a−1γs̃,q̃,0C˜̃

la

∥∥∥˜̃
laỹ
∥∥∥

2
.

By (3.16), ˜̃
l =

˜̃
la + a3s̃E. Choosing the number a such as a = 2C˜̃

la
(1 + γs̃,q̃,0), we obtain

∥∥a3s̃ỹ
∥∥

2
≤ α

∥∥∥˜̃
laỹ
∥∥∥

2
, 0 < α ≤ 1

2
. (3.18)

Then, by the well-known perturbation theorem (for example, see Theorem 1.16 [38; 196]), there exists the inverse

operator
(

˜̃
la + a3s̃E

)−1

and the equality R
(

˜̃
la + a3s̃E

)
= L2 is true. By estimates (3.17) and (3.18),

‖ỹ′′′‖2 +
∥∥a2q̃ỹ′

∥∥
2

+
∥∥a3s̃ỹ

∥∥
2
≤
(
C˜̃
la

+
1

2

) ∥∥∥˜̃
laỹ
∥∥∥

2
. (3.19)

On the other hand, by (3.18), ∥∥∥˜̃
laỹ
∥∥∥

2
≤
∥∥∥(˜̃
la + a3s̃E

)
ỹ
∥∥∥

2
+

1

2

∥∥∥˜̃
laỹ
∥∥∥

2
,

i.e. ∥∥∥˜̃
laỹ
∥∥∥

2
≤ 2

∥∥∥(˜̃
la + a3s̃E

)
ỹ
∥∥∥

2
. (3.20)

The estimates (3.19) and (3.20) imply

‖ỹ′′′‖2 +
∥∥a2q̃ỹ′

∥∥
2

+
∥∥a3s̃ỹ

∥∥
2
≤ C ‖ũ‖2 , C = 2

(
C˜̃
la

+
1

2

)
.

By replacing t = a−1x, we obtain the estimate (3.15).
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Proof of Theorem 1.2. If the conditions (1.9) and (1.10) hold, then by Lemma 3.3, the operator

l̃y = −y′′′ + q (x) y′ + s (x) y

is continuously invertible, and for any y ∈ D(l̃) the following estimate holds:

‖y′′′‖2 + ‖qy′‖2 + ‖sy‖2 ≤ Cl̃
∥∥∥l̃y∥∥∥

2
. (3.21)

Taking into account the condition (1.11), for any y ∈ C(3)
0 (R) we obtain

‖ry′′‖22 ≤
1

4
‖y′′′‖22 +

∥∥r2y′
∥∥2

2
+ ‖2r′y′‖22 +

1

4
‖ry′′‖22 .

Then, by (3.15),

‖ry′′‖22 ≤
1

3

(
‖y′′′‖22 +

∥∥2
(
r2 + 2r′

)
y′
∥∥2

2
+ ‖sy‖22

)
≤ 1

3

∥∥∥˜̃
ly
∥∥∥2

2
.

so,

‖ry′′‖2 ≤
1√
3

∥∥∥˜̃
ly
∥∥∥

2
. (3.22)

It is clear that this inequality holds for any y ∈ D(
˜̃
l). Then by Theorem 1.16 [38; 196] the operator Ly =

˜̃
ly+ry′′

is closed and invertible, and its inverse L−1 is defined in all of L2. By (3.22), for any y ∈ C(3)
0 (R)∥∥∥l̃y∥∥∥

2
≤

√
3√

3− 1
‖Ly‖2 .

Then, by (3.21) and (3.22), for any y ∈ C
(3)
0 (R) holds the estimate (1.2), where CL = 1+

√
3CL√

3−1
. Taking

into account that the operator L is closed, we obtain that the last estimate holds for a solution of the
equation (1.1).

Example 3.1. We consider the following equation

−y′′′ + x3 cos2 x2y′′ +
[
18(1 + x6)

]
y′ + 3x4y = f2 (x) , x ∈ R, f2 (x) ∈ L2.

The coefficients r = x3 cos2 x2, q = 18(1 + x6) and s = 3x4 of this equation satisfy all of the conditions of
Theorem 1.2. In fact,

α1,
√
q,0 (x) = β1,

√
q,0 (−x) ≤

√
x

(∫ +∞

x

dt

18(t6 + 1)

) 1
2

<∞, x > 0.

For any x, η ∈ R such that |x− η| ≤ 1 we obtain

18(1 + x6)

18(1 + η6)
≤ 1 + (1 + η)6

1 + η6
<∞.

Further,

αs, q,0 (x) = βs, q,0 (−x) ≤ x 9
2

(∫ +∞

x

dt

182(t6 + 1)2

) 1
2

<∞, x > 0.

2(r2 + 2r′) = 2(x6 + 8 |x|4 + 1) ≤ 18(x6 + 1) = q.

So, by Theorem 1.2, for any f2 ∈ L2 there exists the unique solution y of the equation (1.12), and for y the
following estimate holds:

‖ − y′′′‖2 + ‖x3 cos2 x2y′′‖2 + ‖
[
18(1 + x6)

]
y′‖2 + ‖3x4y‖2 ≤ C‖f2‖2.
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Қ.Н. Оспанов, Ж.Б. Ескабылова

Аралық коэффициенттерi шенелмеген үшiншi реттi
дифференциалдық теңдеудiң коэрцитивтi шешiлу шарттары

Мақалада келесi теңдеу қарастырылған: −y′′′ + r (x) y′′ + q (x) y′ + s (x) y = f (x), мұндағы r және
q — аралық коэффициенттер, s-қа бағынбайды. Осы теңдеудiң f ∈ L2 (−∞, +∞) үшiн коэрцитивтi
шешiлу шарттары келтiрiлген. Және y шешiм үшiнi келесi максималды регулярлық баға алынған:
‖y′′′‖2 + ‖ry′′‖2 + ‖qy′‖2 + ‖sy‖2 ≤ C ‖f‖2,- мұндағы ‖ · ‖2 — L2 (−∞, +∞)-дегi норма. Бұл бағалау
(−∞, +∞) аралығындағы үшiншi реттi квазисызықты дифференциалдық теңдеудi зерттеуде маңыз-
ды рөл атқарады. Кейбiр екiмүшелi нұқсанды дифференциалдық теңдеулер қарастырылып, олардың
коэрцитивтi шешiлуi дәлелдендi. Бұл жерде М. Өтелбаев жасаған Гильберт кеңiстiгiндегi диффе-
ренциалдық оператордың бөлiктену теориясы әдiсi қолданылды. Осы көмекшi тұжырымдарды және
кейбiр белгiлi Харди типтi салмақты интегралдық теңсiздiктер арқылы қажеттi нәтижеге қолжет-
кiзiлдi. Осыған дейiн алынған нәтижелермен салыстырғанда авторлар s потенциалы қатаң оң деп
ұйғарып, нәтижелерi s = 0 жағдайы үшiн де орынды деп қорытынды жасады.

Кiлт сөздер: дифференциалдық теңдеу, шенелмеген коэффициенттер, максималды регулярлы, бөлiк-
тену.

К.Н. Оспанов, Ж.Б. Ескабылова

Условия коэрцитивной разрешимости дифференциального
уравнения третьего порядка с неограниченными

промежуточными коэффициентами

В статье рассмотрено уравнение: −y′′′ + r (x) y′′ + q (x) y′ + s (x) y = f (x), в котором промежуточ-
ные коэффициенты r и q не зависят от s. Приведены условия коэрцитивной разрешимости этого
уравнения для f ∈ L2 (−∞, +∞). Для решения y получена следующая оценка максимальной регу-
лярности: ‖y′′′‖2 + ‖ry′′‖2 + ‖qy′‖2 + ‖sy‖2 ≤ C ‖f‖2, где ‖ · ‖2 — норма в L2 (−∞, +∞). Эта оценка
важна для изучения квазилинейного дифференциального уравнения третьего порядка в (−∞, +∞).
Исследованы некоторые двучленные вырожденные дифференциальные уравнения и доказаны, что
они являются коэрцитивно разрешимыми. Здесь применен метод теории разделимости дифферен-
циальных операторов в гильбертовом пространстве, разработанный М. Отелбаевым. С помощью этих
вспомогательных утверждений и некоторых известных весовых интегральных неравенств типа Харди
получен желаемый результат. В отличие от предварительных результатов, авторы предполагают, что
потенциал s является строго положительным, результаты также справедливы в случае, когда s = 0.

Ключевые слова: дифференциальное уравнение, неограниченные коэффициенты, максимальная ре-
гулярность, разделимость.
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On multi-periodic solutions of quasilinear autonomous systems with
an operator of differentiation on the Lyapunov’s vector field

A quasilinear autonomous system with an operator of differentiation with respect to the characteristic
directions of time and space variables associated with a Lyapunov’s vector field is considered. The question
of the existence of multi-periodic solutions on time variables is investigated, when the matrix of a linear
system along characteristics has the property of exponential stability. And the non-linear part of the system
is sufficiently smooth. In the note, on the basis of Lyapunov’s method, the necessary properties of the
characteristics of the system with the specified differentiation operator were substantiated; theorems on the
existence and uniqueness of multi-periodic solutions of linear homogeneous and nonhomogeneous systems
were proved; sufficient conditions for the existence of a unique multi-periodic solution of a quasilinear
system were established. In the study of a nonlinear system, the method of contraction mapping was used.

Key words: multi-periodic solutions, autonomous system, operator of differentiation, Lyapunov’s vector
field.

Introduction

It is known that many phenomena connected by a continuous medium are described by systems of partial
differential equations. In many cases, these systems are quasilinear, and these phenomena (sound, light, electro-
magnetic, gas and hydromechanical) are oscillatory-wave in nature. Consequently, the study of solutions of such
systems with oscillatory properties over both time and space variables belong to an important part of the theory
of equations in ordinary and partial derivatives. The foundations of this theory were laid in the classical works
of A.M. Lyapunov, H.Poincaré and the fundamental research of Andronov-Witt-Khaykin, Krylov-Bogoliubov-
Mitropolsky-Samoilenko, Kolmogorov-Arnold-Moser, etc.

A peculiar approach to the problems of the theory of oscillations was proposed in the works of V. Kharasakhal
and D.U. Umbetzhanov [1–8], based on a deep connection between an almost periodic function of one variable
and a periodic function of many variables, called a multi-periodic function, where the problems are quasi-periodic
solutions of ordinary differential equations, are studied on the basis of multi-periodic solutions of systems of
the partial differential equations of the first order. In this connection, we note that many quite serious results,
known from oscillatory solutions of ordinary differential equations, they are extended to the case of multi-periodic
solutions of partial differential equations [9–20], which were further developed in the articles [21–23].

We note, that some information on multi-periodic solutions of systems of the partial differential equations
is contained in the literature review of the fundamental work [24], where the number of papers by one of the
authors is presented.

We also note, that many theoretical questions of physics and technology are based on oscillatory processes.
In particular, we pay attention to the works [25, 26], where an interesting research was conducted of problems
from hydromechanics and control theory related to oscillatory processes described by the differential and integro-
differential equations. These equations are attractive because it is possible for them to consider the problem of
multi-periodic solutions and use the methods outlined in this article.

Of particular interest is the work [27], where the equations with a differentiation operator along the directions
of a vector field on a torus are considered and conditions for the existence of their periodic solutions are
established. Note that the differential operator under consideration is similar to the differentiation operator,
which given in this note.

The methods of Poincaré-Lyapunov and Hamilton-Jacobi for integrating and researching of the periodic
solutions are the basis of the methodology for studying the problem of this work. It is obvious, that the sources
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of multi-periodic solutions of the differential equations are their periodic solutions with different rationally
incommensurable frequencies. In this regard, our attention is drawn to the problems studied in the articles [28, 29]
and some commonality of their study methods with the methods of this work.

One of the common ways to investigate the periodic solutions is to use the methods of boundary value
problems for the differential equations. In the works [30–35] for investigating the oscillatory solutions of some
equations of various types of mathematical physics was used, a technique calling the method of parameterization.
We note that the equations under consideration are representable as systems of equations of first-order derivatives.

In this article, we consider the quasilinear system of equations with a differentiation operator along the
directions of the vector fields, where the characteristic directions of the differentiation operator along the time
and space variables are independent, with the space variables being differentiated along the directions defined
by the Lyapunov’s system.

In the case of a non-autonomous system, the frequencies of the desired multi-periodic oscillations are mainly
determined by the system itself. Consequently, the frequencies and their number are known in advance.

In this autonomous case, the main difficulty of the considering problem is related to the uncertainty of the
frequency of periodic oscillations, which are components of the desired multi-periodic oscillations. This difficulty
was surmountable that the characteristic vector field satisfies the conditions of the Lyapunov’s system. Although,
systems of the partial differential equations that do not contain time variables are often found in the scientific
literature, but the problem of this note on the formulation is new and is being investigated for the first time.

We consider the autonomous system

Dx = P (ζ)x+ f(ζ, x), (1)

with differentiation operator

D =
∂

∂τ
+

〈
e,

∂

∂τ

〉
+

〈
Jζ + ψ(ζ),

∂

∂ζ

〉
, (2)

where x = (x1, . . . , xn) ∈ Rn are unknown vector-functions with respect to the time τ ∈ R,

τ = (τ1, . . . , τm) ∈ Rm and space ζ = (ζ0, . . . , ζk), ζj = (ξj , ηj) ∈ R2, j = 0, k, variables;
〈
e,

∂

∂τ

〉
is the

scalar product of m-vectors e = (1, . . . , 1) and
∂

∂τ
=

(
∂

∂τ1
, . . . ,

∂

∂τm

)
; J is a (2k + 2)-dimensional constant

matrix; ψ(ζ) is a (2k + 2)-vector-function given in a δ-neighborhood R2k+2
δ of a point ζ = 0 in Euclidean space

R2k+2;
∂

∂ζ
=

(
∂

∂ζ0
, . . . ,

∂

∂ζk

)
,
∂

∂ζj
=

(
∂

∂ξj
,
∂

∂ηj

)
, j = 0, k, is a vector operator.

The matrix P (ζ) = [pij(ζ)]
n
1 is holomorphic in the R2n+2

ε neighborhood of the point ζ = 0:

P (ζ) =

+∞∑
j=0

1

j!

〈
ζ,

∂

∂ζ

〉j
P (0), ζ ∈ R2k+2

ε , (3)

where ε > 0 is some constant and δ = δ(ε) > 0 is sufficiently small.
The vector-function f(ζ, x) has the following properties of continuity and smoothness

f(ζ, x) ∈ C(e)
ζ

(
R2k+2
ε ×Rn∆

)
(4)

with bounded matrix of Jacobi ∣∣∣∣∂f(ζ, x)

∂x

∣∣∣∣ ≤ c, (ζ, x) ∈ R2k+2

ε ×Rn∆, (5)

where c > 0 is a constant, R
2k+2

ε ×Rn∆ is the closure of the region R2k+2
ε ×Rn∆.

Thus, set the problem to clarify the conditions the (θ, θ)-periodicity of solutions of the system (1) when
conditions (3), (4), and (5) are performed.
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The differentiation operator along the directions of the diagonal of time and
space variables on the Lyapunov’s vector field

Differentiation by the operator D is conducted along directions of vector fields of time variables

dτ

dτ
= e (6)

and space variables
dζ

dτ
= Jζ + ψ(ζ), (7)

associated with the time variable τ ∈ R.
The characteristic of the vector equation (6), outgoing from the point τ0 = (τ0

1 , . . . , τ
0
m) when τ = τ0 is

determined by the relation τ = τ0 + e(τ − τ0). For our purpose, it’s useful to take as the initial point τ0 = eτ0.
Therefore, we have

τ = eτ. (8)

It should also be noted here that the dimensionm of the time vector τ is related to the dimension of the common
frequency basis of the family periodic solutions of the autonomous system (7), which cannot be specified in
advance. In our case, we note that m = k.

The vector field (7) can be characterized by the following properties:
a) The matrix J can be represented in the form

J = diag[ν0I2, . . . , νkI2], 〈q, ν〉 6= 0, q ∈ Zk+1, q 6= 0, (9)

where I2 =

(
0 −1
1 0

)
is a two-dimensional symplectic unit, νj , j = 0, k, are incommensurable frequencies,

q = (q0, . . . , qk) ∈ Zk+1 is an integer vector, ν = (ν0, . . . , νk) is vector, Z is the set of integers.
b) The vector function ψ(ζ) is formed by a given scalar holomorphic function Ψ(ζ) in some

δ-neighborhood R2k+2
δ of the point ζ = 0 in Euclidean space R2k+2 by applying an operator I ∂

∂ζ with (2k+ 2)-
matrix I = diag[I2, . . . , I2], whose decomposition of the function of which Ψ(ζ) begins with a homogeneous form
of at least the third degree:

ψ(ζ) = I ∂
∂ζΨ(ζ), ζ ∈ R2k+2

δ ,

Ψ(ζ) =
+∞∑
j=3

1
j!

〈
ζj ,

∂
∂ζ

〉j
Ψ(0).

(10)

It is obvious, that the vector field (7) under the conditions (9) and (10) belongs to the class of Lyapunov’s
systems.

By conditions (9) and (10) can be represented system (7) to the scalar form
dξj
dτ

= −νjηj −
∂Ψ(ζ)

∂ηj
,

dηj
dτ

= νjξj +
∂Ψ(ζ)

∂ξj
, j = 0, k.

(11)

with the first integral

H(ζ) =

k∑
j=0

νj
2

(ξ2
j + η2

j ) + Ψ(ζ). (12)

By the first integral (12) the system (11) can be written in the form of a canonical system
dξj
dτ

= −∂H(ζ)

∂ηj
,

dηj
dτ

=
∂H(ζ)

∂ξj
, j = 0, k.

(13)
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According to the Lyapunov’s method [1, 2], the variables (ξl, ηl), l 6= j, 0 ≤ l ≤ k as functions (ξj , ηj) with
a fixed number j can be determined from the system of the partial differential equations

∂H

∂ξj

∂xl
∂ηj
−∂H
∂ηj

∂xl
∂ξj

= −∂H
∂ηj

,

∂H

∂ξj

∂yl
∂ηj
−∂H
∂ηj

∂yl
∂ξj

=
∂H

∂ξj
, l 6= j, 0 ≤ l ≤ k,

(14)

where H = H(ζ) is the Hamiltonian (12) of the systems (13).
System (14) with the initial condition (ξl, ηl) = (0, 0) for (ξj , ηj) = 0, under conditions (9) and (10) allows

an unique holomorphic solution (ξ∗l (ξj , ηj), η
∗
l (ξj , ηj)) = ζ∗l (ξj , ηj) in the sufficiently small neighborhood R2

δ of
the point ζl = 0 in the plane R2 for fixed values l 6= j.

We obtain the function

Hj(ξj , ηj) = H
(
ζ∗0 (ξj , ηj), . . . , ζ

∗
j−1(ξj , ηj), ζj , ζ

∗
j+1(ξj , ηj), . . . , ζ

∗
k(ξj , ηj)

)
. (15)

by substituting found solutions ζ∗0 (ξj , ηj), . . . , ζ
∗
j−1(ξj , ηj), ζ

∗
j+1(ξj , ηj), . . . , ζ

∗
k(ξj , ηj) of the systems (14) to the

Hamiltonian H(ζ). Also, we set up a function

gj(ξj , ηj) = 1 +
∑
l 6=j

(
∂ξ∗l (ξj , ηj)

∂ξj

∂η∗l (ξj , ηj)

∂ηj
− ∂ξ∗l (ξj , ηj)

∂ηj

∂η∗l (ξj , ηj)

∂ξj

)
. (16)

On the basis of functions (15) and (16), we consider the system of ordinary differential equations
gj(ξj , ηj)

dξj
dτj

= −∂Hj(ξj , ηj)

∂ηj
,

gj(ξj , ηj)
dηj
dτj

=
∂Hj(ξj , ηj)

∂ξj
,

(17)

which is a Lyapunov’s system corresponding to the frequency νj . Therefore, system (17) defines a two-parameter
family of periodic solutions

ξj = h
′

j(τj − τ0, ξ0
j , η

0
j ),

ηj = h
′′

j (τj − τ0, ξ0
j , η

0
j )

(18)

with arbitrary initial values (ξj , ηj)
∣∣
τj=τ0

= (ξ0
j , η

0
j ) from a sufficiently small neighborhood R2

δ , and a period

θj =
2π

νj

(
1 + c

(1)
j Hj

(
ξ0
j , η

0
j

)
+ c

(2)
j

[
Hj

(
ξ0
j , η

0
j

)]2
+ . . .

)
, (19)

which the coefficients c(1)
j , c

(2)
j , . . . didn’t depend on the initial data, and they are θj =

2π

νj
when (ξ0

j , η
0
j ) = (0, 0).

Thus, by changing j from 0 to k and using the Lyapunov’s method, we obtain all 1 + k periodic solutions
(18) of the system (17). These solutions are components of a multi-periodic solution ζ of the system (7) in the
form

ζ =

(
h
′

0

(
τ − τ0, ξ0

0 , η
0
0

)
, h
′′

0

(
τ − τ0, ξ0

0 , η
0
0

)
, . . . , h

′

k

(
τk − τ0, ξ0

k, η
0
k

)
, h
′′

k

(
τk − τ0, ξ0

k, η
0
k

))
≡

≡ h
(
τ − τ0, τ1 − τ0, . . . , τk − τ0, ξ0

0 , η
0
0 , . . . , ξ

0
k, η

0
k

)
(20)

with initial condition
ζ
∣∣
τ=τ1=...=τk=τ0

=
(
ξ0
0 , η

0
0 , . . . , ξ

0
k, η

0
k

)
= ζ0 (21)

and vector-period θ = (θ0, θ1, . . . , θk) with components (19) on a vector variable τ = (τ, τ1, . . . , τk).
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We are passing to the vector notation from (20)–(21), and then the solution ζ of the system (7) is represented
in the form

ζ = h(τ − τ0, τ − eτ0, ζ0), (22)

where h(0, 0, ζ0) = ζ0. Equation (22) together with equation (8), represent the characteristics of the operator (2).
Thus, the following assertion is substantiated.

10. Under conditions (9) and (10), operator (2) is the operator of differentiation with respect to τ of the
functions x(τ, τ , ζ) of the along direction of the main diagonal (8) of the time variables and along multi-
periodically closed curves (22) with respect to space variables.

Therefore, the function Dx along the characteristic, given by relation (22), determines the rate of change of
the function x = x(ζ) with respect to τ :

Dx
∣∣
ζ=h

=
dx(h)

dτ
.

The statement 10 allows us to go from the differential equations with operator D to the integral equations,
defined along the characteristics.

By the uniqueness property the solutions of the system (7), from the equation of characteristics (22) we
have the expression

ζ0 = h(τ0 − τ, eτ0 − τ , ζ), (23)

which is the first integral of the operator D : Dh = 0.
In addition, based on the same property, we obtain the group property of the characteristic in the form

h (τ − s, τ − es, h(s− τ0, es− eτ0, ζ0)) = h (τ − τ0, τ − eτ0, ζ0) (24)

with s ∈ R.
Then we have the following statement.
20. Under the conditions of paragraph 10 the function x (s− τ0, τ − eτ0, h(s− τ0, es− eτ0, ζ0)) taking into

account property (24), is proceed to the function x (s− τ, es− τ , h(s− τ, es− τ , ζ)) with parameter s ∈ R, and
variables (τ, τ , ζ), where the given function defined along the characteristic

τ = s− τ0,

τ = es− eτ0,
ζ = h(s− τ0, es− eτ0, ζ0)

with a parameter s based on the first integrals of the systems (6) and (7) in the form

τ0 = τ,

eτ0 = τ ,

ζ0 = h(τ0 − τ, eτ0 − τ , ζ),

obtained by relations (8) and (23).
Paragraph 20 allows leaving expressions defined along the characteristics of the operator D to the space of

variables (τ, τ , ζ).
Further, by the periodicity the characteristics (18) of the operator D in the period (19), the property of

multi-periodicity of the vector-function (22) can be represented as

h(τ + θ, τ + qθ, ζ) = h(τ, τ , ζ), (25)

where the vector-period (θ, θ) = (θ0, θ1, . . . , θk) with the components θ = θ0, θ = (θ1, . . . , θk) is defined by
the relation (19), and the periods θj , j = 0, k depend on the initial data ζ = ζ0 of the characteristics of the
operator (2), q ∈ Zm.

We note, that when the question of multi-periodicity, we consider periods (θ, θ) in the space of variables
(τ, τ , ζ) ∈ R×Rk ×Rk+1

δ , by replacing the initial data ζ0 to the corresponding value (23), and we get functions
with respect to variables (τ, τ , ζ), and parameter τ0 ∈ R:

θ = θ(τ0, τ, τ , ζ),

θ = θ(τ0, τ, τ , ζ).
(26)
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Since expressions (23) represent the first integral, that is, we have identity

Dh(τ0 − τ, eτ0 − τ , ζ) = 0, (27)

then periods (26) are also first integrals, and therefore, we have identity relations

Dθ(τ0, τ, τ , ζ) = 0,

Dθ(τ0, τ, τ , ζ) = 0.
(28)

Thus, as a consequence of the identities (27) and (28), we can formulate the following statement.
30. Under the conditions of the preceding paragraphs, any smooth function f(h) has the properties

Df
(
h (s− τ, es− τ , ζ)

)
= 0, (29)

f
(
h
(
s− τ + θ, es− τ + qθ, ζ

))
= f

(
h (s− τ, es− τ , ζ)

)
, (30)

where s ∈ R is the parameter, and q ∈ Zm, h(s− τ, es− τ , ζ) is the integral function (23).
In deducing relation (29) it was taken into account that if h is the first integral, and then the smooth

function f(h) is also an integral. Identity (30) follows from identity (25).

Homogeneous linear system

We consider a linear system
Dx = P (ζ)x, (31)

with respect to the unknown vector-function x = (x1, . . . , xn), where the operatorD is defined by the formula (2)
with properties (9) and (10); P (ζ) = [pij(ζ)]

n
1 is holomorphic matrix in the R2n+2

ε neighborhood of the
point ζ = 0, and satisfies condition (3).

The system (31) along the characteristics (22) represents a system of the ordinary differential equations
with the multi-periodic matrix P (h(τ − s, τ − es, ζ0)) with respect to (τ, τ) with period (θ, θ).

Then it is possible to determine the matrix X of the linear system (31)on the basis of the integral equation

X(τ0, τ, τ , ζ) = E +

τ∫
τ0

P (h(s− τ, es− τ , ζ))X(τ0, s, es, ζ) ds, (32)

where E is the unit n-matrix, τ0 ∈ R, τ ∈ R, τ ∈ Rk, ζ ∈ R2k+2
ε for sufficiently small ε > 0, X(τ0, τ0, eτ0, ζ) = E.

Obviously, the matriciant X(τ0, τ, τ , ζ) is holomorphic with respect to ζ by virtue of (3) and (θ, θ, θ)-periodic
by (τ0, τ, τ)

X(τ0 + θ, τ + θ, τ + eθ, ζ) = X(τ0, τ, τ , ζ). (33)

Further, suppose that the matrix P (ζ) provides the property of the exponential stability of system (31) in
the form

|X(τ0, τ, τ , ζ)| ≤ ae−α(τ−τ0), τ ≥ τ0 (34)

with constants a ≥ 1, α > 0, where τ0 ∈ R. If we take into account the solution x = x(τ0, τ, τ , ζ) of the
system (31) with an initial condition that turns into the initial smooth function u(ζ), when τ = τ0 in the form

x
∣∣
τ=τ0

= u(ζ) ∈ C(1)
ζ

(
R2k+2
ε

)
expressed by

x(τ0, τ, τ , ζ) = X(τ0, τ, τ , ζ)u(h(τ0 − τ, eτ0 − τ , ζ)), (35)

then from the condition (34) implies the absence of the multi-periodic solution of the system (31), that is
different from zero.

Lemma 1. Let conditions (3), (9), (10), and (34) be satisfied. Then the homogeneous linear system (31) has
no multi-periodic solution, except for the trivial one.

Proof. Indeed, from the representation of solutions (35) and condition (34) follows that for fixed values ζ
any solution with nonzero initial data u 6= 0 is unbounded.

Therefore, such a solution cannot be multi-periodicity. It only follows that u = 0 is the only multi-periodic
solution of the system (31).
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Nonhomogeneous linear system

Now we consider the system in the form

Dx = P (ζ)x+ f(ζ) (36)

with free term f(ζ) of holomorphic in R2k+2
ε :

f(ζ) =

+∞∑
j=0

1

j!

〈
ζ,

∂

∂ζ

〉j
f(0), ζ ∈ R2k+2

ε , (37)

where ε > 0 is some constant.
Theorem 1. Let conditions (3), (9), (10), (34), and (37) be satisfied. Then the system (36) has the unique

(θ, θ)-periodic solution holomorphic with respect to ζ ∈ R2k+2
δ for sufficiently small δ = δ(ε) > 0

x∗(τ, τ , ζ) =

τ∫
−∞

X(s, τ, τ , ζ)f(h(s− τ, es− τ , ζ)) ds, (38)

where δ = δ(ε) is chosen such that, for ζ ∈ R2k+2
δ the inequality |h(τ, τ , ζ)| < ε is satisfied.

Proof. Indeed, by a direct verification, we see, that function (38), which is determined by condition (34), in
the form of an improper integral is the solution of the system (36). In this case, it is necessary to take into account
that the matriciant X satisfies the matrix equation (32), and the integral h has the properties (22) and (23). The
periodicity of the solution (37) with respect to τ with a period θ is checked on the basis of the property (33),
and the θ-periodicity with respect to τ follows from the property (25). The property of holomorphy follows from
the holomorphy of the integral h of the matrix P , and the function f given in conditions (3), (10), and (37).

In conclusion, we note that if conditions (3) and (37) about the holomorphy of the matrix P (ζ) and vector-
function f(ζ) are replaced by the conditions of their continuous differentiability, then generalizing Theorem 1, we
can get the result about the existence of the multi-periodic solution (38), without the property of holomorphy.

Therefore, we have the following theorem.
Theorem 2. Let the matrix function P (ζ) be continuously differentiable in R2k+2

ε :

P (ζ) ∈ C(e)
ζ

(
R2k+2
ε

)
, (39)

and the free term f(ζ) of the system also has the same property:

f(ζ) ∈ C(e)
ζ

(
R2k+2
ε

)
, (40)

where C(e)
ζ

(
R2k+2
ε

)
is the class of smooth functions of order e = (1, . . . , 1) in R2k+2

ε . If satisfied conditions (9),
(10) and (34), then relation (38) represents the unique (θ, θ)-periodic solution of the system (36) for sufficiently
small δ = δ(ε) > 0, when ζ ∈ R2k+2

δ .
The proof of the Theorem 2 is similar to the proof of the Theorem 1, with the difference, that the smoothness

of the solutions is everywhere provided by the conditions (39), (40).
Now, additionally we consider the case when the free term f , except ζ ∈ R2k+2

δ , depends on (τ, τ) ∈ R×Rk.
Then we have a non-autonomous system of equations

Dx = P (ζ)x+ f(τ, τ , ζ), (41)

where the vector-function f(τ, τ , ζ) has the property

f(τ + θ, τ + qθ, ζ) = f(τ, τ , ζ) ∈ C(1,e,e)
τ,τ,ζ

(
R×Rk ×R2k+2

ε

)
, (42)

q ∈ Zk, e = (1, . . . , 1) is k-vector, e = (1, . . . , 1) is (2k + 2)-vector, ε = const > 0.
Theorem 3. Let conditions (9), (10), (34), (39), and (42) be satisfied. Then system (41) allows the unique

(θ, θ)-periodic solution in the form

x∗(τ, τ , ζ) =

τ∫
−∞

X(s, τ, τ , ζ)f(s, es, h(s− τ, es− τ , ζ)) ds, (43)

where (τ, τ , ζ) ∈ R×Rk ×R2k+2
δ , δ = δ(ε) is a sufficiently small positive number.
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The proof is conducted similarly to the proof of the Theorems 1 and 2, and therefore we will not prove that
theorem.

Here, since the free term f is periodically with respect to (τ, τ) with the same periods (θ, θ) as the integral
h(τ, τ , ζ), then the oscillations described by the system (41), and doesn’t undergo any other changes. We will
need this case when studying a nonlinear autonomous system.

Nonlinear system

Let us consider the question of the existence of the multi-periodic solution of the system (1) satisfying
conditions (3), (4), and (5). From conditions (4) and (5) follows that

|f(ζ, x)− f(ζ, y)| ≤ c|x− y|, (44)

|f(ζ, x)| ≤ b+ c|x|, (45)

where (ζ, x) ∈ R2k+2

ε ×Rn∆. Let the constants α, a, b, c and ∆ be related by

a(b+ c∆) < α∆. (46)

The value δ = δ(ε) > 0 is chosen such that, R2k+2
δ ⊂ R2k+2

ε .
We consider the space Sθ,θδ,∆ of vector-functions x(τ, τ , ζ), which continuous for each

(τ, τ , ζ) ∈ R×Rk ×R2k+2
δ , (θ, θ)-periodic for (τ, τ) and bounded by number ∆ > 0 on the norm

‖x‖ = sup
R×Rk×R2k+2

δ

max
j
|xj(τ, τ , ζ)| ≤ ∆.

We define the operator in this space

(Fx)(τ, τ , ζ) =

τ∫
−∞

X(s, τ, τ , ζ)f (h(s− τ, es− τ , ζ), x(s, es, h(s− τ, es− τ , ζ))) ds. (47)

Lemma 2. Let conditions (4), (5), (9), (10), (34), (39) and (46) be satisfied. Then the operator F in the
space Sθ,θδ,∆ has the unique fixed point for sufficiently small δ > 0.

By virtue the conditions (34) and (45) the improper integral (47) converges uniformly. Consequently, by
virtue property (4) the function (Fx)(τ, τ , ζ) is continuous for all arguments.

After shifting τ to period θ, by virtue periodicity x(τ, τ , ζ) with respect to τ , and the property (33) of the
matriciant X, by replacing τ with τ + θ, we are convinced that function (47) is also θ-periodic with respect
to τ . The periodicity of Fx with respect to τ with the period θ directly follows from the θ-periodicity of the
matriciant X, given in (33), and the integral h by τ according to property (25).

Using the estimates (34), (45), and (46) from expression (47), we obtain

|(Fx)(τ, τ , ζ)| ≤ a

α
(b+ c∆) < ∆.

Consequently, the function Fx bounded by the number ∆ > 0. Thus, we were convinced that the operator F
reflects into itself of the space Sθ,θδ,∆.

Further, on the basis of (44), from the representation (47) of the operator F we have the inequality

|(Fx)(τ, τ , ζ)− (Fy)(τ, τ , ζ)| ≤ ac

α
‖x− y‖.

Consequently, by virtue of condition (46) d =
ac

α
< 1, the estimate

|Fx− Fy| ≤ d‖x− y‖

shows that the operator F is a contraction operator.
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Obviously, the space Sθ,θδ,∆ is complete, and then the operator F has the unique fixed point in this space

x∗(τ, τ , ζ) = (Fx∗)(τ, τ , ζ) ∈ Sθ,θδ,∆. (48)

Theorem 4. Under the conditions of the Lemma 2, the system (1) has the unique (θ, θ)-periodic solution for
sufficiently small δ > 0.

For the proof, we show, that the (θ, θ)-periodic by (τ, τ) solution x∗(τ, τ , ζ) of the system (1) satisfies to the
integral equation

x(τ, τ , ζ) = (Fx)(τ, τ , ζ). (49)

Indeed, using this solution x∗(τ, τ , ζ), we consider a linear system

Dx = P (ζ)x+ f(ζ, x∗(τ, τ , ζ)) (50)

by the form (41).
Therefore, in accordance with the Theorem 3, system (50), according to formula (43), has the unique

(θ, θ)-periodic solution x of the operator expression

x = (Fx∗)(τ, τ , ζ), (51)

for sufficiently small δ > 0.
Since the solution x∗(τ, τ , ζ) satisfies the system (1), it is also solution of the equation (50).
Consequently, by virtue of the uniqueness of (θ, θ)-periodic solutions from (51), we have

x∗(τ, τ , ζ) = (Fx∗)(τ, τ , ζ). (52)

i.e. showed that x∗(τ, τ , ζ) is solution of the integral equation (49).
But as shown in the Lemma 2, it has the unique multi-periodic solution. Consequently, from the identities (48)

and (52) we have
x∗(τ, τ , ζ) = x∗(τ, τ , ζ).

Thus, the solution x∗(τ, τ , ζ) has the smoothness property for all arguments and is determined by the
integral equation (49). The theorem is completely proved.
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Ляпунов векторлық өрiсi бойынша дифференциалдау операторлы
квазисызықты автономдық жүйенiң көппериодты шешiмi туралы

Ляпунов векторлық өрiсiмен байланысты уақыт және кеңiстiк айнымалылы сипаттама бағыты бойын-
ша дифференциалдау операторлы квазисызықты автономдық жүйе қарастырылды. Сызықты жүй-
енiң матрицанты сипаттама бойында экспоненциалды орнықтылық қасиетке ие болғанда уақыт айны-
малысы бойынша көппериодты шешiмнiң бар болуы туралы сұрақ зерттелдi. Ал жүйенiң сызықты
емес бөлiгi жеткiлiктi жатық болады. Мақалада Ляпунов әдiсi негiзiнде көрсетiлген дифференци-
алдау операторлы жүйенiң сипаттамасының қажеттi қасиеттерi негiзделдi; бiртектi және бiртексiз
сызықты жүйенiң көппериодты шешiмiнiң бар болуы және жалғыздығы туралы теорема дәлелдендi;
квазисызықты жүйенiң жалғыз көппериодты шешiмiнiң бар болуының жеткiлiктi шарты анықталды.
Сызықты емес жүйенi зерттеу барысында сығушы бейнелеу әдiсi қолданылды.

Кiлт сөздер: көппериодты шешiм, автономдық жүйе, дифференциалдау операторы, Ляпунов вектор-
лық өрiсi.
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Ж.А. Сартабанов, Б.Ж. Омарова

О многопериодических решениях квазилинейных
автономных систем с оператором дифференцирования

по векторному полю Ляпунова
Рассмотрена квазилинейная автономная система с оператором дифференцирования по характери-
стическим направлениям временных и пространственных переменных, связанных с векторным полем
Ляпунова. Исследован вопрос о существовании многопериодических по временным переменным реше-
ний, когда матрицант линейной системы вдоль характеристик обладает свойством экспоненциальной
устойчивости. А нелинейная часть системы является достаточно гладкой. В статье на основе метода
Ляпунова обоснованы необходимые свойства характеристик системы с указанным оператором диф-
ференцирования; доказаны теоремы о существовании и единственности многопериодических реше-
ний линейных однородных и неоднородных систем; установлены достаточные условия существования
единственного многопериодического решения квазилинейной системы. При исследовании нелинейной
системы использован метод сжатых отображений.

Ключевые слова: многопериодическое решение, автономная система, оператор дифференцирования,
векторное поле Ляпунова.
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The atomic definable subsets of semantic model

In this paper some properties of small models, generally speaking, not necessarily complete theories and their
relationship with each other were considered. Under small models we will understand some modifications of
the concepts of countable atomic and prime models. These models were defined in the study of countable
models of complete theories. Studies were conducted by analogy with the classic result of R. Vaught on
countable-prime models of complete theories, but by other technical means. This work is oriented on the
syntactic properties of special subsets of the semantic model of some Jonsson theory. A new concept was
also introduced, as a model-theoretic «rheostat», in order to obtain results related to the refinement of
concept of atomicity within the framework of Jonsson theories. Thus, the main purpose of this article is to
formally define this «rheostat» and to obtain on the basis of this concept the results having a relation to
the refinement of the concept of atomicity in the frame of Jonsson theories.

Keywords: Jonsson theory, semantic model, existentially prime model, atomic model, convexity.

The study of properties of the so-called small models for various subclasses of inductive theories is connecting
with given work. Each time the difference in these subclasses always depends on the special conditions imposed
on some inductive theory. These conditions are of the following type: the joint embedding property, the amalgam
property, convexity, an existential primeness, a certain type of completeness, perfectness in the sense of Jonsson
theory, if the considered inductive theory is such. All of these conditions are connected with considered theory,
but are not purely syntactic, since the above mentioned definitions of conditions relate to the class of models
of considered theory, for example, convexity and an existential primeness. On the other hand, the main accent
of this work is oriented on the syntactic properties of special subsets of the semantic model of some Jonsson
theory.

We consider small models which are some modifications of the concepts of countable atomic and prime
models defined in the study of countable models of complete theories. This subject was originally defined after
R. Vaught’s classical work [1] where it was proved that a model is atomic if and only if it is countable and
prime. In [2] D. Baldwin and D. Kueker considered a more general situation in the sense of theory and in the
sense of small models.

Namely, the theory was assumed only complete for some type of sentences, i.e. generally speaking, not
the complete and the concepts of atomicity and primeness of model, in contrast to the concept of atomicity
and primeness of the model from [1], were also more general because the atoms of a theory were considered
within the formulas lattice and not the Boolean algebra of the Lindenbaum-Tarsky. Also, instead of elementary
embeddings, isomorphic embeddings were considered. Further, we give these definitions and consider in detail
their differences.

As the results of [2] showed, unfortunately, it was not possible to obtain, analogue of the above mentioned,
the result describing a small models from [1]. Thus, the study of the behavior of the small models in the class
of incomplete theories is an actual problem and in general it has not been solved yet. Moreover, due to the
examples in [2], there is a confidence that this problem will not be solved in the formulated framework of [2]. In
this regard, one of the authors of this article in [3–6] formulated the problem of characterization of countable
atomic and prime models in the study of Jonsson theories, its class, first of all, is a natural subclass of inductive
theories, secondly, there are a lot of classical natural examples from algebra which satisfy the conditions of
Jonsson theories. Thus, it seems to us it is possible to narrow down the scope of the above mentioned problem,
both in the syntactic and semantic sense in fairly wide subclass of inductive theories to advance a search for
a positive solution of this problem. It is necessary to find acceptable conditions that connect corresponding
concepts of atomicity and algebraic primeness of models in the framework of studying the data restrictions on
the theory.
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In this introduction we would like to announce the main idea of our approach to the study of the description
of small models within the above-mentioned. Since, by virtue of the above concepts of the atomic model, in
senses of [1] and [2], there are essentially different, we propose to consider in a certain sense a «continuous»
transition from the notion of model atomicity in the sense of [1] to the notion of model atomicity in the sense
of [2]. Thus, we tried gradually to isolate the metamorphosis of the transition of these concepts into each other
in stages. That is, to construct conditionally in a certain sense a model-theoretic «rheostat» by moving, we
get the concepts of atomicity for complete and Jonsson theories, gradually. Thus, the main purpose of this
article is formally to define this «rheostat» and to obtain, on the basis of this concept, results concerning to the
refinement of the concept of atomicity within of Jonsson theories.

We give the following definitions of concepts and related results from that part of model theory that are
necessary for the study of Jonsson theories.

Definition 1. A theory T is a Jonsson if:
1) theory T has infinite models;
2) theory T is inductive;
3) theory T has the joint embedding property (JEP );
4) theory T has the property of amalgam (AP ).
Examples of Jonsson theories are:
1) the group Theory,
2) the theory of Abelian groups,
3) the theory of fields of fixed characteristic,
4) the theory of Boolean algebras,
5) the theory of polygons over a fixed monoid,
6) the theory of modules over a fixed ring,
7) the theory of linear order.
The following definition of the universality and homogeneity of model allocates semantic invariant of any

Jonsson theory, namely its semantic model. Moreover, it turned out that the saturation or non-saturation of this
model significantly changes the structural properties of both the Jonsson theory itself and its class of models.

Definition 2. Let κ ≥ ω. Model M of theory T is said to be κ-universal for T , if each model T with the
power strictly less κ isomorphically imbedded in M ; κ-homogeneous for T , if for any two models A and A1 of
theory T , which are submodels of M with the power strictly less then κ and for isomorphism f : A → A1 for
each extension B of model A, which is a submodel of M and is model of T with the power strictly less then κ
there exists the extension B1 of model A1, which is a submodel of M and an isomorphism g : B → B1 which
extends f .

Definition 3. Model C of Jonsson theory T is said to be semantic model, if it is ω+- homogeneous-universal.
As can be seen from the definition of the Jonsson theory, this theory is not complete. But nevertheless,

with the help of its semantic invariant (semantic model) we can always determine the center of Jonsson theory,
which is a complete theory.

Definition 4. The center of Jonsson theory T is said to be an elementary theory of its semantic model. And
denoted through T ∗, i.e. T ∗ = Th(C).

The following two facts speak about the «good» exclusivity of the semantic model.
Fact 1. Each Jonsson theory T has k+- homogeneous-universal model of power 2k. Conversely, if a theory

T is inductive and has infinite model and ω+- homogeneous-universal model then the theory T is a Jonsson
theory.

Fact 2. Let T be a Jonsson theory. Two k-homogeneous-universal models M and M1 of T are elementary
equivalent.

It is well known from the course of model theory that a saturated model is always a homogeneous-universal
model, the reverse is also true. But this definition of homogeneous-universal model [7; 299] is considered as a
rule in the framework in the study of complete theory. In the framework of the study of Jonsson theory, we are
dealing with a particular case of the definition of a homogeneous-universal model belonging to B. Jonsson [8]. The
concept of a saturated model is the same in both cases. By virtue of a more general situation of homogeneous-
universality in the case of Jonsson theory, we do not have a saturation criterion in terms of homogeneous-
universal as in [7; 299]. Therefore, those Jonsson theories, the semantic model of which is saturated, allocate in
a special subclass of class of all Jonsson theories, and such theories are called perfect. We give a definition of
perfectness of Jonsson theory.
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Definition 5. Jonsson theory T is said to be a perfect theory, if each semantic model of theory T is saturated
model of T ∗.

The first author of this article obtained a result describing the perfect Jonsson theory.
Theorem 1 [9]. Let T be a Jonsson theory. Then the following conditions are equivalent:
1) Theory T is perfect;
2) Theory T ∗ is a model companion of theory T .
From the above list of Jonsson theories, the following examples 2)-4), 6),7) are examples of a perfect Jonsson

theory. But, for example, group theory is not such, due to the fact that it does not have a model companion.
Let ET be a class of all existentially closed models of Jonsson theory T .
This class of models in general case for an arbitrary theory can be empty. But the following result [10; 367]

is well known, who says that any inductive theory has a nonempty class of existentially closed models. Since
the Jonsson theory is a subclass of the class of inductive theories, we can say that ET is a non-empty class.

In the case of a perfect Jonsson theory, the class of models of center of this theory coincides with ET . This
follows from the following theorem.

Theorem 2 [9]. If T is a perfect Jonsson theory then ET = ModT ∗.
Let L be a countable language of first order. Let T be Jonsson theory in the language L and its semantic

model is C.
Let us turn to the definition of central concept of this article. Namely, the concept of a (∇1,∇2)− cl atomic

set.
Let T be some Jonsson theory in a fixed language and C — its semantic model.
Definition 6. Model A of a theory T is said to be existentially closed if for any model B and any existential

formula ϕ(x) with constants of A we have A |= ∃xϕ(x) provided that A is a submodel of B and B |= ∃xϕ(x).
Definition 7. A is an algebraically prime model of theory T , if A is a model of T and A may be isomorphically

embedded in each model of the theory T .
Definition 8. The inductive theory T is said to be the existentially prime if: 1) it has an algebraically prime

model, the class of its AP (algebraically prime models) denote by APT ; 2) class ET non trivial intersects with
class APT , i.e. APT

⋂
ET 6= 0.

Definition 9. The theory T is said to be convex if for any its model A and for any family {Bi | i ∈ I} of
substructures of A, which are models of the theory T , the intersection

⋂
i∈I Bi is a model of T , provided it is

non-empty. If in addition such an intersection is never empty, then T is said to be strongly convex.
Definition 10. A model is said to be atomic if every tuple of its elements satisfies some complete formula.
Definition 11. A formula ϕ(x) is a ∆-formula, if exist existential formulas (from Σ) ψ1(x) and ψ2(x) such

as
T |= (ϕ↔ ψ1) и T |= (¬ϕ↔ ψ2).

Definition 12.
(i) (A, a0, ..., an−1)⇒Γ (B, b0, ..., bn−1) means that for every formula ϕ(x1, ..., xn−1) of Γ, if A |= ϕ(a), then

B |= ϕ(b).
(ii) (A, a) ≡Γ (B, b) means that (A, a)⇒Γ (B, b) and (B, b)⇒Γ (A, a).
As classes Γ we consider 4 or Σ.
The following definition of an atomic model refers to [1].
Consider a complete theory T in L. A formula ϕ(x1...xn) is said to be complete (in T ) if and only if for

every formula ψ(x1...xn) exactly one of

T |= ϕ→ ψ, T |= ϕ→ ¬ψ

holds. A formula θ(x1...xn) is said to be completable (in T ) if and only if there is a complete formula ϕ(x1...xn)
with T |= ϕ→ θ. If θ(x1...xn) is not completable it is said to be incompleatable.

A theory T is said to be atomic if and only if every formula of L which is consistent with T is completable
in T . A model A is said to be an atomic model if and only if every n- tuple a1...an ∈ A satisfies a complete
formula in Th(A).

Definition 13. A model is said to be atomic if every tuple of its elements satisfies some complete formula. In
connection with the new concept of atomicity from [2], the following concept will be analogous to the definition
of a complete formula.
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Definition 14. A formula ϕ(x1, ..., xn) is complete for Γ-formulas if ϕ is consistent with T and for every
formula ψ(x1, ..., xn) in Γ, having no more free variables than ϕ, or

T |= ∀x(ϕ→ ψ).

Equivalently, a consistent ϕ(x) is complete for Γ-formulas provided whenever as ψ(x) is a Γ- formula and
(ϕ ∧ ψ) is consistent with T , then T |= (ϕ→ ψ).

And the concept of the atomic model from [1] is transformed into the following concept from [2].
Definition 15. B is a (Γ1,Γ2, ) — atomic model of T , if B is a model of T and for every n every n-tuple of

elements of A satisfies some formula from B in Γ1, which is complete for Γ2-formulas.
The following notion of a weakly atomic model from [2] is a generalization of above definition.
Definition 16. B is a weak (Γ1,Γ2) — atomic model of T , if B is a model of T and for every n every n-tuple

aa of elements of A satisfies in B some formula ϕ(x) of Γ1 such as T |= (ϕ → ψ) as soon as ψ(x) of Γ2 and
B |= ψ(a).

In this paper we will not give examples of the (Γ1,Γ2) — atomic model and the weak (Γ1,Γ2) atomic model,
leaving the reader to do this on their own, referring to a sufficient, the number of examples of these concepts
given in [2].

Before discussing the obtained results, concerning to (∇1,∇2)− cl atomic models, we note that we fix some
Jonsson theory T and its semantic model C in the countable language L and ∇1,∇2 ⊆ L : (∇1,∇2) actually
those sets consist of ∃,∀,∀∃ — formulas which are consistent with T , that is, any finite subset of formulas from
∇1,∇2 are consistent with T . Let A ⊆ C.

Let cl is some closure operator defining a pregeometry over C (for example cl = acl or cl = dcl). It is clear
that such operator is a special case of the closure operator and its example is a closure operator defined on any
linear space as a linear shell.

We also assume that the pregeometry given by the cl operator is modular [8].
Definition 17. A set A is said to be (∇1,∇2)− cl atomic in the theory T , if
1) ∀a ∈ A,∃ϕ ∈ ∇1 such as for any formula ψ ∈ ∇2 follows that ϕ is complete formula for ψ and C |= ϕ(a);
2) cl(A) = M,M ∈ ET , and obtained model M is said to be (∇1,∇2)− cl atomic model of theory T .
Definition 18. A set A is said to be weakly (∇1,∇2)− cl is atomic in T , if
1) ∀a ∈ A,∃ϕ ∈ ∇1 such as in C |= ϕ(a) for any formula ψ ∈ ∇2 follows that T |= (ϕ→ ψ) whenever ψ(x)

of ∇2 and C |= ψ(a);
2) cl(A) = M,M ∈ ET , and obtained modelM is said to be weakly (∇1,∇2)−cl atomic model of theory T .
It is easy to understand that definitions 17 and 18 are naturally generalized the notion of atomicity and

weak atomicity to be ∇1-atom and weak ∇1-atom for any tuple of finite length from set A.
Let i ∈ {1, 2}, Mi = cl(Ai), where Ai = (∇1,∇2) is a cl− atomic set . a0, ..., an−1 ∈ A1, b0, ..., bn−1 ∈ A2.
Definition 19.
(i) (M1, a0, ..., an−1)⇒∇ (M2, b0, ..., bn−1) means that for every formula ϕ(x1, ..., xn−1) of ∇, if M1 |= ϕ(a),

then M2 |= ϕ(b).
(ii) (M1, a) ≡∇ (M2, b) means that (M1, a)⇒∇ (M2, b) and (M1, b)⇒∇ (M1, a).
Definition 20. A set A is said to be (∇1,∇2)− cl-algebraically prime in the theory T , if
1) If A is (∇1,∇2)− cl-atomic set in T ;
2) cl(A) = M,M ∈ APT , and obtained model M is said to be (∇1,∇2) − cl algebraically prime model of

theory T .
From the definition of an algebraically prime set in the theory T follows that the Jonsson theory T which

has an algebraically prime set is automatically existentially prime. It is easy to understand that an example of
such a theory is the theory of linear spaces.

Definition 21. The set A is said to be (∇1,∇2)− cl-core in the theory T , if
1) A is (∇1,∇2) a cl - atomic set in the theory T ;
2) cl(A) = M, and obtained model M is said to be (∇1,∇2)− cl core model of theory T .
Definition 22. (a) A - (∇1,∇2) − cl-atomic set in theory T is said to be A - (∇1,∇2) − cl-Σ-nice-set in

theory T , ∀A′ : A′ - (∇1,∇2)− cl-atomic set in theory T , if
1) cl(A) = M ∈ ET ∩APT , and obtained model M is said to be (∇1,∇2)− cl-Σ-nice model of theory T .
2) for all a0, ..., an−1 ∈ A, b0, ..., bn−1 ∈ A′, if (M,a0, ..., an−1)⇒∃ (M ′, b0, ..., bn−1), then ∀an ∈ A, ∃bn ∈ A′

such as (M,a0, ..., an)⇒∃ (M ′, b0, ..., bn), where M ′ = cl(A′).
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(b) A - (∇1,∇2)− cl−Σ∗- nice-set in theory T if the condition in (a) holds with ’⇒∃’ replaced both places
it occurs by ’≡∃’

and obtained model M is said to be (∇1,∇2)− cl-Σ∗- nice model of theory T .
(c) A - (∇1,∇2)− cl−∆- nice-set in theory T if the condition in (a) holds with ’⇒∆’ replaced both places

it occurs by ’≡∆’, where ∆ ⊆ L,∆ = ∀ ∩ ∃.
and obtained model M is said to be (∇1,∇2)− cl −∆-nice model of theory T .
Principle of «rheostat».
Let two countable models A1, A2 of some Jonsson theory T be given. Moreover, A1 is an atomic model in

the sense of [1], and X is (∇1,∇2)−cl -algebraically prime set of theory T and cl(X) = A2. Since ∇1 = ∇2 = L,
then A1

∼= A2.
By the definition of (∇1,∇2) - algebraic primeness of the set X, the model A2 is both existentially closed

and algebraically prime. Thus, the model A2 is isomorphically embedded in the model A1. If by condition the
model A1 is countably atomic, then according to the Vaught’s theorem, A1 is prime, i.e. it is elementarily
embedded in the model A2. Thus, the models A1, A2 differ from each other only by the interior of the set X.
This follows from the fact that any element of a ∈ A2\X implements some principal type, since a ∈ cl(X).
That is, all countable atomic models in the sense of [1] are isomorphic to each other, then by increasing X we
find more elements that do not realize the principal type and, accordingly, cl(X) is not an atomic model in the
sense of [1]. Thus, the principle of rheostat is that, by increasing the power of the set X, we move away from
the notion of atomicity in the sense of [1] and on the contrary, decreasing the power of the set X we move away
from the notion of atomicity in the sense of [2].

Let APC ∈ {atomic, algebraically prime, core}. Thus, by specifying the set X as (∇1,∇2)−
cl − APC, (where APC is a semantic property), we can also specify atomicity in the sense [2] in relation to
atomicity in the sense of [1]. And according to the usage using of the principle of «rheostat» after the APC
property is defined, we obtain the corresponding concepts of atomic models, the role of which is played by A2

from the principle of «rheostat».
Two authors of this article have got the following result which connected with this topic and this result will

publish in near future.
Theorem 1. Let T be complete for ∃-sentences, a strongly convex Jonsson perfect theory and let A is

(∇1,∇2)− cl-atomic set in T .
Then (i) ⇒ (ii) ⇒ (iii) ⇒ (iv) ∧ (vi), (i) ⇒ (i)∗ ⇒ (v) ⇒ (vi), (ii) ⇒ (ii)∗ ⇒ (vi), (i)∗ ⇒ (ii)∗ and

(iv)∗ ⇒ (iv), where:
(i) A is (∆,Σ)− cl-atomic set in theory T ,
(i)∗ A is weakly (∆,Π)− cl-atomic set in theory T ,
(ii) A is (Σ,Σ)− cl-atomic set in theory T ,
(ii)∗ A is weakly (Σ,Π)− cl-atomic set in theory T ,
(iii) A is weakly (Σ,Σ)− cl-atomic set in theory T ,
(iv) cl(A) ∈ APT ,
(iv)∗ A is core set in theory T ,
(v) A is weakly (∆,∆)− cl-atomic set in theory T ,
(vi) A is weakly (Σ,∆)− cl-atomic set in theory T .
In according to the above mentioned notions, we have the following theorems. Those results are very close to

investigation around atomicity and algebraically primeness in the frame of [2]. Nevertheless even if algebraically
primeness is the same, but the combinations of APC-atomicity differ from atomicity from [2].

Theorem 2. Let T be complete for ∃-sentences, a strongly convex Jonsson perfect theory and let M is
(∇1,∇2)− cl-atomic model in T .

(a) Then (i) ⇒ (ii) ⇒ (iii) ⇒ (iv) ⇒ (vi), (i) ⇒ (i)∗ ⇒ (v) ⇒ (vi), (ii) ⇒ (ii)∗ ⇒ (vi), and (i)∗ ⇒ (ii)∗

and (iv)∗ ⇒ (iv), where:
(i) M is (∆,Σ)− cl-atomic model in theory T ,
(i)∗ M is a weakly (∆,Π)− cl-atomic model in theory T
(ii) M is a (Σ,Σ)− cl-atomic model in theory T ,
(ii)∗ M is a weakly (Σ,Π)− cl-atomic model in theory T ,
(iii) M is a weakly (Σ,Σ)− cl-atomic model in theory T ,
(iv) M ∈ APT ,
(iv)∗ M is core model in theory T ,
(v) M is (∆,∆)− cl-atomic model in theory T ,
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(vi) M is (Σ,∆)− cl-atomic model in theory T ,
(b) If T is complete for ∀∃ sentences, then (i)⇔ (i)∗ and (ii)⇔ (ii)∗.
Proof. We have to note that for us sufficiently work with the (Σ,Σ)− cl-atomic set, i.e. the elements from

outside of this set in any type of atomic model of this theory will realize the principal type and this fact allowed
say for us that such element belongs to any type of atomic model. It is sufficient to get that existence of any
kind of atomic model in our meaning following from fact that a given theory has countable atomic models
of any type of it. Therefore, all parts of this Theorem are immediate from Theorem 1 and the existence of
such sets admit for us corresponding type of atomicity. We have only one exception: that is the implication
(iv)⇒ (vi). So, assume that T has an algebraically prime model B. Let bn ∈ B and let {ψi(x) : i ∈ ω} list all
the ∆-formulas satisfied by b in B. Since B is a.p. we know there is no model of T satisfying ∀x

∨
i ¬ψi. Since

¬ψi is existential we can apply above pointed Theorem 1 to get an existential formula ψ(x) consistent with T
such as T |= (ψ → ψi) for all i ∈ ω. This ψ is hence complete for ∆-formulas, and also implies any open formula
satisfied by a in A. Every open formula consistent with T is satisfied by some a0, ..., an ∈ A, and therefore is
implied by some existential formula complete for ∆-formulas. In the connections with the fact that we obtained
(Σ,Σ)− cl-algebraically prime model in theory T we can apply Theorem 2.2 from [2] (iii) in order to show that
T has a (Σ,∆)− cl-atomic model.

Lemma 1 [11]. Let T be complete for existential sentences perfect Jonsson theory.
1) If A is weakly (∇,∆)− cl-atomic set in the theory T , then A is (∇,∆)− cl-atomic set,
2) If A is weak (∇,∆)− cl-atomic set in the theory T , then A is (∇,∆)− cl-atomic set.
Before we will prove the theorem 2 let us note the following Remark.
Remark 1 [11]. By the perfectness of T , we can apply Lemma 1 and then, by Lemma 1, we can replace ∇i

on ∆, where i ∈ {1, 2}. Due to the strongly convexity of the theory, the theory T has a unique core model. This
follows from the fact that if the theory satisfies the property of joint embedding and is additionally strongly
convex, then its core model in the theory T is unique up to isomorphism [7]. Based on this fact, we can conclude
that under the conditions of this theorem we have a unique core model, since its existence follows from strongly
convexity, and its uniqueness follows from the combination with Jonssonness.

Theorem 3. Let T be complete for ∃-sentences a strongly convex Jonsson perfect theory and let M is
(∇1,∇2)− cl-atomic model in T .

(a) Then (i)⇒ (ii)⇒ (iii) and (ii)⇒ (ii)∗ where:
(i) M is (Σ,Σ)− cl-atomic model in theory T ,
(ii) M is (∇1,∇2)− cl-Σ∗-nice-model in theory T ,
(ii)∗ M is e.c. and (∇1,∇2)− cl-Σ-nice-model in theory T ,
(iii) M is weak (Σ,Π)− cl-atomic model in theory T ,
(b) If T is complete for ∀∃ sentences, then (i), (ii), (ii)∗ and (iii) are all equivalent.
Proof. Easy to note that proof of this theorem follows from Theorem 1, Theorem 2, Remark 1 and

Theorem 3.2 from [2].
From above results of Theorem 2 and Theorem 3 we can conclude that the mechanism of «rheostat» for

atomicity behave regard itself very predictable: if more of elements from (∇1,∇2) − cl-atomic set inside in an
atomic model by meaning of [1] we obtain more far property of atomicity from [1] and more close to atomicity
from [2].

All concepts, that are not defined here, can be extracted from [9, 11].
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А.Р. Ешкеев, А.Қ. Исаева, Н.М. Мусина

Семантикалық модельдiң атомдық анықталған iшкi жиындары

Мақалада кiшiгiрiм модельдердiң кейбiр қасиеттерi, жалпы айтқанда, олар толық болу мiндеттi емес
және олардың өзара қарым-қатынасы қарастырылған. Кiшiгiрiм модельдер деп толық теориялар-
дың саналымды модельдерiн зерттеу кезiнде анықталған саналымды атомдық және жай модельдер
ұғымдарының кейбiр модификацияларын айтамыз. Зерттеулер Р. Вооттың саналымды жай модель-
дердiң толық теориялары туралы классикалық нәтижесi бойынша, бiрақ басқа техникалық құралдар
қолдануымен жүргiзiлдi. Бұл мақала кейбiр йонсондық теорияның семантикалық моделiнiң арнайы
iшкi жиындарының синтаксистiк қасиеттерiне бағытталған. Йонсон теориясының шеңберiнде атом-
дық тұжырымдаманы нақтылауға байланысты нәтижелер алу үшiн модельдiк-теориялық «реостат»
ретiнде жаңа тұжырым енгiзiлдi. Осылайша, бұл мақаланың негiзгi мақсаты — осы «реостатты» фор-
малды түрде анықтау және осы ұғымның негiзiнде йонсондық теориялар аясында атомдық ұғымды
нақтылауға түсiнiктемесi бар нәтижелердi алу.

Кiлт сөздер: йонсондық теория, семантикалық модель, экзистенциалды жай модель, атомдық модель,
дөңестiлiк.

A.Р. Ешкеев, А.К. Исаева, Н.М. Мусина

Атомныe определимые подмножества семантической модели

В статье были рассмотрены некоторые свойства малых моделей, вообще говоря, необязательно полных
теорий и их связь между собой. Под малыми моделями будем понимать некоторые модификации поня-
тий счетных атомных и простых моделей, определенных при изучении счетных моделей полных тео-
рий. Исследования проводились по аналогии с классическим результатом Р. Воота о счетно-простых
моделях полных теорий, но другими техническими средствами. Данная работа ориентирована на
синтаксические свойства специальных подмножеств семантической модели некоторой йонсоновской
теории. Также было введено новое понятие — как теоретико-модельный «реостат», с целью получить
результаты, имеющие отношение к уточнению понятия атомности в рамках йонсоновских теорий. Та-
ким образом, основная цель данной статьи — формально определить данный «реостат» и получить на
основе данного понятия результаты, имеющие отношение к уточнению понятия атомности в рамках
йонсоновских теорий.

Ключевые слова: йонсоновская теория, семантическая модель, экзистенциально простая модель, атом-
ная модель, выпуклость.
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The J-minimal sets in the hereditary theories

Our attention in given article will be paid to the study of model-theoretic properties of hereditary Jonsson
theories, while we consider Jonsson theories that retain jonsonness under any admissible enrichment. In
given paper new concepts of «essential type», «essential geometric base» are introduced, the orbital types
and strongly minimal sets within the framework of special subsets of the semantic model, on which a closure
operator is given, defining the special geometry of Jonsson are considered. The results for the J-strongly
minimal types of the semantic model in the case, when these sets are separated from the orbits of the
central types of Jonsson hereditary theories are also obtained.
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It is well known that any first-order theory can be transformed in easy way to Jonsson theory. Thus, if we
consider some model of an arbitrary signature, then the choice of all Jonsson theories of this model in the special
class is a natural admissibility, and the study of the model-theoretic properties of such class is undoubtedly
actual problem. This is due to the fact that in the classical model theory there are historically established two
approaches to the study of theories and their classes of models. In the first case, a class of complete theories
is usually considered and, correspondingly, their models are studied. In the second case, we consider a class of
theories, generally speaking incomplete theories, but with some additional properties, while naturally there are
limitations and under study to the classes of models of such theories. Today, more research in model theory
is associated with the study of model-theoretic properties of a class of theories of the first kind, i.e. complete
theories, as well and the study of their classes of models.

An essential example of the theory from the second case is the class of inductive theories of a fixed signature,
and this class has a subclass of Jonsson theories that define natural algebraic conditions, this subclass was so
named after a well-known expert in the field of universal algebra and model theory of B. Jonsson. Among
the theories of Jonsson, perfect theories of Jonsson are best studied [1]. Since Jonsson theories as a rule, are
incomplete, and isomorphic embedding and various kinds of homomorphisms are considered as morphisms [2],
the technical apparatus of the study of such theories is less developed than the apparatus of studying complete
theories, in connection with the transfer of ideas, concepts and, correspondingly, results from the field of complete
theories [3, 4] in the field of Jonsson theories, of course, is an interesting challenge. Model-theoretic properties
of this class are good enough studied both from the standpoint of model theory and from the side of universal
algebra, and many classical examples of classes of algebra satisfy the requirements of this subclass, namely,
Jonsson conditions. Our attention in this article will be paid specifically to the study of model-theoretic
properties of theories for this class and the corresponding classes of models. As it turned out, in the case
of perfect Jonsson theories, it is enough to study the classes of existentially closed models of these theories.
In arbitrary case, Jonsson theory always has some semantic invariant – the semantic model of this theory.
Correspondingly, there is a syntactic invariant – the elementary theory of given semantic model. The natural
interest is the study of special formula subsets of this semantic model. In the case when the pregeometry given
on the set of all subsets of the considered semantic model is modular, and the enrichment of the language saves
the properties of jonssonnes and some other important model-theoretic properties (for example, the definability
of the type for the considered type of stability), we will deal with admissible and hereditary types of enrichments
of Jonsson theory.

In this article, given problem is considered with respect to special kinds of enrichments of the signature and
wherein the received central types.

Since our main goal in this article is to consider special properties of central types, we will work with some
enrichments of signatures in which some fixed Jonsson theory is given. As it turned out, not all enrichments
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preserve the property of the jonssonnes of the theory. In this regard, we will consider only those Jonsson theories
that retain their jonssonnes with any enrichment of the signature. We shall call such Jonsson theories hereditary.
In some cases, the requirement of modularity for the Jonsson theory is sufficient to keep it conserved.

We give the basic necessary definitions of concepts and associated with them the obtained previously results.
Let T be a some Jonsson theory, C be its semantic model.
Definition 1 [5; 289]. Let C be as above and let cl: P (C) → P (C) be an operator on the power set of C.

We say that (C, cl) is a pregeometry if the following conditions are satisfied.
i) If A ⊆ C, then A ⊆ cl(A) and cl(cl(A)) = cl(A).
ii) If A ⊆ B ⊆ C, then cl(A) ⊆ cl(B).
iii) (exchange) if A ⊆ C, a, b ∈ C and a ∈ cl(A ∪ {b}), then a ∈ cl(A), b ∈ cl(A ∪ {a}).
iv) (finite character) if A ⊆ C and a ∈ cl(A), then there is a finite A0 ⊆ A such that a ∈ cl(A0).
We say that A ⊆ C is closed if cl(A) = A.
If D is strongly minimal, we can associate a pregeometry by defining cl(A) = acl(A) ∩D for A ⊆ D.
We can generalize basic ideas about independence and dimension from strongly minimal sets to arbitrary

pregeometries for any subset of fix semantic model of some Jonsson theory.
Let as call (X, cl) – Jonsson pregeometry (further J-pregeometry) if X ⊆ C and C and T as above.
Definition 2. If (X, cl) is a Jonsson pregeometry, we say that A is Jonsson independent if a /∈ cl(A \ {a})

for all a ∈ A and that B is a J-basis for Y if B ⊆ Y is J-independent and Y ⊆ acl(B).
Definition 3. We say that a J-pregeometry (X, cl) is J-geometry if cl(∅) = ∅ and cl({x}) = {x} for any

x ∈ X.
If (X, cl) is a J-pregeometry, then we can naturally define a J-geometry. Let X0 = X \ cl(∅). Consider the

relation ∼ on X0 given by a ∼ b iff cl({a}) = cl({b}). By exchange, ∼ is an equivalence relation. Let X̂ be
X0/ ∼. Define ĉl on X̂ by ĉl(A/ ∼) = {b/ ∼: b ∈ cl(A)}.

Definition 4. Let (X, cl) be J-pregeometry. We say that (X, cl) is trivial if cl(A) = Ya∈Acl{a} for any A ⊆ X.
We say that (X, cl) is modular if for any finite-dimensional closed Jdim(A ∪ B) = Jdim(A) + Jdim(B) −
−Jdim(A ∩ B).

We say that (X, cl) is locally modular if (X, cla) is modular for some a ∈ X.
Definition 5. We say that (X, cl) is modular if for any finite-dimensional closed A,B ⊆ X

dim(A ∪B) = dimA+ dimB − dim(A ∩B).

Definition 6. If X = C and (X, cl) is a modular, then Jonsson theory T is called modular.
We work actually with the following types of sets.
Definition 7. Let X ⊆ C. We will say that a set X is ∇− cl-Jonsson subset of C, if X satisfies the following

conditions:
1) X is ∇ – definable set (this means that there is a formula from ∇, the solution of which in the C is the

set X, where ∇ ⊆ L, that is, ∇ is a view of formula, for example ∃,∀,∀∃ and so on);
2) cl(X) = M , M ∈ ET , where cl is some closure operator defining a pregeometry over C (for example

cl = acl or cl = dcl).
Definition 8. An enrichment T of the Jonsson theory T is said to be permissible if any ∇-type (it means

that ∇ subset of language Lσ and any formula from this type belongs to ∇) in this enrichment is definable in
the framework of TΓ-stability.

Definition 9. Jonsson theory is said to be hereditary, if in any of its permissible enrichment, any expansion
of it in this enrichment will be Jonsson theory.

Let S(1)
∇ (X) be the set of all complete 1-types over the set X, formulas which belong to ∇. Let X ⊆M, M ∈

ET .
Definition 10. Type p ∈ S(1)

∇ (X) is called essential if for any set Y , Y ⊆ N, N ∈ ET , such that X ⊆ Y in
T exists only unique type q ∈ S(1)

∇ (Y ) and the type q is a J-nonforking extension of type p.
Let p, q ∈ S(1)

∇ (X), A ∈ ET and X ⊆ A. The relation p ≤A q is means that for any model B ∈ ET , such that
B ⊇ A, from the realizability of q in B\A implies the realizability of p in B\A. The relation p ≡ q means that
for any model A ∈ ET , X ⊆ A, has p ≤A q and q ≤A p. We denote the set {q|q ∈ S(1)

∇ (X), p ≡ q} by [p], and the
set {[p]|p ∈ S(1)

∇ (X)} denote by S(1)
∇ [X]. We write [p] ≤A [q], if p ≤A q. The types p, q are called independent if

for any A ∈ ET , X ⊆ A, don’t have a place neither p ≤A q, nor q ≤A p. If p and q are independent, then we
say that [p] and [q] are independent.
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The following definition gives the concept of a basis among the above types.
Definition 11. The set B = {[pi] ∈ S(1)

∇ [X]/i ∈ I} is called base for S(1)
∇ [X] if:

(1) [pi] and [qj ] independent for i 6= j;
(2) for any [q] ∈ S(1)

∇ [X] and A ∈ ET , X ⊆ A, exists i ∈ I such that [pi] ≤A [q]

Definition 12. The base of the theory T is the base for S(1)
∇ [∅] (if it exists). The base B of theory T is called

essential if for any [p] ∈ B exists an essential type q ∈ [p].
Definition 13. We will call the essential base of the types of Jonsson theory T geometric if the following

conditions are satisfied:
1) ∀p ∈ S(1)

∇ (X), where X ⊆ C, C as above and (C, cl) – J-geometry;
2) the concept of independence in the sense of geometry generated by a strongly minimal central type will

coincide with the concept of independence (C, cl) – J-geometry (coincidence of the concept of a base in terms of
strong minimality, pregeometry and central types that form an essential base, wherein the orbits of the central
types that are their solutions in the semantic model).

It is necessary to take into account the condition of completeness of the considered theories order to after
enrichment they can be associated with their central types (they are complete). In [6] the class of existentially
closed models and the properties of a forking on a subset of these models are considered. The types considered
in this paper were complete existential types. In this connection, we will notice, that we need ∃-completeness for
the theories under consideration, and the fact, that independence in the sense of forking in [6] for existentially
closed models is consistent with independence in the sense of geometry mentioned above.

In [7], the notion of Jonsson spectrum for abelian groups was considered. We want to define the concept of
Jonsson spectrum for an arbitrary case.

Let A be an arbitrary model of some fixed signature σ.
Then the JSp(A) = {T | A ∈ ModT, T − Jonsson theory of the signature σ} is the Jonsson spectrum

of the model A. We will say that two models A,B are cosemantic among themselves if they have the same
semantic model. Symbolically A ./ B. It is easy to understand that this relation ./ is the equivalence relation
between models, which generalizes the concept of elementary equivalence [2]. Therefore we consider the factor
set JSp(A)/./ for the model A.

Further we will work only with permissible enrichments and we will consider such enrichments for the
Jonsson spectrums, which consist only of hereditary Jonsson theories.

Consider some enrichment of the signature σ and consider the central type of this enrichment for all Jonsson
theories T ∈ JSp(A).

Let C be the semantic model of the theory T , A ⊆ C. Let σΓ = σ
⋃

Γ, where Γ = {P}
⋃
{c}. Let T =

Th∀∃ (C, ca)a∈C
⋃
Th∀∃(ET )

⋃
{P (c)}

⋃
{”P ⊆ ”}, where {”P ⊆ ”} is an infinite set of sentences expressing

the this fact that the interpretation of the symbol P is an existentially closed submodel in the language of the
signature σΓ. I.e. the interpretation of the symbol P is the solution of the following equation P (C) = M ∈ ET
in the language σΓ. By virtue of the hereditary of the theory T the theory T will be a Jonsson theory. Consider
all the completions of the theory T in the signature language σΓ. Since T is a Jonsson theory, it has its center,
and we denote it by T

∗
and this center is one of the above completions of the theory T . At restriction of the

signature σΓ to σ ∪ P , due to the laws of first-order logic, since the constant c already does not belong to this
signature, we can replace this constant on a symbol of variable, for example x. And then the theory T

∗
becomes

a complete 1-type for the variable x. This type we will call the central type of the theory T in this enrichment.
This enrichment is denoted by �.

Next, we will be back to JSp(A)/ ./ for the model A of an arbitrary signature and consider the admissible
enrichment of this signature with the help of a predicate and a constant and consider the central type for each
theory ∆ from JSp(A).

For the ∇-complete Jonsson theory, we will define the concept of J–strongly minimality [8].
Definition 14. Let M be an existentially closed model of T and ϕ(x) be a non-algebraic ∇-formula.
1. The set ϕ(M) is called J-minimal in M if for all ∇-formulas ψ(x) the intersection ϕ(M)∧ψ(M) is either

finite or cofinite in ϕ(M).
2. The formula ϕ(x) is J-strongly minimal if ϕ(x) defines a J-minimal set in all existentially closed extensions

of M. In this case, we also call the definable set ϕ(M) is J-strongly minimal.
3. A non-algebraic type in S(1)

∇ (T ) containing a J-strongly minimal formula is called J-strongly minimal.
4. A Jonsson theory T is J-strongly minimal if any its existentially closed model is J-strongly minimal.
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Clearly, J-strongly minimality is preserved under definable bijections; i.e. if A and B are definable subsets
of Mk, Mm defined by ϕ,ψ ∈ ∆, correspondingly, such as there is a definable bijection between A and B, then
if ϕ is J-strongly minimal so is ψ.

We note another useful fact in the case of a perfect Jonsson theory, if f is an automorphism of the structure
C, leaving all elements of the set A, f ∈ AutA(C), then f obviously translates into itself each A-definable
subset and therefore translates into itself all full types over A, due to the saturation of the semantic model C.
The reverse is also true: if Ā, d̄ ∈ Cn, then tp (c/A) = tp

(
d̄/A

)
, if there exists such f ∈ AutA (C) , that f (c) = d̄.

In a saturated model the complete n-types over A correspond exactly to the orbits of the n elements under
automorphisms fixing A elementwise. And correspondingly, when the theory is complete for existential sentences
in the language L, then this is also true for existential types.

Further, it is convenient to work inside the semantic model C of Jonsson theory C, containing all the others.
Further, any set of parameters A is considered a subset in C. The model M is a subset of C that is the

carrier of an existentially closed substructure. This means that any L(M) – existential formula ϕ(x), satisfable
in C, also holds on some element from M . The parameters of formulas further always belong to C, and we write
|= ϕ if C |= ϕ.

The following fact is well known.
Lemma. A definable set D is definable over the set A, if it is invariant with respect to all automorphisms of

the model C, leaving in place each element from A. (Let’s call them automorphisms over A)
It follows that the definable closure dcl(A) of the set A, i.e. the set of all elements definable over A, coincides

with the set of elements invariant with respect to all automorphisms over A.
The element b, contained in a finite A-definable set, is called algebraic over A. It follows that an element b

is algebraic over A, if it has only a finite number of conjugates over A.
The set acl(A), consisting of all elements algebraic over A, is called the algebraic closure of the set A.
Next, we will consider in the language of concepts of a pure pair [9] the concept of the above-mentioned

central type and, correspondingly, model-theoretic concepts (for example, stability and nonforking type
extensions) with this connection.

The approach to types through automorphisms of a saturated model has been known for a long time, but
this was determined, firstly, for complete types and for complete theories.

In our case, after the above enrichment, we are dealing with the central types (they are complete) of Jonsson
theories and Jonsson theories, which are complete for the ∇− sentences.

Instead of a monster model, we turn to the semantic model of some Jonsson theory and then consider its
automorphism group.

We give definition of some important model-theoretic concepts in the language pure pair (A,G), where A
is some subsets of the semantic model and G is automorphism group of semantic model.

Let (A,G) be an arbitrary pure pair X ⊆ A.
1. Gx � {g ∈ G : ∀x ∈ X(g(x) = x)}. It is obvious that Gx ⊆ G.
2. If Y ⊆ A then Gx(Y )� {g(Y ) : g ∈ Gx}. If Y = {a} then we will use the record Gx(a). Gx(Y ) is called

Gx orbit Y .
3. If 0 < n < ω then On(X)� {Gx(a : a ∈ An)}.
4. acl(X)� {a ∈ A : |Gx(a)| < ω}.
5. The sequence E = 〈ei : i < A〉 finite sequences (tuples) the same length is called indistinguishable overX if:
а) ei 6= ej for all i < j < a;
b) for any sequence 〈ik : k < m < ω〉 indices such as ik < is ⇔ k < s for all k, s ≤ m exist g ∈ Gx such as

g(〈ek : k ≤ m〉), 〈eik : k ≤ m〉.
6. If (I;<) is linearly ordered set of indices, then the sequence E = 〈ei : i ∈ I〉 is called indistinguishable

over X if for all I0 ⊆ I such as ord〈I0 = ω〉, E = 〈ei : i ∈ I〉 is indistinguishable over X sequence.
7. The set E = 〈ei : i ∈ I〉 sequences of the same length are said to be indistinguishable over X if:
a) ei 6= ej herewith i 6= j;
b) for any F,D ⊆ E such as |F | = |D| < ω and any bijection ψ : F → D exist g ∈ Gx such as ψ ∈ g
8. If X ⊆ Y , p ∈ On(Y ) then p is called:
a) splitting over X if there exist such a, b ∈ Y that Gx(a) = Gx(b), but for any c ∈ pGx∪c(a) ∩ Gx∪c(b) =

= c ∈ p(φ);
b) strictly splitting over X if there exist such an indistinguishable over X infinite sequence E = 〈ai : i < ω〉

in A that a0, a1 ∈ Y and for any c ∈ p occurs Gx∪c(a) ∩Gx∪c(b) = c ∈ p(φ);
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c) branching over X(p fX) if there is such Z ⊇ Y that |Z\Y | < ω and for any q ∈ On(Z) from the fact
that q ≤ p follows that q is strictly splitting over X.

9. Subset X ⊆ A is called λ – saturated if ∀Y ⊆ X,∀p ∈ O1(Y ) < λ⇒ X ∩ p 6= (φ)
10. Pure pair (A,G) is called λ – stable if ∀X ⊆ A(|X| ≤ λ⇒ |O1(X)| ≤ λ).
11. Let O(A)�

⋃
{
⋃
n<ω

On(X) : |X| < |A|}.

By induction, we define the rank function L : O(A)→ Ord ∪ {∞}:
а) L(p) ≥ 0 for all p ∈ O(A);
b) if α is the limit ordinal then L(p) ≥ a if L(p) ≥ β for all β < α;
c) if α = β+ 1, p ∈ On(X) then L(p) ≥ α if L(p) ≥ β and there exists such Y ⊆ A, q ∈ On(Y ) that X ⊆ Y ,

q ⊆ p, L(q) ≥ β and q fX;
d) L(p) = α⇔ L(p) ≥ α ∨ L(p) � α+ 1;
e) L(p) =∞⇔ L(p) ≥ α for all ordinals α.
12. If a, b ∈ An then −→v (a,X) = −→v (b,X) means that there exists such Y, p ∈ On(Y ) that X ⊆ Y,

Y ωX ⊆ Y is saturated pfX, a, b ∈ p.
13. V n(X)� {−→v (a,X; a ∈ An}, V (X) =

⋃
n<ω V

n(X) If p ∈ On(X) then Vp � {−→v a,X) : a ∈ p}.
14. If X ⊆ Y , −→ω ∈ V n(X),−→u ∈ V n(Y ) then
−→ω < −→u � ∀a,b ∈ An(−→ω = −→v (a,X) ∨ −→u = −→v (b,Y )⇒ −→v (a,X) = −→v (b,X) ∧Gγ(b)fX).
15. The sequence 〈ai : i < a〉 is called the Morley sequence over X, generated u from V n(X) if

−→u < −→v (ai, X ∪
⋃
j<i aj) for all i < a.

16. Let’s call −→u ,−→ω ∈ V (X) almost orthogonal (we denote by −→u⊥α−→ω if ∀a,b ∈ A(−→u = −→v (a,X) ∧ −→ω =
= −→v (b,X))⇒ GX∪b(a)fX.

17. Let’s call p, q ∈ O(X) almost orthogonal (we denote by p⊥αq if −→u⊥α−→ω for all −→u ∈ Vp,−→ω ∈ Vq).
18. Let’s call −→u ∈ V (X),−→ω ∈ V (Y ) orthogonal (we denote by −→u⊥α−→ω ) if ∀Z∀−→u , ω1 ∈ V (Z)(X ∪ Y ⊆

⊆ Z ∧ −→u < −→u 1 ∧ ω < ω1 ⇒ −→u 1⊥αω1).
19. Let’s call p ∈ O(X), q ∈ O(Y ) orthogonal (we denote by p⊥q) if q ⊆ Vp∀−→ω ∈ Vq(−→u⊥−→ω ).
20. Let’s call p ∈ O(X) regular if ∀Y ∀q ∈ O(Y )(X ∈ Y ∧ q ⊆ p ∧ q fX ⇒ p⊥q).
All concepts introduced in this way related to nonforking extensions of types of Jonsson theory naturally

give Jonsson analogs of theorems for complete theories.
Let the above permissible enrichment of Jonsson spectrum JSp(A)/ ./ of an arbitrary model A of some fixed

signature σ be given. Moreover, PJSp(A)/ ./⊆ JSp(A)/ ./ is a perfect Jonsson spectrum, i.e. those Jonsson
theories of the A model are perfect. Also among the theories from JSp(A)/ ./ we choose those theories that are
∇− complete, ∇− is the type of formulas of the type ∀,∃,∀∃. Thus, we will work with both perfect and not
perfect Jonsson theories, but only theories from the class ∇−complete and hereditary.

When working with existentially closed models by fixed Jonsson theory, the following well-known fact is
important.

Theorem 1 [10; 185]. Let L be a first-order language and T be a theory in L. Suppose that T has JEP, and
let A,B be e.c. models of T . Then every ∀2 sentence of L which is true in A is true in B too.

Consider the class [T ] ∈ JSp(A)/./ and Th∀∃(E∆) = T0 (an analog of the Kaiser hull), where ∆ ∈ [T ]. It
is clear that this theory is Jonsson and also belongs to [T ]. Let T 0 be the enrichment of T0 in the enrichment
of �. Then its center is T

∗
0 and P c∆ is its central type. Correspondingly, all Jonsson theories ∆ ∈ [T ] have their

corresponding types, which we will denote by pc∆. Let Th(C) (where C is a semantic model of class [T ]) denote
by T and correspondingly T is the enrichment of T and T∗ is the center of T, PCT is its center type. Thus, we
can consider the class of central types for each Jonsson theory ∆ ∈ [T ], and we denote this class by PC[T ], and
moreover PCT ∈ PC[T ]. Note that for perfect Jonsson theories ∆ ∈ [T ] their central types are equal to each other.

Consider an essential geometric base consisting of central types for the case when the orbits of these central
types distinguish J — strongly minimal subsets of the semantic model C. And let the orbital central types form
a base in the sense of C − cl geometry, where cl = acl, cl = dcl on J – strongly minimal subsets of the semantic
model C.

Within the above sets of types, we get the following result:
Let T be a ∆ – complete hereditary Jonsson theory in the above enrichment �, C — its semantic model.
Theorem 2. For any ∆ ∈ [T ], ∇ = ∃, if ψ(x) ∈ ∇ is a formula of L, then the following is equivalent.
(a) ψ(A) is J-strongly minimal, A ∈ E∆;
(b) for every existentially closed model B ∈ E∆, ψ(B) is J-minimal in B;
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(c) ψ(C) is J-minimal in C.
Proof. (b) implies (a) by the definitions, and (a) implies (c) since one can note that A as existentially closed

submodel of C. To complete the proof it suffices to show that if C is ω−∇-saturated (it means that saturateness
regarding ∇-types) and ψ(C) is J-minimal in C, then ψ(C) is J-strongly minimal in C. (When T is perfect, we
know that C is ω − ∇-saturated) if T not perfect then T not perfect, but ψ(C) J-minimal in C which means
that it has no more than a countable number ∇-type. Then model has ω − ∇ – saturated model. Suppose to
the contrary that B is an elementary extension of C and there is a formula φ(x, b) with parameters b in B,
such as ψ(B) ∩ φ(B, b) and ψ(B)\φ(B, b) are both infinite. (Here we are temporarily dropping the assumption
that every model is an elementary substructure of C.) Let a be the parameters of ψ. By virtue of Theorem 1,
(C, a) ≡

∀∃
(B, a). Then since C is ω−∇-saturated, there is a tuple c in C such as (C, a, c) ≡

∀∃
(B, a, b). This implies

that both ψ(C) ∩ φ(C, c) and ψ(C)\φ(C, c) are infinite, contradicting the assumption that ψ(C) is J-minimal
in C.

Theorem 3. For every ∆ ∈ [T ], PCT ∈ PC[T ] if P
C
T is J-strongly minimal non-algebraic type, thenpc∆ will be

J-minimal non-algebraic type.
Proof. The proof follows from Theorem 2.
All concepts that are not defined in this article can be extracted from [1].
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А.Р. Ешкеев, М.T. Омарова, Г.Е. Жумабекова

Мұралы теориялардағы J-минималды жиындар

Мақалада басты назар мұралы йонсондық теориялардың, сонымен қатар кез келген байытуда йон-
сондықты сақтайтын йонсондық теориялардың модельдi-теориялық қасиеттерiн зерттеуге бөлiнген.
Авторлар «елеулi тип», «елеулi геометриялық база» сияқты жаңа ұғымдары енгiзiп, арнайы йонсон-
дық геометрияны анықтайтын тұйықталу операторы берiлген семантикалық модельдiң арнайы iшкi
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жиындарды аясында орбиталдық типтер мен қатты минималдық жиындарды қарастырды. Және
осы жиындар йонсондық мұралы теорияның орталық типiнiң орбитасынан алынған жағдайда семан-
тикалық модельдегi J-қатты минималдық типтерге қатысты нәтижелер алынды.

Кiлт сөздер: йонсондық теория, семантикалық модель, мұралы теория, J-минималды жиын,
J-қатты минималды жиын, рұқсат етiлген байыту, централды тип, орбиталдық тип, елеулi тип.

A.Р. Ешкеев, М.T. Омарова, Г.Е. Жумабекова

J-минимальные множества в наследственных теориях

В статье уделено внимание изучению теоретико-модельных свойств наследственных йонсоновских
теорий, при этом рассмотрены йонсоновские теории, которые сохраняют йонсоновость при любом
допустимом обогащении. Авторами введены новые понятия «существенный тип», «существенная гео-
метрическая база», рассмотрены орбитальные типы и сильно минимальные множества в рамках спе-
циальных подмножеств семантической модели, на которых задан оператор замыкания, определяю-
щий специальную йонсоновскую геометрию. Также получены результаты для J-сильно минимальных
типов семантической модели в случае, когда эти множества выделены из орбит центральных типов
йонсоновских наследственных теорий.

Ключевые слова: йонсоновская теория, семантическая модель, наследственная теория, J-минимальное
множество, J-сильно минимальное множество, допустимое обогащение, центральный тип, орбиталь-
ный тип, существенный тип.
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Justification of the dependencies for calculating gripping forces
of multifaceted unresharpenable plates in the holder

of a cutoff tool at their lateral installation

In the article mathematical dependencies to determine the gripping force of the cutting plate in the
socket of assembled cutoff tools with the lateral installation of multifaceted unresharpenable plates (MUP)
are proposed for the first time, which makes it impossible to move the plate in any direction while the
cutting forces acting on it. Moreover, the expressions are obtained to determine the minimum height of the
intersection of the cutoff tool socket head, which is important at the stage of creating a methodology for
designing this type of tool.

Keywords: assembled cutoff tool, multifaceted unresharpenable plate, mechanical mounting.

Introduction

In modern machining of metals by cutting the most progressive are assembled tools with mechanical
mounting of multifaceted unresharpenable plates. One of the main advantages of this type of tools is that
when one cutting edge is worn, a cutting plate rotates around its own axis to enable the operation of another,
which significantly reduces the time of tool adjustment, since in this case there is no need to remove it from
the tool holder, which is very relevant for modern machine tools with numerical control and automated lines.
Application in industry of assembled metal cutting tools with mechanical mounting of plates allows increasing
productivity of processing, since the cutting speed of these tools is 1,5 – 2 times higher than that of brazed
ones [1–5]. Therefore, the widespread use of assembled metal cutting tools is important for modern machine
building.

However, for modern cutoff tools with mechanical mounting, predominately, single- or double-blade cutting
plates of a specific non-technological complex shape are used. Cutoff tools equipped with multifaceted plates
of three-, four- or five-faced shape [6–8] are used mainly for cutting rods with a diameter of up to 12 mm due
to lateral installation of cutting plates on the tool case (Fig. 1), which significantly restricts the overhang of a
cutting part and, as a result, the scope of their application.

In order to eliminate the disadvantages of listed above, the authors [9–14] for the first time proposed a
new design of assembled cutoff tool with lateral installation of multifaceted unresharpenable plates (Fig. 2),
consisting of a holder 1, hook 2, screw 3, and multifaceted unresharpenable plate 4. In this design of the cutting
tool, locating and fixing of MUP is carried out only on the thrust surfaces, which makes it possible to perform
cutting of rods with a diameter of up to 30 mm.
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Figure 1. Groove cutters with lateral
mounting of multifaceted plates

 

Figure 2. Design of assembled cutoff tool with
lateral installation of multifaceted plates

Relevance. The main factors influencing the reliability of assembled metal cutting tools are the installation
scheme, mounting and fixing of multifaceted unresharpenable plates. The provision of the necessary gripping
force is a crucial task, which depends on the performance of the cutting tool under the action of the resulting
cutting force.

Given kind of plate installation is proposed for the first time, in order to ensure the efficiency of this tool, it is
necessary to obtain mathematical dependencies that will enable to determine the required strength of attaching
the plate in the socket, which makes it impossible to move the plate in any direction while cutting forces acting
on it, and to determine minimum height of the intersection of the cutter head socket.

Research results

The clamping of a plate should exclude the movement of MUP under the action of the forces that occur
during cutting. Primarily, their action is determined by the physical and chemical properties of the material
being processed (hardness, chemical composition), on the basis of which the cutting modes are specified, and
by the heterogeneity of the distribution in it of the constituent elements, as well as the structural and geometric
parameters of the cutting part and the conditions of the plate installation.

The cutting plate during the cutting process is exposed to active forces: the resulting cutting force Pp

and the force of gripping Fgr. the cutting plate, which are balanced by the reactions R1 and R2 of supporting
surfaces of the plate socket (Fig. 3, Fig. 4). Since the forces acting on the plate form, a balanced plane system,
the algebraic sums of the projections of these forces on the coordinate axis are equal to zero. The plate is under
the action of a system of arbitrarily located forces, for the equilibrium of which the fulfillment of the three
following conditions is required [15–18]:

 

Figure 3. Scheme of active forces acting on the cutting plate

 

Figure 4. Scheme to determine the moments

∑
Fiz = 0;−Pz − Fgr. · cosψ +R2 · sinχ+R1 · sinµ = 0; (1)
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∑
Fiy = 0;Py − Fgr. · sinψ −R2 · cosχ+R1 · cosµ = 0; (2)∑

(F ) = 0;−Fgr. · h1 + R1 · h2 = 0. (3)

From the equation (1) we derive the gripping force Fgr.:

Fgr. =
R1 · sinµ+R2 · sinχ− Pz

cosψ
. (4)

From the equation (2) we determine the reaction R2:

R2 =
R1 · cosµ+ Py − Fgr. · sinψ

cosχ
. (5)

From the equation (3) we determine the reaction R1:

R1 =
Fgr. · h1

h2
. (6)

We apply the equation (6) to the equation (5)

R2 =

Fgr.·h1

h2
cosµ+ Py − Fgr. · sinψ

cosχ
=
h1 · Fgr. · cosµ+ h2 · Py − h2 · Fgr. · sinψ

h2 · cosχ
. (7)

The obtained equations (6) and (7) we apply to the equation (4) to determine the gripping force of a cutting
plate:

Fgr. =

sinχ(h1·Fgr.·cosµ+h2·Py−h2·Fgr.·sinψ)

h2·cosχ +
Fgr.·h1

h2
· sinµ− Pz

cosψ
;

Fgr. =

tgχ(h1·Fgr.·cosµ+h2·Py−h2·Fgr.·sinψ)

h2
+

Fgr.·h1

h2
· sinµ− Pz

cosψ
;

Fgr. · cosψ = tgχ
h1 · Fgr.

h2
· cosµ+ Py · tgχ− tgχ

h2 · Fgr.

h2
sinψ +

Fgr. · h1

h2
· sinµ− Pz;

Fgr. · cosψ = tgχ
h1 · Fgr.

h2
· cosµ− tgχh2 · Fgr.

h2
sinψ − Fgr. · h1

h2
· sinµ = Py · tgχ− Pz;

Fgr. =
h2 · cosψ − tgχ · h1 · cosµ− tgχ · sinψ − h1 · sinµ

h2
= Py · tgχ− Pz;

Fgr. =
h2 · (Py · tgχ− Pz)

h2 · cosψ − tgχ · h1 · cosµ− tgχ · sinψ − h1 · sinµ
. (8)

We determine the arms of forces according to Figure 4:

h1 = a · cos ν +
b

2
;

h2 = b · cos τ +
a

2
.

We apply the determined values of the arms of forces to the equation and obtain the mathematical dependency
that allows determining the necessary gripping force of a plate at the given type of its installation (8):

Fgr. =
(b · cos τ + a

2 ) · (Py · tgχ− Pz)
(b · cos τ + a

2 ) · cosψ − tgχ · cosµ(a · cos ν + b
2 )− tgχ · sinψ − sinµ · (a · cos ν + b

2 )
.

However, the disadvantage of this plate mounting scheme (Fig. 4) is the action of the plate gripping force
Fgr upon the front wall of the tool socket [19–22]. In order to eliminate this drawback, the following scheme of
three-faceted plate (Fig. 5) was proposed. According to this scheme, the front socket wall is made at an angle
µ = 40◦, and the back one – at an angle χ = 20◦, which, under the chosen scheme of hook installation removes
the action of the gripping force Fgr on the front socket wall. Thus, the components of the cutting forces Pz, Py
and the resulting cutting force Pp are fully compensated by the reactions of the supports of the front R1, R1z,
R1y and back R2, R2z, R2y socket walls [23–25].
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1 – hook; 2 – cutter case

Figure 5. Scheme for calculating stresses and the minimum intersection of the cutter head

The equations of interaction of these forces are as follows:

Pz = R1 · sinµ+R2 · sinχ; (9)

Py = −R1 · cosµ+R2 · cosχ. (10)

From the equation (10) we determine the support reaction R2 of the back socket wall:

R2 =
Py +R1 cosµ

cosχ
.

Applying it to the equation (9), after performing transformations we obtain:

Pz = R1 · sinµ+
Py+R1 cosµ

cosχ sinχ =

Pz cosχ = R1 sinµ cosχ+ Py sinχ+R1 cosµ sinχ =
Pz cosχ− Py sinχ = R1 sinµ cosχ+R1 cosµ sinχ =
Pz cosχ− Py sinχ = R1(sinµ cosχ+ cosµ sinχ) =
Pz cosχ− Py sinχ = R1 sin (µ+ χ) .

(11)

From the equation (11) we determine the support reaction R1 of the front socket wall:

R1 =
Pz cosχ− Py sinχ

sin (µ+ χ)
.

The most dangerous is the bending stress σbs in the minimum intersection of the cutter head on the bottom
of the socket, from the action of the reaction force R2 on its front wall, which we consider to be applied in the
middle of this wall, having a length l1 = 14 mm:

σbs =
R1 sinµ · 1

2 l1 sinµ

Wx
, (12)

where Wx – the moment of resistance to the bend of the minimum intersection on the head of the cutter, which
has a height h1 and a thickness b1 = 2.5 mm:

Wx =
b1h

2
1

6
. (13)

After applying the equation (13) to the equation (12), we obtain the following:

σbs =
6R1 sinµ · 1

2 l1 sinµ

b1h2
1

=
3 ·R1 · l1 sin2 µ

b1h2
1

. (14)
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From the equation (14) we obtain the minimum height of the intersection h1:

h1 =

√
3 ·R1 · l1 sin2 µ

b1 [σbs]
,

where [σbs] – maximum allowable bending stresses, MPa.

Conclusions

As a result of the performed researches, mathematical dependencies to determine the gripping force of the
cutting plate in the socket of assembled cutoff tools with the lateral installation of multifaceted unresharpenable
plates, are proposed for the first time which makes it impossible to move the plate in any direction while the
cutting forces acting on it. Moreover, the expressions are obtained to determine the minimum height of the
intersection of the cutoff tool socket head, which is important at the stage of creating a methodology for
designing this type of tool.
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M.В. Бабий, В.О. Настасенко, В.О. Проценко, Д.А. Зинченко

Кескiдегi кескiш ұстағышындағы бүйiрлiк орнатуда
көпқырлы қайта жоңылмайтын пластиналарды бекiту күшiн

есептеуге арналған тәуелдiлiктердi негiздеу
Мақалада алғаш рет кесу күшiнiң әсерiнен болатын пластинаның кез келген бағыттағы қозғалысын
болдырмайтын, бүйiрлiк орнатуда көпқырлы қайта жонылмайтын пластиналарды кескiдегi кескiш-
тер жиынтығының орнына кескiш пластинаны бекiтуге қажеттi күштi анықтау үшiн математикалық
тәуелдiлiк ұсынылды. Сонымен бiрге мұндай құрылғының жобалау әдiстемесiн құру кезiнде маңызды
болатын, кескiш басы орнының қимасының минималды түрде биiктiгiн анықтауға қажеттi өрнек
алынды.

Кiлт сөздер: кескiннiң кескiш жиынтығы, көпқырлы қайта кескiш пластина, механикалық қондырғы.
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Обоснование зависимостей для расчета сил закрепления
многогранных неперетачиваемых пластин в державке

отрезного резца при их боковой установке

В статье впервые предложены математические зависимости для определения необходимой силы за-
крепления режущей пластины в гнезде сборных отрезных резцов с боковой установкой многогранных
неперетачиваемых пластин, которая сделает невозможным движение пластины в любом направлении
при воздействии на нее сил резания. Также получены выражения для определения минимальной
высоты сечения гнезда головки резца, что является важным на этапе создания методики проектиро-
вания данного вида инструмента.

Ключевые слова: сборный отрезной резец, многогранная неперетачиваемая режущая пластина, меха-
ническое крепление.
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Two-dimensional thermo-viscoelastic waves in layered media

Dynamic problems of deformation of solids have been the subject of numerous studies in the CIS and abroad.
The rejection of a number of simplifying assumptions made in the cited and other published works leads to
the need for further refinement and improvement of mechanical and mathematical models describing the
kinematics and stress state of both the drummer and the barrier. Further, the axisymmetric collision of a
cylindrical indenter with an obstacle in the form of a package of isotropic plates containing free cavities
and rigid inclusions is numerically investigated within the framework of the coupled theory of thermo-
viscoelasticity. Various formulations of the problems of the theory of elasticity and thermo-viscoelasticity
are possible. However, the used formulation in velocities and stresses is one of the most universal, since
it allows solving the main boundary value problems (including mixed ones) by a uniform way. The paper
gives a grid-characteristic scheme and its convergence. In accordance with the theory of A.A. Samarskii,
the stability in the energy norm of the grid problem is proved.

Keywords: two-dimensional thermo-viscoelastic waves, stability of a difference scheme, convergence of a
solution of a difference problem, indenter, deformation, tensor, stresses.

Introduction

Let a deformable continuous (or hollow) cylinder of finite length h0 as t < 0 simultaneously performs
translational (with velocity V0) and rotational (with angular velocity ω0) motion. At the initial moment of time
t = 0, the rotating indenter with its flat base normally collides with the surface of a multilayer plate (barrier)
weakened by cylindrical cavities and inclusions.

To describe the dynamic behavior of an isotropic medium, we use the relations

•
σ+

σ

θ1
= 3K(

•
ε+3α

•
T);

•
Sij +

S

θ2
= 2µ

•
eij ,

where σ — is the sum of normal voltages; ε — volumetric deformation; Sij , eij — components of deviators of
symmetric stress and strain tensors; T — temperature increment; K = λ+ 2

3µ— elastic modulus of bulk expansion
— compression (λ, µ — Lame parameters); α — linear thermal expansion coefficient; θ1, θ2 — relaxation times
for ball and deviatoric stresses; a dot above the letters means time differentiation.

Under the conditions of axial symmetry, the written system, which is supplemented by three equations of
motion and the equation of heat conduction, is equivalent to the following dependencies, containing, as unknown
displacement velocities, stresses and temperatures:

ρ
•
u =

∂σr
∂r

+
∂rrz
∂z

+
σr − σϕ

r
;

ρ
•
ϑ =

∂σrz
∂r

+
∂rz
∂z

+
σrz
r

;

ρ
•
w =

∂σrϕ
∂r

+
∂rzϕ
∂z

+
2σrϕ
r

; (1)

•
σr +ησr − βσ = λ

•
ε+2µ

•
εr −p

•
T; s

•
σϕ +ησϕ − βσ = λ

•
ε+2µ

•
εϕ−p

•
T;

•
σz +ησz − βσ = λ

•
ε+2µ

•
εz −p

•
T;
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•
σrϕ +ησrϕ = 2µ

•
εrϕ;

•
σzϕ +ησzϕ = 2µ

•
εzϕ;

•
σrz +ησrz = 2µ

•
εrz; (2)

c
•
T = K

(
∂2T

∂r2
+

1

r

∂T

∂r
+
∂2T

∂z2

)
− pT •ε+W ∗, (3)

where
•
ε
r

=
∂u

∂r
;
•
ε
ϕ

=
u

r
;
•
ε
z

=
∂ϑ

∂z
;
•
ε =

•
ε
r

+
•
ε
ϕ

+
•
ε
z
;
•
ε
rϕ

=
1

2

(
∂w

∂r
− w

r

)
;
•
ε
zϕ

=
1

2

∂w

∂z
;

•
ε
rz

=
1

2

(
∂ϑ

∂r
+
∂u

∂z

)
;σ = σr + σϕ + σz; η =

1

θ2
;β =

1

3

(
1

θ2
− 1

θ1

)
; p = 3Kα;

W ∗ =
1

2µθ2
sijsij +

σ2

9Kθ1
; sijsij = s2

r + s2
ϕ + s2

z + 2
(
σ2
rϕ + σ2

zϕ + σ2
rz

)
; sr = σr −

σ

3
; sϕ = σϕ −

σ

3
;

sz = σz −
σ

3
.

Here u, ϑ, w are the components of the velocity vector in the direction of the coordinate axes:
r, z, ϕ, σij are the stress components; ρ is density; K is coefficient of thermal conductivity; c is specific volumetric
heat capacity with constant strain tensor; p is parameter of connectivity of deformation fields and temperature;
W ∗ is the energy dissipation function [1], which takes a zero value for a perfectly elastic medium (η = β = 0).

The connectivity equation is nonlinear due to the presence of a member pT
•
ε in it. It should also be pointed

out that the third, seventh and eighth equations form an independent system with respect to the quantities
w, σrϕ, σzϕ.

Various formulations of the problems of the theory of elasticity and thermo-viscoelasticity are possible [2, 3].
However, the formulation used in velocities and voltages is one of the most universal, since it allows one to solve
the main boundary problems (including mixed ones) in a uniform way. Among the first publications, where a
similar form was proposed for writing the defining equations for a linearly elastic medium under plane strain
conditions, the work [4] should be noted.

With a small thermal perturbation, the thermo-viscouselastic properties of the material can be considered
being independent of temperature [5, 6]. In [5], for example, it was shown that when T ≤ 390 K the value of
the viscosity coefficient η∗ = 2µθ2 for pure aluminum remains unchanged.

The boundary conditions for the considered contact problem are formulated as follows. The outer boundaries
of the deformable mechanical system, as well as the walls of the internal cavities, are free from external forces:
σz = σrz = σzϕ = 0 and σr = σrz = σrϕ = 0 (for boundaries that are parallel to the axis r and z, respectively).
If the region r1 < r < r2, z1 < z < z2 is a rigid inclusion with density ρ∗, then at the points of its boundaries

u = 0;

•
ϑ =

2π

M∗

{∫ r2

r1

[σ2 (r, z2)− σz (r, z1)] rdr +

∫ z2

z1

[r2σrz (r2, z)− r1σrz (r1, z)] dz

}
;

•
w =

2πr

M∗ (r2
1 + r2

2)

{∫ r2

r1

[σzϕ (r, z2)− σzϕ (r, z1)] r2dr +

∫ z2

z1

[
r2
2σrϕ (r2, z)− r2

1σrϕ (r1, z)
]
dz

}
; (4)

M∗ = π
(
r2
2 − r2

1

)
(z2 − z1) ρ∗.

It is easy to notice that with a sufficiently large inclusion density, located in the initially quiescent medium,
ϑ ≈ w ≈ 0.

On a circular platform, collisions r0 ≤ r ≤ R, z = 0 can be performed as conditions for rigid coupling of
the end face of the striker with the surface of the obstacle

[u] = [ϑ] = [w] = [σz] = [σrz] = [σzϕ] = 0; (5){
[u] = limu (z − 0)− limu (z + 0)

}
,

and the boundary conditions that simulate the absence of friction forces between interacting bodies (smooth
impact). In this case, the first and fifth equations in (5) are replaced by

σrz = 0. (6)
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If, in the course of a smooth stroke, the voltage σz or σzϕ vanishes at any point of the contact zone, then
the type of boundary conditions will change and thereafter, for this point, respectively, it is assumed σz = 0 or
σzϕ = 0.

On the flat boundaries of the compound of dissimilar materials that make up the layered package, the
conditions of rigid adhesion are carried out (5).

It is assumed that the heat exchange of the mechanical system with the environment, the temperature
of which is considered constant (T0 = const), is carried out according to Newton’s law with the nonlinear
dependence of the heat transfer coefficient on temperature:

−Kn
∂Tn
∂n

= αs (Tn − T0) , (7)

where

αs = 0, 23 · 10−6ξ

(
T0 + Tn

2

)3

+ 1, 4

(
Tn + T0

h0

) 1
4

·
(

BB

m2K

)
.

Here T0 is the surface temperature (n is the direction of the normal to the surface at the boundary points);
ξ is the degree of blackness of the body. The temperature dependence of the total heat transfer coefficient,
which reflects the processes of heat transfer by convection and radiation, is borrowed from [6]. Accounting for
nonlinearity in the boundary conditions is due to the fact that, unlike other thermophysical parameters, the
coefficient is most sensitive to temperature changes and its value can vary within very wide limits [7].

At the collision site and at the interfaces between the layers there is an ideal thermal contact location:

[T] =

[
K
∂T

∂z

]
= 0. (8)

At the moment of time t = 0 the colliding bodies are free from stresses, and for the impactor the initial
velocities of the translational and rotational motions are given:

ϑ (r, z) = V0, w (r, z) = w0r (r0 ≤ r ≤ R, −h0 ≤ z ≤ 0) .

The initial temperatures of the striker and the obstacle are respectively equal to T∗ and T∗
Note that in the contact interaction of solids, where the fast wave process is usually considered up to

10−5 − 10−3C, the temperature field initiated only by dynamic mechanical effects, can be calculated in the
adiabatic approximation. Boundary and initial conditions for temperature are necessary only in the cooling
problem, when the heated cylinder comes in contact with the surface of the plate and the calculation of their
thermal state is carried out over rather long time intervals.

For the numerical solution of the mixed boundary-value problem (1)–(8), we construct an explicit difference
scheme based on the grid-characteristic approach and the principle of the electrothermal analogy. The expediency
of using an explicit scheme is due to the fact that implicit schemes have a lower resolution when calculating
transient processes in deformable media. Implicit counting, as a rule, does not impose restrictions on the
size of the time step, since in the overwhelming majority they are absolutely stable. However, the region of
dependence of difference equations for them is greatly expanded, as a result of which the profiles of wave
fronts are substantially smoothed out and the whole picture of unsteady wave motion turns out to be blurred.
Moreover, the algorithms of implicit schemes are much more complicated and their implementation requires
much more computational resources.

The domain of applicability of implicit schemes seems to be limited to the class of steady motions, when
time plays a purely auxiliary role in the calculations. In addition, in some problems, some countable regions can
be calculated using implicit schemes, while others can be calculated using explicit ones.

The construction of a difference scheme begins with the construction of a difference grid, according to
which the calculation will be carried out. For this, the area of change of continuous arguments r is divided
into rectangular cells with sides hri and hzj (i = 1, 2, ..., I; j = 1, 2, ...., J), each cell is assigned a number(
i− 1

2 , j −
1
2

)
. The calculation is carried out by successive steps in time. The values of the desired functions on

the time layer (n+ 1) τ are determined at fixed grid nodes corresponding to the geometric center of the cells,
but by known solution on the previous layer nτ .

Using the central differences for the approximation of the first derivatives but spatial variables, we replace
the hyperbolic equations of the system (1) with their finite-difference analogues:
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un+1
i− 1

2 ,j−
1
2

= uni− 1
2 ,j−

1
2
+

+
τ

ρi− 1
2 ,j−

1
2


(∑n+ 1

2

ri,j− 1
2

−
∑n+ 1

2

ri−1,j− 1
2

)
hri

+

(∑n+ 1
2

rzi− 1
2 , j
−
∑n+ 1

2

rzi− 1
2 ,j−1

)
hzj

+

(
σn
ri− 1

2 , j−
1
2

− σn
ϕi− 1

2 , j−
1
2

)
ri− 1

2

;

ϑn+1
i− 1

2 ,j−
1
2

= ϑni− 1
2 ,j−

1
2
+

+
τ

ρi− 1
2 ,j−

1
2


(∑n+ 1

2

rzi,j− 1
2

−
∑n+ 1

2

rzi−1,j− 1
2

)
hri

+

(∑n+ 1
2

zi− 1
2 , j
−
∑n+ 1

2

zi− 1
2 ,j−1

)
hzj

+
σn
rzi− 1

2 , j−
1
2

ri− 1
2

;

ωn+1
i− 1

2 ,j−
1
2

= ωni− 1
2 ,j−

1
2
+

+
τ

ρi− 1
2 ,j−

1
2


(∑n+ 1

2

rϕi,j− 1
2

−
∑n+ 1

2

rϕi−1,j− 1
2

)
hri

+

(∑n+ 1
2

zϕi− 1
2 , j
−
∑n+ 1

2

zϕi− 1
2 ,j−1

)
hzj

+
2σn

rϕi− 1
2 , j−

1
2

ri− 1
2

;

σn+1
ri− 1

2 ,j−
1
2

=
(

1− τηi− 1
2 ,j−

1
2

)
· σn

ri− 1
2 , j−

1
2

+ τβ
i− 1

2
,j− 1

2

σn
i− 1

2 , j−
1
2

+

+τ


(
λ
i− 1

2
,j− 1

2

+2µ
i− 1

2
,j− 1

2

)
·
(
U
n+ 1

2

i,j− 1
2

−U
n+ 1

2

i−1,j− 1
2

)
hri

+ λ
i− 1

2
,j− 1

2


(
V n+ 1

2

i− 1
2
,j

−V n+ 1
2

i− 1
2
,j−1

)
hzj

+
un
i− 1

2
,j− 1

2

r
i− 1

2


−

−pi− 1
2 ,j−

1
2
·
(

Tn+1
i− 1

2 ,j−
1
2

− Tn
i− 1

2 ,j−
1
2

)
;

σn+1
ϕi− 1

2 ,j−
1
2

=
(

1− τηi− 1
2 ,j−

1
2

)
· σn

ϕi− 1
2 , j−

1
2

+ τβ
i− 1

2
,j− 1

2

σn
i− 1

2 , j−
1
2

+

+τ


(
λ
i− 1

2
,j− 1

2

+2µ
i− 1

2
,j− 1

2

)
·
(
un
i− 1

2
,j− 1

2

)
r
i− 1

2

+ λ
i− 1

2
,j− 1

2


(
U
n+ 1

2

i,j− 1
2

−U
n+ 1

2

i−1,j− 1
2

)
hri

+

(
V n+ 1

2

i− 1
2
,j

−V n+ 1
2

i− 1
2
,j−1

)
hzj


−

−pi− 1
2 ,j−

1
2
·
(

Tn+1
i− 1

2 ,j−
1
2

− Tn
i− 1

2 ,j−
1
2

)
;

(9)

σn+1
zi− 1

2 ,j−
1
2

=
(

1− τηi− 1
2 ,j−

1
2

)
· σn

zi− 1
2 , j−

1
2

+ τβ
i− 1

2
,j− 1

2

σn
i− 1

2 , j−
1
2

+

+τ


(
λ
i− 1

2
,j− 1

2

+2µ
i− 1

2
,j− 1

2

)
·
(
V n+ 1

2

i− 1
2
,j

−V n+ 1
2

i− 1
2
,j−1

)
hzj

+ λ
i− 1

2
,j− 1

2


(
U
n+ 1

2

i,j− 1
2

−U
n+ 1

2

i−1,j− 1
2

)
hri

+

(
un
i− 1

2
,j− 1

2

)
r
i− 1

2


−

−pi− 1
2 ,j−

1
2
·
(

Tn+1
i− 1

2 ,j−
1
2

− Tn
i− 1

2 ,j−
1
2

)
;

σn+1
rϕi− 1

2 ,j−
1
2

=
(

1− τηi− 1
2 ,j−

1
2

)
· σnrϕi− 1

2 , j−
1
2

+ τµ
i− 1

2
,j− 1

2



(
W

n+ 1
2

i,j− 1
2
−Wn+ 1

2

i−1,j− 1
2

)
hri

+

(
wn
i− 1

2
,j− 1

2

)
ri− 1

2


;

σn+1
zϕi− 1

2 ,j−
1
2

=
(

1− τηi− 1
2 ,j−

1
2

)
· σnzϕi− 1

2 , j−
1
2

+ τµ
i− 1

2
,j− 1

2

(
W

n+ 1
2

i,j− 1
2
−Wn+ 1

2

i−1,j− 1
2

)
hzj

;

σn+1
rzi− 1

2 ,j−
1
2

=
(

1− τηi− 1
2 ,j−

1
2

)
· σnrzi− 1

2 , j−
1
2

+ τµ
i− 1

2
,j− 1

2


(
Un+ 1

2

i− 1
2
,j

− Un+ 1
2

i− 1
2
,j−1

)
hzj

+

(
V
n+ 1

2

i,j− 1
2
− V n+ 1

2

i−1,j− 1
2

)
hri

;
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In the two-layer difference scheme (9), the auxiliary «large» quantities U, V, W, Z, defined at the points of the
boundaries of the rectangular cells, are calculated using coordinate wise splitting of the spatial two-dimensional
equations (1) and using one-dimensional relations on the characteristics [8].

After obvious transformations, the difference scheme for the heat equation takes the form

Ci− 1
2 ,j−

1
2

(
Tn+1
i− 1

2 ,j−
1
2

− Tn
i− 1

2 ,j−
1
2

)
τ

=

= −Tni− 1
2 , j−

1
2
· pi− 1

2 , j−
1
2


(
U
n+ 1

2

i,j− 1
2
− Un+ 1

2

i−1,j− 1
2

)
hri

+

(
V n+ 1

2

i− 1
2
,j

− V n+ 1
2

i− 1
2
,j−1

)
hzj

+

(
un
i− 1

2
,j− 1

2

)
ri− 1

2

+
1

di− 1
2 , j−

1
2

×

×
(
α−
ri− 1

2 , j−
1
2

Tni− 3
2 , j−

1
2

+ α+
ri− 1

2 , j−
1
2

Tni+ 1
2 , j−

1
2
+

+α−
zi− 1

2 , j−
1
2

Tni− 1
2 , j−

3
2

+ α+
zi− 1

2 , j−
1
2

Tni− 1
2 , j+

1
2
− γ

i− 1
2
, j− 1

2

Tn
i− 1

2
, j− 1

2

)
+W ∗

n

i− 1
2
, j− 1

2

;

(
γ
i− 1

2
, j− 1

2

= α−
ri− 1

2 , j−
1
2

+ α+
ri− 1

2 , j−
1
2

+ α−
zi− 1

2 , j−
1
2

+ α+
zi− 1

2 , j−
1
2

)
. (10)

Here γ
i− 1

2
, j− 1

2

is the total thermal conductivity of the cell.
In proving the stability of the difference scheme from the initial data, we first consider the uncoupled

viscoelastic problem without taking into account temperature additions p∂T
∂t in the relationship between normal

stresses and strains.
A two-layer difference scheme (9) corresponds to a transition operator H, that translates a solution vector

~F on a temporary layer tn = nτ into a vector ~F1 on a layer tn+1 = tn + τ

~F1 = H ~F. (11)

The scheme is stable on the initial data, if the condition is met

‖H‖ ≤ 1. (12)

The operator norm is determined by the energy norm of the vector ~F :∥∥∥~F∥∥∥2

= K (t) + P (t) , ‖H‖ = sup
∥∥∥H~F

∥∥∥ , ∥∥∥~F∥∥∥ = 1, (13)

where

K (t) =
1

2

I∑
i=1

J∑
j=1

ρ
i− 1

2
, j− 1

2

(
u2
i− 1

2 , j−
1
2

+ v2
i− 1

2 , j−
1
2

+ w2
i− 1

2 , j−
1
2

)
· hri · hzj ;

P (t) = 1
2 (~σ, ~ε) = 1

2 (σrεr + σϕεϕ + σzεz + σrϕεrϕ + σzϕεzϕ + σrzεrz) =

= 1
2

∑I
i=1

∑J
j=1

{
ασ2

r + 2qσrσz + ασ2
z + 1

µ

[
σ2
rϕ + σ2

zϕ + σ2
rz

]
+ 1

E [σϕ − ν (σr + σz)]
2
}
i− 1

2 , j−
1
2

×

×hri · hzj ;

α =
a2

4ρb2 (a2 − b2)
; q =

2b2 − a2

4ρb2 (a2 − b2)
; E =

α− 2q

(q − α)
2 ; ν =

q

q − α
.

Here K (t) and P (t) up to a constant factor corresponds to a discrete analogue of kinetic and potential energy.
Equality (13) can be written in matrix form:∥∥∥~F∥∥∥2

A
=

1

2

(
A~F , ~F

)
,
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where the scalar product is defined as follows:

(
~F , ~W

)
=

I∑
i=1

J∑
j=1

(
g∑
k=1

Fk,i− 1
2 ,j−

1
2
Wk,i− 1

2 ,j−
1
2

)
· hri · hzj ,

and a positive definite matrix A has the form

A =

∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥

ρ 0
ρ

ρ
1
E − ν

E − ν
E

− ν
E

1
E − ν

E
− ν

E − ν
E

1
E

1
µ

1
µ

0 1
µ

∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥
.

From (11), (12) we have∥∥∥~F (tn+1)
∥∥∥

A
=
∥∥∥H~F (tn)

∥∥∥
A
≤ ‖H‖A

∥∥∥~F (tn)
∥∥∥

A
≤
∥∥∥~F (tn)

∥∥∥
A
≤
∥∥∥~F (tn−1)

∥∥∥
A
≤ . . . ≤

∥∥∥~F (t1)
∥∥∥

A
≤
∥∥∥~F (0)

∥∥∥
A
,

which means the stability of the scheme according to the initial data.
The operator H can be represented as

H = I + τ (Hr + Hz + HB) =

(
1− τ

τr
− τ

τz
− τ

τB

)
· I +

τ

τr
(I + τrHr) +

τ

τz
(I + τzHz) +

τ

τB
(I + τBHB).

Here I is the identity operator; Hr, Hz are operators containing differential derivatives only with respect to
spatial variables r and z, respectively; τr, τz are time steps of «one-dimensional» schemes, corresponding to the
operator I+τrHr and I+τzHz (τr > 0, τz > 0); the matrix of coefficients, taking into account viscous properties
of the medium,

HB =

∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥

0 0
0

0
−η + β β β
β −η + β β
β β −η + β

η
η

0 η

∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥
.

As by defining the norm

‖H‖A ≤
∣∣∣∣1− τ

τr
− τ

τz
− τ

τB

∣∣∣∣ ‖I‖A +
τ

τr
‖I + τrHr‖A +

τ

τr
‖I + τzHz‖A +

τ

τB
‖I + τBHB‖A,

then for the stability of the scheme specified by the operator H, it is enough to choose a step τ based on the
condition

1− τ

τr
− τ

τz
− τ

τB
≥ 0, (14)

if at the same time the steps τr, τz, τB ensure the implementation of inequalities

‖I + τrHr‖A ≤ 1, ‖I + τzHz‖A ≤ 1, ‖I + τBHB‖A ≤ 1. (15)

Let’s consider the last inequality in (15), in which the matrix I + τBHB defines the difference scheme

~F1 − ~F

τB
= HB

~F 8; 8 ~F1 = (I + τBHB) · ~F .
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It is known from the properties of the norm of the matrix that

‖I + τBHB‖A ≤ λm,

where λm− the maximum modulo eigenvalue of the matrix I + τBHB. Therefore, to satisfy the inequality in
question, it suffices to require meeting conditions

|1 + τBη| ≤ 1; |1 + τB (β − η)| ≤ 1,

of which we have
τB ≤ min

{
2

η
,

2

β − η

}
.

Since the parameters η, β depend on the indices i, j and η ≥ β ≥ 0, then, denoting ηm = max
i,j

ηi− 1
2 , j−

1
2
, we

get τB ≤ 2
ηm
.

Then, based on the constraint (14) for the stability of a two-dimensional scheme with respect to the initial
data, it suffices that the size of the time step satisfies the inequality

τ

(
1

τr
+

1

τz
+
ηm
2

)
≤ 1, (16)

where
τr = min

i,j

hri
ai− 1

2 ,j−
1
2

, τz = min
i,j

hzj
ai− 1

2 ,j−
1
2

.

Thus, the stability of the proposed difference scheme (9), further in accordance with the theory of
A.A. Samarskii [9], the convergence of the solution of the difference scheme (9) to the solution of the differential
problem (1), (2) is obtained.
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Two-dimensional thermo-viscoelastic waves in layered media

М.М. Букенов, А.А. Адамов, Е.М. Мухаметов

Қабатты ортадағы екiөлшемдi
термотұтқырсерпiмдi толқындар

Қатты дененiң деформациясының динамикалық мәселелерi ТМД және шетелдерде көптеген зерттеу-
лердiң тақырыбы болды. Аталған және басқа жарияланған жұмыстарда қабылданған жорамалдарды
жеңiлдету, соқтығу мен кедергi сияқты, кинематика мен кернеу жағдайын сипаттайтын механикалық
және математикалық модельдердi одан әрi жетiлдiру мен жақсарту қажеттiлiгiне әкеледi. Сонымен
қатар термотұтқырсерпiмдi теориясының шеңберiнде еркiн қуыстар мен қатаң кiрмелердi қамтитын
изотроптық пластиналар түрiнде кедергi бар цилиндрлiк индетанттың осьтiк симметриялық соқты-
ғы сандық түрде зерттелдi. Серпiмдiлiк теориясының және қысымның икемдiлiгi туралы теориялық
есептердiң әртүрлi тұжырымдамалары болуы мүмкiн. Дегенмен, жылдамдық пен кернеулерде пай-
даланылатын формулалар әмбебап болып табылады, себебi ол негiзгi шекаралық шарттарды (аралас
шарттарды қоса) бiркелкi түрде шешуге мүмкiндiк туғызады. Бұл жұмыста тор-сипаттамалық схе-
ма және оның конвергенциясы берiлген. А.А. Самарскийдiң теориясына сәйкес, тор есебi арқылы
энергетикалық нормадағы орнықтылығы дәлелденген.

Кiлт сөздер: екiөлшемдi термотұтқырсерпiмдi толқындар, айырымдық схеманың орнықтылығы, айы-
рымдық есептiң шешiмiнiң жинақтылығы, индентор, деформация, тензор, кернеу.

М.М. Букенов, А.А. Адамов, Е.М. Мухаметов

Двумерные термовязкоупругие волны
в слоистых средах

Динамические задачи о деформировании твердых тел явились предметом многочисленных исследо-
ваний в СНГ и за рубежом. Отказ от ряда упрощающих предположений, принятых в цитируемых
и других опубликованных работах, приводит к необходимости дальнейшего уточнения и совершен-
ствования механико-математических моделей, описывающих кинематику и напряженное состояние
как ударника, так и преграды. Далее в рамках связанной теории термовязкоупругости численно ис-
следовано осесимметричное соударение цилиндрического индентора с препятствием в виде пакета
изотропных пластин, содержащего свободные полости и жесткие включения. Возможны различные
формулировки задач теории упругости и термовязкоупругости. Однако используемая постановка в
скоростях и напряжениях является одной из наиболее универсальных, так как позволяет решать
основные граничные задачи (в том числе и смешанные) единообразным способом. В работе даны
сеточно-характеристическая схема и ее сходимость. В соответствии с теорией А.А. Самарского, до-
казана устойчивость в энергетической норме сеточной задачи.

Ключевые слова: двумерные термовязкоупругие волны, устойчивость разностной схемы, сходимость
решения разностной задачи, индентор, деформация, тензор, напряжения.
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On the calculation of rectangular plates
by the trigonometric series

The article is devoted to the question of applying the method of single trigonometric series to solving the
plate bending problems. In this article the structure of this method is described, its main components are
highlighted, the classical approach of calculating rectangular plates hinged supported on two parallel sides
and with arbitrary boundary conditions on each of the other two sides is characterized. The mathematical
apparatus of the method of single trigonometric series is presented in the volume necessary for calculating
the plates. The detailed example of calculating a rectangular plate by the stated method is given. The
article is focused mainly on students and undergraduates engaged in research work in the field of mechanics
and applied mathematics.

Keywords: bending of a rectangular plate, plate deflection function, boundary conditions of plate, trigonometric
series method, the solution of Levi.

Plate bending problems play an important role in construction, engineering, aviation, shipbuilding, etc.
Construction and technics are the branches of activity of the industrial complex which always were, are and will
remain in demand by the country’s economy; therefore, issues related to the theoretical studies of such problems
remain relevant and have important practical value [1].

Many analytical and numerical calculation methods are used to study the problems of plate bending [2, 3].
An exact solution in analytical form for such problems is possible only in some particular cases of the geometrical
type of the plate, the load and the conditions for its fixation on the supports, therefore, for engineering practice,
approximate, but sufficiently accurate methods for solving the considered boundary value problem are of special
importance.

When considering the plate bending problems, the methods of double and single trigonometric series are
the most interesting because of connection with their possible numerical implementation in the Maple software
package [4].

The solution in double trigonometric series (Navier’s solution) is typically used for rectangular plates, freely
or hinged supported around the entire contour. The solution in single trigonometric series (Levi’s solution)
allows to perform the calculation of a plate hinged supported on two parallel sides and with arbitrary boundary
conditions on each of the other two sides.

We consider the case of a plate 0 ≤ x ≤ a, 0 ≤ y ≤ b, in which only two opposite edges have a hinge support
(for example, x = 0 and x = a) and the other two edges have arbitrary boundary conditions.

We present the desired function of plate deflections W (x, y) in the form of a single trigonometric series

W (x, y) =
∞∑
n=1

Yn sinωnx, (1)

where ωn = nπ
a , Yn = Yn(y) is an unknown function, which is chosen so that expression (1) satisfies the resolving

equation of S. Germain
D∆∆W = q (x, y), (2)

and the conditions of fixing on the edges y = 0 and y = b. Here D is the cylindrical rigidity of the plate, q is
the intensity of the external distributed load, ∆∆W is a biharmonic operator.

The deflection and the bending moment along the hinged supported edges must be equal to zero, so the
boundary conditions have the following form when x = 0 and x = a [5]

W = 0,
∂2W

∂x2
+ ν

∂2W

∂y2
= 0; (3)
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where ν is Poisson’s coefficient. It is obvious that expression (1) satisfies the boundary conditions (3), which are
given on the sides x = 0, x = a of the plate.

We present the load function q(x, y) in a form of a trigonometric series

q(x, y) =

∞∑
n=1

qn(y) sinωnx, (4)

where
qn(y) =

2

a

∫ a

o

q(x, y) · sinωnxdx. (5)

Substituting formulas (1) and (4) into the basic differential equation (2), we obtain

∞∑
n=1

(ω4
nYn − 2ω2

nY
′′
n + Y IVn ) sinωnx =

1

D

∞∑
n=1

qn sinωnx. (6)

Obviously, the relation (6) will be satisfied if

Y IVn − 2ω2
nY
′′
n + ω4

nYn =
qn
D
. (7)

The ordinary differential equation (7) allows us to determine an unknown function Yn for any number n of
expansion. Its general solution can be written as

Yn(y) = An · chωny +Bn · shωny + Cn · y · chωny +Dn · y · shωny + ϕn(y), (8)

where An, Bn, Cn, Dn are arbitrary integration constants, and ϕn is a partial integral depending on the type
qn and, therefore, on a given external load q.

To determine the four integration constants An, Bn, Cn, Dn, the boundary conditions defined at the edges
of the plate y = 0, y = b are used and this boundary conditions, of course, can be different. In the general case,
this leads to the solving a system of algebraic equations with respect to unknowns An, Bn, Cn, Dn.

The order of this system will increase if the load is given in the direction of the y-axis by a discontinuous
law. For example, if the load breaks the plate in the direction of the y-axis into k sections. For each section we
will have four unknowns An, Bn, Cn, Dn, and their total number will be equal to 4k. Thus, to determine the
integration constants, it is necessary to create a system of 4k algebraic equations here, four of which will reflect
the boundary conditions at the edges of the plate, and 4k -4 other equations will be the conjugation conditions
of the k sections. To overcome the noted inconvenience, the solution of equation (7) should not be represented
in the form of (8), but this solution should be presented in the form of the method of initial parameters. In this
case, for any law of load distribution, to find the integration constants (initial parameters), it will be necessary
to solve a system of only two algebraic equations [6].

After finding the coefficients An, Bn, Cn, Dn and determining the function Yn(y) by the formula (8), the
plate deflections can be found by the formula (1) in the form of a series, so bending moments, torque, as well
as, transverse forces will be written as

Mx(x, y) = −D
∞∑
n=1

(νY ′′n − ω2
nYn) sinωnx,

My(x, y) = −D
∞∑
n=1

(Y ′′n − νω2
nYn ) sinωnx,

Mxy(x, y) = −D(1− ν)

∞∑
n=1

ωnY
′
n cosωnx, (9)

Qx(x, y) = −D
∞∑
n=1

ωn(Y ′′n − ω2
nYn) cosωnx,

Qy(x, y) = −D
∞∑
n=1

(Y ′′′n − ω2
nY
′
n) sinωnx .
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Consider the case of a uniformly distributed load of the constant intensity q = const. Using the formula (5),
we obtain

qn =

{
0 ; n = 2m, m = 1, 2, ...
4q
nπ ; n = 2m− 1, m = 1, 2, ...

(10)

Then, taking into account (10), the partial integral of equation (7) can be written as

ϕn =

{
0 ; n = 2m, m = 1, 2, ...
4q

nπω4
nD

; n = 2m− 1, m = 1, 2, ...
(11)

It can be seen from (11) that for even n, the homogeneous differential equation (7) has only trivial solution,
so in the case of a uniformly distributed load of constant intensity the deflection function W (x, y) takes the
form

W (x, y) =

∞∑
m=1

[A2m−1chω2m−1y +B2m−1shω2m−1y + y (C2m−1chω2m−1y +D2m−1shω2m−1y) +

+
4q

πD(2m− 1)ω4
2m−1

] · sinω2m−1x, (12)

where the coefficients An, Bn, Cn, Dn depend on the given boundary conditions of the plate edges y = 0 and
y = b.

As an example of calculating the coefficients of the plate An, Bn, Cn, Dn, we consider the case when one
of the sides of the plate parallel to the x -axis is supported by an elastic contour, and the other side is rigidly
pinched. The elastic contour may be, for example, a beam, bending under the action of pressures applied to it.

Denote by EJ the rigidity of the beam, then on the elastically supported edge of the plate y = 0 the
boundary conditions take the form [5] (

∂2W

∂y2
+ ν

∂2W

∂x2

)∣∣∣∣
y=0

= 0,

D

[
∂3W

∂y3
+ (2− ν)

∂3W

∂x2∂y

]∣∣∣∣
y=0

=

(
EJ

∂4W

∂x4

)∣∣∣∣
y=0

. (13)

On the rigidly pinched edge of the plate y = b, the boundary conditions are written as

W |y=b = 0,
∂W

∂y

∣∣∣∣
y=b

= 0 (14)

Note that from the relation
∞∑
n=1

Fn(y) sinωnx = G(x, y), (15)

when multiplying (15) by sinωkx, integrating with respect to x from 0 to a and replacing k by n, we receive

Fn(y) =
2

a

∫ a

0

G(x, y) sinωnxdx. (16)

From the boundary conditions (13), (14), taking into account (15), (16) we obtain that the required function
Yn(y) must satisfy the following relations

Y ′′n (0)− ν · ω2
n · Yn(0) = 0,

Y ′′′n (0)− (2− ν) · ω2
n · Y ′n(0)− EJ

D · ω
4
n · Yn(0) = 0,

Yn(b) = 0,
Y ′n(b) = 0.

(17)

From (17) and (8) we obtain a system of algebraic equations to determine the coefficients An, Bn, Cn, Dn
(1− ν) · ωn ·An + 2Dn = f1,
EJ
D · ω

2
n ·An + (1− ν) · ωn ·Bn − (1 + ν) · Cn = f2,

An · chωnb+Bn · shωnb+ Cn · b · chωnb+Dn · b · shωnb = f3,
An · ωn · shωnb+Bn · ωn · chωnb+ Cn(chωnb+ b · ωn · shωnb) +Dn(shωnb+ b · ωn · chωnb) = f4,

(18)
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where 
f1 = − 1

ωn
ϕ′′n(0) + ν · ωn · ϕn(0),

f2 = 1
ω2
n
ϕ′′′n (0)− (2− ν) · ϕ′n(0)− EJ

D ω2
n · ϕn(0),

f3 = −ϕn(b),
f4 = −ϕ′n(b).

(19)

After transformations, the system (18), (19) takes the form
An + 2

(1−ν)ωn
Dn = g1,

Bn − 1+ν
(1−ν)ωn

Cn − 2EJ
D(1−ν)2Dn = g2,[

1+ν
(1−ν)ωn

shωnb+ bchωnb
]
Cn +

[
τ

D(1−ν)2 shωnb− 2
(1−ν)ωn

chωnb
]
Dn = g3 ,[

2
1−ν chωnb+ bωnshωnb

]
Cn +

[
τωn

D(1−ν)2 chωnb− 1+ν
1−ν shωnb

]
Dn = g4,

(20)

where
g1 =

1

(1− ν)ωn
f1;

g2 = − EJ

D(1− ν)2
f1 +

1

(1− ν)ωn
f2;

g3 =

[
EJ

D(1− ν)2
shωnb−

1

(1− ν)ωn
chωnb

]
· f1 −

shωnb

(1− ν)ωn
f2 + f3; (21)

g4 =

[
EJωn

D(1− ν)2
chωnb−

1

1− ν
shωnb

]
· f1 −

chωnb

1− ν
f2 + f4;

τ = 2EJ + bD(1− ν)2.

From the last two equations of the system (20), (21), we find the values of the coefficients Cn and Dn :

Cn =

[
τωnchωnb−D(1− ν2)shωnb

]
g3 +

[
2D
ωn

(1− ν)chωnb− τ · shωnb
]
g4(

bτωn + 4D
ωn

)
ch2ωnb+ [Db(1− ν)2 − τ ] shωnb · chωnb−

[
D
ωn

(1 + ν)2 + bτωn

]
sh2ωnb

;

Dn =
D(1− ν)

{
− [2chωnb+ bωn(1− ν)shωnb] g3 +

[
1+ν
ωn

shωnb+ b(1− ν)chωnb
]
g4

}
(
bτωn + 4D

ωn

)
ch2ωnb+ [Db(1− ν)2 − τ ] shωnb · chωnb−

[
D
ωn

(1 + ν)2 + bτωn

]
sh2ωnb

. (22)

Using the first equations of the system (20)

An = g1 −
2

(1− ν)ωn
Dn,

Bn = g2 +
1 + ν

(1− ν)ωn
Cn +

2EJ

D(1− ν)2
Dn,

and taking into account (22), we obtain the values of the coefficients An and Bn in the following forms

An = g1 −
2

(1− ν)ωn
·

D(1− ν)
{
− [2chωnb+ bωn(1− ν)shωnb] g3 +

[
1+ν
ωn

shωnb+ b(1− ν)chωnb
]
g4

}
(
bτωn + 4D

ωn

)
ch2ωnb+ [Db(1− ν)2 − τ ] shωnb · chωnb−

[
D
ωn

(1 + ν)2 + bτωn

]
sh2ωnb

;

Bn = g2 +
1 + ν

(1− ν)ωn
·

[
τωnchωnb−D(1− ν2)shωnb

]
g3 +

[
2D
ωn
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]
g4(
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ωn

)
ch2ωnb+ [Db(1− ν)2 − τ ] shωnb · chωnb−

[
D
ωn

(1 + ν)2 + bτωn

]
sh2ωnb

+

+
2EJ

1 + ν
·

− [2chωnb+ bωn(1− ν)shωnb] g3 +
[

1+ν
ωn

shωnb+ b(1− ν)chωnb
]
g4(

bτωn + 4D
ωn

)
ch2ωnb+ [Db(1− ν)2 − τ ] shωnb · chωnb−

[
D
ωn

(1 + ν)2 + bτωn

]
sh2ωnb

. (23)
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On the calculation of rectangular plates...

Due to the bulkiness of formulas (22), (23) for the determination of the coefficients An, Bn, Cn, Dn in the
general case, and, consequently, due to the inconvenience and complexity of further use of these formulas, it
is recommended that all calculations of the constants An, Bn, Cn, Dn are carried out for specific numerical
values of the system coefficients (20), (21) in each particular case with given numerical parameters.

Substitution of the found coefficients An, Bn, Cn, Dn in (8), (9), (10) gives the function of plate deflections
W (x, y), bending moments and torques, as well as transverse forces in the form of trigonometric series in the
case where one of the sides of the plate parallel to the x -axis is supported by an elastic contour, and another
side is rigidly pinched.

In the case of a uniformly distributed load of constant intensity q, the deflection function has the form (12)
with coefficients (22), (23).

In principle, the method of single trigonometric series is more accurate than the previously considered
Navier’s method [6], since in this method the required function W (x, y) is approximated by trigonometric
functions only in one direction, and in another direction the function W (x, y) is sought precisely from the
differential equation (7). This can be seen from a comparison of the results obtained by the two methods for
the previously considered problem of bending a square plate, hinged around the entire contour, in Table [6].

It should be noted that with one term of expansion (1) in the single trigonometric series method, not only
the values of the deflection W (x, y) and bending moment My are significantly clarified, but also the value of
bending moment of another direction Mx are greatly improved. Note that in both of the considered methods,
the convergence of the series will be higher and the accuracy will be greater, than better a given load q(x, y)
can be represented by expansion in trigonometric functions [6].
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Г.А. Есенбаева, Ф.М. Аханов, Т.Х. Макажанова

Тiкбұрышты пластиналарды тригонометриялық
қатарлармен есептеу туралы

Мақала пластиналардың иiлуi туралы есептердi шешуге дара тригонометриялық қатарлар әдiсiн қол-
дану мәселесiне арналған. Осы әдiс құрылымы келтiрiлдi, оның негiзгi компоненттерi көрсетiлдi, тiк-
бұрышты пластиналарды есептеуге классикалық әдiстi сипаттайды, екi параллель жақтары топсалы
бекiтiлген және басқа екi жақтары кез келген шекаралық жағдаймен анықталды. Дара тригономет-
риялық қатарлар әдiсiнiң математикалық аппараты пластиналарды есептеу үшiн қажеттi көлемде
ұсынылған. Берiлген әдiспен тiкбұрышты пластинаны есептеудiң егжей-тегжейлi мысалы келтiрiл-
ген. Бұл мақала, негiзiнен, механика және қолданбалы математика саласындағы ғылыми-зерттеу
жұмыстарымен айналысатын студенттер мен магистранттарға бағытталған.

Кiлт сөздер: тiкбұрышты пластинаның иiлуi, пластинаның иiлу функциясы, пластинаның шекара-
лық шарттары, тригонометриялық қатарлар әдiсi, Леви шешiмi.
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Г.А. Есенбаева, Ф.М. Аханов, Т.Х. Макажанова

О расчете прямоугольных пластин
тригонометрическими рядами

Статья посвящена вопросу применения метода одинарных тригонометрических рядов к решению за-
дач об изгибе пластин. Авторами представлена структура данного метода, выделены его основные
компоненты, охарактеризован классический подход расчёта прямоугольных пластин, шарнирно опер-
тых по двум параллельным сторонам и с произвольными граничными условиями на каждой из двух
других сторон. Математический аппарат метода одинарных тригонометрических рядов представлен
в необходимом для расчёта пластин объеме. Приведен подробный пример расчета прямоугольной
пластины изложенным методом. Данная статья ориентирована, главным образом, на студентов и
магистрантов, занимающихся научно-исследовательской работой в области механики и прикладной
математики.

Ключевые слова: изгиб прямоугольной пластины, функция прогиба пластины, граничные условия
пластины, метод тригонометрических рядов, решение Леви.
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Digitalization of healthcare system of Kazakhstan

The article is devoted to the development of digital technologies in the field of healthcare of Kazakhstan. The
process of automation of a medical institution hospital is considered. The functionality of the developed
information system and the prospects for the implementation of this system in this area are described.
The developed information system allows it to accumulate the medical and statistical information in the
databases of the hospital and use in practice, automates the management of the hospital workflow. The
capabilities of the system consist in registering patients in a hospital, maintaining an electronic medical
history and obtaining complete statistical reports. The patient’s electronic medical history contains his
personal data, diagnoses, recommended procedures and medications. The introduction of information and
communication technologies in the health sector will improve the quality of care and significantly speed up
the work of staff.

Keywords: health digitalization, hospital automation, information system functionality.

The health of every person, as a component of the health of the entire population, becomes a factor that
determines not only the usefulness of its existence, but also the potential of its capabilities [1].

President N. Nazarbayev in his message to citizens of Kazakhstan emphasized that one of the directions
of state policy at the new stage of development of our country should be the improvement of the quality of
medical services and the development of a high-tech healthcare system. The quality of medical services is a
complex concept and depends on many reasons, among which the material and technical equipment of medical
organizations, the level of professionalism and motivation of clinical specialists to improve it, the introduction
of modern technologies to manage and organize medical care, the introduction of effective methods of paying
for medical help. Improving the management of the quality of medical services occupies an important place in
the context of the strategic development of health care in Kazakhstan until 2020 [2].

Today, digital technologies are beginning to change the most conservative sphere of human activity – health
care. As part of the «Digital Kazakhstan» program, domestic clinics face the challenge of introducing digital
health care. Already this year, the full transition to the electronic format of medical services is announced [3].

The transition to such a model will help digitization, omni-channel, the use of big data and the use of
artificial intelligence to process them. Working with data will provide an opportunity to improve the quality of
medical care, reduce treatment time, and, at the same time, increase the medical activity of citizens and lead
to an increase in the number of patients. But all these changes will not be possible as long as patient data is
not collected in digital form.

Health care is generally one of the most difficult branches. It is very conservative. The difficulty is also
associated with a large amount of accumulated data, and unstructured. At the same time, all this is connected
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with human health – the topic is very sensitive. In the coming years, we are waiting for a radical transformation
of this industry. Health care will begin to interact more and more with information technology and management
issues. It has ceased to be merely treating people. Health care will come to digitalization, it is inevitable. For
centuries, people thought about the need to go to the doctor in a negative way, when something bad happened.
This approach will change. There appears a service component – rating of doctors. The doctor ceases to be the
person from whom only knowledge is required. Convenience, good service, digitalization, big data – all this is
necessary for medicine today [4–10].

Health becomes a service. We cannot escape from this: people who are accustomed to receive this service in
other areas of life today want the same from health care too – so that they can be comfortable, understandable,
with feedback. An affiliate model will determine the future development of medicine.

Kazakhstan is just entering into the trends that will determine the development of health care in the future.
Modern medicine seeks to create ecosystem, where patients anticipate until they get sick, but visit doctors at
healthy state, just to maintain and strengthen health. In addition, the experience of other industries already
dictates increased requirements for service in medicine – people want low-cost, personalized medical services.
So far, the health care sector has remained aloof from current market changes. But this is the same service sector,
and patients, customers of these services, want convenience, proactivity, electronic services, mobility [11, 12].

E-medicine will be a huge breakthrough for the industry. All the data on patients that will be collected and
systematized will help in the future to receive better service, correct diagnosis and the appointment of effective
treatment not only in Kazakhstan, but also in any location in the world.

The government provides proper financial support and a certain «moral pressure», which is necessary now.
All people will come to digitalization. And the presence of good competition in terms of medical systems will
be only an advantage. Every Head of a medical organization will be able to choose a system that suits him.
The issue of improving the quality of medical care is relevant and most common among the problems of the
organization and healthcare institutions management. In large multidisciplinary hospitals, the need to create a
system of rapid and effective interaction between the services and departments involved in the examination and
treatment of patients is particularly vivid. So far, in the field of medical care, information systems are designed
as unique for each organization and, as a rule, are focused on statistical data processing and partial automation
of administrative and business activities [13–18].

The process of automating a hospital of a medical institution was reviewed in this article. The object of
automation is the Karaganda Regional Clinical Hospital. Analysis of the current day hospital data processing
system of this hospital showed that data processing is mainly done manually. Installed computers are mainly used
as typewriters for printing statements. Documents are stored in paper form, that complicates their processing
and storage [19].

Having analyzed the existing hospital system, began to develop own information system «Hospital» using
the high-level programming language Delphi 7.0. The developed software product is designed to automate
the activities of day hospital, allows accumulating the medical and statistical information in the databases of
the hospital and using in practice, automates the management of documents. The «Stationary» automated
information system has an easy-to-use interface, i.e. this system can be used not only by specially trained users,
but also by medical personnel [20, 21].

Figure 1. The main boot form
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The application launch is carried out by double clicking the left mouse button on the MedStacionar.exe file
shortcut. After that, the main boot form will appear on the screen (Fig. 1).

The program menu is presented in the form of a hierarchical tree, where all commands are divided into two
groups:

– Reference books;
– Medical card.
All menu commands are selected by double-clicking.
The «Directory» menu provides work with the main system directories:
– Medicines;
– Medical institutions;
– Departments;
– Medical staff;
– Diagnoses;
– Medical procedures.
The «Medication» directory contains a list of medications (Fig. 2). The window has a navigator for working

with records: navigating through the records, adding, editing and deleting records.

Figure 2. The «Medication» directory window

The directory «Medical institutions» contains a list of medical institutions with which the hospital works.
Directory «Branch» contains a list of departments of the hospital. The reference book «Medical personnel»
contains a list of medical personnel of the hospital with indication of the position. The «Diagnoses reference
book» contains a list of diagnoses and their symptoms. The reference book «Medical procedures» contains a
list of medical procedures that are conducted by the hospital.

The menu command «Medical card» contains three commands for working with medical cards:
– The whole list;
– Search by name of the patient;
– Search by branch.
When you select the entire list command, the patient’s medical record window will be opened (Fig. 3).
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Figure 3. The window of the medical record of the patient

The patient’s medical record consists of three sections:
– Title page;
– Diagnoses and treatment;
– Control parameters.
The «Title page» contains general information about the patient, the order of his arrival, the presence of

allergic reactions to drugs. The «Diagnoses and Treatment» section contains a list of the diagnoses that have
been made, the procedures prescribed and the medications for treating the established diagnosis assigned to the
patient. Section «Control parameters» contains daily information on the patient’s condition.

At the bottom of the «Medical Record» window there is a navigator for working with records, a card number
and a button for printing a card. When you select the print command, medical record data will be imported
into Word (Fig. 4).

Figure 4. Medical record extract

When selecting the «Search by name of the patient» command, a window opens that asks to enter the name
of the desired patient. Then the found medical record is opened. The search by department is the same.

The developed software product is designed to automate the activities of a day hospital at the Regional
Clinical Hospital. In this institution, the information system «Hospital» was tested and is at the implementation
stage.
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The developed software product is designed to automate the activities of a hospital medical institution,
allows it to accumulate in the hospital databases and use in practical work medical and statistical information,
automates the management of hospital records.

System functionality:
1. Accounting of hospital patients.
2. Accounting of hospital patients receiving medical care in accordance with various types of payment: for

compulsory health insurance, with their own expense, on voluntary medical insurance, under contracts with
organizations, with the expense of budget funds.

3. Keeping an electronic medical record; print medical history in the required format.
4. The accumulation in the database of full information about the case of hospitalization, including:
• information about diagnoses;
• information on the assigned and executed medical services and surgical interventions;
• results of tests and diagnostic examinations of patients;
• information about the patient’s daily condition;
• information about patient transfers within the hospital;
• information on the appointment and issuance of medicines;
• data on sick leave.
5. The accumulation of information about outpatient services provided to hospital patients.
6. Obtaining complete and consistent statistical reporting on approved forms based on common information

resources.
The program does not require any special equipment in addition to a computer and printer, which will

simplify the implementation process.
All the necessary work on the implementation of methods of access to information stored in the database, its

modification, maintaining the database in a coherent form is hidden inside and the user does not need to know
about it in order to successfully solve the whole range of emerging tasks related to the use of information stored
in the database. Moreover, the program interface simplifies the work with the database as much as possible
(up to a choice from the proposed number of options). Even accessing the database with complex queries is
carried out in such a way that the structure of the returned data is visible even before its execution. The system
independently tests the records in the database and brings the database to a complete state, eliminating possible
errors. All routine operations of this kind are taken by the machine, which no doubt saves the efforts and time
of the end user [22–26].

The development of this information system is relevant:
• first, in the age of information breakthrough, it is impossible to imagine any serious organization without

a computer and data processing programs;
• second, it is minimization of manual labor and information processing on paper;
• third, reduction of time for searching and processing the necessary information;
• fourth, saving money.
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Қазақстанның денсаулық сақтау жүйесiн цифрландыру

Мақалада медициналық мекеме стационарының процесiн автоматтандыру үрдiсi қарастырылған.
Стационар қызметiн автоматтандыратын ақпараттық жүйе әзiрлендi. Құрастырылған программа-
лық өнiмнiң функционалдық мүмкiндiктерi мен аталған өнiмдi медициналық қызмет көрсету са-
ласына ендiру болашағы сипатталған. Құрастырылған ақпараттық жүйе медициналық және стати-
стикалық ақпаратты стационар базасында жинақтауға және практикалық жұмысында пайдалануға
мүмкiндiк бередi, стационардың құжат алмасуын басқаруды автоматтандырады. Жүйенiң мүмкiн-
дiктерi стационарда науқастарды тiркеуден, электрондық аурулар тарихын жүргiзуден және толық
статистикалық есептердi алудан тұрады. Науқастың электрондық аурулар тарихында оның жеке де-
ректерi, қойылған диагноздары, ұсынылған процедуралары мен дәрi-дәрмектер тiзiмi бар. Денсаулық
сақтау саласына ақпараттық-коммуникациялық технологияларды енгiзу медициналық көмектiң са-
пасын арттыруға және қызметкерлердiң жұмысын едәуiр жеделдетуге мүмкiндiк бердi.

Кiлт сөздер: денсаулық сақтауды цифрландыру, стационарды автоматтандыру, ақпараттық жүйенiң
функционалды мүмкiндiктерi.

М.У. Баешова, А.М. Омаров

Цифровизация системы здравоохранения Казахстана

В статье рассмотрен процесс автоматизации стационара медицинского учреждения. Описаны функ-
циональные возможности разработанного программного продукта и перспективы внедрения данного
продукта в область медицинского обслуживания. Разработанная информационная система позволяет
накапливать в базах данных стационара и использовать в практической работе медицинскую и стати-
стическую информацию, автоматизирует ведение документооборота стационара. Возможности систе-
мы заключаются в учете пациентов стационара, ведении электронной истории болезни и получении
полной статистической отчетности. Электронная история болезни пациента содержит его личные дан-
ные, поставленные диагнозы, рекомендованные процедуры и лекарства. Внедрение информационно-
коммуникационных технологий в сферу здравоохранения позволит улучшить качество обслуживания
и заметно ускорить работу персонала.

Ключевые слова: цифровизация здравоохранения, автоматизация стационара, функциональные воз-
можности информационной системы.
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Mathematical modeling of the source and environment
response for the equation of geoelectrics

In this paper an algorithm is proposed for determining the source of excitation of electromagnetic waves
emitted by the Ground-penetrating radar (GPR) device as a function of time. A mathematical model
for solving this problem was constructed and tested on model data. We have built an algorithm for
constructing a source function based on real georadar data. For this purpose, the results of experimental
studies conducted in field conditions using the Loza-V GPR. Experiments were carried out in the medium:
air-sand. The received signal of the response of the medium was processed from interference and noise. For
this purpose, we use frequency filtering, signal averaging, amplitude correction for processing radarograms.
In the future, the obtained table form of the disturbance signal will be used by us to study inhomogeneous
media, including the study of localized objects. The series of calculations for the considered problems are
given.

Keywords: inverse problems, source modeling, Maxwell equation, frequency filtering, radarogram processing,
numerical results.

1 Method for solving inverse coefficient problems

The result of the GPR survey is a set of single traces (signals) recorded by the receiving antenna at each
position of the GPR. To solve engineering problems, it is necessary to have the amplitude of the signal depending
on the depth of its reflection, while the original radarogram is the dependence of the signal amplitude on the
reflection time.

As you know, all radars can only record the time of reflection from the boundaries of objects or inhomogeneous
media. On the other hand, it is a function of time or otherwise referred to as additional information (the response
of the environment). This function is additional information for solving inverse problems, in our case determining
the geological section. We present below the research methodology, which is one of the well-known methods for
solving such problems.

The optimization method for solving inverse problems of electrical exploration is one of the most effective
and widely used methods in practice.

The main ideas of the method were proposed by A.N. Tikhonov, M.M. Lavrentiev, V.K. Ivanov, G.I. Marchuk,
A.S. Alekseev and many of their students and followers.

A. Bamberger, G. Ghavent, P. Lailly [1] used and investigated the conjugate gradient method to solve the
one-dimensional inverse seismic problem. The essence of the method is to minimize the quadratic function of
the discrepancy of observed and calculated fields. The application of the method to field data is given in the
articles of A. Bamberger, G. Chavent, Ch. Hemon, and P. Lailly [2]. The method of least squares was also used
to reverse the data obtained during the registration of seismic fields, see D.A. Cook, W.A. Schneider [3], and
W.W. Johonson, H.H. Nogami [4].

In the article of G. Chavent, M. Dupuy, P. Lemonnier [5] the optimization method was applied to the
problem of determining the distribution of magnetic permeability.

In the article by F. Santosa, W. Symes, G. Raggio [6] considered the problem of determining the acoustic
impedance of a layered medium from reflected seismograms in which low-frequency components are small or are
absent.

A wide range of inverse problems of geoelectric and numerical methods for solving these problems (including
the optimization method) are presented in the monograph of V.G. Romanov, S.I. Kabanikhin [7].

Серия «Математика». № 2(94)/2019 129



K.T. Iskakov, B.G. Mukanova et all.

For the numerical solution of inverse problems of geoelectric in layered and vertically inhomogeneous media,
the method of conjugate gradients is applied in the article of K.T. Iskakov, S.I. Kabanikhin [8].

The series of articles [9–12] is devoted to experimental and numerical studies of solutions of the direct and
inverse problem of non-linear diffusion associated with the process of drying of porous materials. The experiments
were conducted by a team of authors in the laboratory of magnetic and spin phenomena of the International
tomographic center SB RAS and the Institute of Catalysis SB RAS. The results of experimental and numerical
studies are published in [9, 10] and problem statements and the development of algorithms in [11, 12].

The complex includes an algorithm for calculating the concentration (direct problem) in the processes of
drying (adsorption) of various porous materials (aluminium oxide, silica gel) containing liquid (water, acetone,
etc.), adsorption of water vapor by selective water sorbents (silica gel or aluminium oxide, containing calcium
chloride).

The results of numerical calculations of the solutions of the direct and inverse problems are in satisfactory
agreement with the measurement data obtained experimentally.

The questions of the conditional stability of the inverse problem for the hyperbolic equation with Lipschitz
constant depending on the depth, on the priori given norm of the unknown coefficient and the norm of the data
of the inverse problem in space H1 are reflected in [13].

The Fourier collocation method for reconstruction of the source function F(x) depending on the spatial
variable is developed and tested on model examples. The inverse problem of source identification depending
on the spatial variable F(x) in the one-dimensional wave equation is considered. The connection between this
problem and the problem of georadar data interpretation (GPR) is shown [14, 15]. Articles [16, 17] are devoted
to visualization of the obtained data for subsequent interpretation and obtaining reliable information about
underground geological environments, natural and artificial inhomo-geneities, anomalies, objects. Visualization
of the processed data of GPR and the description of the program of processing of signals of GPR for interpretation
of subsurface geological environments are given.

In [18, 19] an effective algorithm (layer-by-layer conversion method) for solving the inverse problem for the
geoelectric equation in the frequency domain for the simultaneous determination of the dielectric permittivity
and medium conductivity, as well as determining the boundaries of discontinuity is presented.

The differentiability of the discrepancy functional is shown with allowance for media interface boundaries.
With this in mind, the well-known algorithm for layer-by-layer conversion is generalized. Based on the critical
frequency, a range is set for which two functions can be defined simultaneously.

In [20] the questions of conditional stability, the solution of the inverse coefficient problem for the equation
of geoelectrics are studied. To study stability, the initial inverse problem is reduced to a system of the second
kind of Volterra integral equations. The class of correctness of solutions of the inverse problem and the class of
input data is introduced. The estimation of the conditional stability of the solution of the inverse problem from
the input data in the normal space H1 is obtained.

In [21], the residual functional for the numerical solution of the inverse problem for the equations of the
theory of elasticity was investigated. The medium model is horizontally layered. The differentiability of the
function of the discrepancy by the coordinate of the point of discontinuity of the medium for the equations of
the theory of elasticity is proved. An explicit analytical expression for this derivative is obtained. This allows
the gradient method to determine the coordinates of the gaps and the thickness of the layers.

Methods of estimation of various parameters of geophysical models were considered by D.W. Marquardt [22],
Y.M. Chen, J.H. Seinfeld [23], G. Stoyan [24] and many others. Therefore, we note the review article of B. Ursin,
K.A. Berteussen [25] and the bibliography available in it.

2 Modeling the source of disturbances

At a georadar research the device registers the signals received by the receiving antenna as a set of single
routes in the form of the image — radarogramma [26, 27]. To solve engineering problems, it is necessary to
have the dependence of the signal amplitude on the depth of its reflection, and the original radarogram is the
dependence of the signal amplitude on the travel time. On an other hand, it is necessary to clear the signal from
various kinds of noise that hides the useful signal. For this purpose, we use frequency filtering, signal averaging,
amplitude correction [17] to process radarograms.

To solve the inverse problem of GPR, it is necessary to know the time dependence of the signal entering
the environment [15]. However, due to the complex interaction of the antennas with the medium, this function
depends on the medium to which the signal goes. Therefore, existing georadars do not provide this kind of
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information before the soundings. In this paper it is proposed to determine the source function on the basis of
test experiments conducted on a homogeneous medium.

We formulate a simplified mathematical model of GPR in the wave approximation [28, 29]. As it is common
in geophysics, assume that the medium fills the half-space z > 0 and the half-space z < 0 corresponds to the
air. Let the electrical permittivity ε of the medium depend on the coordinate z only, magnetic permittivity
µ = µ0 = const > 0 in the whole space and the conductivity is negligible. Let the current source with intensity

jex (t) = Φ (t) δ (z) ,Φ (t) = 0, if t ≤ 0,

Φ (t) ∈ C2 [0.∞] ,Φ′′ (+0) 6= 0

be placed at the boundary z = 0 and directed along the axis y. Then it follows from Maxwell’s equations [6], that
the electromagnetic field depends on (z, t) only. The field has an electric component E2(z, t) along the axis y,
and a magnetic component H1(z, t) along the axis x that satisfy the Cauchy problem:

∂H1

∂z
= ε (z)

∂E2

∂t
+ δ (z) Φ (t) ,

∂E2

∂z
= µ (z)

∂H1

∂t
, (E2, H1)t<0 = 0. (1)

We assume below µ(z) = µ0 > 0. By taking first derivatives with respect to t from first equation and with
respect to z from second one in (1) and eliminating ∂2H1/∂t∂z we get:

∂E2∂z2 = µ0ε (z) ∂E
2

∂t2 + µ0δ (z) Φ′ (t) , E2|t<0 = 0.

Denote by
c(z) = 1/

√
µ0ε(z).

The purpose of GPR studies is to determine the electrical properties of the medium. Within the framework
of our model, we need to recover the specific permittivity function ε (z). As shown in [15], knowledge of the
source function Φ (t) allows to approximate the function c (z) based on measurements of the field strength on
the surface of the medium. Further, according to the c (z) distribution is easy to compute the function ε (z).

Consider an environment in which the distribution of specific electrical conductivity is subject to the
following representation

c−2 (z) =

{
c−2
0 ,
c−2
1 ,

if
if

z < 0
z ≥ 0

c0, c1 = const.

Here c0 is the speed of propagation of the signal in the air, and c1- the speed of the radio signal in a
homogeneous environment.

Ezz =
1

c−2(z)
Ezz + µ0Φ(t)δ(z), (z ∈ <, t > −∞), (2)

E |t<0 ≡ 0. (3)

In [15] it is shown that in this case the distribution of the electric field in the medium E2(z, t) = U(z, t) is
a generalized solution of the Cauchy (2)–(3).
Then the solution of the problem is given by the formula:

Ezz (z, t) = − µ0c0c1
c0 + c1

 Φ
(
t+ z

c0

)
,

Φ
(
t− z

c0

)
,

z < 0
z > 0

It can be checked directly that the function E(z, t) is continuous anywhere and twice continuously differentiable
in the half spaces <2

− = {(z, t) | z < 0, t ∈ <},<2
+ = {(z, t) | z > 0, t ∈ <} and its first derivatives at z = 0

are expressed as
Ez (−0, t) = − µ0c1

c0 + c1
Φ′ (t) , Ez (+0, t) = − µ0c1

c0 + c1
Φ′ (t),

i.e.
Ez (+0, t)− Ez (−0, t) = µ0Φ′ (t) . (4)
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The last formula confirms that the second derivative Ezz is represented as the singular function µ0Φ′(t)δ(z) and
a regular one.

From formula (4) it follows that the field strength in the GPR problem of a homogeneous half-space is
determined by the formula

g (t) = E (0, t) = − µ0c0c1
c0 + c1

Φ (t) , (t > 0) . (5)

In GPR studies, readings are taken from the receiving antenna. From formula (5), it follows that the
excitation signal generates a field with intensity (5) at the boundary of the medium. This field acts on the
receiving antenna, causing alternating current in it. This means that the readings recorded by the device must
be proportional to the function Φ(t).

Thus, before conducting a survey on the object under study, it is necessary to have the data obtained for a
homogeneous half-space. This will determine the type of source function and use it for further interpretation.
Next, the problem arises with approximation of a smooth function measured on a homogeneous half-space of
data. As shown in [15], a second derivative of the function Φ(t) is needed for further interpretation. Therefore, it
is desirable to approximate the table-set measured data with a smooth function of a simple form, for example,
the following:

Φ(t) = A sin (ωt+ β) exp (−γt)−A sinβ. (6)

When data is approximated, it is necessary to select the parameters ω, β, γ in function (6).

3 The results of experimental studies

As part of the research project under contract No. 132 dated 12.03.2018, experimental studies were conducted
in accordance with clause 8 of the calendar plan. To simulate a source of radiation emitted by Loza-V georadar,
a site of a sand pit was selected, with a geoelectrical section was previously known. According to GPR data,
namely additional information, the inverse problem of source modeling will be subsequently solved. For this
purpose, experiments were conducted using different antennas. The expedition was done by Professor of ENU
named after L.N. Gumilyov K.T. Iskakov and by senior teacher of KazNPU named after AbayB.B. Sholpanbayev
on January 3, 2018. The experiments were conducted on the sandy quarry LLP «Bek», located 30 km away from
the city of Almaty in the direction towards the town of Kapchagai. Radarograms were processed by the 2nd year
doctoral candidate D.К. Tokseit The spectral analysis of the radarograms was performed by the senior teacher
S.A. Boranbayev Objectives of the study: geophysical examination of the structure of the underlying layers of
a homogeneous medium-river sand, modelling of the impulse source from the Loza-V device; determination of
the spectral characteristics of signals emitted by antennas: 0.5 m, 1 m, 1.5 m, 3 m; interpretation of a series of
radarograms obtained in result of sounding required to solve the inverse problem of source recovery. We present
the experimental data: 1.5 m antenna, 7 tracks, 49 measurements, a step of 0.20-0.2 m are used. In Figure 1, 7
tracks are marked and are denoted as: A0-A6.

Figure 1. Measurement scheme for experiment № 1 (antenna 1.5 m)

132 Вестник Карагандинского университета



Mathematical modeling of the source...

Figure 2 shows the radarogram performed by the program «Krot». The results of the studies with antenna
sweep: 1.5 m antenna, 7 tracks, 49 measurements, step 0.20-0.25 m.

Figure 2. Radarogram of the experiment

4 Radarogram processing — medium response

The graphs of the traces and spectra of the radarograms will be carried out according to the algorithms
given in [2]. Figure 3 shows the graphs of the paths and spectrum of radarograms obtained with a 1.5 m antenna
at a frequency of 100 MHz.

Figure 3. Graphs of the route and spectra of radarograms (1.5 m antenna, 100 MHz)

Radarogram is an ultra-wideband radio signal. As can be seen from the graphs, the main spectral components
of the radarogram, which influence the amplitude of the signal, are located around the center frequency of
the GPR antenna. The basic information about the subsurface environment lies in the amplitude of the signal
corresponding to the time of receiving the signal. Experimental studies were conducted on the sandy LLP «Bek»,
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located 30 km from Almaty city in the direction towards the city of Kapchagai. Experimental studies were
conducted in a sand homogeneous medium at a site of 100 m — 50 m, using the Loza-V georadar. 147 radarograms
on 7 tracks were filmed, in increments of 0.2-0.25 meters using antennas with a sweep of 0.5 m; 1 m; 1.5 m. The
length of the profiles in each case is 100. With antenna — 3 m received three profiles. Finally, as a confirmation
of the calculations, measurements were taken on a hill in which a cut of the medium is visible. Three profiles
were received. As a result of the interpretation of the radarograms, a series of responses of the media were
obtained, with the use of various antennas, which will be used to solve the inverse problem of source recovery
(Table value). A spectral analysis of the received radarograms using the software package was carried out.

5 Numerical results

By the formula (5), we determine

Φ(t) = g(t)/κ, where κ = − µ0c0c1
c0 + c1

.

Here c0 is the speed of propagation of the signal in the air c0 = 0, 3mns , and c1 — the speed of the radio signal
c1 = 0, 122mns − 0, 15mns in a homogeneous environment in the sand m/ns, magnetic permittivity in the whole
sand µ0 = 1. Then,

κ = −0, 3 · 0, 15

0, 45
= −0, 1

m

ns
.

We present the data of the Loza-V GPR, in the form of Table 1. Measurements were carried out with a
1.5 m antenna, frequency 100 MHz. The amplitude values of the signal are ALn1 = 0 ... 32768 ... 65535, the
amplitudes of the time step are 0.5 ns.).

T a b l e 1

Signal amplitude values

32772 32772 32772 32772 32772 32772 32772 32772 32772 32772 32772 32772 32772 32772
32772 32772 32777 32777 32777 32777 32777 32777 32777 32777 32777 32777 32777 32777
32777 32777 32777 32777 32783 32783 32783 32783 32783 32783 32783 32783 32783 32783
32783 32783 32783 32783 32783 32783 32795 32795 32795 32795 32795 32795 32795 32795
32795 32795 32795 32795 32795 32795 32795 32795 32806 32806 32806 32806 32806 32806
32806 32806 32806 32806 32806 32806 32806 32806 32806 32806 32829 32829 32829 32829
32829 32829 32829 32829 32829 32829 32829 32829 32829 32829 32829 32829 32856 32856
32856 32856 32856 32856 32856 32856 32856 32856 32856 32856 32856 32856 32856 32856
32892 32892 32892 32892 32892 32892 32892 32892 32892 32892 32892 32892 32892 32892
32892 32892 33100 33100 33100 33100 33100 33100 33100 33100 33100 33100 33100 33100
33100 33100 33100 33100 34248 34248 34248 34248 34248 34248 34248 34248 34248 34248
34248 34248 34248 34248 34248 34248 38848 38848 38848 38848 38848 38848 38848 38848
38848 38848 38848 38848 38848 38848 38848 38848 59504 59504 59504 59504 59504 59504
59504 59504 59504 59504 59504 59504 59504 59504 59504 59504 59504 59504 59504 59504
59504 59504 59504 59504 59504 59504 59504 59504 59504 59504 59504 59504 59504 59504
59504 59504 59504 59504 59504 59504 59504 59504 59504 59504 59504 59504 59504 59504
59504 59504 59504 59504 59504 59504 59504 59504 59504 59504 59504 59504 59504 59504
59504 59504 59504 59504 59504 59504 59504 59504 59504 59504 59504 59504 59504 59504
59504 59504 59504 59504

We carry out data normalization in the range from 0 to 1, with this purpose we will divide all the data in
Table 1 by the maximum amplitude value. The data obtained are shown in Table 2.
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Tab l e 2

Normalized amplitude values of signals
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Then the environment response schedule:

Figure 4. The response of the environment (according to Table 2.).
Disturbance source graph. (Calculated by the formula (5))
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Below in Figure 5. the signal graph with coefficients minus k = -0.1 is shown.

Figure 5. Signal graph with a minus sign
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Қ.Т. Искаков, Б.Г. Мұқанова, А.С. Бердышев, А.С. Кембай, Д.Қ. Тоқсеит

Геоэлектрика теңдеуi үшiн негiздiң және орта
реакциясын математикалық модельдеу

Мақалада GPR құралы шығаратын электрмагниттiк толқындардың қозғалыс негiзi уақыт функция-
сы ретiнде анықтау үшiн алгоритм ұсынылған. Бұл мәселенi шешуге арналған математикалық модель
модельдiк деректер бойынша құрастырылып, сыналды. Нақты георадар деректерiне негiзделген ба-
стапқы функция құру үшiн алгоритм таңдалды. Осы мақсатта Лоза-В георадарын қолданып, бұл
салада жүргiзiлген эксперименттiк зерттеулердiң нәтижелерi пайдаланылды. «Ауа — құм» ортаға
эксперимент жүргiзiлдi. Ортадан алынған дабыл кедергi және шудан тазартылған. Бұл үшiн бiз
радиолокацияларды өңдеу үшiн жиiлiк сүзгiсiн, сигналдың орташалануын, амплитудалық түзетудi
қолданылды. Болашақта бiркелкi емес медианы зерттеуге, соның iшiнде оқшауланған нысандарды
анықтауға алынған бұзылулардың кестелiк толқындық формасы пайдаланылды. Қарастырылған мә-
селелер бойынша есептер сериясы келтiрiлген.

Кiлт сөздер: керi есептер, көздердi модельдеу, Максвелл теңдеуi, жиiлiктi сүзу, радиограмманы өңдеу,
сандық нәтижелер.

К.Т. Искаков, Б.Г. Муканова, А.С. Бердышев, А.C. Кембай, Д.К. Токсеит

Математическое моделирование источника и отклика
среды для уравнения геоэлектрики

В статье предложен алгоритм определения источника возбуждения электромагнитных волн, излуча-
емых георадиолокационным прибором, как функции времени. Математическая модель для решения
этой задачи построена и апробирована на модельных данных. Авторами построен алгоритм по по-
строению функции источника на основе реальных данных георадара. В этих целях использованы
результаты экспериментальных исследований, проведенных в полевых условиях с применением ге-
орадара Лоза-В. Проведены эксперименты в среде «воздух — песок». Полученный сигнал отклика
среды обработан от помех и шумов. Для обработки радарограмм использованы частотная фильтра-
ция, усреднение сигналов, коррекция амплитуд. В дальнейшем полученная табличная форма сигнала
возмущения будет использована для исследования неоднородных сред, в том числе и для изучения
локализованных объектов. Приведены серии расчетов для рассматриваемых задач.

Ключевые слова: обратные задачи, моделирование источников, уравнение Максвелла, частотная филь-
трация, обработка радарограммы, численные результаты.
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Models of interaction of cryptography and chaotic dynamics

Cryptography deals with the problem of information protection by its transformation, providing the
protection of information (by means of computational techniques), i.e. a set of agreed encryptian tools.
Under the cryptosystem in the narrow sense we will understand dynamical systems with a nonlinear function
and spatial states, it is represented by a differential equation. Some conditions of the dynamic system, the
Lyapunov exponent, as a measure of sensitivity are considered. Identification of the interconnection between
objects of study in the theory of chaos and cryptography is revealed; the conclusions about the possibility
of using the trajectory of dynamical systems with the chaos for the representation and the transmission of
information.

Keywords: cryptography, information protection, encryption, nonlinear function, dynamical system, cryptosystem,
parameters, trajectory, transformation, chaotic system, measure of sensitivity.

Introduction

Cryptography deals with the protection of information data through its transformation. Cryptography solves
the problems of confidentiality, integrity, authentication, and a number of others that are associated with them.
Cryptography actually examines methods for encrypting information, generating digital signatures, and key
management certificates.

A cryptographic system, in a broader sense, is an infrastructure that guarantees the protection of information
data by means of computer technology, a set of coordinated methods of encryption, transfer and key management,
authentication and other elements. A cryptosystem is a hardware-software complex that interacts with a person.
It should be noted that scientists working on the protection of information in the conditions of deterministic
chaos, the formation of models and descriptions of software applications: E.N. Lorenz [1], M.S. Baptista [2],
A. Abel, W. Schwarz [3], K.M. Cuomo, A.V. Oppenheim, S.H. Strogatz [4], K.M. Cuomo, A.V. Oppenheim,
S.H. Strogatz [5], L. Kocarev, U. Parlitz [6], Jr.E. Rosa, S. Hayes, C. Grebogi [7], I.P. Marino, Jr.E. Rosa,
C. Grebogi [8], I.P. Marino, L. Lopez, M.A.F. Sanjuan [9], L. Kocarev, K.S. Halle, К. Eckert, L. Chua, U. [10],
A. Dmitriev, A. Panas, S. Starkov [11], L.A.B. Torres, L.A. Aguirre [12], A.Yu. Loskutov, A.I. Shishmarev [13],
A.Yu. Loskutov, V.M. Tereshko, K.A. Vasiliev [14], L. Mariot, A. Leporati, L. Manzoni, G. Mauri, A.E. Porreca,
C. Zandron [15], L. Mariot, A. Leporati, A. Dennunzio, E. Formenti [16], A. Leporati [17], L. Mariot, S. Picek,
A. Leporati, D. Jakobovic [18].

Purpose of the study. Analyze the relationship for the transmission and presentation of information in terms
of cryptography between chaos and objects of complex dynamic systems.

Material and research methods

In the mathematical representation, the cryptosystem S = (X,Y,K, f) is a kind of information conversion
f : X ×K → Y , set on the sets of initial states X, keys K and final states Y . The state x ∈ X encodes some
useful information. The sets X = Y =⊂ {0, 1}∗,K ⊂ {0, 1}∗ had been studied in computer cryptography, and
the transformation f had been studied by means of an algorithm (program) implemented on a Turing machine.

Transformation f is studied as iterations of a cryptographic algorithm (Fig. 1). In this case, the cryptosystem
implements a sequence of the set of states x0, x1, ..., xi, ..., where xi = f(x(i−1), k) = f i(x0, k), x0 ∈ X, k ∈ K,
and the sequence of the set of states is called the system trajectory in Figure 1. The entire trajectory to the
same is found by the parameter k and the initial state of the system x0.
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Figure 1. Model of a cryptosystem

The successive transformation of the system states as a result of the use of a certain elementary function
of the same typef can be observed in in-line and block ciphers, one-way functions, and pseudorandom number
generators. These systems are components of a cryptosystem in a broad sense [19].

The cryptosystem, in a broader sense, is a dynamic system 〈f,X, k〉 with a non-linear function f , the state
space X and the parameter space K.

The dynamic system of continuous time and continuous state S = 〈X,K, f〉, depends on the parameters
and is given in the form of a differential equation:

dx

dt
= f(x, k), x ∈ X ⊆ Rd, k ⊆ K ⊆ Rdk, (1)

where f : X×K → Y is a smooth vector function, K is the space of control parameters and X is the state space.
The system (1) for a separate initial requirement x0 satisfies the requirement of the presence and uniqueness
of the solution x (t, x0) = x0, where x (0, x0) = x0. The curve ϕt(t, x0) corresponding to this solution is a
trajectory.

The dynamic system of discrete time (continuous state) can be specified as an iterative function:

xn+1 = f(xn, k), xn ∈ X ⊆ Rd, k ⊆ Rdk, n = 0, 1, 2, ..., (2)

where xi is discrete states of the system. The trajectory ϕ(i, x0) is a sequence of the set x0, x1, .... Expression (2),
you could notice that it seems with a cryptographic iteration function used in block ciphers, in cryptographic
and dynamic systems, pseudo-random generators, studied in iterative transformation of information data that
depend on the parameter [20]. Then, the parameter k is reduced in the notation of the system (X, f), and the
iteration function f(x). The result of the n-times use of f(x) is written in the form:

xn = f((...(x0)...)) = fn(x0), x0, xn ∈ X.

Researchers identify some properties under which chaotic behavior occurs in the system. Namely, the
required criterion is made by two classical features — topological transitivity and sensitivity to the initial
requirements.

The definition of «chaotic system» has the following interpretation: a dynamic system 〈X, f〉 is considered
chaotic when the following criteria are met:

1) The function f is sensitive to the initial criteria, if there is δ > 0, n ≥ 0, that for different x ∈ Xand its
neighborhood Hx there is y ∈ Hx for which

fn(x)− fn(y) ∨ σ;

2) The function f : X → X on some metric set is topologically transitive X ⊂ Rd, if for different open sets
U, V ⊂ X there are n ≥ 0, such as

fn(U)
⋂
V 6= 0.

A dynamic system, in other words, is called chaotic, if all its trajectories are the limit, but instantly diverge
at each point of the phase space (Fig. 2).
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a) Temporary space; (b) Phase space

Figure 2. Two-dimensional chaotic system

The results of the study and their discussion. The above examples of cryptosystems are similar to chaotic
systems: topological transitivity is necessary, firstly, to maintain the state of the cryptosystem within the limits
allowed by the information carrier, to «cover» the entire set of ciphertext states as well. The susceptibility to the
initial conditions corresponds to the susceptibility of a cryptosystem to a pseudo-random generator or plaintext.
From here, as in cryptography, and in the theory of chaos, they come into contact with systems in which even
a small change in the initial conditions leads to significant changes along the entire trajectory.

The concept of susceptibility to initial conditions is introduced into the understanding of a chaotic system.
This indicator, as a Lyapunov exponent λ(x0), determined for each point x ∈ X, becomes a measure of
susceptibility, in other words, determines the speed of the exponential divergence of trajectories, which are
located in the vicinity of point x0

fn(x0 + ε)− fn(x0) ∨ ε ∗ εnλ(x0)

in a one-dimensional system where ε is a small deviation from the initial state of the point x0, and n is a certain
number of iterations (or discrete time). For the general case, the value of λ depends on the initial conditions
of the point x0, hence the definition of the averaged value is necessary. For systems that preserve measure, λ is
constant for all trajectories. Lyapunov’s indicator, in practice, can be calculated as the limit

λ(x0) = lim
x→∞

lim
t→∞

1

n
∨ f

n(x0 + ε)− fn(x0)

ε
∨;

λ(x0) = lim
n→∞

1

n

n∑
k

log∨f ′(xk) ∨ lim
n→∞

1

n

n∏
k−1

(xk) ∨ .

The derivative f ′(xk), for each k, sets how soon the function f will change relative to the growth of the value
of the argument from xk to xk+1. The limit will be equal to the average value of the logarithm of the derivative
after n performed iterations and will show the value of the rate of divergence of the trajectories during the
discrete time period. A positive indicator (λ > 0) is an indicator of the chaotic behavior of the system [21].

For a d-dimensional system, the set λ = {λ1, ..., λd} is formed and a more complex behavior is created that
is not qualitatively different from the one-dimensional case.

To take into account the accuracy (resolution) of observation, the Kolmogorov-Sinai-hKS entropy, given
below, becomes more necessary information.

The value of the Lyapunov indicator, from the point of view of cryptography, becomes a measure of the
cryptographic efficiency of the system. More precisely, the larger the value of λ, the smaller the number of
iterations needed to obtain a given degree of mixing or spraying information. Existing traditional cryptosystems
(pseudo-random generators, encryption schemes) should be studied as dynamic systems that transform infor-
mation (Table).
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Tab l e

Relationship between objects of study in cryptography and chaos theory

Cryptography Chaos theory
Pseudo-chaotic system Chaotic system
-finite number of states -infinite number of states
-finite number of iterations -infinite number of iterations
-nonlinear transform -nonlinear transform
Plaintext Initial state
Key Initial conditions and parameters
Entanglement Asymptotic independence of the initial

and final states
Ciphertext Final state
Spraying Sensitivity to initial conditions and

parameters, mixing

From the side of objects and research accents between the theory of chaos and cryptography there are
fundamental differences:

1) cryptography analyzes the obtained result of a finite number of iterative transformations (n < ∞), as
chaos theory (discrete and continuous) studies the asymptotic behavior of the system (n→ •∞);

2) in cryptography it is advised to use all sorts of combinations for independent variables (the system is as
unpredictable as possible) and work with spaces with integer dimensions (Fig. 3). Regarding classical chaotic
systems, they are displayed in the form of some object or set of phase space, which is endowed with a fractional
dimension (in essence, is a fractal);

3) in computer cryptography, the study of a system is carried out at a certain finite number of states, and
the multiple state space of a chaotic system is formed with an infinite set of continuous or discrete values. It
follows that absolutely all the models of chaos implemented on a computer are very approximate [22].

Figure 3. Phase portraits of the chaotic and cryptographic systems

Optimal security (perfect security) of an object will take place only in the situation when it is completely
unpredictable for a cryptanalyst (external observer). All of this implies that the likely outcomes (all states) are
very equiprobable and are not dependent on past states. In other words, the sequence of states is established
by a uniform law of probability distribution and it does not have patterns (correlations). The term «absolute
unpredictability» is equivalent to the concept of «true chance». Random sequence is called «white noise». The
source of this white noise can be the chaotic system itself, with a rather large number of degrees of freedom (for
example, a closed system with a so-called ideal gas).

Certain practical security in the current world is formed by cryptography systems, which, to some extent,
will be less than ideal (due to operational and economic feasibility). The definitions of unpredictability and
randomness are respectively replaced by polynomial (computational) and pseudo-randomness, unpredictability.
A pseudo-random object should not at all differ from a truly random object obtained by means of computational
facilities available to an external observer. By analogy, the behavior of a computationally unpredictable object
cannot be predicted by the computational means used by the observer. From here, you can prove that a pseudo-
random object will be computationally unpredictable.

Therefore, a truly random object will be pseudo-random and algorithmically random. The definitions of
algorithmic randomness are also different from each other: pseudo-randomness: a compact generator creates
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a pseudo-random string, but an external observer cannot predict the sequence and create this generator. The
Universe, nature and matter appear as natural chaos, possessing colossal dimensionality, lack of coverage of
the «system of iterative functions» and an infinite number of states. The entropy of these systems, thanks
to self-organization, is much less than that of the «completely random» system of a corresponding scale.
Multidimensional and chaotic systems cannot be used in encryption, since they are not reproduced. Key
generation (without the possibility of repetition), on the other hand, through «natural» chaos (for example, the
thermal noise of a computer in a system unit) is widely used today [23].

The deterministic chaos that we use in encryption is endowed with a very small dimension and an infinite
number of states. Obviously, such systems are likely to be more predictable than the variant of natural
chaos, and they can be modeled by humans in computing systems. To create a calculated estimate of the
randomness of such systems, we will make a consistent consideration of the Kolmogorov-Sinai entropy (tightly
interconnected with the Lyapunov exponent and algorithmic complexity) and find, moreover, that deterministic
chaos leads algorithmically random sequences. In the mixing system, even more so, the numerical sample
xn, xn+k, xn+2k, xn+3k... will be asymptotically (k → ∞) random, that is, with an increase in the value of
k, the members of the sample become all less dependent.

Conclusions

Thus, in our analysis, we found a close relationship between the objects of study in chaos theory and
cryptography; the conclusion is made with evidence about the apparent probability of applying the trajectory
of dynamic systems with chaos for the transmission and presentation of information:

1) the well-known and studied signs of chaotic systems (ergodicity, exponential divergence of trajectories,
mixing) can also be fully applied in cryptography for the development of new encryption schemes;

2) the choice of the value of the control parameter in cryptographic applications makes it possible to set
the unpredictability of the system, in other words, if the chaotic mapping parameter is used as the key, then
the entire space of the probable keys for the assumption of keys is required to correspond to the chaotic one.
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Б.К. Шаяхметова, Т.Л. Тен, Г.Д. Когай, Ш.Е. Омарова

Криптография және хаоc динамиканың
өзарабайланыс модельдерi

Криптография ақпаратты қорғауды қамтамасыз ететiн (есептеуiш техника құралдары арқылы) оны
түрлендiру жолымен ақпаратты қорғау мәселесiмен айналысады, яғни келiсiлген шифрлау құралда-
рының жиынтығы. Тар мағынада криптожүйе — сызықты емес функциясы және кеңiстiк жағдайлары
бар динамикалық жүйе, әдетте ол дифференциалдық, теңдеумен ұсынылған. Динамикалық жүйенiң
кейбiр шарттары, сезiмталдық өлшемi ретiнде Ляпунов көрсеткiшi қарастырылды. Хаос және крип-
тография теориясындағы зерттеу нысандары арасындағы өзара байланыс анықталды; ақпаратты
ұсыну және беру үшiн хаос пен динамикалық жүйелердiң траекториясын пайдалану мүмкiндiктерi
туралы қорытынды жасалды.

Кiлт сөздер: криптография, ақпаратты қорғау, шифрлеу, бейсызық функция, динамикалық жүйе,
криптожүйе, параметрлер, траектория, түрлендiру, хаотикалық жүйе, сезiмталдық мөлшерi.
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Б.К. Шаяхметова, Т.Л. Тен, Г.Д. Когай, Ш.Е. Омарова

Модели взаимосвязи криптографии и хаотической динамики
Кpиптoгpaфия зaнимaeтcя пpoблeмoй зaщиты инфopмaции пyтeм ee пpeoбpaзoвaния (cpeдcтвaми
вычиcлитeльной тeхники), т.e. является coвoкyпнocтью coглacoвaнных cpeдcтв шифpoвaния. Под
кpиптocиcтeмoй в yзкoм cмыcлe будем пoнимaть динaмичecкую cиcтeму c нeлинeйнoй фyнкциeй и
пpocтpaнcтвoм cocтoяний, обычно она представлена дифференциальным уравнением. Рассмотрены
некоторые условия динамической системы, показатель Ляпунова как мера чувствительности. Вы-
явлeнa взaимocвязь мeждy oбъeктaми изyчeния в тeopии хaoca и кpиптoгpaфии; cдeлaны вывoды
относительно вoзмoжнocти иcпoльзoвaния тpaeктopии динaмичecких cиcтeм c хaocoм для пpeдоcтaв-
лeния и пepeдaчи инфopмaции.

Ключевые слова: криптография, защита информации, шифрование, нелинейная функция, динами-
ческая система, криптосистема, параметры, траектория, преобразование, хаотическая система, мepа
чyвcтвитeльнocти.
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The usage of the method of mathematical statistics in the process
of optimization of the content of antifriction composite materials

The optimum content of microtalc (dispersion d = 7...10 µm) and silver carbonate (dispersion d = 0,5 µm)
fillers in polymeric materials was determined by the method of mathematical statistics to form an adhesive
and functional layers of protective coatings. The mathematical models of physicomechanical and thermophysical
characteristics of composites were obtained by the method of statistical processing of the results of the
investigation materials.

Keywords: composite, mathematical statistics, modulus of elasticity, destruction, optimization.

Introduction

Statement of the problem
The formation of constructional materials, including polymer ones, with the necessary complex of improved

properties is an important problem for today [1–12]. This problem is solved by selecting a range of fillers content
in materials, which is achieved using the method of mathematical statistics. Experimental studies related to the
optimization of the composition of protective coatings are, as a rule, multifactorial (optimization of composites
properties and fillers content). Methods of mathematical statistics allow to adequately assess the content of
several fillers of different dispersion, taking into account technological factors, a complex of physicomechanical,
thermophysical properties and reliability indicators [13–19].

Analysis of recent researches and publications
The input of fillers of various nature and dispersion into the binder is one of the methods for improving

the properties of composite materials (CM) based on an epoxy matrix. Previously, we investigated the
influence of fillers of different nature and dispersion on the physic-mechanical and thermophysical properties
of CM [20–23]. The optimum content of microdispersed (7...10 µm) and nanodispersed (100...500 µm) fillers
particles of various nature was established to form coatings of different functional purpose with increased
exploitation characteristics.

The results of the experimental studies were statistically processed using the Statgraphics application
package to predict the properties and optimize the content of each filler in the PCM.

The purpose of the work is to determine the most optimal mass part of the filler, using multicriteria selection
methods for each type of filler.

Experimental results and their discussion

During the experiment, the influence of two factors (the content of microtalc (MT) and silver carbonate (SC))
on physicomechanical (modulus of elasticity under bending, destructive bending stresses) and thermophysical
(heat resistance (by Martens), temperature of the start of the destruction process) properties of PCM were
studied.

Output data for statistical processing of the research results of PCM 2, consisting of the epoxy diane resin
ED-20 grade (q = 100 wt %), hardened by polyethylene polyamine (q = 10 wt %) and filled with particles of
MT and SC, are given in Table 1.
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Tab l e 1

Output data for statistical processing of the research results of PCM properties

The level of variation Variable factors
Microtalc content, Silver carbonate content,

q1, wt % q2, wt %
Upper 80 0,7
Lower 60 0,3

Output data and results of the implementation of the mathematical model in accordance with the study of
PCM properties are given in Table 2.

T a b l e 2

Output data and results of the implementation of the mathematical
model in the experimental research of PCM properties

Number of experiment
Factors Response

q1 (A) q2 (B) E σb T T0

wt % wt % GPa МPа К К
1 70 0,78 7,2 32,8 376 624
2 84 0,5 6,8 22,6 370 618
3 55 0,5 6,6 32,5 369 617
4 70 0,5 6,3 27,8 371 621
5 80 0,7 6,9 24,9 374 620
6 80 0,3 6,9 26,3 375 620
7 70 0,22 6,4 29,2 372 620
8 60 0,3 5,9 27,4 361 617
9 60 0,7 5,8 29,8 362 618
10 70 0,3 6,4 28,1 372 620

Note. A and B denote the content of the factors q1 and q2 (Fig. 1).

To determine the significance of the factors, we used Pareto maps (Fig. 1, a-d) and graphs of normal
probabilistic distribution (Fig. 1, e-h).

It is shown on Pareto maps (Fig. 1, a-d) that those factors and their combinations (columns corresponding to
them on Pareto maps) that cross the vertical line with 95 % confidence probability have statistically significant
effects.

Also, the analysis of the obtained graphs of diagnostic of prediction values errors (Fig. 1, e-h) shows that the
factors and their combinations, which are substantially deviating from the straight of normal distribution, are
significant in the mathematical model, in contrast to other factors located directly at the distribution straight
line. These results confirm the conclusions of the significance of the factors of mathematical model, which were
made using the Pareto map (Fig. 1, a-d).

Excluding insignificant factors and their combinations, we received surfaces of responses for physicomechani-
cal (E, σb) and thermophysical (T, T0) properties of PCM (Fig. 2, a-d), as well as contour graphs (Fig. 2, e-h).

Mathematical models of physic-mechanical (E, σb, W ) and thermophysical (T, T0) properties of PCM are
given in Table 3.
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Figure 1. Pareto maps (a-d) and graphs of diagnostic of deviation of prediction values errors
of the output parameter from the normal distribution (e-h) for the responses E, σb, T i T0
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Figure 2. Response surfaces (a-d) and contour graphs (e-h)
for the response E, σb, T and T0, shown in Table 4

152 Вестник Карагандинского университета



The usage of the method of mathematical ...

 
Figure 3. Surface of advisability (a), contour graph of advisability (b)

and contour graphs (c) for the responses E, σb, T and T0

The optimum values of indicators of physicomechanical and thermophysical properties of PCM at the
corresponding content of the fillers (microtalc – q1 and silver carbonate – q2) according to the data of statistical
processing are given in Table 4.

T a b l e 3

Mathematical models of physicomechanical and thermophysical properties of PCM

Regression model
Determination Adjusted
coefficient coefficient
R2, % R2

adj , %
E = 11, 59− 0, 153 · q1 − 4, 52 · q2 + 0, 00126 · q2

1 + 0, 0125 · q1 · q2 + 4, 25 · q2
2 99,8 89,6

σb = 7, 61 + 0, 740 · q1 + 7, 78 · q2 − 0, 0054 · q2
1 − 0, 475 · q1 · q2 + 29, 22 · q2

2 99,8 93,1
T = 275, 7 + 2, 346 · q1 + 3, 589 · q2 − 0, 0135 · q2

1 − 0, 25 · q1 · q2 + 16, 75 · q2
2 99,9 90,4

T0 = 525, 1 + 2, 596 · q1 + 5, 219 · q2 − 0, 0176 · q2
1 − 0, 25 · q1 · q2 + 7, 83 · q2

2 99,9 96,1
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After obtaining polynomial regression equations (Table 3), connecting dependent and independent variables,
the mathematical model was optimized with the simultaneous consideration of all response – indicators of
physicomechanical and thermophysical properties of PCM for the purpose to determine the optimum content
of fillers. The function of advisability (preferred use) was evaluated throughout the range of this model. The
results of optimization are given on Figure 3 and in Table 5.

T a b l e 4

The optimum values of indicators of physicomechanical and thermophysical properties of PCM

Optimum values Content of fillers

q1, wt % q2, wt %
Eopt, GPa 7,49 84 0,78
σb opt ,MPa 35,5 55 0,78
Topt, K 374,1 79,4 0,78
T0 opt, K 622,6 70,9 0,78

Note. q1 – the content of microtalc in PCM; q2 – the content of silver carbonate in PCM.

When optimizing the combination of experimental factors was determined for all given responses by maximizing
each of them.

The maximum value of the generalized advisability of Dopt = 0,798 (corresponding to the permissible and
good quality level on the scale of advisability) was obtained as a result of the optimization performed for PCM,
at which the content of fillers in PCM is:

q1 = 72,3 wt % – the content of microtalc;
q2 = 0,78 wt % – the content of silver carbonate.
The values of responses for the specified content of the fillers in the PCM are:
Е = 7,19 GPa – modulus of elasticity under bending;
σb = 34,1 MPa – destructive bending stresses;
T = 373,7 K – heat resistance (by Martens);
T0 = 623 K – temperature of the start of the destruction process.
Comparing the values obtained as a result of optimization, with the values given in Table 4, it can

be argued that the relative error will be: for modulus of elasticity under bending – 4,0 %; for destructive
bending stresses – 3,9 %; for heat resistance (by Martens) – 0,2 %; for temperature of the start of the destruction
process – 0,1 %. This allows us to confirm about the adequacy of the received data and their consistency with
the results of optimization by the criterion of advisability.

T a b l e 5

Optimization results for PCM

№

Simultaneous combination of responses Partial advisability for the appropriate Generalized
to determine advisability optimization parameter advisability

Yj di D = n
√∏n

i=1 di
E σb T T0 d1(E ) d2(σb) d3(T ) d4(T0) –

GPa MPa K K – – – – –
1 0,692 0,692 0,692 0,692 0,798 0,692 0,692 0,692 0,798
2 0,521 0,066 0,441 0,130 0,385 0,521 0,066 0,441 0,385
3 0,420 0,677 0,392 0,066 0,472 0,420 0,677 0,392 0,472
4 0,264 0,375 0,488 0,420 0,551 0,264 0,375 0,488 0,551
5 0,569 0,177 0,619 0,316 0,548 0,569 0,177 0,619 0,548
6 0,569 0,268 0,657 0,316 0,589 0,569 0,268 0,657 0,589
7 0,316 0,475 0,534 0,316 0,570 0,316 0,475 0,534 0,570
8 0,095 0,346 0,066 0,066 0,258 0,095 0,346 0,066 0,258
9 0,066 0,516 0,093 0,130 0,303 0,066 0,516 0,093 0,303
10 0,316 0,397 0,534 0,316 0,554 0,316 0,397 0,534 0,554
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Conclusions

The mathematical models of physicomechanical and thermophysical characteristics of composites were
obtained by the method of statistical processing of the results of the study materials. As a result of
optimization the property metrics for the material with particles of microtalc (q = 70. . . 80 wt %) and silver
carbonate (q = 0,7. . . 1,0 wt %) are: modulus of elasticity under bending – E = 7,2 GPa; destructive bending
stresses – σb = 34,1 MPa; heat resistance – T = 373,7 K; temperature of the start of the destruction process –
T0 = 623 K.
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Математикалық статистика әдiсiмен композиттiк
материалдар құрамын оңтайландыру

Мақалада математикалық статистика әдiстерiмен қорғаныс жабындарының адгезиялық және функ-
ционалдық қабаттарын қалыптастыру үшiн полимерлiк материалдар толтырғыштары микротальктiң
(дисперсиялығы d = 7...10 µm) және күмiс карбонатының (дисперсиялығы d = 0,5 µm) тиiмдi құра-
мы анықталған. Материалдарды зерттеу нәтижелерiн статистикалық өңдеу әдiстерi арқылы ком-
позиттердiң физика-механикалық және жылуфизикалық сипаттамаларының математикалық моделi
алынды.

Кiлт сөздер: композит, математикалық статистика, серпiмдiлiк модулi, деструкция, оңтайландыру.

Д.А. Зинченко, A.В. Акимов, M.В. Бабий

Оптимизация состава композитных материалов
методом математической статистики

В статье методом математической статистики определено оптимальное содержание в полимерных ма-
териалах наполнителей микроталька (дисперсностью d = 7. . . 10 мкм) и карбоната серебра (дисперс-
ностью d = 0,5 мкм) для формирования адгезионного и функционального слоев защитных покрытий.
Методом статистической обработки результатов исследования материалов получены математические
модели физико-механических и теплофизических характеристик композитов.

Ключевые слова: композит, математическая статистика, модуль упругости, деструкция, оптимизация.
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