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parabolic equations in Hölder spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Sarsenbi A.A. Unconditional basicity of eigenfunctions’ system of Sturm-Liouville operator with an
involutional perturbation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

INFORMATION ABOUT AUTHORS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

8

9

17

24

31

45

53

61

69

75

83

89

99

108

117

128

Серия «Математика». № 3(91)/2018 7



Preface

About the conference ICAAM2018

This issue is a collection of 14 selected papers. These papers are presented at the Fourth International
Conference on Analysis and Applied Mathematics (ICAAM 2018) organized by Near East University, Lefkosa
(Nicosia), Mersin 10, Turkey. The meeting was held on September 6–9, 2018 in North Cyprus, Turkey.

The main organizer of the conference is Near East University, Nicosia (Lefkosa), Mersin 10, Turkey. The
conference was also supported by Institute of Mathematics and Mathematical Modeling, Almaty, Kazakhstan.

The conference is organized biannually. Previous conferences were held in Gumushane, Turkey in 2012; in
Shymkent, Kazakhstan in 2014; and in Almaty, Kazakhstan in 2016. The proceedings of ICAAM 2012, ICAAM
2014, and ICAAM 2016 were published in AIP Conference Proceedings (American Institute of Physics) and in
some rating scientific journals.

Near East University was pleased to host the fourth conference which was focused on various topics of
analysis and its applications, applied mathematics and modeling.

The main aim of the International Conferences on Analysis and Applied Mathematics (ICAAM) is to
bring mathematicians working in the area of analysis and applied mathematics together to share new trends
of applications of mathematics. In mathematics, the developments in the field of applied mathematics open
new research areas in analysis and vice versa. That is why, we planed to found the conference series to provide
a forum for researches and scientists to communicate their recent developments and to present their original
results in various fields of analysis and applied mathematics.

This issue presents papers by authors from different countries: Albania, Bulgaria, France, Libya, Russia,
Turkey, Turkmenistan, USA, Kazakhstan. Especially we are pleased with the fact that many articles are written
by co-authors who work in different countries. We are confident that such international integration provides an
opportunity for a significant increase in the quality and quantity of scientific publications.

Finally, but not least, we would like to thank the Editorial board of the "Bulletin of the Karaganda
University. «Mathematics» series", who kindly provided an opportunity for the formation of this special issue.

July 2018

GUEST EDITORS:

Allaberen Ashyralyev
Department of Mathematics, Near East University, Nicosia, TRNC, Mersin 10, Turkey;
Institute of Mathematics and Mathematical Modeling, Almaty, Kazakhstan;
Peoples’ Friendship University of Russia (RUDN University), Moscow, Russia;
allaberen.ashyralyev@neu.edu.tr,

Makhmud A. Sadybekov
Institute of Mathematics and Mathematical Modeling, Almaty, Kazakhstan;
sadybekov@math.kz
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V.B. Vasilyev

Belgorod National Research University, Russia
(E-mail: vbv57@inbox.ru)

On some approximate calculations for certain
pseudo-differential equations

We consider discrete pseudo-differential operatots and equations as approximate operators and equations
for their continuous analogues. For this purpose we study a solvability for such equations in appropriate
discrete spaces and give some error estimates for discrete and continuous solutions. This approach is based
on the discrete Fourier transform and factorization tecnique which is used for special canonical domains in
Euclidean space.

Keywords: discrete pseudo-differential operator, periodic factorization, solvability, approximate solution,
error estimates

0.1 Introduction

A theory of pseudo-differential operators and equations is a very developed part of mathematics now
[1–3]. But almost there are results on an approximate solution for such equations and related boundary value
problems. Therefore one suggests to start a studying pseudo-differential equations and boundary value problems
on discrete structures for which is very convenient to construct computational algorithms. Here we will study
model operators and equations in special canonical domains. We are interested in a solvability of discrete
equations and a comparison of discrete and continue solutions.

Let A(ξ) be a function defined in Rm and satisfying the condition

c1(1 + |ξ|)α ≤ |A(ξ)| ≤ c2(1 + |ξ|)α, (1)

with positive constants c1, c2, and let S(Rm) be the Schwartz space of infinitely differentiable rapidly decreasing
at infinity functions. Such a function A(ξ) generates a pseudo-differential operator

(Au)(x) =

∫
Rm

∫
Rm

A(ξ)ei(x−y)·ξu(y)dξdy, x ∈ Rm, (2)

which is defined firstly for u ∈ S(Rm), and then it will extend on more general spaces. This function A(ξ) is
called a symbol of pseudo-differential operator A.

Remark 1. Usually they consider more general pseudo-differential operators

(Au)(x) =

∫
Rm

∫
Rm

A(x, ξ)ei(x−y)·ξu(y)dξdy, x ∈ Rm,

generated by the symbol A(x, ξ) defined in Rm × Rm. But taking into account so-called «a local principle» our
nearest problem is studying more simple operator (2) and its discrete analogue.

Let Ad(ξ) be a periodic function in Rm so that

c1(1 + |ζ2
h|)

α
2 ≤ |Ad(ξ)| ≤ c2(1 + |ζ2

h|)
α
2 , (3)

where ζ2
h = h−2

m∑
k=1

(e−ihξk − 1)2, and positive constants c1, c2 do not depend on h.

LetD ⊂ Rm be a domain (finite or infinite). We will consider functions ud(x̃) defined inDd ≡ D∩hZm, h > 0,
and introduce the following operator

(Adud)(x̃) =
∑

ỹ∈hZm

∫
~Tm

Ad(ξ)ud(ỹ)ei(x̃−ỹ)·ξhmdξ, x̃ ∈ Dd,

where ~ ≡ h−1,Tm ≡ [−π, π]m.

Серия «Математика». № 3(91)/2018 9
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Definition 1. The operator Ad is called a discrete pseudo-differential operator or shortly h-operator. The
periodic function Ad(ξ) is called its ~-symbol.

Let us remind that a symbol (operator) is called elliptic if

ess inf
ξ∈~Rm

|Ad(ξ)| > 0,

and obviously all symbols under consideration are elliptic.

0.1.1 The discrete Fourier transform

If ud(x̃), x̃ ∈ hZm is a function of a discrete variable then we say «discrete function». For such discrete
functions one can define the discrete Fourier transform

(Fdud)(ξ) ≡ ũd(ξ) =
∑

x̃∈hZm
e−ix̃·ξud(x̃)hm, ξ ∈ ~Tm,

if the latter series converges. The obtained function ũd(ξ) is periodic in Rm with basic cube of periods ~Tm.
Such discrete Fourier transform preserves all key properties of the integral Fourier transform, particularly the
inverse discrete Fourier transform is given by the formula

(F−1
d ũd)(x̃) =

1

(2π)m

∫
~Tm

eix̃·ξũd(ξ)dξ, x̃ ∈ hZm.

The discrete Fourier transform is an isomorphism between the spaces L2(hZm) and L2(~Tm) with norms

||ud||2 =

( ∑
x̃∈hZm

|ud(x̃)|2hm
)1/2

and ||ũd||2 =

 ∫
ξ∈~Tm

|ũd(ξ)|2dξ


1/2

.

0.1.2 Discrete spaces

Since a definition of Sobolev–Slobodetskii spaces uses patrial derivatives we will use their discrete analogues,
namely divided differences of first order

(∆
(1)
k ud)(x̃) = h−1(ud(x1, · · · , xk + h, · · · , xm)− ud(x1, · · · , xk, · · · , xm)),

for which their discrete Fourier transform looks as follows

˜
(∆

(1)
k ud)(ξ) = h−1(e−ih·ξk − 1)ũd(ξ).

For a divided difference of a second order we have obviously

(∆
(2)
k ud)(x̃) = h−2(ud(x1, · · · , xk + 2h, · · · , xm);

−2ud(x1, · · · , xk + h, · · · , xm) + ud(x1, · · · , xk, · · · , xm)),

and its discrete Fourier transform is

˜
(∆

(2)
k ud)(ξ) = h−2(e−ih·ξk − 1)2ũd(ξ).

Then for the discrete Laplacian

(∆dud)(x̃) =

m∑
k=1

(∆
(2)
k ud)(x̃),

we have
˜(∆dud)(ξ) = h−2

m∑
k=1

(e−ih·ξk − 1)2ũd(ξ).

10 Вестник Карагандинского университета
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Further we introduce the space S(hZm) consisting of functions with finite semi-norms

|ud| = sup
x̃∈hZm

(1 + |x̃|)l|∆(k)ud(x̃)|

for all l ∈ N,k = (k1, · · · , km), kr ∈ N, r = 1, · · · ,m, where

∆(k)ud(x̃) = ∆k1
1 . . . ,∆km

m ud(x̃).

In other words the space S(hZm) is a discrete analogue of the Schwartz space S(Rm).
Definition 2. By definition the space Hs(hZm) is a closure of the space S(hZm) with respect to the norm

||ud||s =

 ∫
~Tm

(1 + |ζ2
h|)s|ũd(ξ)|2dξ

1/2

. (4)

Definition 3. The space Hs(Dd) consists of discrete functions from Hs(hZm) with supports in Dd. A norm
in the space Hs(Dd) is induced by a norm of the space Hs(hZm). The space Hs

0(Dd) consists of discrete
functions (distributions from S′(Rm)) ud with supports in Dd, additionally these discrete functions must admit
a continuation ` onto Hs(hZm). A norm in the space Hs

0(Dd) is given by the formula

||ud||+s = inf ||`ud||s,

where infimum is taken over all continuations `.
Of course all norms (4) are equivalent to L2-norm, but all equivalence constants will depend on h. That is

why we would like to note that all constants below do not depend on h.

0.2 Equations and approximations

We will consider the pseudo-differential equation

(Au)(x) = v(x), x ∈ D, (5)

and suggest for its solution some computational schemes.
Since we know solvability conditions for pseudo-differential equations in Rm and Rm+ [3] we will select such

discrete pseudo-differential operators which reserve all needed properties of their continuous analogues.
Let Ph be a restriction operator on hZm, i. e. for u ∈ S(Rm)

(Phu)(x) =

{
u(x̃), x = x̃ ∈ hZm;

0, x /∈ hZm.

We tried this projector for simplest pseudo-differential operators, namely Calderon–Zygmund operators,
these operators can be treated as pseudo-differential operators of order 0, and we obtained very acceptable
results [4–7]. But now we will use another restriction operator.

A construction for the restriction operator Qh for functions u ∈ S(Rm) is the following. We take the Fourier
transform ũ(ξ), then its restriction on ~Tm and periodically continue it onto a whole Rm. Further we apply the
inverse discrete Fourier transform F−1

d and obtain a discrete function which is denoted by (Qhu)(x̃), x̃ ∈ hZm.
In our opinion the projector Qh is more convenient than Ph although the projectors Ph and Qh are almost the
same according to the following result.

Lemma 1. For u ∈ S(Rm),∀β > 0, we have

|(Phu)(x̃)− (Qhu)(x̃)| ≤ Chβ , ∀x̃ ∈ hZm,

where the constant C depends on u only.
Proof. Indeed, we need to compare two Fourier transforms. By definition

(Phu)(x̃) =
1

(2π)m

∫
Rm

eix̃·ξũ(ξ)dξ,

Серия «Математика». № 3(91)/2018 11
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and respectively

(Qhu)(x̃) =
1

(2π)m

∫
~Tm

eix̃·ξũ(ξ)dξ,

thus this difference is given by the integral

(Phu)(x̃)− (Qhu)(x̃) =
1

(2π)m

∫
Rm\~Tm

eix̃·ξũ(ξ)dξ.

A conclusion of the lemma 1 follows from an invariance of the Schwartz class S(Rm) with respect to the
Fourier transform and the simple estimate

|ũ(ξ)| ≤ Cu|ξ|−γ

for ∀γ > 0.
Further, the symbol Ad(ξ) will be defined by the following way. We take a restriction of A(ξ) on the cube

~Tm and periodically extend it onto a whole Rm. We consider such h-operator as an approximate operator for
A. So, to find an approximate discrete solution for the equation

(Adud)(x̃) = vd(x̃), x̃ ∈ Dd, (6)

for D = Rm we can use the following discrete equation

Adud = Qhv. (7)

Its solution is given by the formula

ud(x̃) =
1

(2π)m

∫
~Tm

eix̃·ξA−1(ξ)ṽ(ξ)dξ, x̃ ∈ hZm,

so that we do not need to find an approximate solution for an infinite system of linear algebraic equations like
[4, 5]. For our case we need to apply any kind of cubature formulas for calculating the latter integral and a
cubature formula for calculating the Fourier transform ṽ(ξ).

According to the Lemma 1 one can compare discrete and continuous solutions for enough smooth right-hand
sides and symbols.

Theorem 1. If the symbol A(ξ) satisfies the condition (1) and is infinitely differentiable on Rm, u is a solution
of the equation (5), ud is a solution of the equation (7) then for v ∈ S(Rm) we have the following error estimate

|u(x̃)− ud(x̃)| ≤ Chβ , ∀x̃ ∈ hZm,

for arbitrary β > 0.

0.3 Equations in a half-space

This case is very different from Rm, and an ellipticity condition is not sufficient for a solvability. A principal
role for the solvability is plaid by an index of the periodic factorization which is defined for an elliptic symbol.

Let us denote Π± = {(ξ′, ξm ± iτ), τ > 0}, ξ = (ξ′, ξm) ∈ Tm.
Definition 4. The periodic factorization for an elliptic symbol Ad(ξ) is called its representation in the form

Ad(ξ) = Ad,+(ξ)Ad,−(ξ),

where the factors Ad,±(ξ) admit an analytical continuation into half-strips ~Π± with respect to a last variable
ξm for almost all fixed ξ′ ∈ ~Tm−1 and satisfy the estimates

|A±1
d,+(ξ)| ≤ c1(1 + |ζ̂2|)±æ

2 , |A±1
d,−(ξ)| ≤ c2(1 + |ζ̂2|)±

α−æ
2 ,

with constants c1, c2 non-depending on h,

ζ̂2 ≡ ~2

(
m−1∑
k=1

(e−ihξk − 1)2 + (e−ih(ξm+iτ) − 1)2

)
, ξm + iτ ∈ ~Π±.

12 Вестник Карагандинского университета
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The number æ ∈ R is called an index of the periodic factorization.
Theorem 2. If the elliptic symbol Ãd(ξ) admits the periodic factorization with the index æ so that |æ−s| < 1/2

then the equation (6) has a unique solution in the space Hs(Dd) for arbitrary right-hand side vd ∈ Hs−α
0 (Dd),

ũd(ξ) = Ã−1
d,+(ξ)P per

ξ′ (Ã−1
d,−(ξ) ˜̀vd(ξ)),

(P per
ξ′ ũd)(ξ) ≡

1

2

ũd(ξ) +
h

2πi
v.p.

~π∫
−~π

ũd(ξ
′, ηm) cot

h(ξm − ηm)

2
dηm

 , (8)

Remark 2. One can easily conclude that the solution does not depend on a continuation `vd.
Theorem 3. Let æ − s = n + δ, n ∈ N, |δ| < 1/2. Then a general solution of the equation (6) in Fourier

images has the following form

ũd(ξ) = Ã−1
d,+(ξ)Xn(ξ)P per

ξ′ (X−1
n (ξ)Ã−1

d,−(ξ) ˜̀vd(ξ)) + Ã−1
d,+(ξ)

n−1∑
k=0

ck(ξ′)ζ̂km,

where Xn(ξ) is arbitrary polynomial of order n of variables ζ̂k = ~(e−ihξk − 1), k = 1, · · · ,m satisfying the
condition (3), cj(ξ′), j = 0, 1, · · · , n− 1, are arbitrary functions from Hsj (hT

m−1), sj = s− æ + j − 1/2.
For the case æ− s = −n+ δ, n ∈ N, |δ| < 1/2, we consider the following general equation

(Adud)(x̃) +

n∑
j=0

Kj

(
b̃j(x̃

′)⊗ δ(x̃m)
)

= vd(x̃), x̃ ∈ Dd, (9)

with unknowns ud, b̃j , j = 0, 1, · · · , n, and Kj are given pseudo-differential operators with symbols Kj(ξ)
satisfying the condition (3) with power αj .

Remark 3. The operator Kj acts as follows. If we denote by K̂j(x̃) a kernel of the pseudo-differential operator
Kj, we obtain

Kj

(
b̃j(x̃

′)⊗ δ(x̃m)
)

=
∑

ỹ∈hZm−1

K̂j(x̃
′ − ỹ′, x̃m)bj(ỹ

′)hm−1.

Continuing the right-hand side onto a whole Rm and applying the discrete Fourier transform, we obtain the
system of linear algebraic equations

n∑
j=0

tkj(ξ
′)b̃j(ξ

′) = fk(ξ′), k = 0, 1, · · · , n,

where

tkj(ξ
′) =

1

2π

~π∫
−~π

(
e−ihξm − 1

h
)k

Kj(ξ
′, ξm)

Ad,−(ξ′, ξm)
dξm;

fk(ξ′) =
1

2π

~π∫
−~π

(
e−ihξm − 1

h
)kA−1

d,−(ξ′, ξm)(̃`vd)(ξ
′, ξm)dξm.

Theorem 4. Let æ − s = −n + δ, n ∈ N, |δ| < 1/2. Then the equation (9) has a unique solution ud ∈
Hs(Dd), cj ∈ Hsj (hZm−1), sj = s− α+ αj + 1/2, j = 0, 1, · · · , n, iff

ess inf
ξ′∈hTm−1

|det(tkj(ξ
′))nk,j=0 > 0.

The following estimate

||ud||s ≤ a||vd||+s−α, ||bj ||sj ≤ aj ||vd||+s−α, j = 0, 1, · · · , n,

holds with constants a, a1, · · · , an, non-depending on h.
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0.3.1 A limit case

It is well-known [8] that

cotx =
1

x
−
∞∑
n=1

22n|B2n|
(2n)!

x2n−1, −π < x < π,

where B2n are Bernoulli numbers.
In the formula (8) a kernel of the operator P per

ξ′ , i. e. h cot hξm2 has the following representation

h cot
hξm

2
=

2

ξm
− h

∞∑
n=1

22n|B2n|
(2n)!

(
hξm

2

)2n−1

,

so that we will obtain under h → 0 a well-known kernel of the Hilbert transform 1
πi

1
ξm

with respect to a last
variable. Also it is easily visible that under h→ 0 all periodic polynomials in Theorem 2 transform to ordinary
polynomials with respect to the variable ξm. It is very correlated with a continuous case [3].

Unfortunately, for this case the estimates for a comparison of u and ud are not so simple as in the theorem
1; now we can assert that ũd converges to ũ under h→ 0.

0.3.2 An error estimate

If we put strong enough restrictions on a right-hand side and factorization elements then one can give a
comparison between discrete and continuous solutions.

Lemma 2. If u ∈ S(Rm) then the following estimate

|(F−1Pξ′ ũ)(x̃)− (F−1
d P per

ξ′ Q̃hu)(x̃)| ≤ Chβ , x̃ ∈ hZm+

holds for ∀β > 0, and the constant C depends on u only.
Proof. Here we need the description and comparison for two projectors related to the Hilbert transform,

both standard and periodic. Let us denote by χ(x) an indicator of the half-space Rm+ and by χd(x̃) an indicator
of the discrete half-space hZm+ . Then according to structural properties of two mentioned transforms we have
the following equalities

F−1Pξ′ ũ = χ · u, F−1
d P per

ξ′ Q̃hu = χd · (Qhu).

Further one can apply Lemma 1. �
Starting from Lemma 2 and the Theorem 1 we are able to compare discrete and continuous solutions in a

half-space. Below we give this comparison under conditions of the Theorem 2 when a unique solution exists.
Theorem 5. If the symbol A(ξ) satisfies the condition (1) and is infinitely differentiable in Rm with the

factors A±(ξ), u is a solution of the equation (5), ud is a solution of the equation (7) then for v ∈ S(Rm) we
have the following error estimate

|u(x̃)− ud(x̃)| ≤ Chβ , ∀x̃ ∈ hZm+ ,

for arbitrary β > 0.
Remark 4. To refine this theorem we will describe how we need to choose a right-hand side for solving the

equation (7). The solution of the equation (5) in Fourier images has the form

ũ(ξ) = A−1
+ (ξ)Pξ′A

−1
− (ξ) ˜̀v(ξ),

where Pξ′ = 1
2 (I +Hξ′) is a projector defined by the classical Hilbert transform with respect to a variable ξm [3]:

(Hξ′ ũ)(ξ) =
1

πi
v.p.

+∞∫
−∞

ũ(ξ′, ηm)dηm
ξm − ηm

,

`v is an arbitrary continuation of v from Rm+ onto a whole Rm in corresponding functional space. Since the
right-hand side in the equation (6) is defined in hZm+ only then one needs to choose Qh(`v) instead of `vd to
obtain the required estimate.
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0.4 Equations in a cone

Here we will consider briefly more complicated case than a half-space.
Let D be a sharp convex cone, and let

∗
D be a conjugate cone for D, i.e.,

∗
D= {x ∈ Rm : x · y > 0, y ∈ D}.

Let T (
∗
D) ⊂ Cm be a set of the type Tm+ i

∗
D. For Tm ≡ Rm such a domain of multidimensional complex space

is called a radial tube domain over the cone
∗
D [9–11]. We introduce the function

Bd(z) =
∑
x̃∈Dd

eix̃·z, z = ξ + iτ, ξ ∈ Tm, τ ∈
∗
D,

and define the operator

(Bdu)(ξ) = lim
τ→0

∫
Tm

Bd(z − η)ud(η)dη.

This operator is roughly speaking a conical analogue of the periodic Hilbert transform Hper
ξ′ .

To describe solvability conditions for the equation (6) we introduce the following concept.
Definition 5. The periodic wave factorization for an elliptic symbol Ad(ξ) is called its representation in the

form
Ad(ξ) = Ad, 6=(ξ)Ad,=(ξ),

where the factors Ad,6=(ξ), Ad,=(ξ) admit an analytical continuation into domains T (
∗
D), T (−

∗
D) respectively

and satisfy the estimates

|A±1
d,6=(ξ)| ≤ c1(1 + |ζ̂2|)±æ

2 , |A±1
d,=(ξ)| ≤ c2(1 + |ζ̂2|)±

α−æ
2 ,

with constants c1, c2 non-depending on h,

ζ̂2 ≡ ~2

(
m∑
k=1

(e−ih(ξk+τk) − 1)2

)
, ξ ∈ Tm, τ ∈ ±

∗
D .

The number æ ∈ R is called an index of the periodic wave factorization.
Theorem 6. If the elliptic symbol Ãd(ξ) admits periodic wave factorization with the index æ so that |æ−s| <

1/2 then the operator Ad : Hs(Dd) → Hs−α(Dd) is invertible and a solution of the equation (6) for arbitrary
right-hand side vd ∈ Hs

0(Dd) in Fourier images is given by the formula

ũd(ξ) = A−1
d,6=(ξ)Bd(A

−1
d,=(ξ) ˜̀vd(ξ)), (10)

where `vd is an arbitrary continuation of vd into Hs(hZm).
Using the latter formula (10) for the solution of the equation (6) and the previous considerations one can

obtain conical analogues of theorems 1 and 5. We hope to give more detailed analysis in forthcoming papers.
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В.Б. Васильев

Арнайы псевдодифференциалды теңдеулер үшiн
кейбiр жуықтау есептеулер

Мақалада дискреттi псевдодифференциалды операторлар мен теңдеулердi олардың үздiксiз аналогта-
ры үшiн жуықтау операторлар мен теңдеулер ретiнде қарастырылды. Осы мақсатпен мұндай теңдеу-
лердiң шешiмдiлiгiне сәйкес дискреттi кеңiстiктер зерттелдi, дискреттi және үздiксiз шешiмдердiң
қателiктерiн бағаланды. Бұл тәсiл Евклид кеңiстiгiнiң белгiлi бiр қарапайым облыстарында дискрет-
тi Фурье түрлендiруi және факторизациялау әдiсiне негiзделген.

Кiлт сөздер: дискреттi псевдодифференциалды оператор, периодты факторизация, шешiмдiлiк, жуы-
қтау шешiмi, қателердi бағалау.

В.Б. Васильев

О некоторых приближенных вычислениях для специальных
псевдодифференциальных уравнений

В статье рассмотрены дискретные псевдодифференциальные операторы и уравнения как прибли-
женные операторы и уравнения для их непрерывных аналогов. Изучена разрешимость таких урав-
нений в соответствующих дискретных пространствах, и даны некоторые оценки погрешности для
дискретных и непрерывных решений. Этот подход основан на дискретном преобразовании Фурье и
технике факторизации, которая используется для специальных канонических областей в евклидовом
пространстве.

Ключевые слова: дискретный псевдодифференциальный оператор, периодическая факторизация, раз-
решимость, приближенное решение, оценки погрешности.
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Some approximations of second order derivatives
complex-valued functions

In this paper, we generalize the well known finite difference method to compute derivatives of real valued
function to approximate of second order complex derivatives wzz and wzz for complex-valued function
w. Exploring different combinations of terms, we derive several approximations to compute the second
order derivatives of complex-valued function. Several second order of accuracy finite differences to calculate
derivatives are proposed. Error analysis in test examples is carried out by using Matlab program.

Keywords: finite difference, approximation, complex-valued function, approximation formulas.

Introduction

Boundary value problems for equations with complex-valued functions and partial derivatives with respect
to complex variables have important applications in various areas of mathematical modeling of real physical
processes [1–6]. The theory of finite difference method in case of real valued function and its applications to solve
boundary value problems for partial differential equations is described in [7]. In [8–10], a complex step method
for computing derivatives of real valued functions by introducing a complex step in a strict sense is developed.
Several finite differences to compute first order derivatives of complex valued function discussed in [7].

Let C be a set of complex numbers, let Ω1,Ω2 ⊂ C, let ω : Ω1 → Ω2 be a complex-valued function.
For each z = x + iy ∈ Ω1 its image ω(z) = ω(x, y) ∈ Ω2 can be rewritten as u(x, y) + iv(x, y) by introducing
pair of real-valued two-dimensional functions u and v. Second derivatives wzz and wzz at point z = x+ iy are
defined by

ωzz (x, y) = 1
2

(
∂ωz
∂x − i

∂ωz
∂y

)
= 1

4

(
∂2ω
∂x2 − i ∂

2ω
∂y∂x − i

∂2ω
∂x∂y −

∂2ω
∂y2

)
;

ωz̄z̄ (x, y) = 1
2

(
∂ωz̄
∂x + i∂ωz̄∂y

)
= 1

4

(
∂2ω
∂x2 + i ∂

2ω
∂y∂x + i ∂

2ω
∂x∂y −

∂2ω
∂y2

)
.

(1)

Approximation of second order derivatives

Theorem 1. Assume that the functions ∂4u
∂y∂x3 ,

∂6u
∂y3∂x3 ,

∂4v
∂y∂x3 ,

∂6v
∂y3∂x3 are continuous and bounded on Ω1, h

and τ are positive and sufficiently small numbers. Then, the following second order of accuracy approximate
formulas for ωzz are valid:

ωzz (x, y) = 1
4h2ω (x+ h, y) +

(
− 1

2h2 + 1
2τ2

)
ω (x, y) + 1

4h2ω (x− h, y)−

− i
8hτ ω (x+ h, y + τ) + i

8hτ ω (x− h, y + τ) + i
8hτ ω (x+ h, y − τ)−

− i
8hτ ω (x− h, y − τ)− 1

4τ2ω (x, y + τ)− 1
4τ2ω (x, y − τ) +O

(
h2 + τ2

)
;

x+ iy, x± h+ iy, x+ h+ i (y ± τ), x− h+ i (y ± τ) ∈Ω1;

(2)
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ωzz (x, y) = − 1
4h2ω (x+ 3h, y) + 1

h2ω (x+ 2h, y)− 5
4h2ω (x+ h, y) +

+
(

1
2h2 − 1

2τ2

)
ω (x, y)− i

8hτ ω (x+ h, y + τ) + i
8hτ ω (x− h, y + τ) +

+ i
8hτ ω (x+ h, y − τ)− i

8hτ ω (x− h, y − τ) + 1
4τ2ω (x, y + 3τ)−

− 1
τ2ω (x, y + 2τ) + 5

4τ2ω (x, y + τ) +O
(
h2 + τ2

)
;

x+ 3h+ iy, x+ 2h+ iy, x+ h+ iy, x+ iy ∈Ω1;

x+ h+ i (y ± τ) , x+ i (y + 3τ), x+ i (y + 2τ) , x+ i (y + τ) ∈Ω1;

(3)

ωzz (x, y) = − 1
4h2ω (x− 3h, y) + 1

h2ω (x− 2h, y)− 5
4h2ω (x− h, y) +

+
(

1
2h2 − 1

2τ2

)
ω (x, y)− i

8hτ ω (x+ h, y + τ) + i
8h1τ

ω (x− h, y + τ) +

+ i
8hτ ω (x+ h, y − τ)− i

8hτ ω (x− h, y − τ) + 1
4τ2ω (x, y − 3τ)−

− 1
τ2ω (x, y − 2τ) + 5

4τ2ω (x, y − τ) +O
(
h2 + τ2

)
;

x− 3h+ iy, x− 2h+ iy, x− h+ iy, x+ iy, x− h+ i (y + τ) ,∈Ω1;

x+ h+ i (y ± τ) , x+ i (y − 3τ), x+ i (y − 2τ) , x+ i (y − τ) ∈Ω1;

(4)

ωzz (x, y) = − 1
4h2ω (x+ 3h, y) + 1

h2ω (x+ 2h, y)− 5
4h2ω (x+ h, y) +

+
(

1
2h2 − 1

2τ2

)
ω (x, y)− i

8hτ ω (x+ h, y + τ) + i
8hτ ω (x− h, y + τ) +

+ i
8hτ ω (x+ h, y − τ)− i

8hτ ω (x− h, y − τ) + 1
4τ2ω (x, y − 3τ)−

− 1
τ2ω (x, y − 2τ) + 5

4τ2ω (x, y − τ) +O
(
h2 + τ2

)
;

x+ 3h+ iy, x+ 2h+ iy, x+ h+ iy, x+ iy, x+ h+ i (y ± τ) ∈Ω1;

x− h+ i (y ± τ), x+ i (y − τ) , x+ i (y − 2τ) , x+ i (y − 3τ) ∈Ω1;

(5)

ωzz (x, y) = − 1
4h2ω (x− 3h, y) + 1

h2ω (x− 2h, y)− 5
4h2ω (x− h, y) +

+
(

1
2h2 − 1

2τ2

)
ω (x, y)− i

8hτ ω (x+ h, y + τ) + i
8h1τ

ω (x− h, y + τ) +

+ i
8hτ ω (x+ h, y − τ)− i

8hτ ω (x− h, y − τ) + 1
4τ2ω (x, y + 3τ)−

− 1
τ2ω (x, y + 2τ) + 5

4τ2ω (x, y + τ) +O
(
h2 + τ2

)
;

x− 3h+ iy, x− 2h+ iy, x− h+ iy, x+ iy, x+ h+ i (y ± τ) ∈Ω1;

x− h+ i (y ± τ), x+ i (y + τ) , x+ i (y + 2τ) , x+ i (y + 3τ) ∈Ω1.

(6)

Proof. By using Taylor decomposition formula for ∂2u
∂x2 ,

∂2v
∂x2 ,

∂2u
∂y2 ,

∂2v
∂y2 at point (x, y) ∈ Ω1 we have that there

exist real numbers c1, c2, d1, d2 such that
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∂2u
∂x2 (x, y) = u(x+h,y)−2u(x,y)+u(x−h,y)

h2 + ∂3u
∂x3 (c1, y) h

2

6 ;

∂2v
∂x2 (x, y) = v(x+h,y)−2v(x,y)+v(x−h,y)

h2 + ∂3v
∂x3 (c2, y) h

2

6 ;

∂2u
∂y2 (x, y) = u(x,y+τ)−2u(x,y)+u(x,y−τ)

τ2 + ∂3u
∂y3 (x, d1) τ

2

6 ;

∂2v
∂y2 (x, y) = v(x,y+τ)−2v(x,y)+v(x,y−τ)

τ2 + ∂3v
∂y3 (x, d2) τ

2

6 .

Thus
∂2ω
∂x2 (x, y) = ω(x+h,y)−2ω(x,y)+ω(x−h,y)

h2 +
(
∂3u
∂x3 (c1, y) + i ∂

3v
∂x3 (c2, y)

)
h2

6 ;

∂2ω
∂y2 (x, y) = ω(x,y+τ)−2ω(x,y)+ω(x,y−τ)

τ2 +
(
∂3u
∂y3 (x, d1) + i∂

3v
∂y3 (x, d2)

)
τ2

6 .

(7)

Applying Taylor decomposition formula for ∂u
∂x at points (x, y + τ) and (x, y − τ), we have that there exists

c3 such that
∂u
∂x (x, y + τ) = u(x+h,y+τ)−u(x−h,y+τ)

2h + ∂3u
∂x3 (c3, y + τ) h

2

6 ;

∂u
∂x (x, y − τ) = u(x+h,y−τ)−u(x−h,y−τ)

2h + ∂3u
∂x3 (c3, y − τ) h

2

6 .

(8)

By Taylor decomposition formula for ∂2u
∂y∂x at point (x, y), we have

∂2u

∂y∂x
(x, y) =

∂u
∂x (x, y + τ)− ∂u

∂x (x, y − τ)

2τ
+

∂4u

∂y3∂x
(x, d3)

τ2

6
(9)

for some constant d3 between y − τ and y + τ. From (8) and (9) it follows that
∂2u
∂y∂x (x, y) = u(x+h,y+τ)−u(x−h,y+τ)− u(x+h,y−τ)+u(x−h,y−τ)

4hτ +

+ 1
2τ

[
∂3u
∂x3 (c3, y + τ) h

2

6 −
∂3u
∂x3 (c3, y − τ) h

2

6

]
+ ∂4u

∂y3∂x (x, d3) τ2

6 .

(10)

Since
1

2τ

[
∂3u

∂x3
(c3, y + τ) − ∂3u

∂x3
(c3, y − τ)

]
=

∂4u

∂y∂x3
(c3, y) +

∂6u

∂y3∂x3
(c3, d3)

τ2

6
,

we have
∂2u

∂y∂x
(x, y) =

u (x+ h, y + τ)− u (x− h, y + τ)− u (x+ h, y − τ) + u (x− h, y − τ)

4hτ
+ (11)

+O(h2 + τ2).

In the similar manner it can be obtained that
∂2v

∂y∂x
(x, y) =

v (x+ h, y + τ)− v (x− h, y + τ)− v (x+ h, y − τ) + v (x− h, y − τ)

4hτ
+ (12)

+O(h2 + τ2).

Therefore, from (1), (7), (11), and (12) we get (2).
From Taylor decomposition formula it can be showed that there exist numbers c4, c5, d4, d5 such that

x− h < c4, c5 < x+ 3h, y − τ < d4, d5 < y + 3τ ;

∂2ω
∂x2 (x, y) = −ω(x+3h,y)+4ω(x+2h,y)−5ω(x+h,y)+2ω(x,y)

h2 +

+
(
∂3u
∂x3 (c4, y) + i ∂

3v
∂x3 (c5, y)

)
h2

6 ;

∂2ω
∂y2 (x, y) = −ω(x,y+3τ)+4ω(x,y+2τ)−5ω(x,y+τ)+2ω(x,y)

τ2 +

+
(
∂3u
∂y3 (x, d4) + i∂

3v
∂y3 (x, d5)

)
τ2

6 .

(13)
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Formula (3) follows from (1), (13), (11), and (12).
By Taylor decomposition formula, we can get that there exist numbers c6, c7, d6, d7 such that

x− 3h < c6, c7 < x+ h, y − 3τ < d6, d7 < y + τ ;

∂2ω
∂x2 (x, y) = −ω(x−3h,y)+4ω(x−2h,y)−5ω(x−h,y)+2ω(x,y)

h2 +

+
(
∂3u
∂x3 (c6, y) + i ∂

3v
∂x3 (c7, y)

)
h2

6 ;

∂2ω
∂y2 (x, y) = −ω(x,y−3τ)+4ω(x,y−2τ)−5ω(x,y−τ)+2ω(x,y)

τ2 +

+
(
∂3u
∂y3 (x, d6) + i∂

3v
∂y3 (x, d7)

)
τ2

6 .

(14)

So, from (1), (14), (11), and (12) we can obtain (4).
By Taylor decomposition formula, we can prove that there exist numbers c8, c9, d8, d9 such that

x− h < c8, c9 < x+ 3h, y − 3τ < d8, d9 < y + τ,

∂2ω
∂x2 (x, y) = −ω(x+3h,y)+4ω(x+2h,y)−5ω(x+h,y)+2ω(x,y)

h2 +

+
(
∂3u
∂x3 (c8, y) + i ∂

3v
∂x3 (c9, y)

)
h2

6 ;

∂2ω
∂y2 (x, y) = −ω(x,y−3τ)+4ω(x,y−2τ)−5ω(x,y−τ)+2ω(x,y)

τ2 +

+
(
∂3u
∂y3 (x, d1) + i∂

3v
∂y3 (x, d2)

)
τ2

6 .

(15)

Hence, (1), (15), (11), and (12) give us (5).
In the similar manner we show that there exist c10, c11, d10, d11 such that

x− 3h < c10, c11 < x, y < d10, d11 < y + 3τ ;

∂2ω
∂x2 (x, y) = −ω(x−3h,y)+4ω(x−2h,y)−5ω(x−h,y)+2ω(x,y)

h2 +

+
(
∂3u
∂x3 (c10, y) + i ∂

3v
∂x3 (c11, y)

)
h2

6 ;

∂2ω
∂y2 (x, y) = −ω(x,y+3τ)+4ω(x,y+2τ)−5ω(x,y+τ)+2ω(x,y)

τ2 +

+
(
∂3u
∂y3 (x, d10) + i∂

3v
∂y3 (x, d11)

)
τ2

6 .

(16)

Finally, (1), (16), (11), and (12) give us (6). The proof of Theorem 1 is complete.

In similar manner it can established the following statement.
Theorem 2. Assume that the functions ∂4u

∂y∂x3 ,
∂6u

∂y3∂x3 ,
∂4v
∂y∂x3 ,

∂6v
∂y3∂x3 are continuous and bounded on Ω1, h

and τ are positive numbers. Then, the following second order of accuracy approximate formulas for ωz̄z̄ are
valid:

ωz̄z̄ (x, y) = 1
4h2ω (x+ h, y) +

(
− 1

2h2 + 1
2τ2

)
ω (x, y) + 1

4h2ω (x− h, y) +

+ i
8hτ ω (x+ h, y + τ)− i

8hτ ω (x− h, y + τ)− i
8hτ ω (x+ h, y − τ) +

+ i
8hτ ω (x− h, y − τ)− 1

4τ2ω (x, y + τ)− 1
4τ2ω (x, y − τ) +O

(
h2 + τ2

)
;

x+ iy, x± h+ iy, x+ h+ i (y ± τ), x− h+ i (y ± τ) ∈Ω1;

(17)
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ωz̄z̄ (x, y) = − 1
4h2ω (x+ 3h, y) + 1

h2ω (x+ 2h, y)− 5
4h2ω (x+ h, y) +

+
(

1
2h2 − 1

2τ2

)
ω (x, y) + i

8hτ ω (x+ h, y + τ)− i
8hτ ω (x− h, y + τ)−

− i
8hτ ω (x+ h, y − τ) + i

8hτ ω (x− h, y − τ) + 1
4τ2ω (x, y + 3τ)−

− 1
τ2ω (x, y + 2τ) + 5

4τ2ω (x, y + τ) +O
(
h2 + τ2

)
;

x+ 3h+ iy, x+ 2h+ iy, x+ h+ iy, x+ iy ∈Ω1;

x+ h+ i (y ± τ) , x+ i (y + 3τ), x+ i (y + 2τ) , x+ i (y + τ) ∈Ω1;

(18)

ωz̄z̄ (x, y) = − 1
4h2ω (x− 3h, y) + 1

h2ω (x− 2h, y)− 5
4h2ω (x− h, y) +

+
(

1
2h2 − 1

2τ2

)
ω (x, y) + i

8hτ ω (x+ h, y + τ)− i
8h1τ

ω (x− h, y + τ)−

− i
8hτ ω (x+ h, y − τ) + i

8hτ ω (x− h, y − τ) + 1
4τ2ω (x, y − 3τ)−

− 1
τ2ω (x, y − 2τ) + 5

4τ2ω (x, y − τ) +O
(
h2 + τ2

)
;

x− 3h+ iy, x− 2h+ iy, x− h+ iy, x+ iy, x− h+ i (y + τ) ,∈Ω1;

x+ h+ i (y ± τ) , x+ i (y − 3τ), x+ i (y − 2τ) , x+ i (y − τ) ∈Ω1;

(19)

ωz̄z̄ (x, y) = − 1
4h2ω (x+ 3h, y) + 1

h2ω (x+ 2h, y)− 5
4h2ω (x+ h, y) +

+
(

1
2h2 − 1

2τ2

)
ω (x, y) + i

8hτ ω (x+ h, y + τ)− i
8hτ ω (x− h, y + τ)−

− i
8hτ ω (x+ h, y − τ) + i

8hτ ω (x− h, y − τ) + 1
4τ2ω (x, y − 3τ)−

− 1
τ2ω (x, y − 2τ) + 5

4τ2ω (x, y − τ) +O
(
h2 + τ2

)
;

x+ 3h+ iy, x+ 2h+ iy, x+ h+ iy, x+ iy, x+ h+ i (y ± τ) ∈Ω1;

x− h+ i (y ± τ), x+ i (y − τ) , x+ i (y − 2τ) , x+ i (y − 3τ) ∈Ω1;

(20)

ωz̄z̄(x, y) = − 1
4h2ω (x− 3h, y) + 1

h2ω (x− 2h, y)− 5
4h2ω (x− h, y) +

+
(

1
2h2 − 1

2τ2

)
ω (x, y) + i

8hτ ω (x+ h, y + τ)− i
8h1τ

ω (x− h, y + τ)−

− i
8hτ ω (x+ h, y − τ) + i

8hτ ω (x− h, y − τ) + 1
4τ2ω (x, y + 3τ)−

− 1
τ2ω (x, y + 2τ) + 5

4τ2ω (x, y + h2) +O
(
h2 + τ2

)
;

x− 3h+ iy, x− 2h+ iy, x− h+ iy, x+ iy, x+ h+ i (y ± τ) ∈Ω1;

x− h+ i (y ± τ), x+ i (y + τ) , x+ i (y + 2τ) , x+ i (y + 3τ) ∈Ω1.

(21)
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Numerical results

In this section, we give numerical results for the second order of accuracy finite differences to
calculate the second derivatives with respect to complex variables in test example by using Matlab program.
Let Ω = {z | z = x+ iy,−1 ≤ x ≤ 1,−1 ≤ y ≤ 1} , w(z) = z2z + cos(z) + sin(z). The set of grid points are
defined by

Ωh,τ =
{
zk,m = xk + iym, xk = (k − 1)h, k = 1, N + 1; ym = (m− 1)τ,m = 1,M + 1

}
,

h = 2
N , τ = 2

M .

Let S = {0, 1, ...N} , Q = {0, 1, ...M} . Denote by

I(1) = S − {0} , J (1) = Q− {0} ;

I(2) = S − {0, N − 1, N} , J (2) = Q− {0,M − 1,M} ;

I(3) = S − {0, 1, 2, N} , J (3) = Q− {0, 1, 2,M} ;

I(4) = S − {0, N − 1, N} , J (4) = Q− {0, 1, 2} ;

I(5) = S − {0, 1, 2} , J (5) = Q− {0, 1, 2,M − 1,M} ,

a set of indices.
In Table 1 an error of corresponding value of the derivative ωzz is calculated by∥∥∥wzz − w(n)

zz

∥∥∥
C(Ωh,τ )

= max
k∈I(n), m∈J(n)

∣∣∣wzz (zk,m)− w(n)
zz (zk,m)

∣∣∣ , n = 1, 2, 3, 4, 5.

Here w(1)
zz , w

(2)
zz , w

(3)
zz , w

(4)
zz , w

(5)
zz are approximate value of ωzz by formulas (2), (3), (4), (5), (6), respectively.

In Table 2 an error of corresponding value of the derivative wz̄z̄ is calculated by∥∥∥wz̄z̄ − w(n)
z̄z̄

∥∥∥
C(Ωh,τ )

= max
k∈I(n), m∈J(n)

∣∣∣wz̄z̄ (zk,m)− w(n)
z̄z̄ (zk,m)

∣∣∣ , n = 1, 2, 3, 4, 5,

where w
(1)
z̄z̄ , w

(2)
z̄z̄ , w

(3)
z̄z̄ , w

(4)
z̄z̄ , w

(5)
z̄z̄ are approximately value of ωz̄z̄ by formulas (17), (18), (19), (20), (21),

respectively.

T a b l e 1

Error analysis for ωzz

Approximation N=10 N=20 N=40 N=80 N=160
formula M=10 M=20 M=40 M=80 M=160

(2) 2.02× 10−5 1.39× 10−6 9.10× 10−8 5.83× 10−9 3.70× 10−10

(3) 5.49× 10−3 8.13× 10−4 1.10× 10−4 1.44× 10−5 1.83× 10−6

(4) 4.81× 10−3 7.60× 10−4 1.06× 10−4 1.41× 10−5 1.82× 10−6

(5) 5.49× 10−3 8.13× 10−4 1.10× 10−4 1.44× 10−5 1.83× 10−6

(6) 4.81× 10−3 7.60× 10−4 1.07× 10−4 1.41× 10−5 1.82× 10−6

Tab l e 2

Error analysis for ωz̄z̄

Approximation N=10 N=20 N=40 N=80 N=160
formula M=10 M=20 M=40 M=80 M=160
(17) 2.02× 10−5 1.39× 10−6 9.10× 10−8 5.83× 10−9 3.70× 10−10

(18) 5.49× 10−3 8.13× 10−4 1.10× 10−4 1.44× 10−5 1.83× 10−6

(19) 4.81× 10−3 7.60× 10−4 1.06× 10−4 1.41× 10−5 1.82× 10−6

(20) 5.49× 10−3 8.13× 10−4 1.10× 10−4 1.44× 10−5 1.83× 10−6

(21) 4.81× 10−3 7.60× 10−4 1.07× 10−4 1.41× 10−5 1.82× 10−6
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Conclusion

In the present work, we have generalized the finite difference method to compute derivatives of real valued
function to approximate the second order complex derivatives ωzz and ωz̄z̄ for the complex-valued function
ω. Exploring different combinations of terms, we derive several approximations to compute the second order
derivatives of complex-valued function. Several second order of accuracy finite differences to calculate derivatives
are proposed. The error analysis in test examples is carried out by using Matlab program.
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Ч. Ашыралыев, Б. Озтурк

Комплексмәндi функциялардың екiншi реттi
туындылары үшiн кейбiр жуықтаулар

Мақалада нақты мәндi функциялардың екiншi реттi туындыларын есептеуге арналған белгiлi ақырлы-
айырымдар тәсiлi жалпы жағдайда дамытылған. Сол арқылы комплекс мәндi w функциясының
екiншi реттi туындыларын wzz, wzz аппроксимациялауға болады. Терминдердiң әртүрлi комбина-
цияларын зерттеу нәтижесiнде комплекс мәндi функцияның екiншi реттi туындыларын есептеу үшiн
бiрнешi жуықтау формулалары алынды. Туындыларды есептеу үшiн дәлдiгi екiншi реттi бiрнеше
ақырлы-айырымдар тәсiлi ұсынылды. Тест түрiндегi мысалдардағы қателiктерге талдау жасау үшiн
Matlab бағдарламасы пайдаланылды.

Кiлт сөздер: ақырлы-айырымдар тәсiлi, аппроксимация, комплекс мәндi функция, жуықтау форму-
лалар.

Ч. Ашыралыев, Б. Озтурк

Некоторые приближения производных второго порядка
комплекснозначных функций

В статье обобщен известный метод конечных разностей для вычисления производных вещественной
функции на аппроксимацию комплексных производных второго порядка wzz и wzz для комплекс-
нозначной функции w. Изучая различные комбинации терминов, получено несколько приближений
для вычисления производных второго порядка комплекснозначной функции. Предложены несколь-
ко конечных разностей второго порядка точности для вычисления производных. Анализ ошибок в
тестовых примерах выполнен с использованием программы Matlab.

Ключевые слова: конечная разность, аппроксимация, комплекснозначная функция, формулы прибли-
жений.
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On the solvability of the boundary value problems for the elliptic
equation of high order on a plane

For the elliptic equation of 2l−th order with of constant (and only) real coefficients we consider boundary
value problem of the normal derivatives (kj−1) order, j = 1, . . . , l, where 1 ≤ k1 < . . . < kl ≤ 2l−1. When
kj = j it moves into the Dirichlet problem, and when kj = j + 1 it moves into the Neumann problem. In
this paper, the study is carried out in space C2l,µ(D). We found the condition for Fredholm solvability of
this problem and computed the index of this problem.

Keywords: elliptic equation, boundary value problem, Dirichlet problem, Neumann problem, solvability
of BVP.

Introduction

From the viewpoint of an explicit description of the conditions of solvability of Fredholm and of index for
this problem has been studied [1] in the class

u ∈ C2l(D) ∩ C2l−1,µ(D),
∑

0≤r≤2l

ar,2l
∂2lu

∂x2l−r∂yr
∈ Cµ(D).

In this paper, under the assumption that Γ ∈ C2l,µ obtained in the paper [1] results extend to a standard
class C2l,µ(D), which no longer depends on the equation (1).

In [2–8], an explicit form of the Green function of the Dirichlet problem for a polyharmonic equation in
a multidimensional ball is constructed. The paper [9, 10] is devoted to the investigation of the solvability of
various boundary value problems for a polyharmonic equation in a multidimensional ball. In this paper we
obtain a necessary and sufficient condition for the problem to be Fredholm in terms of the original data, that
is, from the right-hand side of the inhomogeneous polyharmonic equation and from the right-hand sides of
the inhomogeneous boundary conditions. The correct restrictions of the stationary Navier-Stokes equation in a
three-dimensional cube are described in [11], and the correct boundary conditions for the pressure in the medium
are determined. In [12], initial-boundary value problems for the equations of motion of a viscous heat-conducting
gas are studied with allowance for a magnetic field with cylindrical and spherical symmetry. In this paper, we
prove theorems on the existence and uniqueness of solutions as a whole with respect to the time of initial-
boundary value problems. In [13], a brief summary of the theory of extensions and contractions of operators in
Hilbert space is given, and certain classes of well-posed boundary value problems for the bi-Laplace operator
are written out. The Green function of the Neumann problem for the Poisson equation in a multidimensional
ball is constructed in [14].

Formulation of the problem

In simply connected region D in the plane bounded by a simple smooth contour Γ, we consider the elliptic
equation ∑

0≤r≤k≤2l

ark(z)
∂ku

∂xk−r∂yr
= g(z), z = x+ iy ∈ D, (1)

with real coefficients ark ∈ Cµ(D), 0 < µ < 1, constant at k = 2l. Without loss of generality we can assume
that a2l,2l = 1.

24 Вестник Карагандинского университета



On the solvability of the boundary value problems ...

The Generalized Dirichlet - Neumann problem for this equation is determined by the boundary conditions

∂kj−1u

∂nkj−1

∣∣∣∣
Γ

= fj , j = 1, . . . , l, (2)

where 1 ≤ k1 < k2 < . . . < kl ≤ 2l, n = n1 + in2 means the unit external normal and under normal derivative
k−th order we mean the expression(

n1
∂

∂x
+ n2

∂

∂y

)k
u =

k∑
r=0

(
k

r

)
nr1n

k−r
2

∂ku

∂xr∂yk−r
.

Fredholm solvability of the problem

As usual Fredholm property and the index of the problem are understood in relation toward its restricted
operator

C2l,µ(D)→ Cµ(D)×
l∏

j=1

C2l−kj+1,µ(Γ). (3)

For derivatives of v ∈ Cr,µ(Γ), 1 ≤ r ≤ 2l− 1, with respect to the parameter arc length we have the expression(
d

ds

)r
v =

∂rv

∂er
+ ...

where e = e1 + ie2 = −in is the unit tangent vector to the contour Γ, tangential derivative of r− order ∂rv/∂er
is understood as analogous (2) and the dots denote a linear differential operator of order r−1, whose coefficients
are expressed through the function e1, e2 and derivatives of order r − 1 inclusive. In virtue of the assumptions
about the smoothness of the contour Γ coefficients of the operator belong to the class C2l−r,µ(Γ). Therefore,
similar to [1] boundary conditions (2) can be rewritten in the equivalent form(

e1
∂

∂x
+ e2

∂

∂y

)2l−kj (
n1

∂

∂x
+ n2

∂

∂y

)kj−1

u+ L0
ju = f0

j , 1 ≤ j ≤ l, (4)

with the right-hard side

f0
j = f

(2l−kj)
j +

∫
Γ

fj(t)d1t,

where the symbol d1t is an element of arc length, and operators

L0
ju =

∑
0≤r≤s≤2l−2

aj,rs
∂su

∂xs−r∂yr
+

∫
Γ

∂kj−1u

∂nkj−1
d1t,

with some coefficients aj,rs(z) ∈ C1,µ(Γ). It is clear that the operator L0 = (L0
1, . . . , L

0
l ) is compact

C2l,µ(D)→ C1,µ(Γ).
Consider the map

Du = (U1, . . . , U2l), Uj =
∂2l−1u

∂x2l−j∂yj−1
,

that acts from C2l,µ(D) in the space C1,µ(D) of vector-functions satisfying the relations

∂Uj
∂y

=
∂Uj+1

∂x
, 1 ≤ j ≤ 2l − 1. (5)

The core of this operators kerD is the class P2l−2 of all polynomials of degree at most 2l− 2, which is equal to
the dimension of l(2l − 1).

As in [1] introduce the right-hand operator D(−1), so that any function u ∈ C2l,µ(D) uniquely represented
in the form

u = D(−1)U + p, p ∈ P2l−2, (6)

where the vector-function U ∈ C1,µ(D) satisfying the relations (5).
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Substituting this representation in (1) and using (4), from the elliptic equation can come to the equivalent
first order system

∂U

∂y
−A∂U

∂x
+ L1(D(−1)U + p) = g1 (7)

with 2l × 2l− matrix

A =


0 1 0 . . . 0
0 0 1 . . . 0
· · · . . . ·
0 0 0 . . . 1
−a0 −a1 −a2 . . . −a2l−1

 , ar = ar,2l,

with the right-hand side g1 = (0, . . . , 0, g) and the operator

L1v = (0, . . . , 0, L1
2lv), L1

2lv =
∑

0≤r≤k≤2l−1

ark
∂kv

∂xk−r∂yr
.

Note that the operator L1 is compact C2l,µ(D)→ Cµ(D).
With respect to the matrix C = (Cjk) ∈ C2l−1,µ(Γ), the elements of which are defined by the relations∑2l

k=1
Cjk(t)zk−1 = [e1(t) + e2(t)z]2l−kj [−e2(t) + e1(t)z]kj−1, 1 ≤ j ≤ l, (8)

the boundary conditions (4) can be written in the form

CU+ + L0(D(−1)U + p) = f0, (9)

where the symbol + indicates the limit value functions. Recall that appearing here the operator LD(−1) is
compact C1,µ(D)→ C1,µ(Γ).

We write the characteristic polynomial equation (1) in the form∑2l

r=0
ar,2lz

r =
∏m

k=1
[(z − νk)(z − νk)]lk , Im νk > 0, (10)

and with each vector-function g(z) = (g1(z), . . . , gn(z)), analytic in the neighborhood of the point ν1, . . . , νm.
We introduce block n× l− matrix

Wg(ν1, . . . , νm) = (Wg(ν1), . . . ,Wg(νm)),

where the matrix Wg(νk) ∈ Cn×lk is composed of column - vectors

g(νk), g′(νk), . . . ,
1

(lk − 1)!
g(lk−1)(νk).

We introduce block 2l × 2l− matrix

B̃ = (B,B), B = Wh(ν1, . . . , νm) ∈ C2l×l,

J̃ = diag (J, J) J = diag (J1, . . . , Jm),

(11)

where h(z) = (1, z, . . . , z2l−1) and

Jk =


νk 1 0 . . . 0
0 νk 1 . . . 0
· · · . . . ·
0 0 0 . . . 1
0 0 0 . . . νk

 ∈ Clk×lk

is a Jordan cell, corresponding to the eigenvalue νk.
As shown in [1], the matrix B̃ is reversible and transfers in A to Jordan form J̃ , i.e. we have the equality

B̃−1AB̃ = J̃ .

26 Вестник Карагандинского университета



On the solvability of the boundary value problems ...

Obviously, the operation of multiplication by a matrix B̃−1 transforms real 2l− vector-functions U in the
complex vector-function φ̃ block form (φ, φ). Wherein

(B̃−1LAB̃)φ̃ = (LJφ,LJφ), (12)

where for brevity

LA =
∂

∂y
−A ∂

∂x
, LJ =

∂

∂y
− J ∂

∂x
.

Recall that the operator D−1, appearing in (7), (8), is defined on 2l− the vector-functions U ∈ C1,µ(D),
satisfying the conditions (5). In terms of projector Q, acting according to the formula

(QU)j =

{
Uj , 1 ≤ j ≤ 2l − 1;
0, j = 2l,

these conditions can be described in the form QLAU = 0. As shown in [1], there is limited to C1,µ(D) projector
P with the image imP = {U ∈ C1,µ(D), QLAU = 0}. This operator is constructed as follows [1].

We choose ρ so large that the closed region D is contained in the disc D0 = {|z| < ρ}. Then there is a
bounded operator Cµ(D)→ Cµ(D0) continuation, denoted by ϕ→ ϕ̂, with properties

ϕ̂
∣∣
D

= ϕ, ϕ̂
∣∣
∂D0

= 0.

To every non-zero complex number z = x + iy we associate an invertible matrix zJ = x1 + yJ , where 1 is a
single l × l− matrix. We introduce the integral operator

(I1ϕ)(z) =
1

πi

∫
D

(t− z)−1
J ϕ̂(t)d2t, z ∈ D,

where d2t is the area element. This expression is the bounded mapping Cµ(D) → C1,µ(D) and is a right-hard
inverse of LJ , i.e.

LJI
1ϕ = ϕ. (13)

Taking into account
(B̃−1IB̃)ϕ̃ = (I1ϕ, I1ϕ), ϕ̃ = (ϕ,ϕ),

obtain an operator I, acting in the space Cµ(D) of real 2l− vector-functions, which in view of (12) has a similar
property in relation to LA. In our notation the desired projector P is defined by P = 1− IQLA.

As in [1] via this projector from (7), (8) we can move on to the problem

LAU + L1(D(−1)PU + p) = g1, CU+ + L0(D(−1)PU + p) = f0, (14)

which is already considered in the whole space C1,µ(D). Since QL0 = 0, from the first equation of this problem
it follows QLAU = Qf1. Therefore, if the right side f1 has the property Qf1 = 0, i.e. f1

j = 0, 1 ≤ j ≤ 2l − 1,

then any solution U problems (14) satisfies the condition (5). In other words, for the given right-hand side f1

problem (14) is equivalent to (7), (8).
We use further substitution

U = B̃φ̃, φ̃ = (φ, φ), (15)

according to which we introduce the operators L(1) : C1,µ(D)× P2l−2 → Cµ(D) and L(0) : C1,µ(D)× P2l−2 →
→ Cµ(Γ), acting according to the formulas

(L(1)(φ, p), L(1)(φ, p)) = B̃−1L1(D(−1)PB̃φ̃+ p), L(0)(φ, p) = L0(D(−1)PB̃φ̃+ p).

Then, taking into account (11), (12) the substitution of (15) leads (14) to the following equivalent problem

LJφ+ L(1)(φ, p) = f1, 2Re (CBφ) + L(0)(φ, p) = f0, (16)

where we put B̃−1g1 = (f1, f1), which is considered in the class C1,µ(D) l− complex vector-functions φ.
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So far all reviews have been carried out in the same way as [1] with the difference that in this work problem
(16) is considered in the class of functions φ ∈ Cµ(D) ∩ C1(D), for which LJφ ∈ Cµ(D). Following [2], we
introduce the generalized Cauchy type integrals

(I0ψ)(z) =
1

2πi

∫
Γ

(t− z)−1
J dtJψ(t), z ∈ D,

with a density ϕ ∈ C1,µ(Γ), where witch respect to the point t = t1 + it2 on the curve dtJ is a complex matrix
differential dt11 + dt2J and contour Γ positively oriented with respect to D. It is important to note that it has
the property

LJI
0ϕ0 = 0. (17)

The Cauchy type integrals answer corresponding singular integral

(S0ψ)(t0) =
1

πi

∫
Γ

(t− t0)−1
J dtJψ(t), t0 ∈ Γ,

which is understood in the sense of the Cauchy principal value. Note that in the case of a scalar matrix J = i
the operator S0 becomes classic singular Cauchy operator, denoted by S. As shown in [3], operators S and S0

are bounded in the spaces Cµ(Γ), C1,µ(Γ), and the difference S0−S is a compact operator. In addition, by the
differentiation formulas given in [3] the operator L0 is bounded C1,µ(Γ)→ C1,µ(D) and just corresponds to an
analogue of Sokhotskii - Plemelj

(I1ϕ)+ = (ϕ+ S1ϕ)/2. (18)

Based on these results, similarly to the classical theory of singular operators [4] we show that under the
assumption of

det[C(t)B] 6= 0, t ∈ Γ, (19)

the operator
N0ψ = Re [CB(ψ + S0ψ)], (20)

acting in the space of real l− of vector-functions ψ ∈ C1,µ(Γ), is Fredholm and its index is given by

indN0 = − 1

π
[arg det(CB)]

∣∣
Γ
. (21)

Further arguments are similar to those given in [1]. As this paper shows any function φ ∈ C1,µ(D) can by
uniquely represented in the form

φ = I1ϕ1 + I0ϕ0 + iξ, ξ ∈ Rl,

with some complex l− vector-function ϕ1 ∈ Cµ(D) and real ϕ0 ∈ C1,µ(Γ). The substitution of this representation
in (16) given (13), (17), (18) reduces the problem to an equivalent system of integral equations

ϕ1 + LJ(I0ϕ0 + iξ) + L(1)(I1ϕ1 + I0ϕ0 + iξ, p) = f1;

Re [CB(ϕ0 + S0ϕ0)] + 2Re [CB(I1ϕ1 + iξ)] + L(0)(I1ϕ1 + iξ, p) = f0.

In the notation (20) we write it briefly in the operator form

N0ϕ0 +M00ϕ0 +M01ϕ1 + T 0(p, ξ) = f0, ϕ1 +M10ϕ0 +M11ϕ1 + T 1(p, ξ) = f1, (22)

with the relevant operators T i and

M00ϕ0 = L(0)I0ϕ0, M01ϕ1 = 2Re (CBI1ϕ1) + L(0)I1ϕ1,

M10ϕ0 = L(1)I0ϕ0, M11ϕ1 = L(1)I1ϕ1.

Since the operators L(0) and L(1) are compact, in the operator matrix

M =

(
M00 M01

M10 M11

)
,

acting in the space C1,µ(Γ)×Cµ(D), all elements except M01 are compact. Therefore, by the general theory of
Fredholm operators [5] the operators N = diag (N0, 1) and N + M are Fredholm equivalent and their indices
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coincide. Recalling that dimP2l−2 = l(2l − 1) and ξ ∈ Rl, taking into account (20) and the corresponding
properties of Fredholm operators we conclude that the next theorem is proved.

Theorem. Suppose that condition
det[C(t)B] 6= 0, t ∈ Γ

is satisfied. Then the problem (1), (2) is Fredholm in the class C2l,µ(D), and its index æ is calculated by the
formula

æ = − 1

π
[arg det(CB)]

∣∣
Γ

+ 2l2,

where the increment of a continuous branch of the argument on the contour Γ is taken in the counterclockwise
direction.
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Б.Д. Қошанов, А.П. Солдатов

Жазықтықта жоғары дәрежелi эллиптикалық теңдеулер
үшiн шеттiк есептердiң шешiмдiлiгi туралы

Мақалада тұрақты (тек жоғары дәрежелерi) нақты коэффициенттi 2l-дәрежелi, шекарада (kj − 1)-
дәрежелi нормал туындылары берiлген шеттiк есептер қарастырылған, j = 1, . . . , l, 1 ≤ k1 < . . . <
< kl ≤ 2l− 1. Бұл есеп kj = j болған кезде — Дирихле есебi, ал kj = j+1 кезде Нейман есебi болады.
Авторлар осы есептiң фредгольмдi шешiмдiлiгiнiң шартын тауып, индексiн есептеген.

Кiлт сөздер: эллиптикалық теңдеулер, шеттiк есептер, Дирихле есебi, Нейман есебi, шеттiк есептердiң
шешiмдiлiгi.
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Б.Д. Кошанов, А.П. Солдатов

О разрешимости краевых задач для эллиптического
уравнения высокого порядка на плоскости

В статье для эллиптического уравнения 2 l-го порядка с постоянными (и только старшими) веще-
ственными коэффициентами рассмотрена краевая задача, заключающаяся в задании нормальных
производных (kj −1)−го порядка, j = 1, . . . , l, где 1 ≤ k1 < . . . < kl ≤ 2l−1. При kj = j она переходит
в задачу Дирихле, а при kj = j + 1 – в задачу Неймана. Авторами найдено условие фредгольмовой
разрешимости этой задачи и вычислен индекс.

Ключевые слова: эллиптическое уравнение, краевые задачи, задача Дирихле, задача Неймана, разре-
шимость краевых задач.
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On one problem for restoring the density of sources
of the fractional heat conductivity process with respect to

initial and final temperatures

In this paper we consider inverse problems for a fractional heat equation, where the fractional time derivative
is taken into account in Riemann–Liouville sense. For the solution of this equation, we have to find an
unknown right-hand side depending only on a spatial variable. The problem modeling the process of
determining the temperature and density of sources in the process of fractional heat conductivity with
respect to given initial and final temperatures is considered. Problems with general boundary conditions
with respect to the spatial variable that are not strongly regular are investigated. The existence and
uniqueness of classical solution to the problem are proved. The problem is considered independent from
a corresponding spectral problem for an operator of multiple differentiation with not strongly regular
boundary conditions has the basis property of root functions.

Keywords: Inverse problem, heat equation, fractional heat conductivity, not strongly regular boundary
conditions, method of separation of variables.

1 Introduction

It is well-known that problems of determining coefficients or the right-hand side of a differential equation
simultaneously with its solution are called inverse problems of mathematical physics. These problems often arise
in various areas (seismology, exploration of minerals, biology, medicine, quality control of industrial products
etc.) that place them among the current problems of modern mathematics.

In this article, we consider a class of problems which model the process of determining the temperature and
density of heat sources with respect to given initial and final temperatures. Their mathematical statement leads
to the inverse problems for a fractional heat equation in which along with solving the equation we have to find
an unknown right-hand side depending only on a spatial variable.

The questions of solvability of various inverse problems for parabolic equations were studied in many articles.
The closest to the subject of this paper is [1], in which one case of regular but not strongly regular boundary
conditions was considered. The analysis was carried out by the Fourier method using a basis of eigenfunctions
and associated functions. In contrast to this (and other) article, we study the inverse problems for the fractional
heat equation with general boundary conditions with respect to the spatial variable which are regular but not
strongly regular.

Let Ω = {(x, t) , 0 < x < 1, 0 < t < T}. In Ω we consider a problem of finding the right-hand side f(x) of
the fractional heat equation

Dα
0+ (u (x, t) − u (x, 0))− uxx (x, t) = f (x) + F (x, t) , (x, t) ∈ Ω (1)

and its solutions u (x, t) satisfying the initial and final conditions

u (x, 0) = ϕ (x) , u (x, T ) = ψ (x) , 0 ≤ x ≤ 1, (2)

and the boundary conditions a1ux (0, t) + b1ux (1, t) + a0u (0, t) + b0u (1, t) = 0;

c1ux (0, t) + d1ux (1, t) + c0u (0, t) + d0u (1, t) = 0.
(3)
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The coefficients ak, bk, ck, dk with k = 0, 1 in (3) are real numbers, Dα
0+ stands for the Riemann-Liouville

fractional derivative of order 0 < α < 1:

Dα
0+y (t) =

1

Γ(1− α)

d

dt

∫ t

0

y(s)ds

(t− s)α
,

while ϕ (x), ψ (x) and F (x, t) are given functions.
Definition. By a regular solution of the inverse problem (1)–(3) we mean a pair of functions (u(x, t), f(x))

of the class u(x, t) ∈ C2,1
x,t

(
Ω
)
, f(x) ∈ C[0, 1] that inverts equation (1) and conditions (2)–(3) into an identity.

The use of the Fourier method for solving problem (1)–(3) leads to the spectral problem for the operator `
given by the differential expression ` (y) = −y′′ (x) , 0 < x < 1 and boundary conditions a1y

′ (0) + b1y
′ (1) + a0y (0) + b0y (1) = 0;

c1y
′ (0) + d1y

′ (1) + c0y (0) + d0y (1) = 0.
(4)

These boundary conditions are called regular [2] if one of the following three conditions

i. a1d1 − b1c1 6= 0;

ii. a1d1 − b1c1 = 0, |a1|+ |b1| > 0, a1d0 + b1c0 6= 0;

iii. a1 = b1 = c1 = d1 = 0, a0d0 − b0c0 6= 0

(5)

is satisfied. Regular boundary conditions are strongly regular in the first and third cases, while in the second
case this requires the additional condition

a1c0 + b1d0 6= ± [a1d0 + b1c0] . (6)

Particular cases of (1)–(3) were considered in [1] with boundary conditions (3) which are not strongly regular:
the case of conditions of Samarskii–Ionkin type

u (1, t) = 0, ux (0, t) = ux (1, t)

and the case of periodic boundary conditions

u (0, t) = u (1, t) , ux (0, t) = ux (1, t) .

However, the method of proof of [1] does not automatically carry over to problems with arbitrary not strongly
regular boundary conditions (3). This has essentially to do with the use in [1] of a basis of eigenfunctions
and generalized eigenfunctions of the corresponding problem (4) for the operator of multiple differentiation.
Unfortunately, not all problems of this type have the basis property. Therefore, in order to study the formulated
problem, regardless of the basis properties of the system of root vectors of the operator `, we use the method first
substantiated in our work [3]. In [3] a class of problems modeling the process of determining the temperature
and density of heat sources with respect to given initial and final temperature is considered. To solve direct
heat conductivity problems with general not strongly regular boundary conditions with respect to the spatial
variable, this method is described in detail in [4].

The solvability of various inverse problems for parabolic equations was studied in papers of Yu.E. Anikonov
and Yu.Ya. Belov, B.A. Bubnov, A.I. Prilepko and A.B. Kostin, V.N. Monakhov, A.I. Kozhanov, I.A. Kaliev,
K.B. Sabitov and many others.

These citations can be seen in our papers [3] and [5]. We note [6–28] as recent papers close to the theme of our
article. In these papers different variants of direct and inverse initial-boundary value problems for evolutionary
equations are considered, including problems with nonlocal boundary conditions and problems for equations
with fractional derivatives.

We solve the problem by the Fourier method. Some new variants for solving nonlocal boundary value
problems by the method of separation of variables were used in our papers [29–35].
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2 Case of Sturm-type boundary conditions

A particular case of strongly regular boundary conditions are Sturm-type conditions: b0 = b1 = c0 = c1 = 0: a1ux (0, t) + a0u (0, t) = 0;

d1ux (1, t) + d0u (1, t) = 0.
(7)

By `1 let us denote a corresponding ordinary differential operator arising when applying the method of separation
of variables to problem (1), (2), (7). Spectral problem `1y = λy has the form

`1 (y) ≡ −y′′ (x) = λy (x) , 0 < x < 1;

a1y (0) + a0y (0) = 0, d1y (1) + d0y (1) = 0.
(8)

Denote by λk the eigenvalues of the operator `1 enumerated in the increasing order of their absolute values,
and by yk (x), for k = 1, 2, . . . , denote corresponding normalized eigenfunctions. It is known [2] that the
eigenvalues of these problems are real and simple, while the system of their eigenfunctions forms an orthonormal
basis in L2(0, 1). Thus, we can represent the solution u (x, t), f (x) to (1), (2), (7) as the series:

u (x, t) =

∞∑
k=1

uk (t) yk (x) , f (x) =

∞∑
k=1

fkyk (x). (9)

Substituting (9) into (1) and (2), we obtain the problems

Dα
0+ (uk (t)− uk (0)) + λkuk (t) = fk + Fk(t), uk (0) = ϕk, uk (T ) = ψk (10)

for finding the unknown functions uk (t) and coefficients fk. Here Fk(t), ϕk and ψk are the Fourier coefficients
of F (x, t), ϕ and ψ with respect to the system {yk (x)}. Then we get

Fk(t) = (F (x, t) , yk (x)) , ϕk = (ϕ (x) , yk (x)) , and ψk = (ψ (x) , yk (x)) .

The inverse problem (10) is investigated similarly, as in [1]. A solution to (10) exists, is unique, and can be
written explicitly. Without dwelling on the details, we write out its solution:

uk =
ψk − Uk(T )− ϕkeα (T, λk)

γk

∫ t

0

(t− τ)
α−1

eα(τ, λk)dτ + ϕkeα (t, λk) + Uk(t), (11)

fk = Γ (1 + α)
ψk − Uk(T )− ϕkeα (T, λk)

αγk
, (12)

where Uk(t) is a solution of problem

Dα
0+ (Uk (t)− Uk (0)) + λkUk (t) = Fk(t), Uk (0) = 0.

In (11) and (12) function eα (τ, µ) is expressed by the function of Mittag–Leffler:

eα (τ, µ) := Eα (−µτα) , Eα (z) =

∞∑
k=0

zk

Γ (1 + αk)
, α ∈ [0,+∞) ,

γk =

∫ T

0

(T − τ)
α−1

eα(τ, λk)dτ. (13)

The Mittag–Leffler function eα(τ, µ) for µ > 0 and 0 < α ≤ 1 is absolutely monotone function with respect to
τ (see [36; 268]). Since eα (0, λk) = 1, then from (13) it is easy to see that there exists a constant γ̂ > 0 such
that

γk ≥ γ̂ > 0, ∀ k = 1, 2, . . . . (14)

Inserting (11) and (12) into (9), we arrive at a formal solution to the problem. In order to complete our
study, it is necessary, as in the Fourier method, to justify the smoothness of the resulting formal solutions and
the convergence of all appearing series. Let us state the main result of this section.
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Theorem 1. If F (x, t) ∈ C2
(
Ω
)
, ϕ (x) , ψ (x) ∈ C4[0, 1] and functions F (x, t), ϕ (x), ψ (x), ϕ′′ (x) and

ψ′′ (x) satisfy (7), then there exists a unique classical solution u(x, t) ∈ C2,1
x,t

(
Ω
)
, f(x) ∈ C[0, 1] to the inverse

problem (1), (2), (7).
Proof. Since ϕ′′ (x) , ψ′′ (x) ∈ C2[0, 1] and satisfy (7), by Steklov’s theorem [37; 41] they admit expansions

into absolutely and uniformly converging Fourier series in the eigenfunctions {yk (x)}.
Thus, the series

ϕ′′ (x) = −
∞∑
k=1

λkϕkyk (x), ψ′′ (x) = −
∞∑
k=1

λkψkyk (x) (15)

converges absolutely and uniformly.
From (11), (12), taking into account (14), since

lim
k→∞

λk = +∞, |eα(T, λk)| ≤M1, |eα(t, λk)| ≤M2,

it is easy to get uniform estimates with respect to k

|uk (t)| ≤ C (|ϕk|+ |ψk|+ |Uk(t)|) ;∣∣Dα
0+uk (t)

∣∣ ≤ C (|ϕk|+ |ψk|+ |Uk(t)|) |λk| ;

|fk| ≤ C (|ϕk|+ |ψk|+ |Uk(T )|) .

Hence, from the uniform and absolute convergence of series (15) there follow the convergence of series (9) and
the belonging of the solution of (1), (2), (7) to the classes u(x, t) ∈ C2,1

x,t

(
Ω
)
, f(x) ∈ C[0, 1].

Let us prove the uniqueness of the solution. Suppose that there are two generalized solutions of the inverse
problem (1), (2), (7): (u1(x, t), f1(x)) and (u2(x, t), f2(x)). Denote

u (x, t) = u1 (x, t)− u2 (x, t) , f (x) = f1 (x)− f2 (x) .

Then the functions (u(x, t), f(x)) satisfy equation (1), the boundary conditions (7) and the homogeneous
conditions (2):

u (x, 0) = 0, u (x, T ) = 0, 0 ≤ x ≤ 1. (16)

Let us show that the inverse problem (1), (7), (16) has only zero solution. Let us introduce notations

uk (t) =

∫ 1

0

u (x, t)yk (x) dx, fk =

∫ 1

0

f (x)yk (x) dx, (k = 1, 2, . . . ) . (17)

We apply the operator Dα
0+ to uk (t). Then, using equation (1), by integrating by parts, we obtain a problem

given by
the equation

Dα
0+uk (t) + λkuk (t) = fk, (18)

and the boundary conditions
uk (0) = 0, uk (T ) = 0. (19)

General solution of equation (18) has the form (see [1], Eq. (25)):

uk (t) =
fkα

Γ(1 + α)

∫ t

0

(t− τ)
α−1

eα(τ, λk)dτ + uk (0) eα (t, λk) .

Using the first of conditions (19), from here we have

uk (t) =
fkα

Γ(1 + α)

∫ t

0

(t− τ)
α−1

eα(τ, λk)dτ. (20)

Substituting this into the second condition of (19), we get

fkα

Γ(1 + α)

∫ T

0

(T − τ)
α−1

eα(τ, λk)dτ = 0. (21)
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Since for µ > 0 and 0 < α ≤ 1 the function eα(τ, µ) is absolutely monotone with respect to τ [36] and since
eα (0, λk) = 1, then the integral in (21) is a strictly positive value. Consequently equation (21) holds if and
only if fk = 0. But then from (20) we get uk (t) ≡ 0.

Therefore, using this result, from (17) we find∫ 1

0

u (x, t)yk (x) dx ≡ 0,

∫ 1

0

f (x)yk (x) dx = 0, (k = 1, 2, . . . ) .

Further, by the completeness of system {yk (x)} in L2 (0, 1) we obtain u (x, t) ≡ 0 and f (x) ≡ 0 for all (x, t) ∈ Ω.
The uniqueness of the generalized solution of the inverse problem (1), (2), (7) is proved. Theorem 1 is completely
proved.

3 Regular, but not strongly regular boundary conditions

In [3] a class of regular but not strongly regular boundary conditions was described in a convenient form.
Lemma 1 [3]. If the boundary conditions (4) are regular but not strongly regular then the boundary conditions

(3) reduce to  a1ux (0, t) + b1ux (1, t) + a0u (0, t) + b0u (1, t) = 0;

c0u (0, t) + d0u (1, t) = 0,
|a1|+ |b1| > 0; (22)

of one of the following four types:

I. a1 + b1 = 0, c0 − d0 6= 0;
II. a1 − b1 = 0, c0 + d0 6= 0;
III. c0 + d0 = 0, a1 − b1 6= 0;
IV. c0 − d0 = 0, a1 + b1 6= 0.

(23)

Also in [4] the following result was proved.
Lemma 2 [4]. We can always equivalently reduce the solution of the problem (1)–(3) in the case of regular

but not strongly regular conditions to solve successively two problems with strongly regular Sturm boundary
conditions.

Using Lemma 2, we can obtain the existence of the solution of (1)–(3), as well as its uniqueness and
smoothness, from Theorem 1 for the corresponding problems with strongly regular Sturm-type boundary
conditions. In the next four sections, we will outline this method in more detail.

The method of solution, consisting in reducing the initial problem to a sequential solution of two initial-
boundary value problems with homogeneous boundary conditions of the Sturm type with respect to a spatial
variable, will be formulated separately for each of types mentioned in Lemma 1.

4 Reduction of the problem of type I to a sequential solution of two problems
with homogeneous boundary conditions of the Sturm type

Consider a problem of type I. Since a1 + b1 = 0, and herewith |a1|+ |b1| > 0, then without loss of generality we
can assume a1 = −b1 = 1. Since c0 − d0 6= 0, then without loss of generality we can assume c0 − d0 = −1. To
simplify writing (omitting additional indexes) we denote c0 = c. Then d0 = 1 + c.

Therefore the problem of type I can be formulated in the form:
In Ω = {(x, t) : 0 < x < 1, 0 < t < T} find a solution u (x, t) of the fractional heat equation (1) satisfying

the initial condition (2) and boundary conditions of type I: ux (0, t)− ux (1, t) + au (0, t) + bu (1, t) = 0,

cu (0, t) + (1 + c)u (1, t) = 0.
(24)

Here the coefficients a, b, c of the boundary condition are arbitrary complex numbers.
To solve the problem we introduce the auxiliary functions:

v (x, t) = [u (x, t) + u (1− x, t)] /2, (25)

w (x, t) = u (x, t)− [1− (1 + 2c) (2x− 1)] v (x, t) . (26)
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Note that if the solution has been searched in the form of the sum of even and odd parts
u (x, t) = C (x, t) + S (x, t) in the initial version of the method (see [3]), then now in a variant suggested by us:

– the function v (x, t) is even on the interval 0 < x < 1, and is the even part of the function u (x, t);
– and the function w (x, t) is not the odd part of the function u (x, t), though it is the odd function.
The last follows from the fact that w (x, t) can be represented in the form

w (x, t) =
1

2
[u (x, t)− u (1− x, t)] + (1 + 2c) (2x− 1) v (x, t) , (27)

that is, in the form of the sum of the odd part 1
2 [u (x, t)− u (1− x, t)] of the function u (x, t) and of the summand

(1 + 2c) (2x− 1) v (x, t), which (it is easy to verify) is also the odd function on the whole interval 0 < x < 1.
From (26) it is easy to see that if we find the functions v (x, t) and w (x, t), then the solution of the initial

problem can be reestablished by the formula

u (x, t) = w (x, t) + [1− (1 + 2c) (2x− 1)] v (x, t) . (28)

Thus, if in the previous variant the solution is represented in the form of the sum of even and odd parts of
the solution, then in the new variant suggested by us it is not quite so. In representation (28) the first summand
is even on the interval 0 < x < 1, and the second summand is neither even, nor odd for 1 + 2c 6= 0.

It is easy to make sure that the functions v (x, t) and w (x, t) are solutions of the fractional heat equations,
satisfy the initial and homogeneous boundary conditions in Ω.

For the function v (x, t) we obtain the initial-boundary value problem which we need to solve first:

Dα
0+ (v (x, t) − v (x, 0))− vxx (x, t) = f0 (x) ; (29)

v (x, 0) = ϕ0 (x) , v (x, T ) = ψ0 (x) 0 ≤ x ≤ 1; (30)

vx (0, t) + [a (1 + c)− bc] v (0, t) = 0, 0 ≤ t ≤ T ; (31)

vx (1, t)− [a (1 + c)− bc] v (1, t) = 0, 0 ≤ t ≤ T. (32)

Here we use the notations

f0 (x) = 1
2 [f (x) + f (1− x)] ,

ϕ0 (x) = 1
2 [ϕ (x) + ϕ (1− x)] , ψ0 (x) = 1

2 [ψ (x) + ψ (1− x)] .
(33)

Having the solution v (x, t) of this problem, for the function w (x, t) we get the initial-boundary value
problem which we need to solve second:

Dα
0+ (w (x, t) − w (x, 0))− wxx (x, t) = f1(x) + F1(x, t); (34)

w (x, 0) = ϕ1 (x) , w (x, T ) = ψ1 (x) , 0 ≤ x ≤ 1; (35)

w (0, t) = 0, 0 ≤ t ≤ T ; (36)

w (1, t) = 0, 0 ≤ t ≤ T. (37)

Here we use the notations

f1 (x) = f (x)− [1− (1 + 2c) (2x− 1)] f0 (x) , F1(x, t) = −4 (1 + 2c) vx(x, t); (38)

ϕ1 (x) = ϕ (x)− [1− (1 + 2c) (2x− 1)]ϕ0 (x) ;

ψ1 (x) = ψ (x)− [1− (1 + 2c) (2x− 1)]ψ0 (x) .
(39)

By direct checking from (33) and (39) it is easy to make sure that if the initial and final data ϕ (x) and
ψ (x) of problem (1), (2), (24) satisfy necessary (classical and well-known) consistency conditions, then the
initial and final data ϕ0 (x), ϕ1 (x) and ψ0 (x), ψ1 (x) also satisfy the necessary consistency conditions of their
corresponding problems.

Thus the solution of the problem of type I (1), (2), (24) is reduced to the sequential solution of two problems
with homogeneous boundary conditions of the Sturm type with respect to the spatial variable:
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– At first for the function v (x, t) we solve the initial-boundary value problem (29)–(32) with the homogeneous
boundary conditions of the Sturm type with respect to the spatial variable;

– Then, using the obtained value v (x, t), for the function w (x, t) we solve the initial-boundary value problem
(34)–(37) with the homogeneous boundary conditions of the Sturm type (in this particular case they are the
Dirichlet conditions) with respect to the spatial variable.

Therefore the main result on the existence and uniqueness of the solution of the problem of type I (1), (2),
(24) in classical and generalized senses follows from Theorem 1 on corresponding solvability of boundary value
problems with conditions of the Sturm type. We will formulate this main result at once for all the four types of
not strongly regular boundary conditions at the end of the paper.

5 Reduction of the problem of type II to a sequential solution of two problems
with homogeneous boundary conditions of the Sturm type

Consider a problem of type II. Since a1 − b1 = 0, and herewith |a1| + |b1| > 0, then without loss of generality
we can assume a1 = b1 = 1. Since c0 + d0 6= 0, then without loss of generality we can assume c0 + d0 = 1. To
simplify writing (omitting additional indexes) we denote c0 = c. Then d0 = 1− c.

Therefore the problem of type I can be formulated in the form:
In Ω = {(x, t) : 0 < x < 1, 0 < t < T} find a solution u (x, t) of the fractional heat equation (1) satisfying

the initial condition (2) and boundary conditions of type II: ux (0, t) + ux (1, t) + au (0, t) + bu (1, t) = 0;

cu (0, t) + (1− c)u (1, t) = 0.
(40)

Here the coefficients a, b, c of the boundary condition are arbitrary complex numbers.
We introduce the auxiliary functions:

v (x, t) =
1

2
[u (x, t)− u (1− x, t)] , (41)

w (x, t) = u (x, t)− [1− (1− 2c) (2x− 1)] v (x, t) . (42)

Note that if the solution has been searched in the form of the sum of even and odd parts
u (x, t) = C (x, t) + S (x, t) in the initial version of the method (see [3]), then in a new variant suggested by us:

– the function v (x, t) is odd on the interval 0 < x < 1, and is the odd part of the function u (x, t);
– and the function w (x, t) is not the even part of the function u (x, t), though it is the even function.
The last follows from the fact that w (x, t) can be represented in the form

w (x, t) =
1

2
[u (x, t) + u (1− x, t)] + (1− 2c) (2x− 1) v (x, t) , (43)

that is, in the form of the sum of the even part 1
2 [u (x, t)− u (1− x, t)] of the function u (x, t) and the summand

(1− 2c) (2x− 1) v (x, t), which (it is easy to verify) is also the even function on the interval 0 < x < 1.
From (42) it is easy to find the functions v (x, t) and w (x, t), then the solution of the initial problem can

be reestablished by the formula

u (x, t) = w (x, t) + [1− (1− 2c) (2x− 1)] v (x, t) . (44)

Thus if in the previous variant of the method the solution is represented in the form of the sum of the even
and odd parts of the solution, then in the new variant suggested by us it is not quite so. In representation (44)
the first summand is even on the interval 0 < x < 1, and the second summand is neither even, nor odd for
1− 2c 6= 0.

For the function v (x, t) we obtain the initial-boundary value problem which we need to solve first:

Dα
0+ (v (x, t) − v (x, 0))− vxx (x, t) = f0 (x) , (45)

v (x, 0) = ϕ0 (x) , v (x, T ) = ψ0 (x) 0 ≤ x ≤ 1, (46)

vx (0, t) + [a (1− c)− bc] v (0, t) = 0, 0 ≤ t ≤ T, (47)

vx (1, t)− [a (1− c)− bc] v (1, t) = 0, 0 ≤ t ≤ T. (48)
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Here we use the notations

f0 (x) = 1
2 [f (x)− f (1− x)] ,

ϕ0 (x) = 1
2 [ϕ (x)− ϕ (1− x)] , ψ0 (x) = 1

2 [ψ (x)− ψ (1− x)] .
(49)

Having the solution v (x, t) of this problem, for the function w (x, t) we get the initial-boundary value
problem which we need to solve second:

Dα
0+ (w (x, t) − w (x, 0))− wxx (x, t) = f1(x) + F1(x, t), (50)

w (x, 0) = ϕ1 (x) , w (x, T ) = ψ1 (x) , 0 ≤ x ≤ 1, (51)

w (0, t) = 0, 0 ≤ t ≤ T, (52)

w (1, t) = 0, 0 ≤ t ≤ T. (53)

Here we use the notations

f1 (x) = f (x)− [1− (1− 2c) (2x− 1)] f0 (x) , F1(x, t) = −4 (1− 2c) vx(x, t), (54)

ϕ1 (x) = ϕ (x)− [1− (1− 2c) (2x− 1)]ϕ0 (x)

ψ1 (x) = ψ (x)− [1− (1− 2c) (2x− 1)]ψ0 (x) .
(55)

By direct checking from (49) and (55) it is easy to make sure that if the initial and final data ϕ (x) and
ψ (x) of problem (1), (2), (40) satisfy necessary (classical and well-known) consistency conditions, then the
initial and final data ϕ0 (x), ϕ1 (x) and ψ0 (x), ψ1 (x) also satisfy the necessary consistency conditions of their
corresponding problems.

Thus the solution of the problem of type II (1), (2), (40) is reduced to the sequential solution of two problems
with homogeneous boundary conditions of the Sturm type with respect to the spatial variable:

– At first for the function v (x, t) we solve the initial-boundary value problem (45)–(48) with the homogeneous
boundary conditions of the Sturm type (in this case they are the Dirichlet conditions) with respect to the spatial
variable;

– Then, using the obtained value v (x, t), for the function w (x, t) we solve the initial-boundary value problem
(50)–(53) with the homogeneous boundary conditions of the Sturm type (in this case with conditions of the
Dirichlet problem) with respect to the spatial variable.

Therefore the main result on the existence and uniqueness of the solution of the problem of type II (1), (2),
(40) in classical and generalized senses follows from Theorem 1 on corresponding solvability of boundary value
problems with conditions of the Sturm type. We will formulate this main result at once for all the four types of
not strongly regular boundary conditions at the end of the paper.

6 Reduction of the problem of type III to a sequential solution of two problems
with homogeneous boundary conditions of the Sturm type

Consider a problem of type III. Since c0 + d0 = 0, and herewith |c0|+ |d0| > 0, then without loss of generality
we can assume c0 = −d0 = 1. Since a1 − b1 6= 0, then without loss of generality we can assume a1 − b1 = −1.
To simplify writing (omitting additional indexes) we denote a1 = c. Then b1 = 1 + c.

Therefore the problem of type III can be formulated in the form:
In Ω = {(x, t) : 0 < x < 1, 0 < t < T} find a solution u (x, t) of the fractional heat equation (1) satisfying

the initial condition (2) and the boundary condition of type III: cux (0, t) + (1 + c)ux (1, t) + au (0, t) = 0;

u (0, t)− u (1, t) = 0.
(56)

Here the coefficients a, b, c of the boundary condition are arbitrary complex numbers.
We introduce the auxiliary functions:

v (x, t) =
1

2
[u (x, t)− u (1− x, t)] ; (57)

w (x, t) = u (x, t)− [1− (1 + 2c) (2x− 1)] v (x, t) . (58)
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Note that if the solution has been searched in the form of a sum of even and odd parts u (x, t) =
= C (x, t) + S (x, t) in the initial version of the method (see [3]), then in a variant suggested by us:

– the function v (x, t) is odd on the interval 0 < x < 1, and is the odd part of the function u (x, t);
– and the function w (x, t) is not the even part of the function u (x, t), though it is the even function.
The last follows from the fact that w (x, t) can be represented in the form

w (x, t) =
1

2
[u (x, t) + u (1− x, t)] + (1 + 2c) (2x− 1) v (x, t) , (59)

that is, in the form of the sum of the even part 1
2 [u (x, t) + u (1− x, t)] of the function u (x, t) and the summand

(1 + 2c) (2x− 1) v (x, t), which (it is easy to verify) is also the even function on the interval 0 < x < 1.
From (58) it is easy to see that if we find the functions v (x, t) and w (x, t), then the solution of the initial

problem can be reestablished by the formula

u (x, t) = w (x, t) + [1− (1 + 2c) (2x− 1)] v (x, t) . (60)

Thus if in the previous variant of the method the solution is represented in the form of the sum of the even
and odd parts of the solution, then in the new variant suggested by us it is not quite so. In representation (60)
the first summand is even on the interval 0 < x < 1, and the second summand is neither even, nor odd for
(1 + 2c) 6= 0.

For the function v (x, t) we obtain the initial-boundary value problem which we need to solve first:

Dα
0+ (v (x, t) − v (x, 0))− vxx (x, t) = f0 (x) ; (61)

v (x, 0) = ϕ0 (x) , v (x, T ) = ψ0 (x) 0 ≤ x ≤ 1; (62)

v (0, t) = 0, 0 ≤ t ≤ T ; (63)

v (1, t) = 0, 0 ≤ t ≤ T. (64)

Here we use the notations

f0 (x) = 1
2 [f (x)− f (1− x)] ;

ϕ0 (x) = 1
2 [ϕ (x)− ϕ (1− x)] , ψ0 (x) = 1

2 [ψ (x)− ψ (1− x)] .
(65)

Having the solution v (x, t) of this problem, for the function w (x, t) we get the initial-boundary value
problem which we need to solve second:

Dα
0+ (w (x, t) − w (x, 0))− wxx (x, t) = f1(x) + F1(x, t); (66)

w (x, 0) = ϕ1 (x) , w (x, T ) = ψ1 (x) , 0 ≤ x ≤ 1; (67)

wx (0, t)− aw (0, t) = 0, 0 ≤ t ≤ T ; (68)

wx (1, t) + aw (1, t) = 0, 0 ≤ t ≤ T. (69)

Here we use the notations

f1 (x) = f (x)− [1− (1 + 2c) (2x− 1)] f0 (x) , F1(x, t) = −4(1 + 2c)vx(x, t); (70)

ϕ1 (x) = ϕ (x)− [1− (1 + 2c) (2x− 1)]ϕ0 (x) ;

ψ1 (x) = ψ (x)− [1− (1 + 2c) (2x− 1)]ψ0 (x) .
(71)

By direct checking from (65) and (71) it is easy to make sure that if the initial and final data ϕ (x) and
ψ (x) of problem (1), (2), (56) satisfy necessary (classical and well-known) consistency conditions, then the
initial and final data ϕ0 (x), ϕ1 (x) and ψ0 (x), ψ1 (x) also satisfy the necessary consistency conditions of their
corresponding problems.

Thus the solution of the problem of type III (1), (2), (56) is reduced to the sequential solution of two
problems with homogeneous boundary conditions of the Sturm type with respect to the spatial variable:
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– At first for the function v (x, t) we solve the initial-boundary value problem (61)–(94) with the homogeneous
boundary conditions of the Sturm type (in this case with conditions of the Dirichlet problem) with respect to
the spatial variable;

– Then, using the obtained value v (x, t), for the function w (x, t) we solve the initial-boundary value problem
(66)–(69) with the homogeneous boundary conditions of the Sturm type with respect to the spatial variable.

Therefore the main result on the existence and uniqueness of the solution of the problem of type III (1), (2),
(56) in classical and generalized senses follows from the Theorem 1 on corresponding solvability of boundary
value problems with conditions of the Sturm type. We will formulate this main result at once for all the four
types of not strongly regular conditions at the end of the paper.

7 Reduction of the problem of type IV to a sequential solution of two problems
with homogeneous boundary conditions of the Sturm type

Consider a problem of type IV. Since c0 − d0 = 0, and herewith |c0|+ |d0| > 0, then without loss of generality
we can assume c0 = d0 = 1. Since a1 + b1 6= 0, then without loss of generality we can assume a1 + b1 = 1. To
simplify writing (omitting additional indexes) we denote a1 = c. Then b1 = 1− c.

Therefore the problem of type IV can be formulated in the form:
InΩ = {(x, t) , 0 < x < 1, 0 < t < T} find a solution u (x, t) of the fractional heat equation (1) satisfying the

initial condition (2) and the boundary conditions of type IV: cux (0, t) + (1− c)ux (1, t) + au (0, t) = 0;

u (0, t) + u (1, t) = 0.
(72)

Here the coefficients a, b, c of the boundary condition are arbitrary complex numbers.
We introduce the auxiliary functions:

v (x, t) =
1

2
[u (x, t) + u (1− x, t)] ; (73)

w (x, t) = u (x, t)− [1− (1− 2c) (2x− 1)] v (x, t) . (74)

Note that if the solution has been searched in the form of the sum of the even and odd parts
u (x, t) = C (x, t) + S (x, t) in the initial version of the method (see [3]), then in the variant suggested by us:

– the function v (x, t) is even on the interval 0 < x < 1, and is the even part of the function u (x, t);
– and the function w (x, t) is not the odd part of the function u (x, t), though it is the odd function.
The last follows from the fact that w (x, t) can be represented in the form

w (x, t) =
1

2
[u (x, t)− u (1− x, t)] + (1− 2c) (2x− 1) v (x, t) , (75)

that is, in the form of the sum of the odd part 1
2 [u (x, t)− u (1− x, t)] of the function u (x, t) and the summand

(1− 2c) (2x− 1) v (x, t), which (it is easy to verify) is also the odd function on the interval 0 < x < 1.
From (74) it is easy to see that if we find the functions v (x, t) and w (x, t), then the solution of the initial

problem can be reestablished by the formula

u (x, t) = w (x, t) + [1− (1− 2c) (2x− 1)] v (x, t) . (76)

Thus if in the previous variant of the method the solution is represented in the form of the sum of the even
and odd parts of the solution, then in the new variant suggested by us it is not quite so. In representation (76)
the first summand is odd on the interval 0 < x < 1, and the second summand is neither even, nor odd for
(1− 2c) 6= 0.

For the function v (x, t) we obtain the initial-boundary value problem which we need to solve first:

Dα
0+ (v (x, t) − v (x, 0))− vxx (x, t) = f0 (x) ; (77)

v (x, 0) = ϕ0 (x) , v (x, T ) = ψ0 (x) 0 ≤ x ≤ 1; (78)

v (0, t) = 0, 0 ≤ t ≤ T, (79)

v (1, t) = 0, 0 ≤ t ≤ T. (80)
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Here we use the notations

f0 (x) = 1
2 [f (x) + f (1− x)] ,

ϕ0 (x) = 1
2 [ϕ (x) + ϕ (1− x)] , ψ0 (x) = 1

2 [ψ (x) + ψ (1− x)] .
(81)

Having the solution v (x, t) of this problem, for the function w (x, t) we get the initial-boundary value
problem which we need to solve second:

Dα
0+ (w (x, t) − w (x, 0))− wxx (x, t) = f1(x) + F1(x, t); (82)

w (x, 0) = ϕ1 (x) , w (x, T ) = ψ1 (x) , 0 ≤ x ≤ 1; (83)

wx (0, t) + aw (0, t) = 0, 0 ≤ t ≤ T ; (84)

wx (1, t)− aw (1, t) = 0, 0 ≤ t ≤ T. (85)

Here we use the notations

f1 (x) = f (x)− [1− (1− 2c) (2x− 1)] f0 (x) , F1(x, t) = −4(1− 2c)vx(x, t); (86)

ϕ1 (x) = ϕ (x)− [1− (1− 2c) (2x− 1)]ϕ0 (x) ;

ψ1 (x) = ψ (x)− [1− (1− 2c) (2x− 1)]ψ0 (x) .
(87)

By direct checking from (81) and (87) it is easy to make sure that if the initial and final data ϕ (x) and
ψ (x) of problem (1), (2), (72) satisfy necessary (classical and well-known) consistency conditions, then the
initial and final data ϕ0 (x), ϕ1 (x) and ψ0 (x), ψ1 (x) also satisfy the necessary consistency conditions of their
corresponding problems.

Thus the solution of the problem of type IV (1), (2), (72) is reduced to the sequential solution of two
problems with homogeneous boundary conditions of the Sturm type with respect to the spatial variable:

– At first for the function v (x, t) we solve the initial-boundary value problem (77)–(80) with the homogeneous
boundary conditions of the Sturm type (in this case with boundary conditions of Dirichlet) with respect to the
spatial variable;

– Then using the obtained value v (x, t), for the function w (x, t) we solve the initial-boundary value problem
(82)–(85) with the homogeneous boundary conditions of the Sturm type with respect to the spatial variable.

Therefore the main result on the existence and uniqueness of the solution of the problem of type IV (1), (2),
(72) in classical and generalized senses follows from the Theorem 1 on corresponding solvability of boundary
value problems with conditions of the Sturm type. We will formulate this result as well as the results of sections
4, 5 and 6 at once for all the four types of not strongly regular boundary conditions in the next section.

8 Formulation of the main result on solvability of the fractional heat equation
with not strongly regular boundary conditions

For completeness of exposition we once again formulate the problem under consideration:
In Ω = {(x, t) , 0 < x < 1, 0 < t < T} find a right-hand side f(x) of the fractional heat equation

Dα
0+ (u (x, t) − u (x, 0))− uxx (x, t) = f (x) + F (x, t) , (88)

and its solutions u (x, t) satisfying the initial and final conditions

u (x, 0) = ϕ (x) , u (x, T ) = ψ (x) , 0 ≤ x ≤ 1, (89)

and not strongly regular boundary conditions of the general form a1ux (0, t) + b1ux (1, t) + a0u (0, t) + b0u (1, t) = 0;

c0u (0, t) + d0u (1, t) = 0.
(90)

The coefficients ak, bk, ck, dk (k = 0, 1) of the boundary condition (90) are arbitrary real numbers, and
ϕ (x), ψ (x) and F (x, t) are given functions.
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We consider boundary conditions which are regular, but not strongly regular, that is, cases when one of the
conditions holds:

I. a1 + b1 = 0, c0 − d0 6= 0;
II. a1 − b1 = 0, c0 + d0 6= 0;
III. c0 − d0 = 0, a1 + b1 6= 0;
IV. c0 + d0 = 0, a1 − b1 6= 0.

(91)

As shown in sections 4 – 8, the solution to the problem with the not strongly regular boundary conditions of
all the four types has been reduced to the sequential solution of two problems with the homogeneous boundary
conditions of the Sturm type with respect to the spatial variable. Herewith one of these problems has the
Dirichlet boundary conditions with respect to the spatial variable, that is, it is a classical first initial-boundary
value problem.

On the basis of this fact, using the results from Theorem 1, now we can easily formulate a theorem on
well-posedness of the general problem with the not strongly regular boundary conditions with respect to the
spatial variable.

Theorem 2. Let one of conditions (91) hold. That is, the boundary conditions (90) are regular, but not
strongly regular. If F (x, t) ∈ C2

(
Ω
)
, ϕ (x) , ψ (x) ∈ C4[0, 1] and the functions F (x, t), ϕ (x) , ψ (x) , ϕ′′ (x)

and ψ′′ (x) satisfy (4) then there exists the unique classical solution u(x, t) ∈ C2,1
x,t

(
Ω
)
, f(x) ∈ C[0, 1] to the

inverse problem (1), (2), (90).
Note that by this method, problem (1), (2), (90) has been solved regardless whether the corresponding

spectral problem for the operator of twofold differentiation with the not strongly regular boundary conditions
(4) has the basis property of root functions.
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А.С. Эрдоган, Д. Кусмангазинова, И. Оразов, M.A. Садыбеков

Бөлшек жылуөткiзгiштiк үрдiсi көзiнiң тығыздығын бастапқы
және ақырғы температуралары бойынша

қалпына келтiру есебi туралы

Мақалада жұмыста бөлшек жылуөткiзгiштiк теңдеуi үшiн керi есептер қарастырылған. Уақыт бой-
ынша Риман-Лиувилл мағынасындағы бөлшек реттi туындылар пайдаланылды. Берiлген теңдеудiң
шешiмiмен қатар, теңдеудiң оң жағындағы белгiсiз болып отырған функцияны анықтау мәселесi ше-
шiмiн тапқан. Бұл жерде теңдеудiң оң жағындағы белгiсiз функция уақыт айнымалысынан тәуелсiз
болады. Бастапқы және ақырғы температураларға қатысты бөлшек жылуөткiзгiштiк үрдiсi көзiнiң
тығыздығын және температурасын анықтау мәселесiн модельдейтiн есеп зерттелген. Қатаң регуляр-
лы болмайтын кеңiстiктегi айнымалылар бойынша жалпы түрдегi шеттiк есептерге қатысты мәсе-
лелер қарастырылған. Есептiң классикалық шешiмiнiң бар және жалғыз болатындығы көрсетiлген.
Есепке қатысты еселеп дифференциалдау операторы үшiн шеттiк шарттары қатаң регулярлы емес
спектралдық есептiң меншiктi функциялары базис болмайтын болса да, есептiң шешiмi табылған.
Кiлт сөздер: керi есеп, жылуөткiзгiштiк теңдеуi, бөлшек жылуөткiзгiштiк, қатаң регулярлы емес
шеттiк шарттар, айнымалыларды айыру тәсiлi.

А.С. Эрдоган, Д. Кусмангазинова, И. Оразов, M.A. Садыбеков

Об одной задаче восстановления плотности источников
процесса дробной теплопроводности по начальной и

конечной температурам

В статье рассмотрены обратные задачи для дробного уравнения теплопроводности, где дробная про-
изводная по времени понимается в смысле Римана-Лиувилля. Вместе с решением этого уравнения
необходимо найти неизвестную правую часть, зависящую только от пространственной переменной.
Рассмотрена задача, моделирующая процесс определения температуры и плотности источников в про-
цессе дробной теплопроводности относительно заданных начальных и конечных температур. Иссле-
дованы проблемы с общими граничными условиями относительно пространственной переменной, ко-
торые не являются усиленно регулярными. Доказаны существование и единственность классического
решения задачи. Задача решается независимо от того, что соответствующая спектральная задача для
оператора кратного дифференцирования с неусиленно регулярными граничными условиями может
не иметь свойства базисности корневых функций.
Ключевые слова: обратная задача, уравнение теплопроводности, дробная теплопроводность, неуси-
ленно регулярные граничные условия, метод разделения переменных.
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A criterion for the existence of soliton solutions of telegraph equation

In this paper we consider a telegraph equation. In the case of a rectangular domain for the Cauchy potential
the lateral boundary conditions obtained. When considering the equation in the first quadrant a criterion
for the existence of soliton solutions is obtained.

Keywords: telegraph equation, telegraph potential, fundamental solution, soliton solution, nonlocal boundary
conditions, convolution.

Introduction

Many studies have been devoted to the study of classical potentials: the Newton potential, the volume heat
potential and the wave potential. In the equations of mathematical physics Newton’s potentials are used to
solve classical problems (the Dirichlet problem, Neumann problem, Robin problem) for the Laplace equation
and other elliptic equations. It should be noted that for the first time the exact nonlocal boundary conditions
of the Newton potential, the volume heat potential and the wave potential have been found recently [1–3].
After, boundary conditions of surface potentials that satisfy homogeneous equations were studied [4, 5]. Further
applying these results, the boundary conditions for the volume elliptic-parabolic potential were found and so
on [6–19].

Boundary conditions of Telegraph Equation

In the band Ω =
{
t ≥ 0, 0 ≤ x ≤ 1

2

}
we select a limited subdomain Ω1 =

{
0 ≤ t ≤ 1

2 , 0 ≤ x ≤
1
2

}
and

consider the Cauchy problem for a one-dimensional telegraph equation

Lu(x, t) =
∂2u(x, t)

∂t2
− ∂2u(x, t)

∂x2
− λu(x, t) = f(x, t); (1)

u(x, t)|t=0 = 0, (2)

∂u(x, t)

∂t
|t=0 = 0. (3)

In the characteristic coordinates ξ = x+ t, η = x− t the band Ω turns into a band Ω̃, and the subdomain
Ω1 turns into a subdomain Ω̃1 with bounded segments:

A0B0 : η = ξ, 0 ≤ ξ ≤ 1

2
; A0A : η = −ξ, 0 ≤ ξ ≤ 1

2
;

B0B : η = 1− ξ, 1

2
≤ ξ ≤ 1; AB : η = ξ − 1,

1

2
≤ ξ ≤ 1,

as t ≥ 0, then η ≤ ξ. Equation (1) also turns into equation

Lu(ξ, η) =
∂2u(ξ, η)

∂ξ∂η
+
λ

4
u(ξ, η) = f1(ξ, η) (4)

and the Cauchy data (2) and (3) are expressed in

u(ξ, η)|η=ξ = 0, (5)(
∂u(ξ, η)

∂ξ
− ∂u(ξ, η)

∂η

)∣∣∣∣
η=ξ

= 0. (6)
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It is well known that the Riemann function R(ξ, η, ξ1, η1) (see [20; 92]) of the telegraph equation (4) is
representable in the form

R(ξ, η, ξ1, η1) = J0

(√
λ(ξ − ξ1)(η − η1)

)
, (7)

where J0(z) is a zero-order Bessel function (see [20; 91]).
A fundamental solution of the Cauchy problem (4)–(6) in the domain Ω̃ is given by the formula:

ε(ξ − ξ1, η1 − η) = −θ(ξ − ξ1)θ(η1 − η)×R(ξ, η, ξ1, η1). (8)

In contrast to [21; 256], here the fundamental solution is taken with a negative sign and the second argument
(η1 − η) in accordance with the domain Ω̃.

The telegraph potential in the domain Ω̃ is called the integral

u(ξ, η) = ε ∗ f =

∫
Ω̃

ε(ξ − ξ1, η1 − η)f(ξ1, η1)dξ1dη1 =

=

∫ ξ

η

dξ1

∫ η

ξ1

R(ξ, η, ξ1, η1)f(ξ1, η1)dη1 =

=

∫ ξ

η

dξ1

∫ η

ξ1

J0(
√
λ(ξ − ξ1)(η − η1))f(ξ1, η1)dη1. (9)

It is easy to verify that the telegraph potential (9) satisfies the homogeneous initial Cauchy conditions for
η = ξ, 0 ≤ ξ ≤ 1/2, i.e.

u(ξ, η)|η=ξ = 0, (10)(
∂u(ξ, η)

∂ξ
− ∂u(ξ, η)

∂η

)∣∣∣∣
η=ξ

= 0, (11)

and equation (4) (see [21]).
Let us find a lateral boundary conditions of the telegraph potential (9) for A0A : ξ = −η, 0 ≤ ξ ≤ 1

2 and
B0B : ξ = 1− η, 1

2 ≤ ξ ≤ 1, which is equivalent to x = 0, and x = 1
2 in the original coordinates (x, t).

Theorem 1. Let f(ξ, η) ∈ C1
(

Ω̃
)
, then the telegraph potential u(ξ, η) ∈ C2

(
Ω̃
)

satisfies the following
lateral boundary conditions:

N [u]|A0A
= N [u]|ξ=−η =

∫ ξ

0

J0(
√

4λ(ξ − ξ1)2)
∂u

∂η1
(ξ1,−η1)dξ1+

+2λ

∫ ξ

0

J1(
√
−4λ(ξ − ξ1)2)

(
√
−4λ(ξ − ξ1)2)

u(ξ1,−ξ1)dξ1 = 0; (12)

N [u]|B0B
= N [u]|ξ=1−η = −

∫ ξ

1
2

J0(
√
−4λ(ξ − ξ1)2)

∂u

∂ξ1
(ξ1, 1− ξ1)dξ1+

+2λ

∫ ξ

1
2

J1((
√
−4λ(ξ − ξ1)2))

(
√
−4λ(ξ − ξ1)2)

(ξ − ξ1)u(ξ1, 1− ξ1)dξ1 = 0, (13)

where J1(z) is a Bessel function of the first order.
Conversely, if u(ξ, η) ∈ C2

(
Ω̃
)
is a solution of the telegraph equation (4), satisfying the initial conditions

(5)-(6) and the lateral boundary conditions (12)-(13), then u(ξ, η) is given by the telegraph potential (9).
We note that for λ = 0 the lateral boundary conditions of the telegraph potential coincide with the boundary

conditions of the one-dimensional wave potential which is given in [3].
Proof. We continue the function f(ξ, η) outside of the square Ω̃1 with zero, i.e. f(ξ, η) ≡ 0 in R2/Ω̃1. Then

the telegraph potential

u(ξ, η) = ε ∗ f =

∫ ξ

η

dξ1

∫ η

ξ1

R(ξ, η, ξ1, η1)f(ξ1, η1)dη1
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gives a solution of equation (4) for all (ξ, η) ∈ R2 and u(ξ, η) ∈ C2(Ω̃) satisfies the homogeneous initial Cauchy
conditions (5)–(6) for the whole straight line ξ = η, −∞ < ξ < +∞. The value of the function u(ξ, η) at the point
(ξ, η) is determined by the value of f(ξ1, η1) in the characteristic triangle, i.e.4ξ,η = {η ≤ ξ1 ≤ ξ, η ≤ η1 ≤ ξ1}.

Therefore the value of the function u(ξ, η) on u|A0A=η=−ξ = u(ξ,−ξ) is defined by the formula

u(ξ,−ξ) =

∫ ξ

−ξ
dξ1

∫ −ξ
ξ1

R(ξ,−ξ, ξ1, η1)f(ξ1, η1)dη1. (14)

As f ≡ 0 outside ξ1 ≤ 0 and η1 ≤ −ξ1, then the integral (14) takes the form

u|A0A = u(ξ,−ξ) =

∫ ξ

0

dξ1

∫ −ξ1
ξ1

R(ξ,−ξ, ξ1, η1)f(ξ1, η1)dη1 =

=

∫ ξ

0

dξ1

∫ −ξ1
ξ1

J0(
√
λ(ξ − ξ1)(−ξ − η1))f(ξ1, η1)dη1. (15)

Now, in (15) instead of the function f(ξ1, η1) we put ∂2u(ξ1,η1)
∂ξ1∂η1

+ λ
4u(ξ1, η1), i.e.

u(ξ,−ξ) =

∫ ξ

0

dξ1

∫ −ξ1
ξ1

J0(
√
λ(ξ − ξ1)(−ξ − η1))

(
∂2u(ξ1, η1)

∂ξ1∂η1
+
λ

4
u(ξ1, η1)

)
dη1 =

= I1 + I2, (16)

where

I1 =
λ

4

∫ ξ

0

dξ1

∫ −ξ1
ξ1

J0(
√
λ(ξ − ξ1)(−ξ − η1))u(ξ1, η1)dη1; (17)

I2 =

∫ ξ

0

dξ1

∫ −ξ1
ξ1

J0(
√
λ(ξ − ξ1)(−ξ − η1))

∂2u(ξ1, η1)

∂ξ1∂η1
dη1. (18)

Integrating by parts the integral I2, we obtain

I2 =

∫ ξ

0

(
J0(
√
λ(ξ − ξ1)(−ξ − η1)

∂u(ξ1, η1)

∂ξ1

)
|−ξ1ξ1

dξ1−

−
∫ ξ

0

dξ1

∫ −ξ1
ξ1

∂

∂η1
J0(
√
λ(ξ − ξ1)(−ξ − η1))

∂u(ξ1, η1)

∂ξ1
dη1 =

=

∫ ξ

0

J0(
√
λ(ξ − ξ1)(ξ1 − ξ))

∂u(ξ1,−ξ1)

∂ξ1
dξ1−

−
∫ ξ

0

J0(
√
λ(ξ − ξ1)(−ξ − ξ1))

∂u(ξ1, ξ1)

∂ξ1
dξ1−

−
∫ ξ

0

dξ1

∫ −ξ1
ξ1

∂

∂η1
J0(
√
λ(ξ − ξ1)(−ξ − η1))

∂u(ξ1, η1)

∂ξ1
dη1. (19)

From the initial Cauchy condition (5) it follows that ∂u(ξ1,ξ1)
∂ξ1

= 0. Taking this into account, the integral I2
can be rewritten as

I2 = I2,1 − I2,2 =

∫ ξ

0

J0(
√
λ(ξ − ξ1)(ξ1 − ξ))

∂u(ξ1,−ξ1)

∂ξ1
dξ1−

−
∫ ξ

0

dξ1

∫ −ξ1
ξ1

∂

∂η1
J0(
√
λ(ξ − ξ1)(−ξ − η1))

∂u(ξ1, η1)

∂ξ1
dη1. (20)

In the integral I2,2 we change the order of integration and the limits in the domain η ≥ 0 : 0 ≤ η1 ≤ ξ and
in the domain η ≤ 0 : −ξ ≤ η1 ≤ 0, then we obtain
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I2,2 =

∫ ξ

0

dξ1

∫ −ξ1
ξ1

∂

∂η1
J0(
√
λ(ξ − ξ1)(−ξ − η1))

∂u(ξ1, η1)

∂ξ1
dη1 =

=

∫ 0

−ξ
dη1

∫ −η1

ξ

∂

∂η1
J0(
√
λ(ξ − ξ1)(−ξ − η1))

∂u(ξ1, η1)

∂ξ1
dξ1+

+

∫ ξ

0

dη1

∫ η1

ξ

∂

∂η1
J0(
√
λ(ξ − ξ1)(−ξ − η1))

∂u(ξ1, η1)

∂ξ1
dξ1.

Using the formula ∂
∂zJ0(z) = −J1(z) (see [21]), we conclude that

∂

∂η1
J0(
√
λ(ξ − ξ1)(−ξ − η1)) =

∂

∂z
J0(z)

∂z

∂η1
=

= −J1(z)
∂

∂η1
(
√
λ(ξ − ξ1)(−ξ − η1)) = J1(z)

λ(ξ − ξ1)

2
√
λ(ξ − ξ1)(−ξ − η1)

. (21)

Taking into account the last relation from (21), integrating by parts the integral I2,2, we find

I2,2 =
λ

2

∫ 0

−ξ

J1(
√
λ(ξ − ξ1)(−ξ − η1))(ξ − ξ1)√
λ(ξ − ξ1)(−ξ − η1)

u(ξ1, η1)|−η1

ξ dη1+

+
λ

2

∫ ξ

0

J1(
√
λ(ξ − ξ1)(−ξ − η1))(ξ − ξ1)√
λ(ξ − ξ1)(−ξ − η1)

u(ξ1, η1)|η1

ξ dη1−

−
∫ 0

−ξ
dη1

∫ −η1

ξ

∂2

∂ξ1∂η1
J0(
√
λ(ξ − ξ1)(−ξ − η1))u(ξ1, η1)dη1+

−
∫ ξ

0

dη1

∫ η1

ξ

∂2

∂ξ1∂η1
J0(
√
λ(ξ − ξ1)(−ξ − η1))u(ξ1, η1)dη1 =

=
λ

2

∫ 0

−ξ

J1(
√
−λ(ξ + η1)(ξ + η1))(ξ + η1)√
−λ(ξ + η1)(ξ + η1)

u(−η1, η1)dη1+

+

∫ 0

−ξ
dη1

∫ −η1

ξ

∂2

∂ξ1∂η1
J0(
√
λ(ξ − ξ1)(−ξ − η1))u(ξ1, η1)dη1−

−
∫ ξ

0

dη1

∫ η1

ξ

∂2

∂ξ1∂η1
J0(
√
λ(ξ − ξ1)(−ξ − η1))u(ξ1, η1)dη1. (22)

In the first integral of (22) replacing the variables −η1 = ξ1, η1 = ξ, we have

I1
2,2 =

λ

2

∫ ξ

0

J1(
√
−λ(ξ − ξ1)2)√
−λ(ξ − ξ1)2

(ξ − ξ1)u(ξ1,−ξ1)dξ1. (23)

Taking into account the integrals I2,1, I1
2,2 and formulas (17), (22), we have that

u|A0A = u(ξ,−ξ) =

∫ ξ

0

J0

√
λ(ξ − ξ1)(ξ1 − ξ)

∂u(ξ1,−ξ1)

∂ξ1
dξ1−

−λ
2

∫ ξ

0

J1(
√
−λ(ξ − ξ1)2)√
−λ(ξ − ξ1)2

(ξ − ξ1)u(ξ1,−ξ1)dξ1+

+

∫ ξ

0

dξ1

∫ −ξ1
ξ1

(
∂2

∂ξ1∂η1
J0(
√
λ(ξ − ξ1)(η − η1)) +

λ

4
J0(
√
λ(ξ − ξ1)(η − η1))

)
u(ξ1, η1)dη1. (24)

As J0(
√
λ(ξ − ξ1)(η − η1)) is the Riemann function of the telegraph equation (4), then
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∂2

∂ξ1∂η1
J0(
√
λ(ξ − ξ1)(η − η1)) +

λ

4
J0(
√
λ(ξ − ξ1)(η − η1)) = 0. (25)

Therefore, we have

u|A0A = u(ξ,−ξ) =

∫ ξ

0

J0

√
λ(ξ − ξ1)(ξ1 − ξ)

∂u(ξ1,−ξ1)

∂ξ1
dξ1−

−λ
2

∫ ξ

0

J1(
√
−λ(ξ − ξ1)2)√
−λ(ξ − ξ1)2

(ξ − ξ1)u(ξ1,−ξ1)dξ1. (26)

It is easy to verify that the total derivative

d

dξ1
u(ξ1,−ξ1) =

(
∂u(ξ1,−ξ1)

∂ξ1
− ∂u(ξ1,−ξ1)

∂η1

)
|η=−ξ1 ,

then
∂u(ξ1,−ξ1)

∂ξ1
=
du(ξ1,−ξ1)

dξ
+
∂u(ξ1,−ξ1)

∂η1
. (27)

Taking this into account, from (25) integrating by parts, we obtain∫ ξ

0

J0(
√
λ(ξ − ξ1)(ξ1 − ξ))

(
du(ξ1,−ξ1)

dξ
+
∂u(ξ1,−ξ1)

∂η1

)
|η1=−ξ1dξ1 =

=

∫ ξ

0

J0(
√
λ(ξ − ξ1)2)

∂u(ξ1, η1)

∂η1
|η1=−ξ1dξ1+

+J0(
√
λ(ξ − ξ1)2)u(ξ1,−ξ1)|ξ1=ξ −

∫ ξ

0

∂

∂ξ1
J0(
√
λ(ξ − ξ1)2)u(ξ1,−ξ1)dξ1 =

=
1

2
λ
J1(
√
−λ(ξ − ξ1)2)√
−λ(ξ − ξ1)2

u(ξ1,−ξ1) (28)

as J0(0) = 1.
From the last relation it follows that

u(ξ,−ξ) = u|A0A
+N [u]|A0A

= u(ξ,−ξ) +N [u]|η=−ξ, (29)

i.e.

N [u] =

∫ ξ

0

J0(
√

4λ(ξ − ξ1)2)
∂u

∂η1
u(ξ,−η1)|η1=ξdξ1+

+2λ

∫ ξ

0

J1(
√
−4λ(ξ − ξ1)2)√
−4λ(ξ − ξ1)2

u(ξ1,−ξ1)dξ1 = 0. (30)

The boundary condition (29) is the lateral boundary condition of the telegraph potential on A0A: η = −ξ,
0 < ξ < 1/2.

If λ = 0, then from (29) by differentiating by parts, we obtain the lateral boundary conditions for the
one-dimensional Cauchy wave potential in the case of T.Sh. Kalmenov, D. Suragan [3].

Similarly, we find the boundary conditions on B0B:

N [u]|B0B = −
∫ ξ

1
2

J0(
√

4λ(ξ − ξ1)2)
∂u

∂ξ
(ξ1, 1− ξ1)dξ1+

+2λ

∫ ξ

1
2

J1(
√
−4λ(ξ − ξ1)2)√
−4λ(ξ − ξ1)2

(ξ − ξ1)u(ξ1, 1− ξ1)dξ1 = 0. (31)

Thus, the lateral boundary conditions N [u] on A0A and B0B are given by formulas (29), (30), respectively.
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Conversely. Let ϑ ∈ C2(Ω) satisfy equation (4), homogeneous initial conditions (5)–(6) and the lateral
boundary conditions(29)–(30). Let u(ξ, η) be the telegraph potential defined by (9), then ω = u−ϑ satisfies the
homogeneous equation (4) and the homogeneous initial conditions (5)–(6).

By virtue of (24) and (31), we have

ω +N [ω]|A0A = ω|A0A = 0,

ω +N [ω]|B0B = ω|B0B = 0.

From the uniqueness of the solution of the mixed Cauchy problem we have ω = u − ϑ ≡ 0, i.e. u = ϑ. By
continuation of the solution outside the square under consideration, we see that N [u]|x=0 = 0, and N [u]|x=1 = 0.

Theorem 1 is completely proved.

Telegraph potential solitons

In a quarter of the plane Ω = {x ≥ 0, t ≥ 0} we consider the Cauchy problem for a homogeneous telegraph
equation

Lu(x, t) = �u(x, t)− λu(x, t) =

(
∂2

∂t2
− ∂2

∂x2

)
u(x, t)− λu(x, t) = 0; (32)

u(x, t)|t=0 = τ(x), (33)

∂u(x, t)

∂t
|t=0 = ν(x). (34)

We assume that τ(x) ≡ ν(x) ≡ 0 at x ≤ 0 and we seek a solution in the whole half-space t ≥ 0. It is natural,
that it is determined by the Cauchy data τ(x) and ν(x) at x ≥ 0.

By τ̃(x) and ν̃(x) we denote the functions

τ̃(x) =

{
τ(x), x ≥ 0,
0, x ≤ 0,

(35)

ν̃(x) =

{
ν(x), x ≥ 0,
0, x ≤ 0.

(36)

The solution of the Cauchy problem u(x, t) is determined by the Riemann formula (see [22; 174])

u(x, t) =
1

2
u(x0, 0)R(x0, 0, x, t) +

1

2
u(x1, 0)R(x1, 0, x, t)+

+
1

2

∫ x1

x0

(
∂

∂η1
u(ξ1, 0)R(ξ1, 0, x, t)− u(ξ1, 0)

∂

∂η1
R(ξ1, 0, x, t)

)
dξ1 =

=
1

2
τ(x0)R(x0, 0, x, t) +

1

2
τ(x1)R(x1, 0, x, t)+

+
1

2

∫ x1

x0

(
ν(ξ1)R(ξ1, 0, x, t)− τ(ξ1)

∂

∂η1
R(ξ1, 0, x, t)

)
dξ1, (37)

where x0 = x− t, x1 = x+ t.
At x1 = 0, x0 = −t < 0, taking into account that τ(x0) = 0 and ν(x) = 0, from (37) it follows that

τ(t) = u(0, t) =
1

2
τ(x+ t)R(x+ t, 0, x, t)|x=0+

+
1

2

∫ x1

0

(
ν(ξ1)R(ξ1, 0, x, t)− τ(ξ1)

∂

∂η1
R(ξ1, 0, x, t)

)
dξ1|x=0 =

=
1

2
τ(t)R(t, 0, 0, t) +

1

2

∫ t

0

(
ν(ξ1)R(ξ1, 0, 0, t)− τ(ξ1)

∂

∂η1
R(ξ1, 0, 0, t)

)
dξ1. (38)

Equality (38) is the lateral boundary condition for the surface wave potential.
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It follows
Lemma. Suppose that the Cauchy data τ(x), ν(x) ∈ C2(−∞,∞) and τ(x) = u(x, 0) ≡ 0,

ν(x) = ∂u(x,0)
∂t ≡ 0 at x ≤ 0 . Then the surface telegraph potential u(x, t) for x = 0 satisfies the lateral boundary

condition (38).
It is easy to verify that for λ = 0 the condition (37) becomes a boundary condition of the surface wave

potential.
Theorem 2. Suppose that the hypothesis of Lemma holds and λ = 0 for x ≥ d > 0. Then the surface

telegraph potential u(x, t) at x → ∞ turns into a soliton solution, i.e. limx→∞ u(x, t) = ϕ(x− t) if and only if
the condition is fulfilled (

∂

∂t
− ∂

∂x

)
u(x, t)|x=d = 0. (39)

Proof. It is not difficult to show that if λ = 0 at x ≥ d > 0, then the solution of the homogeneous telegraph
equation given by (37) can be represented in the form

u(x, t) ≡ ψ(x+ t) + ϕ(x− t). (40)

Then (
∂

∂t
− ∂

∂x

)
u(x, t)|x=d = ψ′(d+ t)|x=d = 0. (41)

Taking this into account, from (40) it follows that limx→∞ u(x, t) = ϕ(x− t).
Theorem 2 is proved.

This paper was published under projects AP05133239, AP05134615, BR05236656 of the Science Committee
of the Ministry of Education and Science of the Republic of Kazakhstan.
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Т.Ш. Кәлменов, Г.Д. Арепова

Телеграф теңдеуiнiң солитон шешiмдерiнiң бар болуының
қажеттi және жеткiлiктi шарты

Мақалада телеграф теңдеуi қарастырылған. Төртбұрышты облыс жағдайында Коши потенциалының
бүйiр шекараларында шекаралық шарттары табылған. Теңдеудi бiрiншi квадрантта қарастырғанда
солитон шешiмдерiнiң бар болуының қажеттi және жеткiлiктi шарты алынған.

Кiлт сөздер: телеграф теңдеуi, телеграф потенциалы, iргелi шешiм, солитон шешiмi, локалды емес
шекаралық шарты, үйiрткi.

Т.Ш. Кальменов, Г.Д. Арепова

Критерий существования солитонных решений
телеграфного уравнения

В статье рассмотрено телеграфное уравнение. Для случая прямоугольной области найдены краевые
условия потенциала Коши на боковых границах. При рассмотрении уравнения в первом квадранте
получен критерий существования солитонных решений.

Ключевые слова: телеграфное уравнение, телеграфный потенциал, фундаментальное решение, соли-
тонное решение, нелокальные граничные условия, свертка.
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Nonlocal spectral problem for a second-order differential
equation with an involution

For the spectral problem −u′′(x) + αu′′(−x) = λu(x), −1 < x < 1, with nonlocal boundary conditions
u(−1) = βu(1), u′(−1) = u′(1), where α ∈ (−1, 1), β2 6= 1, we study the spectral properties. We show
that if r =

√
(1− α)/(1 + α) is irrational, then the system of eigenfunctions is complete and minimal in

L2(−1, 1) but is not a basis. In the case of a rational number r, the root subspace of the problem consists of
eigenvectors and an infinite number of associated vectors. In this case, we indicated a method for choosing
associated functions that provides the system of root functions of the problem is an unconditional basis in
L2(−1, 1).

Keywords: ODE with involution, nonlocal boundary-value problem, spectral problem, basicity of root
functions

1 Introduction

In the present paper, we carry out a complete spectral analysis of the problem

Lu = −u′′(x) + αu′′(−x), −1 < x < 1;

u′(−1) = u′(1), u(−1) = βu(1),
(1)

where the differential expression contains an involution transformation of the independent variable in the highest
derivative and the boundary conditions are nonlocal.

Throughout the following, the parameter α in problem (1) is an arbitrary number in the interval (−1, 1).
The case β = 1 (when the boundary conditions of the problem are periodic) was investigated in [1]. The case
when β = −1 leads to a degenerate problem. In this case, as it is easy to see, any number λ is an eigenvalue.
Therefore, in this paper we assume that β is an arbitrary real number for which β2 6= 1.

If α = β = 0, then problem (1) becomes the well-known nonlocal problem of the Samarskii- Ionkin
type [2], which is an example of a nonself-adjoint problem whose set of root functions contains, in addition
to eigenfunctions, infinitely many associated functions. Il’in [3] dubbed such problems essentially nonself-
adjoint and pointed out their typical instability both under the choice of associated functions and under small
perturbations of the operator. For details, see [4] and also [5–9].

We show that problem (1) has all specific features of essentially nonself-adjoint problems and that its spectral
properties can change fundamentally under arbitrarily small variations of the parameter α.

We note that the case β = 0 was investigated in detail in [10] for the space L2 and in [11] for the space Lp,
1 < p <∞.

The main result of the present paper is stated in the following theorems.
Theorem 1. Let r =

√
(1− α)/(1 + α) be irrational. Then the system of root functions of problem (1)

contains only eigenfunctions; moreover, it is complete and minimal in L2(−1, 1) but is not a basis.
Theorem 2. Let r =

√
(1− α)/(1 + α) be rational. Then the spectrum of problem (1) splits into two sequences

{λn} ∪ {λ∗n}. For each λ = λn, there exists only one eigenfunction, and for each λ = λ∗n, there exists one
eigenfunction and one associated function. The system of root functions is complete and minimal in L2(−1, 1),
and the associated functions can be chosen in such a way that the entire system is an unconditional basis in
L2(−1, 1).

Note that functional-differential equations similar to the equation in (1) were studied by numerous authors.
The algebraic and analytic aspects of the theory of ordinary differential equations with involution were discussed

Серия «Математика». № 3(91)/2018 53



L.V. Kritskov, M.A. Sadybekov, A.M. Sarsenbi

in the monographs [12, 13]. Spectral problems arising in connection with differential operators with involution
were considered in [14–18] for first-order operators and in [19, 20] for second-order operators. Spectral problems
for ordinary differential operators with non-strongly regular boundary conditions and their applications for
parabolic problems were investigated in [21-25].

2 Case of irrational r

The problem adjoint to (1) has the form

Lv(x) = −v′′(x) + αv′′(−x), −1 < x < 1;

(α− β)v′(−1) = (αβ − 1)v′(1), v(−1) = v(1).
(2)

By a straightforward computation, one can readily show that the spectra of problems (1) and (2) coincide and

σ(L) = {0; (1± α)π2n2| n ∈ N}, (3)

while the eigenfunctions of the direct problem (1) have the form (here and in what follows, µ is the arithmetic
value of the root

√
λ)

µ0 = 0 : u0 = (1− β)x+ 1 + β;

µ′l =
√

1 + απl : u
(1)
l (x) = sin(πlx), l ∈ N;

µ′′k =
√

1− απk : u
(2)
k (x) = (1 + β) sin(πrk) cos(πkx) + (1− β) cos(πk) sin(πrkx), k ∈ N

(4)

and eigenfunctions of the adjoint problem (2) have the form

µ0 = 0 : v0(x) = 1;

µ′′k =
√

1− απk : v
(2)
k (x) = cos(πkx), k ∈ N;

µ′l =
√

1 + απl : v
(1)
l (x) = (1 + β)r sin πl

r sin(πlx) + (1− β) cos(πl) cos πlxr , l ∈ N.

(5)

Lemma 1. Let r be irrational. Then each of systems (4) and (5) is complete and minimal in L2(−1, 1).
Proof. Let us carry out the proof, say, for system (4). Consider an arbitrary function f(x) ∈ L2(−1, 1)

orthogonal to all functions of system (4). Since it is orthogonal to the functions u(1)
l (x), l ∈ N, we see that it

coincides almost everywhere with an even function. Thus,

0 =

∫ 1

−1

f(x)u
(2)
k (x)dx = (1 + β) sin(πrk)

∫ 1

−1

f(x) cos(πkx)dx.

Since r /∈ Q and (1+β) 6= 0, it follows that the function f(x) is orthogonal to the functions cos(πkx), k ∈ N,
and hence f(x) = const almost everywhere on [−1, 1]. Finally, from the relation (f, u0) = 0, since (1 + β) 6= 0,
it follows that f(x) = 0 almost everywhere on [−1, 1].

Since systems (4) and (5) are complete, it follows that they are closed in L2(−1, 1); and since they correspond
to mutually adjoint problems, we find that they are minimal. The proof of the lemma is complete.

Let us modify the eigenfunctions so as to ensure that systems (4) and (5) form a biorthonormal pair in
L2(−1, 1). Since

(u0, v0) = 2(1 + β),
(
u

(1)
l , v

(1)
l

)
= (1 + β)r sin

πl

r
,
(
u

(2)
l , v

(2)
l

)
= (1 + β) sin(πrk), (6)

it follows that the modification should have the form

ũ0(x) =
1− β
1 + β

x+ 1, ṽ0(x) =
1

2
;
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ũ
(1)
l (x) = sin(πlx), ṽ

(1)
l (x) = sin(πlx) +

1− β
1 + β

cos(πl)

r sin πl
r

cos
πlx

r
;

ũ
(2)
k (x) = cos(πkx) +

1− β
1 + β

cos(πk)

sin(πrk)
sin(πrkx), ṽ

(2)
k (x) = cos(πkx).

Let us compute the norms of these functions in L2(−1, 1). We have∥∥∥ũ(1)
l

∥∥∥ = 1,
∥∥∥ṽ(1)
l

∥∥∥2

= 1 +

(
1− β
1 + β

)2(
r sin

πl

r

)−2(
1 +

r

2πl
sin

2πl

r

)
;

∥∥∥ũ(2)
k

∥∥∥2

= 1 +

(
1− β
1 + β

)2

(sinπrk)−2

(
1 +

1

2πrk
sin(2πrk)

)
,
∥∥∥ṽ(2)
k

∥∥∥ = 1.

Lemma 2. Let r be irrational. Then there exist sequences {ln} and {kn} such that
∥∥∥ṽ(1)
ln

∥∥∥→∞ and∥∥∥ũ(2)
kn

∥∥∥→∞, as n→∞.
Proof. By virtue of the theorem on the approximation of real numbers by rational fractions [26; 25], the

inequalities ∣∣∣∣r − l

s

∣∣∣∣ < 1

s2
,

∣∣∣∣1r − k

q

∣∣∣∣ < 1

q2
(7)

have infinitely many solutions l, k, s, q ∈ N. We denote these solutions by ln, kn, sn and qn. Then from inequality
(7) we have

∣∣πln
r − πsn

∣∣ < π
rsn

and hence

sin2 πln
r

= sin2

(
πln
r
− πsn

)
< sin2 π

rsn
.

In a similar way, we obtain the inequalities |πrkn − πqn| < πr
qn

and

sin2(πrkn) < sin2 πr

qn
.

Therefore, ∥∥∥ṽ(1)
ln

∥∥∥2

> 1 +

(
1− β
1 + β

)2
2

3

(
r sin

π

rsn

)−2

,
∥∥∥ũ(2)

kn

∥∥∥2

> 1 +

(
1− β
1 + β

)2
2

3

(
r sin

πr

qn

)−2

.

The proof of the lemma is complete, because the right-hand sides of these inequalities infinitely increase as
n→∞.

Lemma 2 essentially completes the proof of Theorem 1, because it follows from the lemma that the considered
biorthonormal pair of function of these systems does not satisfy the condition of uniform boundedness for the
product of norms: ∥∥∥ũ(1)

l

∥∥∥ · ∥∥∥ṽ(1)
l

∥∥∥ ≤ c1, ∥∥∥ũ(2)
k

∥∥∥ · ∥∥∥ṽ(2)
k

∥∥∥ ≤ c2, (8)

which is necessary for the basis property [27] in L2(−1, 1).

3 Case of rational r

Let r =
√

(1− α)/(1 + α) be a rational number, which can be represented by an irreducible fraction r = m1

m2

where m1,m2 ∈ N.
Then a merging effect is observed for the following points of the spectrum σ(L)

µ′m1n = µ′′m2n, n ∈ N. (9)

We denote the sequence extracted in (9) by µ∗n and note that the eigenfunctions corresponding to the eigenvalues
λ = λ∗n ≡ (µ∗n)2 are linearly dependent,

u(1)
m1n(x) = (−1)m2n(1− β)−1u(2)

m2n(x) = sin(πm1nx) ≡ u∗n(x);

(−1)m1n(1− β)−1v(1)
m1n(x) = v(2)

m2n(x) = cos(πm2nx) ≡ v∗n(x).

Therefore, the systems of eigenfunctions (4) and (5) become incomplete in L2(−1, 1).
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We supplement the eigenfunctions corresponding to λ = λ∗n by associated functions, that is, the solutions
of the inhomogeneous problems

Lu(x) = λ∗nu(x) + u∗n(x), −1 < x < 1;

u′(−1) = u′(1), u(−1) = βu(1);
(10)

Lv(x) = λ∗nv(x) + v∗n(x), −1 < x < 1;

(α− β)v′(−1) = (αβ − 1)v′(1), v(−1) = v(1).
(11)

By straightforward computations, we find the functions

u∗n,1(x) = (2(1 + α)πm1n)−1

[
x cos(πm1nx) +

1 + β

1− β
(−1)(m1+m2)n cos(πm2nx)

]
+ anu

∗
n(x); (12)

v∗n,1(x) = (2(1− α)πm2n)−1

[
−x sin(πm2nx) +

1 + β

1− β
r(−1)(m1+m2)n sin(πm1nx)

]
− anv∗n(x), (13)

which are solutions of problem (10) and (11), respectively, for arbitrary an ∈ R.
Note that if we substitute u∗n,1(x) for u∗n(x) into the right-hand side of (10) and v∗n,1(x) for v∗n(x) into (11),

then problems (10) and (11) have no solutions. It follows that the corresponding problems have no associated
functions of the second or any higher order.

Lemma 3. Let r = m1/m2 be rational. Then each of the systems of root functions obtained by the following
procedures is complete and minimal in L2(−1, 1):

– for problem (1), one takes the union of the eigenfunctions (4) corresponding to λ 6= λ∗n, the eigenfunctions
u∗n(x), and the associated functions u∗n,1(x), n ∈ N;

– for problem (2), one takes the union of the eigenfunctions (5) corresponding to λ 6= λ∗n, the eigenfunctions
v∗n(x), and the associated functions v∗n,1(x), n ∈ N.

Proof. The proof is similar to that of Lemma 1. Consider the system of root functions of problem (1) and
suppose that a function f(x) ∈ L2(−1, 1) is orthogonal to all functions of that system.

Since the function f(x) is orthogonal to all eigenfunctions u(1)
l (x), l ∈ N, we find that it coincides almost

everywhere with an even function. In addition, the function f(x) is orthogonal to all eigenfunctions u(2)
k (x), k ≡ 0

(mod m2), and all associated functions u∗n,1(x), n ∈ N. By virtue of its evenness, in this case, the function f(x)
is orthogonal to all functions cos(πkx), k ∈ N, as well. Therefore, it is equal almost everywhere to a constant,
which, just as in Lemma 1, implies the assertion of the lemma. The proof of the lemma is complete.

Let us now modify the root functions of problem (4) and (5) so as to ensure that they form a biorthonormal
pair.

If λ 6= λ∗n, then the corresponding eigenfunctions satisfy the same relations (6), where l ≡ 0 (mod m1) and
k ≡ 0 (mod m2). Therefore, l = l1m1 + l2, where l1, l2 ∈ N, 1 ≤ l2 ≤ m1 − 1, and the number l

r = l1m2 + l2
m2

m1

is not an integer; consequently,

sin2 πl

r
= sin2

(
π

(
l

r
− l1m2

))
= sin2

(
π
l2m2

m1

)
≥ sin2 π

m1
. (14)

Likewise, we have k = k1m2 + k2, k1, k2 ∈ N, 1 ≤ k2 ≤ m2 − 1, and the number rk = k1m1 + k2
m1

m2
is not an

integer; consequently,

sin2(πrk) = sin2(π(rk − k1m1)) sin2

(
π
k2m1

m2

)
≥ sin2 π

m2
. (15)

Consider the eigenvalues λ = λ∗n. We have

(u∗n, v
∗
n) = (u∗n,1, v

∗
n,1) = 0, (u∗n, v

∗
n,1) = (u∗n,1, v

∗
n) = (2(1 + α)πm1n)−1 1 + β

1− β
(−1)(m1+m2)n.

Therefore, biorthonormal pairs in L2(−1, 1) are formed by the function systems

ũ0(x), ũ
(1)
l (x), l 6= 0 (mod m1), ũ

(2)
k (x), k 6= 0 (mod m2);

ũ∗n(x) = sin(πm1nx), ũ∗n,1(x) = u∗n,1(x), n ∈ N,
(16)
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for problem (1) and

ṽ0(x), ṽ
(1)
l (x), l 6= 0 (mod m1), ṽ

(2)
k (x), k 6= 0 (mod m2);

ṽ∗n(x) = 2(1 + α)πm1n(−1)(m1+m2)n 1−β
1+β cos(πm2nx);

ṽ∗n,1(x) = −r−1(−1)(m1+m2)n 1−β
1+βx sin(πm2nx) + sin(πm1nx)− anṽ∗n(x), n ∈ N,

(17)

for problem (2) with arbitrary constants an ∈ R.
Let us evaluate and estimate the product of norms of root functions. By virtue of the relations presented

before Lemma 2 and the estimates (14) and (15), the products of norms of the corresponding eigenfunctions are
uniformly bounded for λ 6= λ∗n. If λ = λ∗n, then we have

‖ũ∗n‖
2

= 1, ‖ṽ∗n‖
2

=

(
2(1 + α)πm1n

1− β
1 + β

)2

;

∥∥ũ∗n,1∥∥2
=

(1/3) + 1−β
1+β + (2π2m2

1n
2)−1

(2(1 + α)πm1n)2
− ann

−2

2(1 + α)π2m2
1

+ a2
n;

∥∥ṽ∗n,1∥∥2
=

(1/3)− (2π2m2
2n

2)−1

r2

(
1− β
1 + β

)2

+ 1 + 2(1 + α)
1− β
1 + β

an + (2(1 + α)πm1)2a2
nn

2.

Therefore, each of the products ‖ũ∗n‖
2 ∥∥ṽ∗n,1∥∥2 and

∥∥ũ∗n,1∥∥2 ‖ṽ∗n‖
2 has the form

c3(n) + c4an + c5a
2
nn

2, (18)

where c4, c5 > 0 are constants and c3(n) satisfies the inequality 0 < c′3 ≤ c3(n) ≤ c′′3 for all n ∈ N.
Lemma 4. The products of L2-norms of the respective root functions in the biorthonormal pair are uniformly

bounded if and only if
an = O(n−1) as n→∞. (19)

Proof. Indeed, if an = O(1), then (18) is uniformly bounded provided that ann = O(1). If the sequence
an is not bounded, then (18) is equivalent to c5a2

nn
2 as n → ∞ and hence is again uniformly bounded under

condition (19). The proof of the lemma is complete.
Let us show that, in a sense, condition (19) is a rule for the selection of associated functions which provides

the basis property of considered systems of root functions in L2(−1, 1).
Lemma 5. If condition (19) is satisfied, then each of systems (16) and (17), after the normalization in

L2(−1, 1), satisfies a Bessel type inequality and hence forms an unconditional basis in L2(−1, 1).
Proof. For example, consider system (16) of root functions of problem (1). If λ 6= λ∗n, then the normalization

gives the system √
3

2

[
3 +

(
1− β
1 + β

)2
]−1/2(

1 +
1− β
1 + β

x

)
, sin(πlx);

∥∥∥ũ(2)
k

∥∥∥−1

2

(
cos(πkx) +

1− β
1 + β

cos(πk)

sin(πrk)
sin

(
π
m1

m2
kx

))
;

where l 6= 0 (mod m1), k 6= 0 (mod m2), and, as was shown above, 1 ≤
∥∥∥ũ(2)

k

∥∥∥
2
≤ c6.

For λ = λ∗n, we have
ũ∗n(x)

‖ũ∗n‖
= sin(πm1nx);

∥∥ũ∗n,1∥∥−1
ũ∗n,1(x) = A(1)

n

[
x cos(πm1nx) +

1 + β

1− β
(−1)(m1+m2)n cos(πm2nx)

]
+A(2)

n sin(πm1nx),

where 0 < c7 ≤ A(1)
n , A

(2)
n ≤ c8, n ∈ N.

Thus, to justify the Bessel property, it suffices to prove the Bessel property of the following three systems
(n ∈ N):

sin(πnx), cos(πnx), (20)
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cos

(
π
m1

m2
nx

)
; (21)

x cos(πm1nx). (22)

System (20) is orthonormal in L2(−1, 1) and hence satisfies the Bessel type inequality with constant B = 1.
The Bessel property of system (22) follows from the Bessel property of system (20), because the factor x is
bounded. Finally, system (21) is a Bessel system by virtue of the following assertion.

Lemma 6. Let {γk} be a sequence of complex numbers such that

sup
k
|Im (γk) | <∞, sup

t≥1

∑
k:|Re(γk)−t|≤1

1 <∞. (23)

Then each of the systems {sin(γkx)} and {cos(γkx)} is a Bessel system in L2(−1, 1).
Proof. By virtue of the estimates (23), γk = πn+ δnk, where

sup
n,k
|Im (δnk) | <∞, sup

n

∑
k:|Re(δnk)|≤1

1 <∞.

Therefore, ∫ 1

−1

f(x) sin(γkx)dx = cos(δnk)

∫ 1

−1

f(x) sin(πnx)dx+ sin(δnk)

∫ 1

−1

f(x) cos(πnx)dx+

+δnk

∫ 1

−1

sin(δnkx)

∫ x

−1

f(ξ) sin(πnξ)dξdx− δnk
∫ 1

−1

cos(δnkx)

∫ x

−1

f(ξ) cos(πnξ)dξdx,

which implies a Bessel type inequality for the system {sin(γkx)}.
System (21) satisfies condition (23), because

Im (γk) = 0,
∑

k:|Re(γk)−t|≤1

≤ 2m2 + 1.

The unconditional basis property of system (16) follows from the well-known Bari theorem [28]. The proof
of the lemma is complete.

Theorem 2 is completely proved.
We note that using the proven basis property of the system of root functions in the case when the parameter

r is a rational number, the problems describing the process of heat propagation in a thin closed wire wrapped
around a weakly permeable insulation can be considered by the method of separation of variables. Such problems
with periodic boundary conditions with respect to the space variable were considered in [1].

This research is financially supported by a grants AP05131225 (L.V. Kritskov and A.M. Sarsenbi) and
AP05133271 (M.A. Sadybekov) from the Science Committee from the Ministry of Science and Education of the
Republic of Kazakhstan.
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Л.В. Крицков, M.A. Садыбеков, Ә.М. Сәрсенбi

Инволюциясы бар екiншi реттi дифференциалды теңдеу
үшiн локалдық емес шеттiк есеп

Шеттiк шарттары u (−1) = βu (1) , u′ (−1) = u′ (1) , β2 6= 1, локалдық емес мынадай спектралдық
есептiң −u′′ (x)+αu′′ (−x) = λu (x) , −1 < x < 1, α ∈ (−1, 1) , спектралдық қасиеттерi зерттелдi. Егер
r =

√
(1− α)/(1 + α) иррационал сан болса, онда есептiң меншiктi функциялары толық және ми-

нималды жүйе құрайды, алайда базис емес. Осы тұжырым дәлелденген. Егер r рационал сан болса,
онда есептiң ақырсыз қосымша алынған функциялары бар. Бұл жағдайда қосымша алынған функ-
цияларды таңдап алу жолдары келтiрiлген. Және таңдап алынған түпкiлiктi функциялар жүйесi
L2 (−1, 1) кеңiстiгiнде базис құрайтыны көрсетiлген.

Кiлт сөздер: инволюциясы бар жай дифференциалды теңдеулер, локалдық емес шеттiк есеп, спек-
тралдық есеп, базис, түпкiлiктi функциялар.

Л.В. Крицков, M.A. Садыбеков, А.М. Сарсенби

Нелокальная краевая задача для дифференциального
уравнения второго порядка с инволюцией

В статье изучены спектральные свойства для спектральной задачи −u′′(x) + αu′′(−x) = λu(x),
−1 < x < 1, с нелокальными граничными условиями u(−1) = βu(1), u′(−1) = u′(1), где
α ∈ (−1, 1), β2 6= 1. Показано, что если r =

√
(1− α)/(1 + α) иррационально, то система собственных

функций полна и минимальна в L2(−1, 1), но не образует базиса. В случае рационального числа r
корневое подпространство задачи состоит из собственных векторов и бесконечного числа присоеди-
ненных векторов. В этом случае указан метод выбора присоединенных функций, при котором система
корневых функций задачи является безусловным базисом в L2(−1, 1).

Ключевые слова: ОДУ с инволюцией, нелокальная краевая задача, спектральная задача, базисность
корневых функций.
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New singular solutions for the (3+1)-D Protter problem

For the nonhomogeneous wave equation with three space and one time variables we study a boundary
value problem that can be regarded as a four-dimensional analogue of the Darboux problem in R2. Unlike
the planar Darboux problem, the R4-version is not well posed and has an infinite-dimensional cokernel.
Therefore the problem is not Fredholm in the framework of classical solvability. On the other hand, it is
known that for smooth right-hand side functions, there is a uniquely determined generalized solution that
may have a strong power-type singularity at one boundary point. The singularity is isolated at the vertex
of the characteristic light cone and does not propagate along the cone. In the present article we announce
new singular solutions with exponential growth.

Keywords: wave equation, boundary value problems, generalized solution, singular solutions, propagation
of singularities, special functions.

Introduction

In this paper we consider some boundary value problems for the wave equation with three space and one
time variables that were proposed by M.H. Protter. From a historical perspective, Protter formulated these
problems in connection with BVPs for mixed-type equations that describe transonic flows in fluid dynamics.
The topic was extensively studied in the 1950 s and 1960 s with the development of supersonic aircrafts. In
particular, the classical two-dimensional Guderley-Morawetz problem for the Gellerstedt equation of hyperbolic-
elliptic type models flows around airfoils and is well studied. Regarding 2-D mixed-type boundary value problems
and their transonic background we refer to the recent survey by Morawetz [1]. In 1954 Protter [2] formulated
some multi-dimensional analogues of the planar Guderley-Morawetz problem. Initially, expectation was that the
methods used in the 2D case could be applied, with minor modifications, for the problems in higher dimensions.
However, the multi-dimensional case turns out to be quite different and the situation there is still not clear.
Some of the difficulties and differences with the planar BVPs are illustrated by the related Protter’s problems
in the hyperbolic part of the domain, also formulated in [2]. In particular, for the wave equation in R4, with
points (x, t) = (x1, x2, x3, t),

ux1x1
+ ux2x2

+ ux3x3
− utt = f(x, t) (1)

the domain is

Ω =

{
(x, t) : 0 < t < 1/2, t <

√
x2

1 + x2
2 + x2

3 < 1− t
}
.

The boundary of Ω consists of two characteristic cones

Σ1 =

{
(x, t) : 0 < t < 1/2,

√
x2

1 + x2
2 + x2

3 = 1− t
}
,

Σ2 =

{
(x, t) : 0 < t < 1/2,

√
x2

1 + x2
2 + x2

3 = t

}
and the ball

Σ0 =

{
t = 0,

√
x2

1 + x2
2 + x2

3 < 1

}
.

Let us point out that the origin O : x = 0, t = 0 is both the center of the non-characteristic part of the boundary
Σ0, and the vertex of the characteristic cone Σ2. We will study the following BVPs.

Problem P1 . Find a solution of the wave equation (1) in Ω which satisfies the boundary conditions

P1 : u|Σ0
= 0, u|Σ1

= 0.
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One can regard the domain Ω as a four-dimensional analogue of the characteristic triangle
D =

{
(x1, t) ∈ R2 : 0 < t < x1 < 1− t

}
for the string operator �v(x1, t) := vx1x1

− vtt in R2 with points (x1, t).
The boundary of D consists of two characteristic – l1 = {x1 = 1−t, 0 < t < 1/2} and l2 = {x1 = t, 0 < t < 1/2},
and a non-characteristic segment – l0 = {t = 0, 0 < x1 < 1}. In fact, the domain Ω can be constructed by
revolving D in R4 about the t-axis. Then the segments l0, l1 and l2 form Σ0, Σ1 and Σ2, respectively. In this
context the Protter problems P1 and P1∗ are four-dimensional variants of the classical Darboux problems for
the string equation in D ⊂ R2: the data are prescribed on one of the characteristics and on the non-characteristic
part of the boundary. On the other hand, unlike the planar Darboux problem, the Protter’s problems in R4 are
not well posed. Actually, the homogeneous adjoint problem P1∗ has smooth classical solutions and the linear
space they generate is infinite dimensional (see Lemma 1 in the next section). Thus, in the frame of classical
solvability the Protter problem P1 is not Fredholm, since it has infinite-dimensional cokernel. Naturally, a
necessary condition for the existence of a classical solution for the problem P1 is the orthogonality of the right-
hand side function f to the cokernel. Alternatively, to avoid imposing an infinite number of conditions on f ,
the notion of generalized solution have been introduced.

Definition 1 [3]. A function u = u(x, t) is called a generalized solution of the problem P1 in Ω, if the
following conditions are satisfied:

1) u ∈ C1
(
Ω\O

)
, u|Σ0\O = 0, u|Σ1

= 0, and
2) the identity ∫

Ω

(utwt − ux1wx1 − ux2wx2 − ux3wx3 − fw) dxdt = 0

holds for all w ∈ C1(Ω) such that w = 0 on Σ0 and in a neighborhood of Σ2.
Notice that this definition allows the generalized solution of the problem P1 to have singularity on Σ2. Now,

it is known that when the right-hand side f is smooth, there exists a unique generalized solution of the problem
P1 and it turns out that its singularity is isolated at only one point, that is, the origin O. In [4] it is shown
that for each n ∈ N there is a generalized solution that behaves like |x|−n near O. The existence of a solution
with exponential growth is announced in [5]. It is interesting that these singularities are isolated at the vertex
O and do not propagate along the characteristic cone Σ2. This differs the conventional case of propagation of
singularities, like in Hörmander [6, Chapter 24.5].

In this paper we discuss for right-hand sides f ∈ C1(Ω) the behavior of the generalized solution of problem
P1 and the rate of its growth at the point O.

In the special case when the right-hand side function f is a harmonic polynomial, the exact behavior of
the generalized solution of problem P1 is found in [3]. In [7] the semi-Fredholm solvability of problem P1 is
discussed. A short historic survey and a comparison of various recent results for Protter problems can be found
in [8–10]. Garabedian [11] proved the uniqueness of a classical solution for the problem P1. According to the
classical and singular solutions let us mention here a series of papers by Aldashev (see [12–15]). Some other
multi-dimensional versions of the planar Darboux problem for the wave equation are studied in [16–19]. For
Protter problems for the wave equation but with lower order terms see [20, 21] and references therein. The
existence of bounded or unbounded solutions for some other connected equations is considered in [13, 22].
Regarding results for degenerated hyperbolic equations we refer to [14, 23, 24] for Keldysh-type equations see
[24, 25], and for BVPs for multi-dimensional mixed-type Lavrent’ev-Bitsadze equation see [12, 15]. For the
Protter’s mixed-type hyperbolic-elliptic problems, uniqueness results for quasi-regular solutions are proved in
[26]. There are a recent series of results concerning existence or nonexistence of nontrivial solutions of related
quasi-linear problems of mixed hyperbolic-elliptic type in the multi-dimensional case, see [27, 28].

In the present paper new singular solutions of problem P1 with exponential growth at the origin O are
announced. The main Theorem 6 is formulated in the last section. It is based on some previous results from
[10] for the existence and the behavior of the generalized solution, that will be presented and discussed in the
next section.

Existence of generalized solutions

Naturally, the behavior of the generalized solution of problem P1 is affected by the correlations of the right-
hand side function f with the solutions of the homogeneous adjoint problem P1∗. In order to construct the
latter, we will use in R3 the orthonormal system of spherical functions Y mn (n ∈ N∪{0}, and m = 1, . . . , 2n+1).
The spherical functions are introduced commonly on the unit sphere S2 := {(x1, x2, x3) : x2

1 + x2
2 + x2

3 = 1}
with spherical polar coordinates (see [29]). Expressed in Cartesian coordinates here, one can define them by
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Y 2k
n (x1, x2, x3) = Cn,k

dk

dxk3
Pn(x3) Im

{
(x1 + ix2)k

}
, for k = 1, ..., n;

Y 2k+1
n (x1, x2, x3) = Cn,k

dk

dxk3
Pn(x3) Re

{
(x1 + ix2)k

}
, for k = 0, ..., n,

where Cn,k are constants and Pn are the Legendre polynomials. The Legendre polynomials are given by the
Rodrigues formula as

Pn(s) :=
1

2nn!

dn

dsn
(s2 − 1)n =

[n2 ]∑
k=0

an,2ks
n−2k,

with coefficients
an,2k = (−1)k

(2n− 2k)!

2nk!(n− k)!(n− 2k)!
. (2)

The constants Cn,m are such that functions Y mn form a complete orthonormal system in L2(S2). For
convenience in the discussions that follow, we extend the spherical functions out of S2 radially, keeping the
same notation Y mn for the extended function, i.e., Y mn (x) := Y mn (x/|x|) for x ∈ R3\O.

Now, let us define for n, k ∈ N ∪ {0} the functions

hn,k(ξ, η) =

ξ∫
η

skPn

(
ξη + s2

s(ξ + η)

)
ds.

Following Lemma 1 from [10] and Lemmas 1.1 and 2.3 from [30] we can construct solutions of the homogeneous
adjoint problem.

Lemma 1 [10]. The functions

vnk,m(x, t) = |x|−1hn,n−2k−2

(
|x|+ t

2
,
|x| − t

2

)
Y mn (x).

are classical solutions from C∞(Ω) ∩ C(Ω) of the homogeneous problem P1∗ for n ∈ N, m = 1, . . . , 2n+ 1 and
k = 0, 1, . . . , [(n− 1)/2]− 2.

Solutions for the homogenous adjoint problem were first found by Tong Kwang-Chang [31]. Some different
representations of the solutions of the homogeneous problem P1∗ and the functions vnk,m are given by Khe Kan
Cher [22].

Next we will present some useful conditions from [10] for the function f that are sufficient for the existence
of the generalized solution of problem P1.

Since the spherical functions form a complete orthonormal system in L2(S2), generally, a smooth function
f(x, t) can be expanded as a harmonic series

f(x, t) =

∞∑
n=0

2n+1∑
m=1

fmn (|x|, t)Y mn (x) (3)

with Fourier coefficients
fmn (r, t) :=

∫
S(r)

f(x, t)Y mn (x) dσr , (4)

where S(r) is the three-dimensional sphere S(r) := {x = (x1, x2, x3) ∈ R3 : |x| = r}. The results from [10]
ensure the existence of the generalized solution of problem P1 assuming that the Fourier series (3) converges
fast enough. They also give a priori estimates for the singularity of the solution. In fact, the behavior of the
generalized solution depends strongly on the L2(Ω)-inner product of the right-hand side function f(x, t) with
the functions vnk,m(x, t) from Lemma 1 (see also [20, 3]). Accordingly, we denote by βnk,m the parameters

βnk,m :=

∫
Ω

vnk,m(x, t)f(x, t) dxdt, (5)
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where n = 0, . . . , l; k = 0, . . . ,
[
n−1

2

]
and m = 1, . . . , 2n+ 1. In order to formulate the general existence result,

we need also to introduce for p ≥ 0 and k ∈ N the series

||f ;np;Ck|| :=
∥∥f0

0 (|x|, t)
∥∥
C0(Ω)

+

∞∑
n=1

np

∥∥∥∥∥
2n+1∑
m=1

fmn (|x|, t)Y mn (x)

∥∥∥∥∥
Ck(Ω)

and the power series

Φ(s) :=

∞∑
n=1

2n+1∑
m=1

[(n−1)/2]∑
k=0

∣∣βnk,m∣∣
 sn .

Apparently, the convergence of ||f ;np;Ck|| gives information on the rate of convergence of the Fourier series (3).
Theorem 2 [10]. Let the function f(x, t) belong to C1(Ω). Suppose that the series ||f ;n6;C0|| and ||f ;n4;C1||

are convergent and the power series Φ(s) has an infinite radius of convergence. Then there exists a unique
generalized solution u(x, t) ∈ C1(Ω\O) of the Protter problem P1 and it satisfies in Ω\O the a priori estimates

|u(x, t)| ≤ C
[
Φ

(
C1

|x|+ t

)
+ |x|−1||f ;n4;C0||

]
;

|u(x, t)| ≤ C
[
Φ

(
C1

|x|+ t

)
+ ||f ;n6;C0||+ ||f ;n4;C1||

]
;

3∑
i=1

|uxi(x, t)|+ |ut(x, t)| ≤ C|x|−2

[
Φ

(
C2

|x|+ t

)
+ ||f ;n6;C0||

]
;

where the constants C, C1 and C2 are independent of the function f(x, t).
In these estimates, the singularity of the generalized solution at the origin O is controlled by the function

Φ(s), while ||f ;np;Ck|| bounds the «regular part» of u(x, t).
Notice that the definition of Φ(s) involves parameters βnk,m with index k >

[
n−1

2

]
− 2 also, and the

corresponding functions vnk,m are not classical solutions of the homogenous problem P1∗. Nevertheless, these
functions vnk,m still «control» some discontinuities of the generalized solution and cannot be omitted as seen
from the following result from [7]. At the same time, Theorem 3 also suggests that there are no other linearly
independent nontrivial classical solutions of the homogenous adjoint problem P1∗.

Theorem 3 [7]. Let the function f(x, t) belong to C10(Ω). Then the necessary and sufficient conditions for
existence of bounded generalized solution u(x, t) of the Protter problem P1 are∫

Ω

vnk,m(x, t)f(x, t) dxdt = 0,

for all n ∈ N, k = 0, . . . ,
[
n−1

2

]
, m = 1, . . . , 2n + 1. Moreover, this generalized solution u(x, t) ∈ C1(Ω\O) and

satisfies the a priori estimates
|u(x, t)| ≤ C ‖f‖C10(Ω) ;

3∑
i=1

|uxi(x, t)|+ |ut(x, t)| ≤ C(|x|2 + t2)−1 ‖f‖C10(Ω) ,

where the constant C is independent of the function f(x, t).

In practice, it is not always easy to compute all the parameters βnk,m from (5) and therefore to construct
and study the behaviour of the series Φ(s). On the other hand, notice that we have∣∣βnk,m∣∣ ≤ Cn1/2 ‖fmn ‖C0(Ω) ,

since directly from the definition of the functions vnk,m(x, t) we get the estimate |vnk,m| ≤ |Y mn | ≤ Cn1/2. This
allow us to formulate the next direct corollary of Theorem 2.

Corollary 4. Let the function f(x, t) belong to C1(Ω). Suppose that the series ||f ;n6;C0|| and ||f ;n4;C1||
are convergent and the power series

Φ1(s) :=

∞∑
n=1

[
2n+1∑
m=1

‖fmn ‖C0(Ω)

]
sn
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has an infinite radius of convergence. Then the unique generalized solution u(x, t) ∈ C1(Ω\O) of the Protter
problem P1 satisfies near the origin the estimate

|u(x, t)| ≤ CΦ1

(
C0

|x|+ t

)
, (6)

where the constants C and C0 are independent of the function f(x, t).
Remark. Although Corollary 4 is somewhat weaker than Theorem 2, it still gives better estimate than the

previously known general a priori estimates for the singularity of the solution. In particular, Protter problems
in the (2+1)-D case (two space and one time dimensions) were studied in [4]. According to [4, Theorem 5.3] the
sufficient condition for the existence of a generalized solution is the convergence of the series

∞∑
n=1

1

n
I0

(
2n

ε

)(∥∥f1
n

∥∥
C0(Ω)

+
∥∥f2
n

∥∥
C0(Ω)

)
, for all ε > 0,

where I0 is the modified Bessel function of first kind, and f in are the Fourier coefficients for the right-hand side,
and could be viewed as the analogues of the functions fmn given by (4). Using the inequality I0(s) ≤ es for s ≥ 0,
one could paraphrase Theorem 5.3 from 4 in somewhat weaken form as follows. Suppose that the power series

Φ2(s) :=

∞∑
n=1

(∥∥f1
n

∥∥
C0(Ω)

+
∥∥f2
n

∥∥
C0(Ω)

)
n−1sn

is convergent for all s. Then for the singularity of the unique generalized solution u(x, t) for the (2+1)-D Protter
problem P1, near the origin we have the estimate

|u(x, t)| ≤ CΦ2

(
exp

(
4

|x|+ t

))
. (7)

Notice that the exponent in the argument of Φ2 in (7) is replaced now in (6) by simply a linear function.
Evidently, Theorem 2 gives only an upper bound, but the generalized solution does not necessarily grows

like Φ(C/|x|) near the origin. The paper [3] considers the special case when the right-hand side function f
is a harmonic polynomial, i.e., (3) is a finite sum (fmn ≡ 0 for large n), and the function Φ(s) is simply a
polynomial. In [3] the exact asymptotic formula for the generalized solution at O is found. It shows that the a
priori estimate is sharp and the solution can indeed have a power-type singularity as Φ(C/|x|). On the other
hand, in the general case f(x, t) ∈ C1(Ω) stronger singularities are also possible. Actually, a generalized solutions
with at least exponential growth at the origin was found in [5]. In the present article the existence of solutions
with stronger singularities is announced.

Singular solutions with exponential growth

Regarding the possible singularities of the generalized solution of problem P1 the next question naturally
arises. Given the function φ(s), can we find a smooth right-hand side function f such that the corresponding
generalized solution grows like φ(1/|x|) at O? As a possible answer, the following result is given in [10], that
provides a method for finding suitable functions f . Recall that an,2k are the coefficients (2) of the Legendre
polynomials.

Theorem 5 [10]. Let the function f(x, t) belong to C1(Ω), the series ||f ;n6;C0||, ||f ;n4;C1|| are convergent,
and the power series Φ(s) has an infinite radius of convergence. Let the numbers αp ≥ 0, p = 0, 1, 2, ..., are such
that the series

φ(s) :=

∞∑
p=0

αps
p

is convergent for all s ∈ R. Suppose that there is x∗ = (x∗1, x
∗
2, x
∗
3) ∈ R3 such that

∞∑
k=0

2p+4k+1∑
m=1

p an,2kβ
p+2k
m,k Y mp+2k(x∗) ≥ αp for all p ∈ N ∪ {0}. (8)
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Then there exists a number δ ∈ (0, 1/2) that the unique generalized solution u(x, t) of problem P1 satisfies the
estimate

|u(tx∗1, tx
∗
2, tx

∗
3, t)| ≥ φ

(
1

2t

)
for t ∈ (0, δ).

According to Theorem 5 one could try to construct a right-hand side f(x, t) ∈ C1(Ω) by choosing suitable
Fourier coefficients fmn (r, t). They have to be «small enough» that the required series ||f ;np;Ck|| and Φ(s) are
convergent, but at the same time, satisfy the inequality (8). The main result in the present paper is that it is
possible to apply this procedure to build an appropriate function f such that the corresponding solution grows
like exp(|x|−k) at O.

Theorem 6. Let k ∈ N. Then there exist functions fk ∈ C1(Ω) and positive numbers δk ∈ (0, 1/2) and Ck,
such that the unique generalized solutions uk(x, t) ≡ uk(x1, x2, x3, t) ∈ C1(Ω\O) of the problem P1 for the
wave equation (1) with right-hand function fk, satisfy the estimates

uk(0, 0, t, t) ≥ exp(t−k) for t ∈ (0, δk),

and
|uk(x, t)| ≤ Ck exp(2|x|−k) for (x, t) ∈ Ω.

From [5] it is known that there is a right-hand side function f ∈ C∞(Ω) such that the generalized solution
grows at least like exp(|x|−1). Obviously this corresponds to the case k = 1 in Theorem 6. Unlike [5] here we
have also an estimate from above, that shows that the solution behalves «exactly» like exp(|x|−k) at O. On
the other hand, the functions fk are only C1-smooth, and is not clear whether, like in [5], one could construct
functions from C∞(Ω) with the desired property.
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Т.П. Попов

Проттер (3+1)-D есебiнiң жаңа сингулярлық шешiмдерi

Уақытқа байланысты бiр айнымалысы бар, үш өлшемдi кеңiстiкте бiртектi емес толқын теңдеуi қарас-
тырылды. Бұл теңдеу үшiн R2 кеңiстiгiндегi Дарбу есебiнiң аналогы болып табылатын төртөлшемдi
шеттiк есеп зерттелген. Бұл есептiң жазықтықтағы Дарбу есебiнен мынадай айырмашылығы бар:
R4 кеңiстiгiнде қарастырылатын бұл есеп корректiлi емес және оның өлшемi ақырсыз коядросы бар.
Классикалық шешiмдiлiк тұрғысынан мұндай есеп фредгольмдiк емес есеп болып табылады. Екiншi
жағынан, теңдеудiң оң жағындағы функция тегiс функция болған жағдайда теңдеудiң белгiлi бiр
жалпылама шешiмi бар және де ол шешiм бiр шеттiк нүктеде дәрежелiк түрде ерекшеленген болуы
мүмкiн. Ерекшелiк нүктесi характеристикалық конустың төбесiнде оқшауланған және конус бойында
таралмайды. Бұл мақалада экспонента түрiнде өсетiн жаңа сингулярлық шешiм бар екенiн анықтал-
ды.

Кiлт сөздер: толқын теңдеуi, шеттiк есептер, жалпылама шешiм, сингулярлық шешiмдер, ерекшелiк-
тердiң таралуы, арнайы функциялар.

Т.П. Попов

Новые сингулярные решения для (3+1)-D задачи Проттера

Для неоднородного волнового уравнения с тремя пространственными и одной временной переменны-
ми изучена краевая задача, которую можно рассматривать как четырехмерный аналог задачи Дарбу в
R2. В отличие от плоской задачи Дарбу, R4–версия не является корректной и имеет бесконечномерное
коядро. Поэтому задача не является фредгольмовой в рамках классической разрешимости. С другой
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стороны, известно, что для гладких правых частей уравнения есть однозначно определенное обобщен-
ное решение, которое может иметь сильную особенность степенного типа в одной граничной точке.
Особенность изолирована в вершине характеристического светового конуса и не распространяется
вдоль конуса. В настоящей статье анонсированы новые сингулярные решения с экспоненциальным
ростом.

Ключевые слова: волновое уравнение, краевые задачи, обобщенное решение, сингулярные решения,
распространение особенностей, специальные функции.
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On the numerical solution of identification hyperbolic-parabolic
problems with the Neumann boundary condition

In the present study, a numerical study for source identification problems with the Neumann boundary
condition for a one-dimensional hyperbolic-parabolic equation is presented. A first order of accuracy
difference scheme for the numerical solution of the identification problems for hyperbolic-parabolic equations
with the Neumann boundary condition is presented. This difference scheme is implemented for a simple
test problem and the numerical results are presented.

Keywords: source identification problem, hyperbolic-parabolic differential equations, difference schemes.

Introduction

Partial differential equations with unknown source terms are widely used in mathematical modeling of real-
life systems in many different fields of science and engineering. They have been studied extensively by many
researchers (see [1–15] and the references therein).

Various local and nonlocal boundary value problems for hyperbolic-parabolic equations with unknown
sources can be reduced to the boundary value problem for the differential equation with parameter p

u′′(t) +Au(t) = p+ f(t), 0 < t < 1;

u′(t) +Au(t) = p+ g(t), −1 < t < 0;

u(0+) = u(0−), u′(0+) = u′(0−);

u(−1) = ϕ, u(λ) = ψ, −1 < λ ≤ 1

(1)

in a Hilbert space H with self-adjoint positive definite operator A. The solvability of problem (1) in
the space C(H) of continuous H-valued functions u(t) defined on [−1, 1], equipped with the norm
‖u‖C(H) = max

−1≤t≤1
‖u(t)‖H , was investigated in [16]. In applications, the stability inequalities for the solution of

three source identification problems for hyperbolic-parabolic equations were obtained.
The first and second order of accuracy stable difference scheme for the approximate solution of problem

(1) were constructed and investigated in [17] and [18], respectively. The stability estimates for the approximate
solutions of two source identification problems for hyperbolic-parabolic equations were obtained.

In this paper we consider the boundary value problem for hyperbolic-parabolic equations

utt −
(
a(x)ux

)
x

+ δu = p(x) + f(t, x), 0 < x < 1, 0 < t < 1;

ut −
(
a(x)ux

)
x

+ δu = p(x) + g(t, x), 0 < x < 1, −1 < t < 0;

u(0+, x) = u(0−, x), ut(0+, x) = ut(0−, x), 0 ≤ x ≤ 1;

u(−1, x) = ϕ(x), u(1, x) = ψ(x), 0 ≤ x ≤ 1;

ux(t, 0) = ux(t, 1) = 0, −1 ≤ t ≤ 1,

(2)

where p(x) is an unknown source term. Problem (2) has a unique smooth solution
{
u(t, x), p(x)

}
for

the smooth functions a(x), ϕ(x), ψ(x), f(t, x), g(t, x) and positive constant δ. Note that the boundary
value problem (2) can be reduced to the abstract boundary value problem (1) in a Hilbert space H = L2[0, 1]
with a self-adjoint positive definite operator Ax defined by formula Axu(x) = −

(
a(x)ux

)
x

+ δu with domain
D(Ax) =

{
u(x) : u(x), ux(x),

(
a(x)ux

)
x
∈ L2[0, 1], ux(0) = ux(1) = 0

}
.

We construct the first order of accuracy difference schemes for approximate solutions of boundary value
problem (2). We discuss the numerical procedure for implementation of this scheme on the computer. We
provide with numerical illustration for simple test problem.
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Numerical procedure for problem (2)

The solution of problem (2) can be written as following:

u(t, x) = v(t, x) + z(x), 0 ≤ x ≤ 1, −1 ≤ t ≤ 1, (3)

where z(x) is the solution of problem{
− (a(x)z′(x))

′
+ δz(x) = p(x), 0 < x < 1;

z′(0) = z′(1) = 0
(4)

and v(t, x) is the solution of boundary value problem

vtt −
(
a(x)vx

)
x

+ δv = f(t, x), 0 < x < 1, 0 < t < 1;

vt −
(
a(x)vx

)
x

+ δv = g(t, x), 0 < x < 1, −1 < t < 0;

v(0+, x) = v(0−, x), vt(0+, x) = vt(0−, x), 0 ≤ x ≤ 1;

v(1, x)− v(−1, x) = ψ(x)− ϕ(x), 0 ≤ x ≤ 1;

vx(t, 0) = vx(t, 1) = 0, −1 ≤ t ≤ 1.

(5)

Note that from (2)–(4) we get

p(x) =
(
a(x)vx(1, x)

)
x
− δv(1, x)− (a(x)ψ′(x))

′
+ δψ(x), 0 < x < 1. (6)

Taking into account all of the above, the following numerical algorithm can be used for approximate solutions
of the boundary value problem (2):

1. Obtain approximate solutions of the boundary value problem (5);
2. Approximate the source p(x) by using (6);
3. Obtain approximate solutions of the boundary value problem (4);
4. Obtain approximate solutions of the boundary value problem (2) by using (3).

The first step of the algorithm

Let τ = 1/N and h = 1/M . We define the grid points xn = nh, 0 ≤ n ≤ M and tk = kτ , −N ≤ k ≤ N . For
the approximate solutions of the boundary value problem (5) we construct the first order of accuracy difference
scheme in t

vk−1
n − 2vkn + vk+1

n

τ2
− 1

h

(
a(xn+ 1

2
)
vk+1
n+1 − vk+1

n

h
− a(xn− 1

2
)
vk+1
n − vk+1

n−1

h

)
+ δvk+1

n =

= f (tk+1, xn) , 1 ≤ k ≤ N − 1, 1 ≤ n ≤M − 1;

vkn − vk−1
n

τ
− 1

h

(
a(xn+ 1

2
)
vkn+1 − vkn

h
− a(xn− 1

2
)
vkn − vkn−1

h

)
+ δvkn = g (tk, xn) ;

−N + 1 ≤ k ≤ 0, 1 ≤ n ≤M − 1;

v1
n − v0

n

τ
− 1

h

(
a(xn+ 1

2
)
v0
n+1 − v0

n

h
− a(xn− 1

2
)
v0
n − v0

n−1

h

)
+ δv0

n = g (t0, xn) , 1 ≤ n ≤M − 1;

vNn − v−Nn = ψ(xn)− ϕ(xn), 0 ≤ n ≤M ;

vk1 = vk0 , vkM = vkM−1, −N ≤ k ≤ N,

(7)

where vkn denotes the numerical approximation of v(t, x) at (tk, xn). Note that (7) is the second order of accuracy
scheme in x.

The second step of the algorithm

Once the numerical solution of the boundary value problem (5) is computed, we use (6) to approximate the
source p(x) at grid points as following:
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pn =
1

h

(
a(xn+ 1

2
)
vNn+1 − vNn

h
− a(xn− 1

2
)
vNn − vNn−1

h

)
− δvNn −

− 1

h

(
a(xn+ 1

2
)
ψ(xn+1)− ψ(xn)

h
− a(xn− 1

2
)
ψ(xn)− ψ(xn−1)

h

)
+ δψ(xn), n = 1, 2, . . . ,M − 1.

The third step of the algorithm

For the approximate solutions of boundary value problem (4) we have −
1

h

(
a(xn+ 1

2
)
zn+1 − zn

h
− a(xn− 1

2
)
zn − zn−1

h

)
+ δzn = pn, n = 1, 2, . . . ,M − 1;

z1 = z0, zM = zM−1.

Solving this system for z0, z1, z2, . . . , zM and then using (3), we finally obtain the approximate solutions of
boundary value problem (2)

ukn = vkn + zn, n = 0, 1, . . . ,M, k = −N + 1, . . . , N − 1. (8)

Numerical Illustration

We consider the initial-boundary value problem

utt − uxx + u = p(x) +
(
(π2 + 2)e−t − 1

)
cosπx, 0 < x < 1, 0 < t < 1;

ut − uxx + u = p(x) +
(
π2e−t − 1

)
cosπx, 0 < x < 1, −1 < t < 0;

u(0+, x) = u(0−, x), ut(0+, x) = ut(0−, x), 0 ≤ x ≤ 1;

u(−1, x) = e1 cosπx, u(1, x) = e−1 cosπx, 0 ≤ x ≤ 1;

ux(t, 0) = ux(t, 1) = 0, −1 ≤ t ≤ 1.

(9)

The exact solution of the problem (9) is

u(t, x) = e−t cosπx, 0 ≤ x ≤ 1, −1 ≤ t ≤ 1

with the source term p(x) = cosπx, 0 < x < 1.
The first order of accuracy auxiliary difference scheme (7) for the initial-boundary value problem (9) has

the following form

vk−1
n − 2vkn + vk+1

n

τ2
−
vk+1
n−1 − 2vk+1

n + vk+1
n+1

h2
+ vk+1

n =
(
(π2 + 2)e−tk+1 − 1

)
cosπxn;

1 ≤ k ≤ N − 1, 1 ≤ n ≤M − 1;

vkn − vk−1
n

τ
−
vkn−1 − 2vkn + vkn+1

h2
+ vkn =

(
π2e−tk − 1

)
cosπxn;

−N + 1 ≤ k ≤ 0, 1 ≤ n ≤M − 1;

v1
n − v0

n

τ
−
v0
n−1 − 2v0

n + v0
n+1

h2
+ v0

n =
(
π2e−t0 − 1

)
cosπxn, 1 ≤ n ≤M − 1;

vNn − v−Nn =
(
e−1 − e1

)
cosπxn, 0 ≤ n ≤M ;

vk1 − vk0 = vkM − vkM−1 = 0, −N ≤ k ≤ N,

(10)

which can be written in the matrix form{
AVn+1 +BVn + CVn−1 = φn, 1 ≤ n ≤M − 1;

V1 = V0, VM = VM−1,
(11)
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where

A = C =



0 0 0 · · · 0 0 0 0 · · · 0

0 a 0 · · · 0 0 0 0 · · · 0

0 0 a · · · 0 0 0 0 · · · 0
...

...
...

. . .
...

...
...

...
...

0 0 0 · · · a 0 0 0 · · · 0

0 0 0 · · · a 0 0 0 · · · 0

0 0 0 · · · 0 0 b 0 · · · 0

0 0 0 · · · 0 0 0 b · · · 0
...

...
...

...
...

...
...

. . .
...

0 0 0 · · · 0 0 0 0 · · · b


(2N+1)×(2N+1)

B =



−1 0 0 · · · 0 0 0 0 0 · · · 0 0 1

− 1 c 0 · · · 0 0 0 0 0 · · · 0 0 0

0 −1 c · · · 0 0 0 0 0 · · · 0 0 0
...

...
...

. . . . . .
...

...
...

...
...

...
...

0 0 0 · · · −1 c 0 0 0 · · · 0 0 0

0 0 0 · · · 0 σ 1 0 0 · · · 0 0 0

0 0 0 · · · 0 1 −2 d 0 · · · 0 0 0

0 0 0 · · · 0 0 1 −2 d · · · 0 0 0
...

...
...

...
...

...
...

. . . . . . . . .
0 0 0 · · · 0 0 0 0 0 · · · 1 −2 d


(2N+1)×(2N+1)

Vn =



v−Nn

v−N+1
n

v−N+2
n
...
v0
n

v1
n

v2
n

v3
n
...
vNn


(2N+1)×1

φn =



(e−1 − e1) cosπxn

τ
(
π2e−t−N+1 − 1

)
cosπxn

τ
(
π2e−t−N+2 − 1

)
cosπxn

...
τ
(
π2e−t0 − 1

)
cosπxn

τ
(
π2e−t0 − 1

)
cosπxn

τ2
(
(π2 + 2)e−t2 − 1

)
cosπxn

τ2
(
(π2 + 2)e−t3 − 1

)
cosπxn

...
τ2
(
(π2 + 2)e−tN − 1

)
cosπxn


(2N+1)×1

with a = − τ

h2
, b = − τ

2

h2
, c = 1 +

2τ

h2
+ τ , d = 1 +

2τ2

h2
+ τ2 and σ = −1 +

2τ

h2
+ τ . To solve the matrix equation

(11), we use the modified Gauss elimination method [19]. We seek the solution of the matrix equation (11) by
the following form: {

Vn = αn+1Vn+1 + βn+1, n = M − 1, . . . , 2, 1;

VM = (I − αM )
−1
βM ,

where I is a (2N + 1) × (2N + 1) identity matrix, αn (1 ≤ n ≤ M) are (2N + 1) × (2N + 1) square matrices
and βn (1 ≤ n ≤M) are (2N + 1)× 1 column vectors, calculated as{

αn+1 = − (B + Cαn)
−1
A;

βn+1 = (B + Cαn)
−1

(φn − Cβn)

for n = 1, 2, . . . ,M − 1. Here α1 is an identity matrix and β1 is a zero vector.
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The numerical solutions are computed using the first order of accuracy scheme (10) for different values of
M and N . With the obtained numerical solutions we approximate the source p(x) at grid points as following:

pn =
vNn−1 − 2vNn + vNn+1

h2
− vNn − e−1 cosπxn−1 − 2 cosπxn + cosπxn+1

h2
+ e−1 cosπxn, n = 1, . . . ,M − 1.

Finally, solving the system −
zn−1 − 2zn + zn+1

h2
+ zn = pn, n = 1, 2, . . . ,M − 1,

z1 = z0, zM = zM−1.

for z0, z1, z2, . . . , zM and then using (8), we obtain the numerical solutions of problem (9).
We compute the error between the exact solution of problem (9) and corresponding numerical solution by

‖Eu‖∞ = max
−N<k<N, 0≤n≤M

∣∣u(tk, xn)− ukn
∣∣ , ‖Ep‖∞ = max

0<n<M
|p(xn)− pn| ,

where u(tk, xn) is the exact value of u(t, x) at (tk, xn) and p(xn) is the exact value of source p(x) at x = xn; ukn
and pn represent the corresponding numerical solutions. Table shows the errors between the exact solution of
the problem (9) and the numerical solutions computed by using the first order of accuracy scheme for different
values of M and N . We observe that the scheme has the first order convergence as it is expected to be.

T a b l e
The errors between the exact solution of the problem (9) and the numerical solutions computed
by using the first order of accuracy difference scheme for different values of h = 1/M and τ = 1/N

‖Ep‖∞ Order ‖Eu‖∞ Order
N = M = 20 1.3246× 10−1 - 2.1520× 10−1 -
N = M = 40 7.4275× 10−2 0.8346 1.1722× 10−1 0.8764
N = M = 80 4.0124× 10−2 0.8884 6.1093× 10−2 0.9402
N = M = 160 2.1234× 10−2 0.9181 3.1190× 10−2 0.9699
N = M = 320 1.1072× 10−2 0.9394 1.5758× 10−2 0.9850

Conclusion

In the present study, the numerical study for source identification problems with the Neumann boundary
condition for a one-dimensional hyperbolic-parabolic equation has been conducted. In particular, the first order
of accuracy difference schemes for the approximate solutions of the boundary value problem (2) has been
constructed and the numerical algorithm for implementation of this scheme has been presented. Numerical
example has been provided.

Finally, we note that the second order of accuracy difference schemes for the approximate solutions of
boundary value problem (2) can be constructed and implemented in the similar way.
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М.А. Ашыралыева, М. Ашыралыев

Шеттiк шарты Нейман түрiнде болатын идентификациялық
гипербола-параболалық есептердi сандық шешу туралы

Шеттiк шарты Нейман түрiндегi бiр өлшемдi гипербола-параболалық түрдегi теңдеу үшiн көздер-
дi идентификациялау есебiн сандық зерттеу нәтижесi ұсынылған. Шеттiк шарты Нейман түрiндегi
гипербола-параболалық түрдегi теңдеулер үшiн көздердi идентификациялау есебiн сандық шешу үшiн
дәлдiгi бiрiншi реттi айырымдық формуласы келтiрiлген. Бұл формула қарапайым есеп үшiн пайда-
ланылған, сонымен қатар сандық есептеулер нәтижесi берiлген.

Кiлт сөздер: көздердi идентификациялау есебi, гипербола-параболалық дифференциалды теңдеу,
айырымдық схема.

М.А. Ашыралыева, М. Ашыралыев

О численном решении идентификационных
гиперболо-параболических задач с граничным условием Неймана

В статье представлено численное исследование задачи идентификации источников с граничным усло-
вием Неймана для одномерного гиперболо-параболического уравнения. Представлена разностная схе-
ма первого порядка точности для численного решения задач идентификации для гиперболо-параболи-
ческих уравнений с граничным условием Неймана. Эта разностная схема реализована для простой
тестовой задачи.

Ключевые слова: задача идентификации источника, гиперболо-параболические дифференциальные
уравнения, разностные схемы.
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Inverse source problems for a wave equation with involution

A class of inverse problems for a wave equation with involution is considered for cases of two different
boundary conditions, namely, Dirichlet and Neumann boundary conditions. The existence and uniqueness
of solutions of these problems are proved. The solutions are obtained in the form of series expansion using
a set of appropriate orthogonal basises for each problem. Convergence of the obtained solutions is also
justified.

Keywords: inverse problem, involution, nonlocal wave equation, Sturm-Liouville problem, existence of
solution, uniqueness of solution.

1 Introduction

In many physical problems, determination of coefficients or right-hand side according to some available
information (the source term, in case of a wave equation) in a differential equation is required; these problems
are known as inverse problems. These kinds of problems are ill-posed in the sense of Hadamard.

The purpose of this paper is to study inverse problems for a nonlocal wave equation with involution of space
variable x. We consider the nonlocal wave equation

utt (x, t)− uxx (x, t) + εuxx (π − x, t) = f (x) , (1)

for (x, t) ∈ Ω = {0 < x < π, 0 < t < T} , where ε is a real number.
Wide opportunities for applying equations with deviating argument in mathematical models have increased

the interest of the study of new problems for partial differential equations [1–3].
Among differential equations with deviating arguments, a special place is occupied by equations with a

deviation of arguments of alternating character. Such deviations include the so-called deviation of involution
type [4]. To describe them, let Γ be an interval in R and let X ∈ Γ be a real variable.

The homeomorphism
α2 (X) = α (α (X)) = X

is called a Carleman shift (deviation of involution) [5].
Equations containing Carleman shift are equations with an alternating deviation (atX∗ < X being equations

with advanced, and at X∗ > X being equations with delay, where X∗ is a fixed point of the mapping α (X) ).
Concerning the inverse problems for partial differential equations with involutions, some recent works have

been implemented in [6–11].

2 Statement of problems

The paper is devoted to two inverse problems concerning the wave equation with a perturbative term of
involution type with respect to the space variable. We obtain existence and uniqueness results for these problems,
based on the Fourier method.

Problem D. Find a couple of functions (u (x, t) , f (x)) satisfying the equation (1), under the conditions

u (x, 0) = 0, x ∈ [0, π] , (2)

u (x, T ) = ψ (x) , x ∈ [0, π] , (3)

ut (x, 0) = 0, x ∈ [0, π] , (4)
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and the homogeneous Dirichlet boundary conditions

u (0, t) = u (π, t) = 0 , t ∈ [0, T ] , (5)

where ψ(x) is a given sufficiently smooth function.
Problem N. Find the couple of functions (u (x, t) , f (x)) in the domain Ω satisfying equation (1), conditions

(2), (3), (4) and the homogeneous Neumann boundary conditions

ux (0, t) = ux (π, t) = 0 , t ∈ [0, T ] . (6)

A regular solution of the problems D and N is the pair of functions (u (x, t) , f (x)) , where u ∈ C2
(
Ω̄
)
and

f ∈ C ([0, π]) .

3 Spectral properties of the perturbed Sturm-Liouville problem

Application of the Fourier method for solving the problems D and N leads to a spectral problem defined by
the equation

y′′ (x)− εy′′ (π − x) + λy (x) = 0, 0 < x < π, (7)

and one of the following boundary conditions

y (0) = y (π) = 0; (8)

y′ (0) = y′ (π) = 0. (9)

It is easy to see that the Sturm-Liouville problem for the equation (7) with one of the boundary conditions
(8) and (9) is self-adjoint. It is known that the self-adjoint problem has real eigenvalues and their eigenfunctions
form a complete orthonormal basis in L2 (0, π) [12]. To further investigate the problems under consideration,
we need to calculate the explicit form of the eigenvalues and eigenfunctions.

It is easy to show that for |ε| < 1 the problem (7), (8) has the following eigenvalues

λD2k = (1 + ε) 4k2, k ∈ N;

λD2k+1 = (1− ε) (2k + 1)
2
, k ∈ N0 = N ∪ {0}

and eigenfunctions 
yD2k =

√
2
π sin 2kx, k ∈ N;

yD2k+1 =
√

2
π sin (2k + 1)x, k ∈ N0.

(10)

Similarly, the problem (7), (9) has the eigenvalues

λN2k+1 = (1 + ε) (2k + 1)
2
, k ∈ N0;

λN2k = (1− ε) 4k2, k ∈ N0,

and corresponding eigenfunctions 

yN0 = 1√
π

;

yN2k+1 =
√

2
π cos (2k + 1)x, k ∈ N0;

yN2k =
√

2
π cos 2kx, k ∈ N.

(11)

The following lemma is proved in [11].
Lemma 1. The systems of functions (10) and (11) are complete and orthonormal in L2 (0, π) .
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4 Main results

For the considered problems D and N, the following theorems are valid.
Theorem 1. Let |ε| < 1, ψ ∈ C4 [0, π] and ψ(i) (0) = ψ(i) (π) = 0, i = 0, 1, 2, 3, 4. If

cos
√

1− ε (2k + 1)T < δ1 < 1

and
cos
√

1 + ε2kT < δ2 < 1,

then the solution of the problem D exists, is unique and it can be written in the form

u (x, t) =

∞∑
k=0

(
1− cos

√
1− ε (2k + 1) t

)
sin (2k + 1)x(

1− cos
√

1− ε (2k + 1)T
)

(2k + 1)
4 ψ4

2k+1+

+

∞∑
k=1

(
1− cos

√
1 + ε2kt

)
sin 2kx(

1− cos
√

1 + ε2kT
)

16k4 ψ4
2k; (12)

f (x) =

∞∑
k=0

(1− ε)ψ4
2k+1(

1− cos
√

1− ε (2k + 1)T
)

(2k + 1)2
sin (2k + 1)x+

+

∞∑
k=1

(1 + ε)ψ4
2k(

1− cos
√

1 + ε2kT
)

4k2
sin 2kx, (13)

where ψ(4)
2k+1 =

(
ψ(4) (x) , yD2k+1

)
and ψ(4)

2k =
(
ψ(4) (x) , yD2k

)
.

Theorem 2. Let |ε| < 1, ψ ∈ C4 [0, π] and ψ(i) (0) = ψ(i) (π) = 0, i = 0, 1, 2, 3, 4. If

cos
√

1− ε (2k + 1)T < σ1 < 1;

and
cos
√

1 + ε2kT < σ2 < 1,

then the solution of the problem N exists, is unique and it can be written in the form

u (x, t) =

∞∑
k=0

(
1− cos

√
1 + ε (2k + 1) t

)
cos (2k + 1)x(

1− cos
√

1 + ε (2k + 1)T
)

(2k + 1)
4 ψ4

2k+1+

+

∞∑
k=1

(
1− cos

√
1− ε2kt

)
cos 2kx(

1− cos
√

1− ε2kT
)

16k4 ψ4
2k; (14)

f (x) =

∞∑
k=0

(1 + ε)ψ4
2k+1(

1− cos
√

1 + ε (2k + 1)T
)

(2k + 1)2
cos (2k + 1)x+

+

∞∑
k=1

(1− ε)ψ4
2k(

1− cos
√

1− ε2kT
)

4k2
cos 2kx; (15)

where ψ(4)
2k+1 =

(
ψ(4) (x) , yN2k+1

)
and ψ(4)

2k =
(
ψ(4) (x) , yN2k

)
.

5 Proof of the uniqueness of the solution

Suppose that there are two solutions {u1 (x, t) , f1 (x)} and {u2 (x, t) , f2 (x)} of the problem P. Denote

u (x, t) = u1 (x, t)− u2 (x, t)

and
f (x) = f1 (x)− f2 (x) .

Then the functions u (x, t) and f (x) satisfy (1) and the homogeneous conditions (2) and (5).
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Let

u0 (t) =
1√
π

π∫
0

u (x, t) dx; (16)

u2k (t) =

√
2

π

π∫
0

u (x, t) cos 2kxdx, k ∈ N; (17)

u2k+1 (t) =

√
2

π

π∫
0

u (x, t) cos(2k + 1)xdx, k ∈ N0; (18)

f0 =
1√
π

π∫
0

f(x)dx; (19)

f2k =

√
2

π

π∫
0

f (x) cos 2kxdx, k ∈ N; (20)

f2k+1 =

√
2

π

π∫
0

f (x) cos(2k + 1)xdx, k ∈ N. (21)

Applying the operator ∂2

∂t2 to the equation (16) we have

u′′0 (t) =
1√
π

π∫
0

Dαt u (x, t) dx =
1√
π

π∫
0

(uxx (x, t)− εuxx (π − x, t)) dx+ f0.

Integrating by parts and taking into account the homogeneous conditions (2) and (6) , we obtain

u′′0 (t) = f0,

u (0) = 0 , u (T ) = 0, u′(0) = 0.

Hence it is easy to get f0 = 0, u0 (t) ≡ 0.
In a similar way for the functions (17)–(21) it is easy to prove that

f2k = 0, f2k+1 = 0, u2k (t) ≡ 0, u2k+1 (t) ≡ 0.

Further, by the completeness of the system (10) in L2 (0, π) we obtain

f (x) ≡ 0, u (x, t) ≡ 0, 0 ≤ t ≤ T, 0 ≤ x ≤ π.

The uniqueness of the solution of the problem N is proved.
The uniqueness of the solution of the problem D can be proved similarly.

6 Proof of the existence of the solution

We give the full proof for the problem D. The existence of the solution of the problem N is proved analogously.
As the eigenfunctions system (10) of the problem D forms an orthonormal basis in L2 (0, π) (this follows

from the self-adjoint problem (7), (8)), the functions u (x, t) and f (x) can be expanded as follows

u (x, t) =

∞∑
k=0

u2k+1 (t) sin (2k + 1)x+

∞∑
k=1

u2k (t) sin 2kx; (22)

f (x) =

∞∑
k=0

f2k+1 sin (2k + 1)x+

∞∑
k=1

f2k sin 2kx, (23)
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where f2k+1, f2k, u2k+1 (t) , u2k (t) are unknown. Substituting (22) and (23) into (1), we obtain the following
equation for the functions u2k+1 (t) , u2k (t) and the constantsf2k+1, f2k :

u′′2k+1 (t) + (1− ε) (2k + 1)
2
u2k+1 (t) = f2k+1;

u′′2k (t) + (1 + ε) 4k2u2k (t) = f2k.

Solving these equations [13], we obtain

u2k+1 (t) =
f2k+1

(1− ε) (2k + 1)
2 + C1k cos

√
1− ε (2k + 1) t+ C2k sin

√
1− ε (2k + 1) t;

u2k (t) =
f2k

(1 + ε) 4k2
+D1k cos

√
1 + ε2kt+D2k sin

√
1 + ε2kt,

where the constants C1k, C2k, D1k, D2k, f2k+1, f2k are unknown. To find these constants, we use the condi-
tions (2). Let ψ2k, ψ2k+1 be the coefficients of the expansions of ψ (x)

ψ2k+1 =

√
2

π

π∫
0

ψ (x) sin (2k + 1)xdx;

ψ2k =

√
2

π

π∫
0

ψ (x) sin 2kxdx.

We first find C1k, C2k :

u2k+1 (0) =
f2k+1

(1− ε) (2k + 1)
2 + C1k = 0;

u′2k+1 (0) = C2k = 0;

u2k+1 (T ) =
f2k+1

(1− ε) (2k + 1)
2

(
1− cos

√
1− ε (2k + 1)T

)
= ψ2k+1.

The constant f2k+1 is represented as

f2k+1 =
(1− ε) (2k + 1)

2
ψ2k+1

1− cos
√

1− ε (2k + 1)T
.

Now we find D1k, D2k:

u2k (0) =
f2k

(1 + ε) 4k2
+D1k = 0;

u′2k (0) = D2k = 0;

u2k (T ) =
f2k

(1 + ε) 4k2

(
1− cos

√
1 + ε2kT

)
= ψ2k.

For the constant f2k, we find:

f2k =
(1 + ε) 4k2ψ2k

1− cos
√

1 + ε2kT
.

Substituting u2k (t) , u2k+1 (t) , f2k, f2k+1 into (22) and (23), we find

u (x, t) =

∞∑
k=0

(
1− cos

√
1− ε (2k + 1) t

)
sin (2k + 1)x(

1− cos
√

1− ε (2k + 1)T
) ψ2k+1+

+

∞∑
k=1

(
1− cos

√
1 + ε2kt

)
sin 2kx(

1− cos
√

1 + ε2kT
) ψ2k.
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Suppose that
ψ(i) (0) = 0 , ψ(i) (π) = 0 , i = 0, 1, 2, 3, 4,

then

ψ2k+1 =
1

(2k + 1)4
ψ

(4)
2k+1, ψ2k =

1

16k4
ψ

(4)
2k .

Then we have (12).
Similarly,

f (x) =

∞∑
k=0

(1− ε)ψ4
2k+1(

1− cos
√

1− ε (2k + 1)T
)

(2k + 1)2
sin (2k + 1)x+

+

∞∑
k=1

(1 + ε)ψ4
2k(

1− cos
√

1 + ε2kT
)

4k2
sin 2kx.

Now for the convergence of the series, we have the following estimate

|u (x, t)| ≤
∞∑
k=0

(
1− cos

√
1− ε (2k + 1) t

)(
1− cos

√
1− ε (2k + 1)T

)
(2k + 1)4

|ψ(4)
2k+1|+

+

∞∑
k=1

(
1− cos

√
1 + ε2kt

)(
1− cos

√
1 + ε2kT

)
16k4

|ψ(4)
2k | ≤

≤ C
∞∑
k=0

1

(2k + 1)4
|ψ(4)

2k+1|+ C

∞∑
k=1

1

16k4
|ψ(4)

2k | <∞. (24)

Similarly for f (x) we obtain the estimate

|f (x)| ≤
∞∑
k=0

(1− ε) |ψ(4)
2k+1|(

1− cos
√

1− ε (2k + 1)T
)

(2k + 1)2
+

∞∑
k=1

(1 + ε) |ψ(4)
2k |(

1− cos
√

1 + ε2kT
)

4k2
≤

≤ C
∞∑
k=0

|ψ(4)
2k+1|

(2k + 1)2
+ C

∞∑
k=1

|ψ(4)
2k |

4k2
. (25)

Since by hypotheses of Theorem 1, the function ψ(4) is continuous on [0, π] , then by the Bessel inequality
for the trigonometric series the following series converge:

∞∑
k=1

∣∣∣ψ(4)
2k

∣∣∣2 ≤C ∥∥∥ψ(4) (x)
∥∥∥2

L2(0,π)
; (26)

∞∑
k=0

∣∣∣ψ(4)
2k+1

∣∣∣2 ≤C ∥∥∥ψ(4) (x)
∥∥∥2

L2(0,π)
, (27)

which implies the boundedness of the set {
ψ

(4)
2k

}∞
k=1

,
{
ψ

(4)
2k+1

}∞
k=0

.

Therefore, by the Weierstrass M-test (see [14]), the series (24) and (25) converge absolutely and uniformly in
the domain Ω̄.

Now we show the possibility of termwise differentiation of the series (24) twice in the variable x and twice
in the variable t. For this purpose, we prove that the series obtained by means of term by term differentiation
converge absolutely and uniformly on Ω̄. Given the estimates (26) and (27) we have

|uxx (x, t)| ≤
∞∑
k=0

(
1− cos

√
1− ε (2k + 1) t

)(
1− cos

√
1− ε (2k + 1)T

)
(2k + 1)2

|ψ(4)
2k+1|+
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+

∞∑
k=1

(
1− cos

√
1 + ε2kt

)(
1− cos

√
1 + ε2kT

)
4k2
|ψ(4)

2k | ≤

≤ C
∞∑
k=0

1

(2k + 1)2
|ψ(4)

2k+1|+ C

∞∑
k=1

1

4k2
|ψ(4)

2k | <∞;

|utt (x, t)| ≤
√

1− ε
∞∑
k=0

(
| sin
√

1− ε (2k + 1) t|
)(

1− cos
√

1− ε (2k + 1)T
)

(2k + 1)2

∣∣∣ψ(4)
2k+1

∣∣∣+
+
√

1 + ε

∞∑
k=1

∣∣sin√1 + ε2kt
∣∣(

1− cos
√

1 + ε2kT
)

4k2
|ψ(4)

2k | ≤

≤ C
∞∑
k=0

1

(2k + 1)2
|ψ(4)

2k+1|+ C

∞∑
k=1

1

4k2
|ψ(4)

2k | <∞.

Acknowledgements

The second named author is financially supported by a grant from the Ministry of Science and Education of
the Republic of Kazakhstan (Grant No. AP05131756).

References

1 Bzheumikhova, O.I. (2013). International Journal of Differential Equations and Applications, 12, 2,
103–120.

2 Hernandez, E. (2006). Nonlinear Analysis, R.W.A., 4, 510–519.
3 Rezounenko, A.V. (2008). Electronic Journal of Qualitative Theory of Differential Equations, 17, 1–7.
4 Cabada, A., & Tojo, F.A.F. (2015). Differential Equations with Involutions, Atlantis Press.
5 Carleman, T. (1932). Verhandl. des internat. Mathem. Kongr., Zurich, I, 138–151.
6 Ahmad, B., Alsaedi, A., Kirane, M., & Tapdigoglu, R. (2017). Quaestiones Mathematicae, 40, 2, 151–160.
7 Al-Salti, N., Kirane, M., & Torebek, B.T. (2017). Hacettepe Journal of Mathematics and Statistics. Doi:

10.15672/HJMS.2017.538.
8 Kirane, M., & Al-Salti, N. (2016). J. Nonlinear Sci. Appl., 9, 1243–1251.
9 Kirane, M., Samet, B., & Torebek, B.T. (2017). Electronic Journal of Differential Equations, 257, 1–13.
10 Sadybekov, M.A., Dildabek, G., & Ivanova, M.B. (2018). Advances in Mathematical Physics, Article ID

8301656, Doi: 10.1155/2018/8301656.
11 Torebek, B.T., & Tapdigoglu, R. (2017).Mathematical Methods in the Applied Sciences, 40, 18, 6468-6479.
12 Naimark, M.A. (1968). Linear Differential Operators Part II, Ungar, New York.
13 Kilbas, A.A., Srivastava, H.M., & Trujillo, J.J. (2006). Theory and Applications of Fractional Differential

Equations, Elsevier, North-Holland, Mathematics studies.
14 Knopp, K. (1996). Theory of Functions Parts I and II, Two Volumes Bound as One, Part I. New York:

Dover.

Р. Тапдигоглу, Б.T. Tөребек

Инволюциялы толқын теңдеуi үшiн дереккөздi керi есептер
Мақалада екi түрлi шекаралық шартпен, атап айтқанда, Дирихле және Нейман шекаралық шартта-
рымен берiлген инволюциясы толқын теңдеуi үшiн керi есептер класы қарастырылды. Осы есептердiң
шешiмiнiң бар болуы мен жалғыздығы дәлелдендi. Шешiм әрбiр есептiң сәйкес ортогоналды базистерi
арқылы жiктелген қатар арқылы алынды. Ол шешiмдердiң жинақтылығы дәлелдендi.

Кiлт сөздер: керi есеп, инволюция, бейлокал толқын теңдеуi, Штурм-Лиувилл есебi, шешiмнiң бар
болуы, шешiмнiң жалғыздығы.
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Р. Тапдигоглу, Б.T. Tоребек

Обратные задачи источника для волнового
уравнения с инволюцией

В статье рассмотрен класс обратных задач для волнового уравнения с инволюцией для случаев двух
разных граничных условий, а именно граничных условий Дирихле и Неймана. Доказаны существо-
вание и единственность решений этих задач. Решения получены в виде разложения рядов с использо-
ванием набора подходящих ортогональных базисов для каждой задачи. Также доказана сходимость
полученных решений.

Ключевые слова: обратная задача, инволюция, нелокальное волновое уравнение, задача Штурма-
Лиувилля, существование решения, единственность решения.

82 Вестник Карагандинского университета



MSC 37C75, 93Dxx

E. Hincal1, M. Sayan2,3, I.A. Baba1, T. Sanlidag3,4,
F.T. Saad1, B. Kaymakamzade1

1Near East University, Nicosia, Turkey;
2Clinical Laboratory, Kocaeli University, Kocaeli-Turkey;

3Research Center of Experimental Health Sciences, Near East University, Nicosia, Turkey;
4Celal Bayar University, Manisa, Turkey

(E-mail: evrenhincal@yahoo.co.uk)

Dynamics of HIV-1 infected population acquired via different
sexual contacts route: a case study of Turkey

This paper aims to study the transmission dynamics of HIV/AIDS in heterosexual, men having sex with
men (MSM)/bisexuals and others in Turkey. Four equilibrium points were obtained which include disease
free and endemic equilibrium points. The global stability analysis of the equilibria was carried out using the
Lyapunov function which happens to depend on the basic reproduction number R0. If R0 < 1 the disease
free equilibrium point is globally asymptotically stable and the disease dies out, and if R0 > 1, the endemic
equilibrium point is stable and epidemics will occur. We use raw data obtained from Kocaeli University,
PCR Unit, Turkey to analyze and predict the trend of HIV/AIDS among heterosexuals, MSM/bisexual,
and others. The basic reproduction number for heterosexuals, MSM/bisexuals, and others was found to be
1.08, 0.6719, and 0.050, respectively. This shows that the threat posed by HIV/AIDS among heterosexuals
is greater than followed by MSM/bisexuals, and than the others. So, the relevant authorities should put
priorities in containing the disease in order of their threat.

Keywords: HIV/AIDS, Basic reproduction number, Equilibrium point, Stability, Lyapunov function, MSM,
Heterosexual.

Introduction

One of the major factors leading to the prevalence and epidemics of HIV/AIDS is the increase in the
population of men having sex with men (MSM). Most of the countries affected are the United States, Canada,
Australia, and New Zealand. However, in some of the under-developed and developing countries, heterosexual
sex, injection drug use, and/or transfusion of contaminated blood remain the main mode of transmission of
the disease [1] and [2]. A sudden rise of HIV cases in MSM was detected in the continent of Africa, Asia,
South America, and Eastern Europe [3]. According to a report in China, the rates of HIV infection in MSM is
increasing dramatically, while other means of transmissions are either decreasing or remaining under control.
The rate among MSM increased from 12.2% in 2007 to 35.5% in 2009. As a result, China is declared as one of
the countries experiencing the rise of HIV epidemics in MSM [4].

In a report by the European surveillance network, Euro HIV, the number of new HIV cases in MSM rises
from 2538 to 5016 during 1999-2006 across 13 Western European countries. This signifies almost 100% increase
in new cases among MSM [5]. Central European countries experienced low prevalence of new HIV cases among
MSM, but a sudden increase started in the year 1999 with 130 cases. This number increases by more than
100% in 2006, where 295 new cases were recorded. The countries in this region contributed at least 50% of the
total number of HIV cases in MSM recorded across Europe. In Eastern Europe, not more than 1% of newly
reported cases were in MSM, and no increase was discovered over time [6]. The annual HIV incidence rate in
the Netherlands was 1.2% for a period of 6 years (1999-2005). However, a relative increase was noticed among
MSM [7].

In 2008, the US Centers for Disease Control and Prevention (CDC) reported that, around 1.1 million people
were infected with HIV/AIDS in 2006 in the United States. Almost half (48.1 percent) of this reported figure
were MSM. In the same year, CDC also stated that the number of new cases of HIV/AIDS in MSM increased
to 8.6% during 2001-2006. In black MSM, an increase in the number of newly HIV/AIDS infected individuals
was reported from 2001-2006. Most of the victims were young adults aged 13-24 years; which recorded a 93.1%
increase. Despite the fact that the blacks forms just 13% of the US population, the number of HIV/AIDS cases
diagnosed in black MSM aged 13-24 years (7658) was at least twice the number diagnosed in whites (3221) [8].

Серия «Математика». № 3(91)/2018 83



E. Hincal, M. Sayan et al.

According to a report in 2006, 56,300 new adult HIV infections were recorded, of which 53% were in MSM.
Among the new HIV infections in men, 72% were in MSM, and of new infections in MSM, 46% were in whites,
35% were in blacks and 19% were in Hispanics. Therefore, the estimated HIV incidence among black MSM was
5.9 times bigger than among white MSM [9].

Mathematical models help to study the dynamics, spread and control of infectious diseases. It highlights and
explains the possible outcome of an epidemic and aids in suggesting the various control measures. Kermarck and
McKendrick in 1927 formulated an SIR model which studied the dynamics of infectious diseases [10]. The most
important parameter that determines the outcome of an epidemic is the basic reproduction ratio (R0). It is the
number of secondary infection caused by a single infective individual in a completely susceptible population. If
the basic reproduction ratio is less than one, then there is not going to be an epidemic, which means that the
disease will die out. Otherwise, an epidemic will occur [11] and [12]. Many mathematical models in literature
have studied the dynamics of HIV/AIDS [13].

Our aim in this research is to study the dynamics of HIV/AIDS among heterosexuals, MSM/bisexuals, and
others in Turkey. We use data obtained from Kocaeli University, PCR Unit, Turkey to analyze and predict the
trend of HIV/AIDS among these groups. This is because Kocaeli University has the largest HIV data collection
center in Turkey.

Model formulation

The model is given by the system of differential equations as follows, where the meaning of parameters/variables
is given in Table 1. 

dS
dt = Λ− β1SH1 − β2SH2 − β3SH3 − µS;

dH1

dt = β1SH1 − (µ+ v)S;

dH2

dt = β2SH2 − (µ+ v)S;

dH3

dt = β3SH3 − (µ+ v)S,

(1)

S(0) > 0, H1(0) ≥ 0, H2(0) ≥ 0, H3(0) ≥ 0.

Tab l e 1
Meaning of parameters and variables of model (1)

Parameters/Variables Meaning
S Population of susceptible
H1 HIV positive of heterosexual population
H2 HIV positive of MSM population
H3 HIV positive of other population
Λ Recruitment rate
1
v Duration spent in the HIV stage
1
µ Life expectancy
β1 Incidence rate between heterosexuals
β2 Incidence rate between MSM
β3 Incidence rate between others

In our model, S(0) is considered to be the whole population in a specific year, H2 consists of both MSM
and bisexuals HIV positive population, and β2 is the transmission rate of HIV through MSM or bisexuals.
Moreover, we refer to HIV positive of other population as those that acquire the disease through contaminated
blood transfusion, contact with infected sharp objects and so on.

Existence of Equilibria

Equating the equations in (1) to zero and solving simultaneously we find four equilibrium points. They are
as follows. Disease free equilibrium point E0 = (Λ

µ , 0, 0, 0), which always exists and endemic equilibria.
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E1 =
(
µ+v
β1

, Λβ1−µ(µ+v)
β1(µ+v) , 0, 0

)
, E2 =

(
µ+v
β2

, 0, Λβ2−µ(µ+v)
β2(µ+v) , 0

)
, and E3 =

(
µ+v
β3

, 0, 0, Λβ3−µ(µ+v)
β3(µ+v)

)
.

The endemic equilibria are biologically meaningful (exists) when
β1Λ

µ(µ+v) > 1, β2Λ
µ(µ+v) > 1, and β3Λ

µ(µ+v) > 1, respectively.

Basic Reproduction Ratio

Basic reproduction ratio is the number of secondary infections caused by a single infective individual in a
completely susceptible population. It is denoted by R0. We use the next generation of matrix (NGM) method
to compute the basic reproduction ratio and it is given by

R0 = max[R1, R2, R3] (2)

where R1 = β1Λ
µ(µ+v) , R2 = β2Λ

µ(µ+v) , and R3 = β3Λ
µ(µ+v) .

Global Stability Analysis of the Equilibria

Theorem 1. E0 is globally asymptotically stable when R0 < 1.
Proof. We consider the following Lyapunov function;

V = (S − S0lnS) +H1 +H2 +H3 + C, where C = S0lnS0 − S0. Hence,

dV
dt = (1− S0

S )dSdt +dH1

dt + dH2

dt + dH3

dt =

= (1−S0

S )(Λ−β1SH1−β2SH2−β3SH3−µS)+(β1SH1−(µ+v)H1)+(β2SH2−(µ+v)H2)+(β3SH3−(µ+v)H3) =

= µS0

(
2− S0

S −
S
S0

)
+ (β1S0 − (µ+ v))H1 + (β2S0 − (µ+ v))H2 + (β3S0 − (µ+ v))H3.

Therefore dV
dt < 0 if β1S0 − (µ+ v) < 0, β2S0 − (µ+ v) < 0 and β3S0 − (µ+ v) < 0 which means R0 < 1.

Theorem 2. The endemic equilibrium point E1 is globally asymptotically stable when R1 > 1, R2 < 1and
R3 < 1

Proof. The proof is similar to Theorem 1 by considering the following Lyapunov function;

V = (S − S∗lnS) + (H1 −H∗1 lnH1) +H2 +H3 + C, where C = S∗lnS∗ − S∗ −H∗1 +H∗1 lnH
∗
1 .

Theorem 3. The endemic equilibrium point E2 is globally asymptotically stable when R1 > 1, R2 > 1 and
R3 < 1.

Proof. The proof is similar to Theorem 1 by considering the following Lyapunov function;

V = (S − S∗lnS) +H1 +H2 −H∗2 lnH2 +H3 + C, where C = S∗lnS − S∗ −H∗2 +H∗2 lnH
∗
2 .

Theorem 4. The endemic equilibriumpointE3 is globally asymptotically stable when R1 < 1, R2 < 1 and
R3 > 1.

Proof. The result can be achieved using the following Lyapunov function;

V = (S − S∗lnS) +H1 +H2 + (H3 −H∗3 lnH3 + C, where C = S∗lnS∗ − S∗ −H∗3 +H∗3 lnH
∗
3 .

Numerical Simulations

We use the raw data obtained from Kocaeli University, PCR Unit, Turkey from January 2016 to March 2017.
This unit is a collection center for HIV in Turkey. Table 2, 3, Pictures 1 and 2 show the outcomes of the analysis
of the model.

The dynamics of the heterosexuals, MSM/bisexuals and others is given by Picture 1.

T a b l e 2
Analysis of the model with incidence rates

H1 H2 H2

β1 β2 β3

1.863 1.155 0.086
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Tab l e 3
Analysis of the model with Basic reproduction ratios

H1 H2 H2

R1 R2 R3

1.08 0.6719 0.050

Picture 1. Parameter values are β1 = 1.863, β2 = 1.155, β3 = 0.086, µ = 0.055, Λ = 0.023 and v = 0.063

Discussion and Conclusion

We constructed a mathematical model that studies the transmission dynamics of HIV/AIDS in heterosexuals,
MSM/bisexuals and others. The basic reproduction ratio was computed using the next generation matrix
method. Four equilibrium points were obtained which include disease free and endemic equilibrium points.
The global stability analysis of each of the equilibria was conducted using the Lyapunov function, and the
stability of the equilibrium points depends on the basic reproduction ratio R0. If the basic reproduction ratio
is less than one, there will be no epidemic, which means the disease will die out, otherwise, an epidemic will
occur.

From table 3, the basic reproduction ratios of heterosexuals, MSM/bisexuals, and others are 1.08, 0.6719,
and 0.050, respectively. Based on the table and Picture 1, the epidemics will occur in the heterosexuals, while
no epidemics will occur in the MSM/bisexuals and others. Although no epidemics will occur in MSM, but the
basic reproduction ratio is close to 1, so if care is not taken in MSM/bisexuals epidemic may occur as time
goes on. The threat posed by HIV/AIDS through heterosexuals is greater, than followed by MSM, and than
the others. However, this is subject to the initial values which can change the nature of the graph, because,
normally the data is usually collected at the early stages of the infection (trauma stage), so patients may hide
their sexual status or refuse to give accurate information. We therefore recommend the use of IVD drug data in
any community with similar settings as that of Turkey like the Asian countries, African countries, and Islamic
countries for data collection.

The relevant authorities should put priorities in containing the disease in order of their threat. It is also
evident that the incidence rate plays a vital role in posing this threat as can be seen from Table 2, therefore to
contain the disease it is advisable to employ the appropriate measures in decreasing the incidence rates. Finally,
Picture 1 shows the prediction of these epidemics for the three cases in 50 years.

Istanbul is the most populous city and center for tourism in Turkey. It is one of the largest cities in Europe
and considered to be the home of immigrants. Hence, the population in Istanbul has more freedom, is well mixed,
versatile, and tolerant. These are among the major factors that give rise to the increase in MSM population in
Istanbul because people are not afraid to say their sexual status. Therefore, tourism, immigration, and increase
in MSM population make Istanbul the center for the spread of HIV infection in Turkey.
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Picture 2. Parameter values are β1 = 4.44, β2 = 4.51, β3 = 0.19, µ = 0.41, Λ = 1.65 and v = 0.063

The aforementioned reasons and facts served as our motivation to consider the data collected for Istanbul only
and put it in our model in order to analyze the dynamics of the transmission route of HIV. Picture 2 shows this
dynamics and predicts what will possibly happen in the next 50 years. It can be observed that the transmission
of HIV in MSM is increasing while the transmission via heterosexuals and others is decreasing.
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Э. Хинкал, М. Саян, И.А. Баба, Т. Санлидаг, Ф.Т. Саад, Б. Каймакамзаде

Әрқилы жыныстық қатынастар арқылы ВИЧ-1 инфекциясын
жұқтырған халықтың динамикасы: Түркияда жүргiзiлген зерттеу

Мақала Түркиядағы гетеросексуалдар, ер адамдар мен ер адамдар арасындағы сексуалдық қатынас
(ЕСЕ)/бисексуалдар және басқа да адамдардың арасында ВИЧ/СПИД инфекциясының таралу ди-
намикасын зерттеуге арналған. Аурулардан таза және эндемиялық тепе-теңдiк нүктелерiн қамтитын
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төрт тепе-теңдiк нүктесi табылған. Негiзгi көбею санынан R0 тәуелдi Ляпунов функциясын пайда-
лану арқылы тепе-теңдiк орнықтылығына ауқымды талдау жасалды. Егер R0 < 1 болса, ауруы жоқ
тепе-теңдiк нүктесi асимптотикалық тұрғыдан ауқымды орнықты болады да, аурулар жойылады.
Ал R0 > 1 болса, эндемиялық тепе-теңдiк нүктесi тұрақты кейiпке ие болады да, эпидемиялар болып
тұрады. Гетеросексуалдар, ЕСЕ/бисексуалдар және басқа да адамдардардың арасында ВИЧ/СПИД
инфекциясының таралу тенденциясына талдау және болжам жасау үшiн бiз Коджаэли университетi-
нен, Түркиядағы орталығынан алынған өңделмеген мәлiметтердi пайдаланылды. Гетеросексуалдар,
ЕСЕ/бисексуалдар және басқалардың көбеюiнiң базалық саны тиiсiнше 1.086, 0.6719, 0.050 болатыны
анықталды. Бұл мәлiметтерден, басқа топтарға қарағанда, ВИЧ/СПИД қатерi гетеросексуалдар ара-
сында жоғары екенi байқалды. Сондықтан тиiстi мекемелер ауру қоздырғыштарын тежеу мәселесiнде
басымдылықтар белгiлеуi тиiс.

Кiлт сөздер: ВИЧ/СПИД, көбеюдiң базалық саны, тепе-теңдiк нүктесi, тұрақтылық, Ляпунов функ-
циясы, ЕСЕ, гетеросексуалды.

Э. Хинкал, М. Саян, И.А. Баба, Т. Санлидаг, Ф.Т. Саад, Б. Каймакамзаде

Динамика населения, инфицированного ВИЧ-1, приобретенного
через разные половые контакты: исследование в Турции

Cтатья направлена на изучение динамики передачи ВИЧ/СПИДа среди гетеросексуалов, мужчин,
имеющих секс с мужчинами (МСМ)/бисексуалов и других лиц в Турции. Получены четыре точки
равновесия, которые включают свободные от болезней и эндемичные точки равновесия. Глобальный
анализ устойчивости равновесий проводился с использованием функции Ляпунова, которая зави-
сит от основного числа воспроизведения R0. Если R0 < 1, точка равновесия без болезней является
глобально асимптотически устойчивой, болезнь вымирает, а если R0 > 1, точка эндемического рав-
новесия стабильна — будут происходить эпидемии. Авторами использованы необработанные данные,
полученные из Университета Коджаэли, ПЦР, в Турции для анализа и прогнозирования тенденции
к ВИЧ/СПИДу среди гетеросексуалов, МСМ/бисексуалов и других. Было установлено, что базовое
число воспроизведения гетеросексуалов, МСМ/бисексуалов и других было 1.08, 0.6719 и 0.050 соот-
ветственно. Это свидетельствует о том, что угроза, которую представляет ВИЧ/СПИД среди гетеро-
сексуалов, выше, чем МСМ/бисексуалы. Таким образом, соответствующие органы должны поставить
приоритеты в сдерживании болезни в порядке их угрозы.

Ключевые слова: ВИЧ/СПИД, базовый номер воспроизводства, точка равновесия, стабильность, функ-
ция Ляпунова, МСМ, гетеросексуальный.
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Identification hyperbolic problems with
the Neumann boundary condition

In the present study, an identification problem with the Neumann boundary condition for a one-dimensional
hyperbolic equation is investigated. Stability estimates for the solution of the identification problem are
established. Furthermore, a first order of accuracy difference scheme for the numerical solution of the
identification problems for hyperbolic equations with the Neumann boundary condition is presented. Stability
estimates for the solution of the difference scheme are established. This difference scheme is tested on an
example and some numerical results are presented.

Keywords: source identification problem, hyperbolic differential equations, difference schemes.

Introduction

Identification problems take an important place in applied sciences and engineering, and have been studied
by many authors (see, e.g., [1–4] and the references given therein). The theory and applications of source
identification problems for partial differential equations have been given in various papers (see, e.g., [3, 5–8] and
the references given therein).

The well-posedness of the unknown source identification problem for parabolic and delay parabolic equations
have been well-investigated (see, e.g., [9–14], and the references given therein).

The solvability of the inverse problems in various formulations with various overdetermination conditions
for telegraph and hyperbolic equations were studied in many works (see, e.g., [15–18] and the references given
therein). Some new representations were given for the solutions and coefficients of the equations of mathematical
physics in [5, 19–23]. They gave such formulas for evolution equations of first and second-order in time, in
particular for parabolic and hyperbolic equations in the linear and nonlinear cases.

In this study, we consider the time-dependent source identification problem for a one-dimensional hyperbolic
equation with the Neumann boundary condition

∂2u(t,x)
∂t2 − ∂

∂x

(
a (x) ∂u(t,x)

∂x

)
= p (t) q (x) + f (t, x) , x ∈ (0, l) , t ∈ (0, T ) ,

u (0, x) = ϕ (x) , ut (0, x) = ψ (x) , x ∈ [0, l] ,

ux (t, 0) = ux (t, l) = 0,
∫ l

0
u (t, x) dx = ζ (t) , t ∈ [0, T ] ,

(1)

where u (t, x) and p (t) are unknown functions, a (x) ≥ a > 0, f (t, x) , ζ (t) , ϕ (x) and ψ (x) are sufficiently
smooth functions and q (x) is a sufficiently smooth function assuming q′ (0) = q′ (l) = 0 and

∫ l
0
q (x) dx 6= 0.

Our interest in this study is to investigate the stability of differential and difference identification problems.
The stability estimate for the solution of problem (1) is established. A first order of accuracy difference scheme
for the numerical solution of identification hyperbolic problems with the Neumann boundary condition (1)
is presented. The theoretical statements for solution of this difference scheme are supported by result of the
numerical experiments.
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Stability of differential problem (1)

To formulate our results, we introduce the Banach space C (H) = C ([0, T ] , H) of all abstract continuous
functions φ (t) defined on [0, T ] with values in H equipped with the norm

‖φ‖C(H) = max
06t6T

‖φ (t)‖H .

Let L2 [0, l] be a space of all square integrable functions γ (x) defined on [0, l] equipped with the norm

‖γ‖L2[0,l] =

(∫ l

0

|γ (x)|2 dx

) 1
2

,

and let W 1
2 [0, l] ,W 2

2 [0, l] be Sobolev spaces with norms

‖γ‖W 1
2 [0,l] =

(∫ l

0

[
γ2 (x) + γ2

x (x)
]
dx

) 1
2

;

‖γ‖W 2
2 [0,l] =

(∫ l

0

[
γ2 (x) + γ2

xx (x)
]
dx

) 1
2

,

respectively. We introduce the positive definite self-adjoint operator A defined by the formula

Au = − d

dx

(
a (x)

du (x)

dx

)
(2)

with the domain
D (A) = {u : u, u′′ ∈ L2 [0, l] , u′ (0) = u′ (l) = 0} .

Throughout the present paper,M denotes positive constants, which may differ in time and thus is not a subject
of precision. However, we will use the notation M(α, β, γ, ...) to stress the fact that the constant depends only
on α, β, γ, ...

We have the following theorem on the stability of problem (1).
Theorem 1. Assume that ϕ ∈ W 2

2 [0, l] , ψ ∈ W 1
2 [0, l] and f (t, x) is a continuously differentiable function

in t and square integrable in x, ζ (t) is a twice continuously differentiable function. Suppose that q (x) is a
sufficiently smooth function assuming q′ (0) = q′ (l) = 0 and

∫ l
0
q (x) dx 6= 0. Then for the solution of problem

(1) the following stability estimates hold∥∥∥∥∂2u

∂t2

∥∥∥∥
C(L2[0,l])

+ ‖u‖C(W 2
2 [0,l]) 6M1 (q)

[
‖ϕ‖W 2

2 [0,l] + ‖ψ‖W 1
2 [0,l] + (3)

+ ‖f (0, ·)‖L2[0,l] +

∥∥∥∥∂f∂t
∥∥∥∥
C(L2[0,l])

+ ‖ζ ′′‖C[0,T ]

]
;

‖p‖C[0,T ] 6M2 (q)
[
‖ϕ‖W 2

2 [0,l] + ‖ψ‖W 1
2 [0,l] + ‖ζ ′′‖C[0,T ] + (4)

+ ‖f (0, ·)‖L2[0,l] +

∥∥∥∥∂f∂t
∥∥∥∥
C(L2[0,l])

]
.

Proof. We will use the following substitution

u (t, x) = w (t, x) + η (t) q (x) , (5)

where η (t) is the function defined by the formula

η (t) =

∫ t

0

(t− s) p (s) ds, η (0) = η′ (0) = 0. (6)
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It is easy to see that w (t, x) is the solution of problem

∂2w(t,x)
∂t2 − ∂

∂x

(
a (x) ∂w(t,x)

∂x

)
= f (t, x) + η (t)

[
d
dx (a (x) q′ (x))

]
,

x ∈ (0, l) , t ∈ (0, T ) ,

w (0, x) = ϕ (x) , wt (0, x) = ψ (x) , x ∈ [0, l] ,

ux (t, 0) = ux (t, l) = 0, , t ∈ [0, T ] .

(7)

Applying the integral overdetermined condition
∫ l

0
u (t, x) dx = ζ (t) and substitution (5), we get

η (t) =
ζ (t)−

∫ l
0
w (t, x) dx∫ l

0
q (x) dx

.

From that and p (t) = η′′ (t) it follows

p (t) =
ζ ′′ (t)−

∫ l
0
∂2

∂t2w (t, x) dx∫ l
0
q (x) dx

.

Applying
∫ l

0
q (x) dx 6= 0, we get the estimate

|p (t)| ≤M3 (q)

[
|ζ ′′ (t)|+

∥∥∥∥∂2w (t, .)

∂t2

∥∥∥∥
L2[0,l]

]
(8)

for all t ∈ [0, T ] . From that it follows

‖p‖C[0,T ] 6M3 (q)

[
‖ζ ′′‖C[0,T ] +

∥∥∥∥∂2w

∂t2

∥∥∥∥
C(L2[0,l])

]
. (9)

Now, using substitution (5), we get

∂2u (t, x)

∂t2
=
∂2w (t, x)

∂t2
+ p (t) q (x) .

Applying the triangle inequality, we obtain∥∥∥∥∂2u

∂t2

∥∥∥∥
C(L2[0,l])

6

∥∥∥∥∂2w

∂t2

∥∥∥∥
C(L2[0,l])

+ ‖p‖C[0,T ] ‖q‖L2[0,l] . (10)

Therefore, the proof of estimates (3) and (4) is based on equation (1), the triangle inequality, estimates
(9), (10) and on the following stability estimate∥∥∥∥∂2w

∂t2

∥∥∥∥
C(L2[0,l])

6M4(q, a)
[
‖ϕ‖W 2

2 [0,l] + ‖ψ‖W 1
2 [0,l] + (11)

+ ‖f (0, ·)‖L2[0,l] +

∥∥∥∥∂f∂t
∥∥∥∥
C(L2[0,l])

+ ‖ζ ′′‖C[0,T ]

]
for the solution of problem (7). It was proved in [16] for the identification hyperbolic problem with the Dirichlet
boundary condition. The proof of (11) is carried out according to the same approach. This completes the proof
of Theorem 1.
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Stability of the difference scheme

To formulate our results on difference problem, we introduce the Banach space Cτ (H) = C ([0, T ]τ , H) of
all abstract grid functions φτ = {φ (tk)}Nk=0 defined on

[0, T ]τ = {tk = kτ, 0 6 k 6 N,Nτ = T} ,

with values in H equipped with the norm

‖φτ‖Cτ (H) = max
06k6N

‖φ (tk)‖H .

Moreover, L2h = L2 [0, l]h is the Hilbert space of all grid functions γh (x) = {γn}Mn=0 defined on

[0, l]h = {xn = nh, 0 6 n 6M,Mh = l} ,

equipped with the norm ∥∥γh∥∥
L2h

=

{
M∑
i=0

|γi|2 h

} 1
2

,

and W 1
2h = W 1

2 [0, l]h ,W
2
2h = W 2

2 [0, l]h are the discrete analogues of Sobolev spaces of all grid functions
γh (x) = {γn}Mn=0 defined on [0, l]h with norms

∥∥γh∥∥
W 1

2h

=

{
M∑
i=0

|γi|2 h+

M∑
i=1

∣∣∣∣γi − γi−1

h

∣∣∣∣2 h
} 1

2

;

∥∥γh∥∥
W 2

2h

=

{
M∑
i=0

|γi|2 h+

M−1∑
i=1

∣∣∣∣γi+1 − 2γi + γi−1

h2

∣∣∣∣2 h
} 1

2

,

respectively. For the differential operator A defined by (2), we introduce the self-adjoint positive definite
difference operator Ah defined by the formula

Ahϕ
h (x) =

{
− 1

h

(
a (xn+1)

ϕn+1 − ϕn
h

− a (xn)
ϕn − ϕn−1

h

)}M−1

n=1

, (12)

acting in the space of grid functions ϕh (x) = {ϕn}Mn=0 defined on [0, l]h satisfying the conditions
ϕ1 − ϕ0 = ϕM − ϕM−1 = 0.

For the numerical solution
{{
ukn
}N
k=0

}M
n=0

of problem (1), we consider the first order of accuracy difference
scheme 

uk+1
n −2ukn+uk−1

n

τ2 −
(
a (xn+1)

uk+1
n+1−u

k+1
n

h2 − a (xn)
uk+1
n −uk+1

n−1

h2

)
= pkq (xn) + f (tk, xn) ;

tk = kτ, xn = nh, 1 6 k 6 N − 1, 1 6 n 6M − 1, Nτ = T ;

u0
n = ϕ (xn) ,

u1
n−u

0
n

τ = ψ (xn) , 0 6 n 6M,Mh = l;

uk+1
1 − uk+1

0 = uk+1
M − uk+1

M−1 = 0;∑M−1
i=1 uk+1

i h = ζ (tk+1) ,−1 6 k 6 N − 1.

(13)

Here, it is assumed that q1 − q0 = qM − qM−1 = 0 and
∑M−1
i=1 qi 6= 0. We have the following theorem on the

stability of difference scheme (13).
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Theorem 2. For the solution of difference scheme (13), the following stability estimates hold∥∥∥∥∥∥
{
uhk+1 − 2uhk + uhk−1

τ2

}N−1

k=1

∥∥∥∥∥∥
Cτ (L2h)

+
∥∥∥{uhk+1

}N−1

k=1

∥∥∥
Cτ(W 2

2h)
6 (14)

6M5 (q)

∥∥ϕh∥∥W 2
2h

+
∥∥ψh∥∥

W 1
2h

+
∥∥fh1 ∥∥L2h

+

∥∥∥∥∥∥
{
fhk − fhk−1

τ

}N−1

k=2

∥∥∥∥∥∥
Cτ (L2h)

+

+

∥∥∥∥∥
{
ζk+1 − 2ζk + ζk−1

τ2

}N−1

k=1

∥∥∥∥∥
C[0,T ]τ

 ,
∥∥∥{pk}N−1

k=1

∥∥∥
C[0,T ]τ

6M6 (q)
[∥∥ϕh∥∥

W 2
2h

+
∥∥ψh∥∥

W 2
2h

+
∥∥fh1 ∥∥L2h

+ (15)

+

∥∥∥∥∥∥
{
fhk − fhk−1

τ

}N−1

k=2

∥∥∥∥∥∥
Cτ (L2h)

+

∥∥∥∥∥
{
ζk+1 − 2ζk + ζk−1

τ2

}N−1

k=1

∥∥∥∥∥
C[0,T ]τ

 .
Here and throughout this subsection fhk (x) = {f (tk, xn)}Mn=0 , 1 ≤ k ≤ N − 1.

Proof. We will use the following substitution

ukn = wkn + ηkqn, (16)

where
qn = q (xn)

and

ηk+1 =

k∑
i=1

(k + 1− i) piτ2, 1 6 k 6 N − 1, η0 = η1 = 0. (17)

It is easy to see that
{{
wkn
}N
k=0

}M
n=0

is the solution of difference problem



wk+1
n −2wkn+wk−1

n

τ2 − 1
h

(
a (xn+1)

wk+1
n+1−w

k+1
n

h − a (xn)
wk+1
n −wk+1

n−1

h

)
=

= f (tk, xn) + 1
h

[
a (xn+1) qn+1−qn

h − a (xn) qn−qn−1

h

]
ηk+1;

1 6 k 6 N − 1, 1 6 n 6M − 1;

w0
n = ϕ (xn) ,

w1
n−w

0
n

τ = ψ (xn) , 0 6 n 6M,

uk+1
1 − uk+1

0 = uk+1
M − uk+1

M−1 = 0,−1 6 k 6 N − 1.

(18)

Applying the overdetermined condition
∑M−1
i=1 uk+1

i h = ζ (tk+1) and substitution (16), one can obtain that

ηk+1 =
ζk+1 −

∑M−1
i=1 wk+1

i h∑M−1
i=1 qih

. (19)

Then, using formulas pk = ηk+1−2ηk+ηk−1

τ2 and (19), we get

pk =
ζk+1 − 2ζk + ζk−1 −

∑M−1
i=1

(
wk+1
i − 2wki + wk−1

i

)
h

τ2
∑M−1
i=1 qih

,
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|pk| 6M7 (q)

[∣∣∣∣ζk+1 − 2ζk + ζk−1

τ2

∣∣∣∣+

∥∥∥∥∥whk+1 − 2whk + whk−1

τ2

∥∥∥∥∥
L2h

]
(20)

for all 1 6 k 6 N − 1. From that it follows∥∥∥{pk}N−1
k=1

∥∥∥
C[0,T ]τ

6M7 (q)

∥∥∥∥∥
{
ζk+1 − 2ζk + ζk−1

τ2

}N−1

k=1

∥∥∥∥∥
C[0,T ]τ

+ (21)

+

∥∥∥∥∥∥
{
whk+1 − 2whk + whk−1

τ2

}N−1

k=1

∥∥∥∥∥∥
Cτ (L2h)

 .
Now, using substitution (16), we get

uk+1
n − 2ukn + uk−1

n

τ2
=
wk+1
n − 2wkn + wk−1

n

τ2
+ pkq (xn) .

Applying the triangle inequality, we obtain∥∥∥∥∥∥
{
uhk+1 − 2uhk + uhk−1

τ2

}N−1

k=1

∥∥∥∥∥∥
Cτ (L2h)

6 (22)

6

∥∥∥∥∥∥
{
whk+1 − 2whk + whk−1

τ2

}N−1

k=1

∥∥∥∥∥∥
Cτ (L2h)

+

+
∥∥∥{pk}N−1

k=1

∥∥∥
C[0,T ]τ

∥∥∥{q (xn)}Mn=0

∥∥∥
L2h

.

Therefore, the proof of estimates (14) and (15) are based on equation (13), the triangle inequality, estimates
(21), (22) and on the following stability estimate∥∥∥∥∥∥

{
whk+1 − 2whk + whk−1

τ2

}N−1

k=1

∥∥∥∥∥∥
Cτ (L2h)

6M8(q)× (23)

×
[∥∥ϕh∥∥

W 2
2h

+
∥∥ψh∥∥

W 1
2h

+
∥∥fh1 ∥∥L2h

+

∥∥∥∥∥∥
{
fhk − fhk−1

τ

}N−1

k=2

∥∥∥∥∥∥
Cτ (L2h)

+

+

∥∥∥∥∥
{
ζk+1 − 2ζk + ζk−1

τ2

}N−1

k=1

∥∥∥∥∥
C[0,T ]τ


for the solution of difference problem (18). It was proved in ([9]) for the identification hyperbolic problem
with the Dirichlet boundary condition. The proof of (23) is carried out according to the same approach. This
completes the proof of Theorem 2.

Numerical Experiments

In this section, we study the numerical solution of the identification problem

∂2u(t,x)
∂t2 − ∂2u(t,x)

∂x2 = p (t) (1 + cosx) + e−t cosx, x ∈ (0, π) , t ∈ (0, 1) ;

u (0, x) = 1 + cosx, ut (0, x) = − (1 + cosx) , x ∈ [0, π] ;

ux (t, 0) = ux (t, π) = 0, t ∈ [0, 1] ;∫ π
0
u (t, x) dx = πe−t, t ∈ [0, 1]

(24)

for a hyperbolic differential equation. The exact solution pair of this problem is (u (t, x) , p (t)) =
= (e−t (1 + cosx) , e−t) .
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For the numerical solution of problem (24), we present the following first order of accuracy difference scheme
for the approximate solution for the problem (24)

uk+1
n −2ukn+uk−1

n

τ2 − uk+1
n+1−2uk+1

n +uk+1
n−1

h2 = pk (1 + cosxn) + e−tk+1 cosxn;

tk = kτ, xn = nh, 1 6 k 6 N − 1, 1 6 n 6M − 1;

u0
n = 1 + cosxn,

u1
n−u

0
n

τ = − (1 + cosxn) , 0 6 n 6M,Mh = π,Nτ = 1;

uk+1
0 − uk+1

1 = uk+1
M − uk+1

M−1 = 0;∑M−1
i=1 uk+1

i h = πe−tk+1 ,−1 6 k 6 N − 1.

(25)

Algorithm for obtaining the solution of identification problem (25) contains three stages. Actually, let us define

ukn = wkn + ηk (1 + cosxn) , 0 ≤ k ≤ N, 0 ≤ n ≤M, (26)

Applying difference scheme (25) and formula (26), we will obtain the formula

ηk+1 =
πe−tk+1 −

∑M−1
i=1 wk+1

i h∑M−1
i=1 (1 + cosxi)h

,−1 ≤ k ≤ N − 1 (27)

and the difference scheme

wk+1
n −2wkn+wk−1

n

τ2 − wk+1
n+1−2wk+1

n +wk+1
n−1

h2 + 2(cosh−1)
h2 cosxn

∑M−1
i=1 wk+1

i h∑M−1
i=1 (1+cos xi)h

=

=
[
1 + 2π(cosh−1)

h2
∑M−1
i=1 (1+cos xi)h

]
e−tk+1 cosxn, 1 6 k 6 N − 1, 1 6 n 6M − 1;

w0
n = 1 + cosxn,

w1
n−w

0
n

τ = − (1 + cosxn) , , 0 6 n 6M ;

wk+1
0 − wk+1

1 = wk+1
M − wk+1

M−1 = 0,−1 6 k 6 N − 1.

(28)

In the first stage, we find numerical solution
{{
wkn
}N
k=0

}M
n=0

of corresponding first order of accuracy auxiliary
difference scheme (28). For obtaining the solution of difference scheme (28), we will write it in the matrix form as

Awk+1 +Bwk + Cwk−1 = ϕk, 1 6 k 6 N − 1;

w0 = {1 + cosxn}Mn=0 , w
1 = {(1− τ) (1 + cosxn)}Mn=0 ,

(29)

where A,B,C are (M + 1)× (M + 1) square matrices, ws, s = k, k±1, fk are (M + 1)×1 column matrices and

A =



1 −1 0 · 0 0 −1
b a+ c1 b+ c1 · c1 c1 0
0 b+ c2 a+ c2 · c2 c2 0
· · · · · · ·
0 cM−2 cM−2 · a+ cM−2 b+ cM−2 0
0 cM−1 cM−1 · b+ cM−1 a+ cM−1 b
0 0 0 · 0 −1 1


(M+1)×(M+1)

,

B =



0 0 0 · 0 0 0
0 e 0 · 0 0 0
0 0 e · 0 0 0
· · · · · · ·
0 0 0 · e 0 0
0 0 0 · 0 e 0
0 0 0 · 0 0 0


(M+1)×(M+1)

C =



0 0 0 · 0 0 0
0 g 0 · 0 0 0
0 0 g · 0 0 0
· · · · · · ·
0 0 0 · g 0 0
0 0 0 · 0 g 0
0 0 0 · 0 0 0


(M+1)×(M+1)

,
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ϕk =


0
ϕk1
·

ϕkM−1

0


(M+1)×1

ws =


0
ws1
·

wsM−1

0


(M+1)×1

, for s = k, k ± 1.

Here,

a =
1

τ2
+

2

h2
, b = − 1

h2
, e = − 2

τ2
, g =

1

τ2
;

d =

M−1∑
i=1

(1 + cosxi)h, cn =
2(cosh− 1)

hd
cosxn, 1 6 n 6M − 1,

ϕkn =

[
1 +

2π(cosh− 1)

h2
∑M−1
i=1 (1 + cosxih)

]
e−tk+1 cosxn, 1 6 k 6 N − 1, 1 6 n 6M − 1.

So, we have the initial value problem for the second order difference equation (29) with respect to k with matrix

coefficients A,B and C. Since w0and w1are given, we can obtain
{{
wkn
}N
k=0

}M
n=0

by (29).
Now, applying formula (17), we can obtain

pk =
ηk+1 − 2ηk + ηk−1

τ2
, 1 ≤ k ≤ N − 1. (30)

In the second stage, we obtain {pk}N−1
k=1 by formulas (27) and (30). Finally, in the third stage, we obtain{{

ukn
}N
k=0

}M
n=0

by formulas (26) and (27). The errors are computed by

Eu = max
06k6N

(
M∑
n=0

∣∣u (tk, xn)− ukn
∣∣2 h) 1

2

; (31)

Ep = max
16k6N−1

|p (tk)− pk| ,

where u (t, x) , p(t) represent the exact solution, ukn represent the numerical solutions at (tk, xn) and pk represent
the numerical solutions at tk. The numerical results are given in the following Table.

T a b l e
Error analysis

Error N = M = 20 N = M = 40 N = M = 80 N=M=160
Eu 0.0501 0.0250 0.0124 0.0062
Ep 0.0472 0.0244 0.0124 0.0063

As it is seen in Table, we get some numerical results. If N and M are doubled, the value of errors decrease
by a factor of approximately 1/2 for first order difference scheme (25).

Acknowledgement

The publication has been prepared with the support of the «RUDN University Program 5-100» and published
under target program BR05236656 of the Science Committee of the Ministry of Education and Science of the
Republic of Kazakhstan. We would like to thank the referees for their helpful suggestions to the improvement of
our paper.

96 Вестник Карагандинского университета



Identification hyperbolic problems ...

References

1 Belov, Yu.Ya. (2002). Inverse problems for partial differential equations (Inverse and Ill-Posed Problems
Series, VSP).

2 Isakov, V. (1998). Inverse problems for partial differential equations, Applied Mathematical Sciences
(Springer, New York).

3 Kozhanov, A.I. (1997). Journal of Inverse and III-posed Problems, 5, 4, 337–352.
4 Prilepko, A.I., Orlovsky, D.G., & Vasin, I.A. (2000).Methods for Solving Inverse Problems in Mathematical

Physics. New York: Marcel Dekker.
5 Anikonov, Yu.E. (1996). Siberian Mathematical Journal, 37, 3, 483–491.
6 Ashyralyev, A., (2014). & Ashyralyyev, Ch. Nonlinear Analysis: Modelling and Control), 19, 3, 350–366.
7 Ashyralyyev, Ch. (2014). Boundary Value Problem, 2014, 5, 1–23.
8 Orlovskii, D.G. (2008). Differential Equations, 44, 1, 124–134.
9 Ashyralyev, A. (2011). Ukrainian Mathematical Journal, 62, 9, 1397–1408.
10 Ashyralyev, A., & Agirseven, D. (2014). Nonlinear Analysis: Modelling and Control, 19, 3, 335–349.
11 Blasio, G.Di., & Lorenzi, A. (2007). Journal of Inverse and III-posed Problems, 15, 7, 709–734.
12 Ivanchov, N.I. (1995). Ukrainian Mathematical Journal, 47, 10, 1647–1652.
13 Kostin, A.B. (2013). Sbornik: Mathematics, 204, 10, 1391–1434.
14 Samarskii, A.A., & Vabishchevich, P.N. (2007). Numerical Methods for Solving Inverse Problems of

Mathematical Physics. New York: Berlin. Inverse and Ill-Posed Problems Series, Walter de Gruyter.
15 Ashyralyev, A., & Celik, F. (2016). Series Springer Proceedings in Mathematics and Statistics, 39-50.

Cham: Publishing.
16 Ashyralyev, A., & Emharab, F. (2017). AIP Conference Proceedings, 1880,050001, doi:10.1063/1.5000617.
17 Kozhanov, A.I., & Safiullova, R.R. (2010). Journal of Inverse and III-posed Problems, 18, 1, 1–24.
18 Kozhanov, A.I., & Telesheva, L.A. (2017). Bulletin of the south Ural State University, Series: Mathematical

Modelling, Programming and Computer Software, 10, 2, 24–37.
19 Anikonov, Yu.E. (1995).Journal of Inverse and III-posed Problems, 3, 4, 259–267.
20 Anikonov, Yu.E., & Neshchadim, M.V. (2012). Journal of Applied and Industrial Mathematics, 6, 1, 6–11.
21 Anikonov, Yu.E., & Neshchadim, M.V. (2013). Journal of Applied and Industrial Mathematics, 7, 1,

15–21.
22 Ashyralyev, A., & Sobolevskii, P.E. (2004). New Difference Schemes for Partial Differential Equations.

Basel, Boston, Berlin: Operator Theory Advances and Applications, Birkhauser Verlag.
23 Kabanikhin, S.I., & Krivorotko, O.I. (2015). Journal of Inverse and III-posed Problems, 23, 5, 519–527.

А. Ашыралыев, Ф. Эммараб

Шеттiк шарты Нейман түрiнде болатын
идентификациялық гиперболалық есептер

Мақала шеттiк шарты Нейман түрiндегi бiр өлшемдi гиперболалық түрдегi теңдеу үшiн идентифика-
циялау есебiн зерттеуге арналған. Идентификациялау есебiнiң шешiмi үшiн орнықтылық бағалаулары
алынған. Шеттiк шарты Нейман түрiндегi гиперболалық теңдеулер үшiн идентификациялау есебiн
сандық шешу үшiн дәлдiгi бiрiншi реттi айырымдық схема ұсынылған. Айырымдық схеманың шешiмi
үшiн орнықтылық бағалаулары келтiрiлген. Бұл айырымдық схема қарапайым есеп үшiн тексерiлiп,
сандық есептеулер нәтижесi келтiрiлген.

Кiлт сөздер: көздердi идентификациялау есебi, гиперболалық дифференциалды теңдеу, айырымдық
схемалары.
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А. Ашыралыев, Ф. Эммараб

Идентификационные гиперболические задачи
с граничным условием Неймана

В статье изучаена задача идентификации с граничным условием Неймана для одномерного гипер-
болического уравнения. Установлены оценки устойчивости решения задачи идентификации. Кроме
того, представлена разностная схема первого порядка точности для численного решения задач иден-
тификации для гиперболических уравнений с граничным условием Неймана. Установлены оценки
устойчивости решения разностной схемы. Эта разностная схема проверена на примере и представле-
ны некоторые численные результаты.

Ключевые слова: задача идентификации источника, гиперболические дифференциальные уравнения,
разностные схемы.
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Numerical solution of the nonlocal boundary value problem
for elliptic equations

In the present paper a second order of accuracy two-step difference scheme for an approximate solution
of the nonlocal boundary value problem for the elliptic differential equation −v′′(t) + Av(t) = f(t)

(0 ≤ t ≤ T ), v(0) = v(T ) + ϕ,
T∫
0

v(s)ds = ψ in an arbitrary Banach space E with the strongly positive

operator A is presented. The stability of this difference scheme is established. In application, the stability
estimates for the solution of the difference scheme for the elliptic differential problem with the Neumann
boundary condition are obtained. Additionally, the illustrative numerical result is provided.

Keywords: stability; positive operators; elliptic equation; numerical results, two-step difference scheme.

Introduction

The well-posedness in various Banach spaces of the local boundary value problem for the elliptic equation

−v′′(t) +Av(t) = f(t) (0 ≤ t ≤ T ), v(0) = v0, v(T ) = vT (1)

in an arbitrary Banach space E with the positive operator A and its related applications have been investigated
by many researchers (see, for example, [1–3] and the references given therein).

In mathematical modeling, elliptic equations are used together with local boundary conditions specifying
the solution on the boundary of the domain. In some cases, classical boundary conditions cannot describe
process or phenomenon precisely. Therefore, mathematical models of various physical, chemical, biological or
environmental processes often involve nonclassical conditions. The well-posedness of various nonlocal boundary
value problems for partial differential and difference equations has been studied extensively by many researchers
(see, e.g., [4–21] and the references given therein).

In the present paper the abstract nonlocal boundary value problem for differential equation of elliptic type

−v′′(t) +Av(t) = f(t) (0 ≤ t ≤ T ), v(0) = v(T ) + ϕ,

T∫
0

v(s)ds = ψ (2)

in the arbitrary Banach space E with the positive operator A is considered. The second order of approximation
two-step difference scheme

−uk+1−2uk+uk−1

τ2 +Auk = fk, fk = f(tk), tk = kτ, 1 ≤ k ≤ N − 1, Nτ = T ;

u0 = uN + ϕ,
N∑
i=1

uiτ = ψ

(3)

for the approximate solution of problem (2) is presented. The stability of this difference scheme is
established. In application, the stability estimates for the solution of the difference scheme for the elliptic
differential problem with the Neumann boundary condition are obtained. Additionally, the illustrative numerical
result is provided.
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Auxiliary results

In this section, we give some auxiliary statements from [1] which will be useful in the sequel. We consider
the second order of accuracy difference scheme

−uk+1 − 2uk + uk−1

τ2
+Auk = fk, fk = f(tk), tk = kτ, 1 ≤ k ≤ N − 1, Nτ = T, (4)

u0 = v0, uN = vT .

of the approximate solution of the boundary value problem (1). This problem is uniquely solvable, and the
following formula holds

uk = (I −R2N )−1{(Rk −R2N−k)u0+ (5)

+(RN−k −RN+k)uN − (RN−k −RN+k)(I + τB)×

×(2I + τB)−1B−1
N−1∑
i=1

(RN−i −RN+i)fiτ+

+(I + τB)(2I + τB)−1B−1
N−1∑
i=1

(R|k−i| −Rk+i)fiτ, 1 ≤ k ≤ N − 1,

where

B = B(τ,A) =
τA

2
+

√(
τA

2

)2

+A,R = R(τB) = (I + τB)−1.

Note that B(τ,A) 6= A
1
2 but then B(τ,A)→ A

1
2 as τ → 0 and it has same spectral properties of A

1
2 under

some assumptions for A.
Let us denote by Cτ (E) = C([0, T ]τ , E) the normed space of grid functions ϕτ = {ϕk}Nk=0 for fixed τ = T

N
with the norm

‖ ϕτ‖Cτ (E) = max
0≤k≤N

‖ ϕk ‖E .

From the formula (5) it follows that the investigation of the stability and well-posedness of difference scheme
(4) relies in an essential manner on a number of properties of the powers of the operator (I + τB)−1. We were
not able to obtain the estimates for powers of the operator (I + τB)−1 in the general cases of operator A. We
begin by deriving some estimates for powers of the operator (I + τB)−1 with a strongly positive operator A in
a Banach space E.

Lemma 1. Let A be a strongly positive operator in a Banach space E. Then −A is a generator of the analitic
semigroup exp{−tA} (t ≥ 0) with exponentially decreasing norm, when t −→ +∞, i. e. we have the following
estimates

‖exp{−tA}‖E−→E ≤M e−tδ (t > 0); (6)

‖tA exp{−tA}‖E−→E ≤M e−tδ(t > 0) (7)

for 1 ≤M < +∞, 0 < δ < +∞. Here M does not depend on τ .
Lemma 2. Let −A be a generator of the analytic semigroup exp{−tA} (t ≥ 0) with exponentially decreasing

norm, when t −→ +∞. Then the following estimates hold for any k ≥ 1 :∥∥(λI + τB)−k
∥∥
E→E ≤M [λ+ τ2a(A)]−k; (8)

||kτB(I + τB)−k||E→E ≤M, (9)

where M does not depend on τ .
We have the following results.
Theorem 3. Let A be a strongly positive operator in a Banach space E. Then the difference problem (4) is

stable in Cτ (E). For the solution of the difference problem (4) the following stability inequality is satisfied:

‖ uτ ‖Cτ (E)≤M [‖ fτ ‖Cτ (E) + ‖ u0‖E + ||uN‖E ],

where M does not depend on fτ , u0, uN and τ .
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Stability of difference problem (3)

We consider the difference problem (3). Using formula (5) and the nonlocal conditions

u0 = uN + ϕ,

N∑
i=1

uiτ = ψ,

we get

u0 = (2I + τB)−1(I −RN )−1(I +RN )

{
Bψ − (I + τB)B−1

N−1∑
i=1

fiτ

}
− (10)

−(I −RN )−1(I + τB)(I −RN+1)(2I + τB)−1ϕ+

+(I −RN )−1(I + τB)(2I + τB)−1B−1
N−1∑
i=1

(
RN−i +RN+i

)
fiτ.

uN = (2I + τB)−1(I −RN )−1(I +RN )

{
Bψ − (I + τB)B−1

N−1∑
i=1

fiτ

}
− (11)

−(I −RN )−1(I −RN−1)(2I + τB)−1ϕ+

+(I −RN )−1(I + τB)(2I + τB)−1B−1
N−1∑
i=1

(
RN−i +RN+i

)
fiτ.

Actually, applying formula (5), we get

ψ = uNτ +

N−1∑
k=1

ukτ = (I −R2N )−1

{
N∑
k=1

(Rk −R2N−k) (uN + ϕ) τ +

+

N∑
k=1

(RN−k −RN+k)uNτ −
N−1∑
k=1

(RN−k −RN+k)(I + τB)×

×(2I + τB)−1B−1
N−1∑
i=1

(RN−i −RN+i)fiτ
2

}
+

+(I + τB)(2I + τB)−1B−1
N−1∑
i=1

N−1∑
k=1

(R|k−i| −Rk+i)fiτ
2.

By computing and interchanging the order of summation, we obtain

ψ = (I −R2N )−1 (I −R)
−1 {(

R−RN+1 −RN +R2N
)

(uN + ϕ) τ +
(
I −RN −RN+1 +R2N+1

)
uNτ

}
−

−(I −R2N )−1 (I −R)
−1

(I + τB)(2I + τB)−1B−1
(
R−RN −RN+1 +R2N

)N−1∑
i=1

(RN−i −RN+i)fiτ
2+

+ (I −R)
−1

(I + τB)(2I + τB)−1B−1
N−1∑
i=1

(
I −Ri +R−RN−i −Ri+1 +RN+i

)
fiτ

2.

It follows that

ψ − (I +RN )−1(I −RN−1)B−1ϕ = (I +RN )−1
(
I −RN

)
(2I + τB)B−1uN−

−(I +RN )−1(I + τB)(2I + τB)−1B−2
(
I −RN−1

)N−1∑
i=1

(RN−i −RN+i)fiτ+

+(I + τB)2(2I + τB)−1B−2
N−1∑
i=1

(
(
I +R)(I −Ri)−RN−i +RN+i

)
fiτ.
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Thus
uN = (2I + τB)−1(I −RN )−1(I +RN )B

{
ψ − (I +RN )−1(I −RN−1)B−1ϕ +

+(I +RN )−1(I + τB)(2I + τB)−1B−2
(
I −RN−1

)N−1∑
i=1

(RN−i −RN+i)fiτ−

−(I + τB)2(2I + τB)−1B−2
N−1∑
i=1

(
(I +R)

(
I −Ri

)
−RN−i +RN+i

)
fiτ

}
=

= (2I + τB)−1(I −RN )−1(I +RN )Bψ − (I −RN )−1(I −RN−1)(2I + τB)−1ϕ+

+(I −RN )−1(I + τB)2(2I + τB)−2B−1
(
R−RN

)N−1∑
i=1

(RN−i −RN+i)fiτ−

−(I −RN )−1(I + τB)(2I + τB)−1(I +RN )B−1
N−1∑
i=1

fiτ

}
−

−(I −RN )−1(I + τB)2(2I + τB)−2(I +RN )B−1
N−1∑
i=1

(
− (I +R)Ri −RN−i +RN+i

)
fiτ

}
=

= (2I + τB)−1(I −RN )−1(I +RN )

{
Bψ − (I + τB)B−1

N−1∑
i=1

fiτ

}
−

−(I −RN )−1(I −RN−1)(2I + τB)−1ϕ+

+(I −RN )−1(I + τB)(2I + τB)−1B−1
N−1∑
i=1

(
RN−i +RN+i

)
fiτ.

From that there follow formulas (10) and (11).

Theorem 4. Let A be a strongly positive operator in a Banach space E and ψ = A−1
N−1∑
i=1

fiτ, ϕ = 0. Then

difference problem (13) is stable in Cτ (E). For a solution of the difference problem (13) the following stability
inequalities holds

‖ uτ ‖Cτ (E)≤M1‖ fτ ‖Cτ (E),

where M1 does not depend on fτ and τ .
Proof. By Theorem 3 we have the following estimate

‖ uτ ‖Cτ (E)≤M [‖ fτ ‖Cτ (E) + ‖ u0‖E + ||uN‖E ] (12)

for solution of problem (4). Therefore, to prove the theorem it is sufficient to establish estimates for ‖ u0‖E and
||uN‖E . Applying formulas (10) and (11), the triangle inequality and estimates (8), (9), we get

‖ u0‖E ≤M1‖ fτ ‖Cτ (E);

||uN‖E ≤M1‖ fτ ‖Cτ (E).

Theorem 4 is proved.

Application

Now, we will give the application of Theorem 4 to elliptic equations. Let Ω be the unit open cube in the
n−dimensional Euclidean space Rn (0 < xk < 1, 1 ≤ k ≤ n) with boundary S, Ω = Ω ∪ S. In [0, T ] × Ω we
consider the nonlocal boundary value problem for the multidimensional elliptic equation
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−∂
2u(y,x)
∂y2 −

n∑
r=1

αr(x)∂
2u(y,x)
∂x2
r

+ δu(y, x) = f(y, x);

x = (x1, . . . , xn) ∈ Ω, 0 < y < T ;

u(0, x) = u(T, x),
T∫
0

u(s, x)ds = 0, x ∈ Ω;

∂u(y,x)
∂−→m = 0, x ∈ S,

(13)

where αr(x) (x ∈ Ω) and f(y, x) (y ∈ (0, T ), x ∈ Ω) are given smooth functions and αr(x) > 0, δ > 0 is a
sufficiently large number. Here, −→m is a normal vector to S. The discretization of problem (13) is also carried
out in two steps. In the first step, let us define the grid sets

Ωh = {x = xj = (h1j1, ..., hmjm), j = (j1, ..., jm);

0 ≤ jr ≤Mr, hrMr = 1, r = 1, ...,m, } ;

Ωh = Ωh ∩ Ω, Sh = Ωh ∩ S.

We introduce the Banach spaces L2h = L2(Ωh) and Ch = C(Ωh) of the grid functions ϕh(x) =
= {ϕ(h1j1, ..., hmjm)} defined on Ωh, equipped with the norms

∥∥ϕh∥∥
L2h

=

∑
x∈Ωh

∣∣ϕh(x)
∣∣2 h1 · · · hm

1/2

(14)

and ∥∥ϕh∥∥
Ch

= sup
x∈Ωh

∣∣ϕh(x)
∣∣ , (15)

respectively. To the differential operator A generated by problem (13), we assign the difference operator Axh by
the formula

Axhu
h(x) = −

m∑
r=1

(
ar(x)uhxr

)
xr,jr

(16)

acting in the space of grid functions uh(x), satisfying the condition ∂uh(x)
∂−→m (∀ x ∈ Sh). It is known that Axh is

a self-adjoint positive definite operator in L2(Ωh) and C(Ωh). With the help of Axh, we arrive at the nonlocal
boundary value problem 

−d
2uh(y,x)
dy2 +Axhu

h(t, x) = fh(t, x);

x ∈ Ωh, 0 < y < T ;

uh(0, x) = uh(T, x),
T∫
0

uh(s, x)ds = 0, x ∈ Ωh;

∂uh(x)
∂−→m = 0, x ∈ Sh.

(17)

In the second step, we replace problem (17) by the second order of accuracy difference scheme (3)

−u
h
k+1(x)−2uhk(x)+uhk−1(x)

τ2 +Axhu
h
k(x) = fhk (x), fhk (x) = fh(yk, x);

yk = kτ, 1 ≤ k ≤ N − 1, Nτ = T, x ∈ Ωh;

uh0 (x) = uhN (x),
N∑
i=1

uhi (x)τ = 0, x ∈ Ωh.

(18)

Using the results of Theorem 4, we can obtain the following theorem.
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Theorem 5. Let τ and h be sufficiently small numbers and
N−1∑
i=1

fh(yi, x) = 0. Then, solutions of difference

scheme (18) satisfy the following estimates

max
0≤k≤N

∥∥uhk∥∥L2h
≤M1 max

1≤k≤N−1

∥∥fhk ∥∥L2h
;

max
0≤k≤N

∥∥uhk∥∥Ch ≤M1 max
1≤k≤N−1

∥∥fhk ∥∥Ch ,
here M1 does not depend on τ , h and fhk , 1 ≤ k ≤ N − 1.

The illustrative numerical result

When the analytical methods do not work properly, the numerical methods for obtaining approximate
solutions of partial differential equations play an important role in applied mathematics.

For numerical analysis, we consider the nonlocal boundary problem for the two dimensional elliptic equation
−∂

2u
∂t2 −

∂2u
∂x2 + u = 3 cos t cosx, 0 < t < 2π, 0 < x < 2π;

u (0, x) = u (2π, x) ;
∫ 2π

0
u (s, x) ds = 0, 0 ≤ x ≤ 2π;

ux (t, 0) = ux (t, 2π) = 0, 0 ≤ x ≤ 2π.

(19)

The exact solution of this problem is
u (t, x) = cos t cosx.

For an approximate solution of the nonlocal boundary problem (19), we consider the set [0, 2π]τ × [0, 2π]h of a
family of grid points depending on the small parameters τ and h

[0, 2π]τ × [0, 2π]h = {(tk, xn) : tk = kτ, 0 ≤ k ≤ N,Nτ = 2π, xn = nh, 0 ≤ n ≤M,Mh = 2π} .

For a numerical solution, we consider the difference scheme of the second order of accuracy in t and the first
order of accuracy in x.

−u
k+1
n +ukn+uk−1

n

τ2 − ukn+1+ukn+ukn−1

h2 + ukn = 3 cos tk cosxn, 1 ≤ k ≤ N − 1, 1 ≤ n ≤M − 1;

u0
n = uNn ,

∑N−1
i=0 uin = 0, 0 ≤ n ≤M ;

uk1 − uk0 = ukM − ukM−1 = 0, 0 ≤ k ≤ N.

(20)

It is the system of algebraic equations and it can be written in the matrix form Aun+1 +Bun + Cun−1 = Dϕn, 1 ≤ n ≤M − 1,

u0 = u1, uM−1 = uM .
(21)

Here,

A = C =



0 0 0 0 . 0 0 0 0
0 a 0 0 . 0 0 0 0
0 0 a 0 . 0 0 0 0
0 0 0 a . 0 0 0 0
. . . . . . . . .
0 0 0 0 . a 0 0 0
0 0 0 0 . 0 a 0 0
0 0 0 0 . 0 0 a 0
0 0 0 0 . 0 0 0 0


(N+1)×(N+1)

, B =



1 0 0 0 . 0 0 0 −1
c b c 0 . 0 0 0 0
0 c b c . 0 0 0 0
0 0 c b . 0 0 0 0
. . . . . . . . .
0 0 0 0 . b c 0 0
0 0 0 0 . c b c 0
0 0 0 0 . 0 c b c
0 1 1 1 . 1 1 1 1


(N+1)×(N+1),

where a = − 1
h2 , b = 2

τ2 + 2
h2 + 1, c = − 1

τ2 ,
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ϕn =


cϕ0

n

ϕ1
n

.
ϕN−1
n

ϕNn


(N+1)×1

=


0

3 cos t1 cosxn
.

3 cos tN−1 cosxn
0


(N+1)×1

,

and D = IN+1 is the identity matrix,

us =


cu0
s

u1
s

.
uN−1
s

uNs


(N+1)×1

, s = n− 1, n, n+ 1.

Therefore, to solve the matrix equation (21), we will use the modified Gauss elimination method. We seek
the solution of the matrix equation by the following form:

un = αn+1un+1 + βn+1, n = M − 1, ..., 1, 0, (22)

where uM = (I − αM )
−1
βM , αj (j = 1, ...,M −1) are (N +1)× (N +1) square matrices, βj (j = 1, ...,M −1)

are (N + 1)× 1 column matrices, α1 is the identity and β1 are zero matrices and

αn+1 = − (B + Cαn)
−1
A;

βn+1 = (B + Cαn)
−1

(Dϕn − Cβn) , n = 1, ...,M − 1.

Now, we give the error analysis between exact solutions u(tk, xn) and the approximate solutions ukn for the
different values of N and M. The errors are computed by the formula

ENM = max
0≤k≤N,0≤n≤M

∣∣u(tk, xn)− ukn
∣∣ . (23)

The numerical results for the difference scheme (20) are given in the following tables 1, 2.

T a b l e 1

Two dimensional N,M = 20, 20 N,M = 40, 40 N,M = 80, 80
Difference scheme 0.1329 0.0607 0.0290

Tab l e 2

Two dimensional N,M = 20, 400 N,M = 40, 1600 N,M = 80, 6400
Difference scheme 0.0029 7.1859e− 04 1.7955e− 04

As it is seen in Table 1, if N and M are doubled, the value of errors decrease by a factor of approximately
1/2. Moreover, as it is seen in Table 2, if N is doubled and M ≥ N2, the value of errors decrease by a factor of
approximately 1/4 difference scheme as the second order of accuracy.
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А. Ашыралыев, А. Хамад

Эллипстiк теңдеулер үшiн локалдық емес
шеттiк есептердi сандық шешу

Мақалада қатаң оң A операторы бар эллипстiк теңдеу үшiн мына түрдегi −v′′ (t)+Av (t) = f (t) ,

(0 ≤ t ≤ T ) , v (0) = v (T ) +ϕ,
T∫
0

v (s) ds = ψ локалдық емес шеттiк есептi жуықтап шешуге арналған

екiншi реттi дәлдiгi бар екi адымды айрымдық схема келтiрiлген. Есеп қандай да бiр E Банах кеңiстi-
гiнде қарастырылды. Айрымдық схеманың орнықты болатыны көрсетiлген. Қосымшада шеттiк шарт-
тары Нейман түрiндегi дифференциалды есеп үшiн айырымдық схема шешiмiнiң орнықтылығын
бағалаулар көрсетiлген. Сондай-ақ сандық есептеулердiң нәтижелерi берiлген.

Кiлт сөздер: орнықтылық, оң операторлар, эллипстiк теңдеулер, сандық нәтиже, екiншi реттi дәлдiгi.
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А. Ашыралыев, А. Хамад

Численное решение нелокальной краевой задачи
для эллиптических уравнений

В статье представлена двухшаговая разностная схема второго порядка точности для прибли-
женного решения нелокальной краевой задачи для эллиптического дифференциального уравнения

−v′′(t) + Av(t) = f(t) (0 ≤ t ≤ T ), v(0) = v(T ) + ϕ,
T∫
0

v(s)ds = ψ в произвольном банаховом

пространстве E с сильно положительным оператором A. Установлена устойчивость этой разностной
схемы. В приложении получены оценки устойчивости решения разностной схемы для эллиптической
дифференциальной задачи с граничным условием Неймана. Кроме того, приведен демонстрационный
численный результат.

Ключевые слова: устойчивость, положительные операторы, эллиптическое уравнение, численные ре-
зультаты, двухшаговая разностная схема.
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A note on the second order of accuracy difference scheme for
elliptic-parabolic equations in Hölder spaces

The present paper is devoted to the study of a second order of accuracy difference scheme for a solution of
the elliptic-parabolic equation with nonlocal boundary condition. The well-posedness of the second order
of accuracy difference scheme in Hölder spaces is established. Coercivity estimates in Hölder norms for an
approximate solution of a nonlocal boundary value problem for elliptic-parabolic differential equation are
obtained. Results of numerical experiments are presented in order to support the aforementioned theoretical
statements.

Keywords: difference scheme, elliptic-parabolic equation, Hölder spaces, well-posedness, coercivity inequa-
lities.

Introduction

In the last decades, boundary value problems with nonlocal boundary conditions have been an important
research topic in many natural phenomena. Methods and theories of solutions of the nonlocal boundary value
problems for elliptic, parabolic, and mixed type differential equations have been studied extensively in a large
cycle of papers (see, for example, [1–20] and the references given therein).

In paper [1], the well-posedness of the nonlocal boundary value problem

−d2u(t)
dt2 +Au(t) = g(t), 0 ≤ t ≤ 1,

du(t)
dt −Au(t) = f(t),−1 ≤ t ≤ 0,

u(0+) = u(0−), u
′
(0+) = u

′
(0−), u(1) = u(−1) + µ

(1)

in Hölder spaces was determined. Furthermore, the coercivity inequalities for solutions of the nonlocal boundary
value problem for elliptic-parabolic equations were obtained.

In article [2], the first order of accuracy difference scheme
−uk+1−2uk+uk−1

τ2 +Auk = gk, gk = g(tk), tk = kτ, 1 ≤ k ≤ N − 1,

uk−uk−1

τ −Auk−1 = fk, fk = f(tk−1), tk = (k − 1)τ,−(N − 1) ≤ k ≤ −1,

u1 − u0 = u0 − u−1, uN = u−N + µ

for an approximate solution of problem (1) was constructed. Also the well-posedness of the difference scheme in
Hölder spaces was proven. Moreover, coercivity estimates in Hölder norms for the solutions of difference scheme
for elliptic-parabolic equations were derived.

108 Вестник Карагандинского университета



A note on the second order of accuracy difference ...

In this study, the well-posedness of the following second order of accuracy difference scheme

−uk+1−2uk+uk−1

τ2 +Auk = gk, gk = g(tk),

tk = kτ, 1 ≤ k ≤ N − 1, Nτ = 1;

uk−uk−1

τ − 1
2 (Auk +Auk−1) = fk, fk = f(tk− 1

2
);

tk− 1
2

= (k − 1
2 )τ,−(N − 1) ≤ k ≤ 0;

u2 − 4u1 + 3u0 = −3u0 + 4u−1 − u−2, uN = u−N + µ

(2)

for the approximate solution of nonlocal boundary value problem (1) in Hölder spaces is presented. In addition
coercivity inequalities for solutions of difference schemes are obtained.

The rest of this paper is organized as follows. In section 2, the main theorem on well-posedness of the
difference scheme (2) will be presented. In section 3, an application of the main theorem will be given. In section
4, the numerical results are presented. Finally, in section 5, the conclusion will be given.

Well-posedness of the difference scheme (2)

Throughout this paper, we have adopted the following symbols. H denotes a Hilbert space and A = δI,
where δ > δ0 > 0, is a self-adjoint positive definite operator. I is an identity operator, B = 1

τ (τA+
√
A(4 + τ2A)

is a given self-adjoint positive definite operator and B ≥ δ 1
2 I. In addition, R = (I+τB)−1 is a bounded operator

defined on the whole space H. The following operators

P = (I − τA

2
), G = (I +

τA

2
)−1,K = (I + 2τA+

5

4
(τA)2)−1

exist and are bounded for the self-adjoint positive operator A.
Lemma 1. The following necessary estimates for P k, Rk and Tτ are satisfied in [3] and [4]:

||P k||H→H ≤ 1, ||G||H→H ≤ 1, kτ ||AP kG2||H→H ≤M, k ≥ 1, δ > 0; (3)

||RK ||H→H ≤M(1 + τB)−k, kτ ||BRK ||H→H ≤M, k ≥ 1, δ > 0; (4)

where A is a self-adjoint positive operator and M is independent of τ .
From these estimates it follows that

||(I +B−1A(I + τA+
τ

2
G−2)K(I −R2N−1) +K(I − τ2A

2
)G−2R2N−1− (5)

−K(I − τ2A

2
)G−2(2I + τB)RNPN )−1)−1||H→H ≤M.

Here, we will study well-posedness of (2) in Hölder space. Consider Fτ (H) = F ([a, b]τ , H) as the linear space
of mesh functions ϕτ = {ϕk}NbNa defined on [a, b]τ = {tk = kh,Na ≤ k ≤ Nb, Naτ = a,Nbτ = b} with values in
Hilbert space H.

Let C([a, b]τ , H), Cα([−1, 1]τ , H), C̃α([−1, 1]τ , H), C̃
α
2 ([−1, 1]τ , H), C̃α([0, 1]τ , H) be Banach spaces with

the norms
||ϕτ ||C([a,b]τ ,H) = max

Na≤k≤Nb
||ϕk||H ,

||ϕτ ||Cα([−1,1]τ ,H) = ||ϕτ ||C([−1,1]τ ,H) + sup
−N≤k<k+r≤0

||ϕk+r − ϕk||H(rτ)−
α
2 +

+ sup
1≤k<k+r≤N−1

||ϕk+r − ϕk||H(rτ)−α,

||ϕτ ||C̃α([−1,1]τ ,H) = ||ϕτ ||C([−1,1]τ ,H) + sup
−N≤k<k+2r≤0

||ϕk+2r − ϕk||H(2rτ)−
α
2 +

+ sup
1≤k<k+r≤N−1

||ϕk+r − ϕk||H(rτ)−α,
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||ϕτ ||
C̃
α
2 ([−1,0]τ ,H)

= ||ϕτ ||C([−1,0]τ ,H) + sup
−N≤k<k+2r≤0

||ϕk+2r − ϕk||H(2rτ)−
α
2 ,

||ϕτ ||C̃α([0,1]τ ,H) = ||ϕτ ||C([0,1]τ ,H) + sup
1≤k<k+r≤N−1

||ϕk+r − ϕk||H(rτ)−α.

Recall that the Banach space Eα = Eα(B,H), where 0 < α < 1 consists of v ∈ H, for which the following norm
is finite [5]

||v||Eα = sup
z>0

zα||B(z +B)−1v||.

The following holds for all β < α :

D(B) ⊂ Eα(B,H) ⊂ Eβ(B,H) ⊂ H.

Theorem 1. Assume that (I + τB)(f−N+1 + gN−1) ∈ Eα, (I + τB)(f0 + g1) ∈ Eα
2
, and Aµ ∈ Eα. Then, the

solution of difference problem (2) obeys the coercivity inequalities∥∥{τ−2(uk+1 − 2uk + uk−1)}N−1
1

∥∥
Cα([0,1]τ ,H)

+
∥∥{τ−1(uk − uk−1)}0−N+1

∥∥
C̃
α
2 ([−1,0]τ ,H)

+

+
∥∥∥{Auk}N−1

1

∥∥∥
Cα([0,1]τ ,H)

+

∥∥∥∥∥
{

1

2
(Auk +Auk−1)

}0

−N+1

∥∥∥∥∥
C̃
α
2 ([−1,0]τ ,H)

≤

≤M1

{
||Aµ||Eα + ||(I + τB)(f0 + g1)||Eα

2
+ ||(I + τB)(f−N+1 + gN−1)||Eα +

+
1

α(1− α)

[
||fτ ||

C̃
α
2 ([−1,0]τ ,H)

+ ||gτ ||Cα([0,1]τ ,H)

]}
and ∥∥{τ−2(uk+1 − 2uk + uk−1)}N−1

1

∥∥
Cα([0,1]τ ,H)

+
∥∥{τ−1(uk − uk−1)}0−N+1

∥∥
C
α
2 ([−1,0]τ ,H)

+

+
∥∥∥{Auk}N−1

1

∥∥∥
Cα([0,1]τ ,H)

+

∥∥∥∥∥
{

1

2
(Auk +Auk−1)

}0

−N+1

∥∥∥∥∥
C
α
2 ([−1,0]τ ,H)

≤

≤M2

{
||Aµ||Eα + ||(I + τB)(f0 + g1)||Eα

2
+ ‖(I + τB)(f−N+1 + gN−1)‖Eα +

+
1

α(1− α)

[∥∥∥∥(I +
τA

2

)
fτ
∥∥∥∥
C
α
2 ([−1,0]τ ,H)

+ ‖gτ‖Cα([0,1]τ ,H)

]}
.

Here M1 and M2 do not depend on fτ , gτ , µ, τ, and α.
Proof. By [6], we obtain

∥∥∥{τ−1(uk − uk−1)
}0

−N+1

∥∥∥
C̃
α
2 ([−1,0]τ ,H)

+

∥∥∥∥∥
{

1

2
(Auk +Auk−1)

}0

−N+1

∥∥∥∥∥
C̃
α
2 ([−1,0]τ ,H)

≤ (6)

≤M1

[
1

α(1− α
2 )
||fτ ||

C
α
2 ([−1,0]τ ,H)

+ ||Au0||Eα
2

]
and ∥∥∥{τ−1(uk − uk−1)

}0

−N+1

∥∥∥
C
α
2 ([−1,0]τ ,H)

+

∥∥∥∥∥
{

1

2
(Auk +Auk−1)

}0

−N+1

∥∥∥∥∥
C
α
2
≤([−1,0]τ ,H)

≤ (7)

≤M2

[
1

α(1− α
2 )

∥∥∥∥(I +
τA

2

)
fτ
∥∥∥∥
C
α
2 ([−1,0]τ ,H)

+ ||Au0||Eα
2

]
for the solution of an inverse Cauchy difference problem τ−1(uk − uk−1)− A

2 (uk + uk−1) = fk,

−(N − 1) ≤ k ≤ 0, u0 is given.
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By [3] and [7], we get∥∥∥{τ−2(uk+1 − 2uk + uk−1)
}N−1

1

∥∥∥
Cα([0,1]τ ,H)

+ ||{Auk}N−1
1 ||Cα([0,1]τ ,H) ≤

≤M
[

1

α(1− α)
||gτ ||Cα([0,1]τ ,H) + ||Au0||Eα + ||AuN ||Eα

]
(8)

for the solution of boundary value problem τ−2(uk+1 − 2uk + uk−1) +Auk = gk,

1 ≤ k ≤ N − 1, u0, uN are given.

Then, the proof of Theorem 1 is based on coercivity inequalities (6)–(8) and estimates

||Au0||Eα ≤M
{

1

α(1− α
2 )

[
||fτ ||

C
α
2 ([−1,0]τ ,H)

+ |||gτ ||Cα([0,1]τ ,H)

]
+ (9)

+||Aµ||Eα + ||(I + τB)(f0 + g1)||Eα + ||(I + τB)f−1||Eα}
and

||AuN ||Eα ≤M
{

1

α(1− α
2 )

[
||fτ ||Cα([−1,0]τ ,H) + |||gτ ||Cα([0,1]τ ,H)

]
+ (10)

+||Aµ||Eα + ||(I + τB)(f0 + g1)||Eα}
for the solution of the boundary value problem (2). Estimates (9) and (10) follow from the formulae

Au0 =
1

2
TτKG−2 ×

{
(2I − τ2A)

{
(2 + τB)RN

[
−τ

0∑
s=−N+1

AP s+N−1G(fs − f−N+1) +Aµ

]
−

−RN−1AB−1
N−1∑
s=1

RN−s(gs − gN−1)τ +RN−1AB−1
N−1∑
s=1

RN+s(gs − g1)τ+

+(I −R2N )AB−1
N−1∑
s=1

Rs−1(gs − g1)τ}

}
+

+(I −R2N )(I + τB)(τB−1Ag1 − 4GB−1Af0 + PGB−1Af0 +GB−1Af−1)+

+(2I − τ2A)(2 + τB)RN (PN − I)f−N+1+

+AB2(RN−1 − I)
[
RN−1gN−1 + (R2N −R2N−1 − I)g1

]}
and

AuN =
1

2
PNTτKG−2 ×

{
(2I − τ2A)

{
(2 + τB)RN

[
−τ

0∑
s=−N+1

AP s+N−1G(fs − f−N+1) +Aµ

]
−

−RN−1AB−1
N−1∑
s=1

RN−s(gs − gN−1)τ +RN−1AB−1
N−1∑
s=1

RN+s(gs − g1)τ

}
+

+(I −R2N )AB−1
N−1∑
s=1

BRs−1(gs − g1)τ}+

+(I −R2N )(I + τB)(τB−1Ag1 − 4GB−1Af0 + PGB−1Af0 +GB−1Af−1)+

+(2I − τ2A)(2 + τB)RN (PN − I)f−N+1+

+AB2(RN−1 − I){RN−1gN−1 + (R2N −R2N−1 − I)g1}
}
−

−τ
0∑

s=−N+1

AP s+N−1G(fs − f−N+1) +Aµ+ (PN − I)f−N+1
,

for the solution of problem (2) and estimates (3)–(5). The proof of Theorem 1 is complete.
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An application of main theorem

In this section, an application of Theorem 1 is presented. Let Ω be a unit cube in the n-dimensional Euclidean
space Rn (0 < xk < 1, 1 ≤ k ≤ n) with boundary S, Ω̄ = Ω ∪ S, in [−1, 1] × Ω. A nonlocal boundary value
problem 

−utt −
n∑
r=1

(ar(x)uxr )xr = g(t, x), 0 < t < 1, x ∈ Ω,

ut +
n∑
r=1

(ar(x)uxr )xr = f(t, x),−1 < t < 0, x ∈ Ω,

u(0+, x) = u(0−, x), ut(0+, x) = ut(0−, x), x ∈ Ω̄,

u(t, x) = 0, x ∈ S,−1 ≤ t ≤ 1, u(1, x) = u(−1, x), x ∈ Ω̄

(11)

is considered, where ar(x) (x ∈ Ω), g(t, x) (t ∈ (0, 1), x ∈ Ω̄), f(t, x) (t ∈ (−1, 0), x ∈ Ω̄) are given smooth
functions and ar(x) ≥ a ≥ 0 is a sufficiently large number.

The discretization of problem (11) is carried out in two steps. In the first step, the grid sets

Ω̄h = {x = xm = (h1m1, ..., hnmn),m = (m1,m2, ...,mn),

0 ≤ mr ≤ N,hrNr = 1, r = 1, ..., n},Ωh = Ω̄h ∩ Ω, Sh = Ω̄h ∩ S

are defined.
We introduce the Hilbert space L2h = L2h(Ω̄) of the grid functions ϕh(x) = {ϕ(h1m1, h2m2, · · ·, hnmn)}

defined on Ω̄h, equipped with the norm

||ϕh||L2h
=

∑
x∈Ω̄h

|ϕh(x)|2h1 · · · hn

 1
2

,

and the Hilbert spaces W 1
2h = W 1

2 (Ω̄h), W 2
2h = W 2

2 (Ω̄h) defined on Ω̄h, equipped with the norms

||ϕh||W 1
2h

=

∑
x∈Ω̄h

n∑
r=1

|(ϕh)xr |2h1 · · · hn

 1
2

,

||ϕh||W 2
2h

= ||ϕh||L2h
+

∑
x∈Ω̄h

n∑
r=1

|(ϕh)xrx̄r,mr |2h1 · · · hn

 1
2

.

It is known that the differential expression

Axhu
h = −

n∑
r=1

(ar(x)uhx̃r )xr,mr (12)

defines a positive operator Axh acting in the space of grid functions uh(x), satisfying the condition uh(x) = 0,
for all x ∈ Sh. With the help of Axh, we arrive at the nonlocal boundary value problem

−d
2uh(t,x)
dt2 +Axhu

h(t, x) = gh(t, x), 0 < t < 1, x ∈ Ωh,

duh(t,x)
dt −Axhuh(t, x) = fh(t, x),−1 < t < 0, x ∈ Ωh,

uh(0+, x) = uh(0−, x), du
h(0+,x)
dt = du(0−,x)

dt , x ∈ Ω̄h,

uh(1, x) = uh(−1, x), x ∈ Ω̄h

(13)
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for an infinite system of ordinary differential equations. In the second step problem (13) is replaced by the
difference scheme (2) (see [7]).

−u
h
k+1(x)−2uhk(x)+uhk−1(x)

τ2 +Axhu
h
k(x) = ghk (x),

ghk (x) = gh(tk, x), tk = kτ, 1 ≤ k ≤ N − 1, Nτ = 1, x ∈ Ωh,

uhk(x)−uhk−1(x)

τ2 − Axh
2 (uhk(x) + uhk−1(x)) = fhk (x),

fhk (x) = fh(tk− 1
2
, xn), tk− 1

2
= (k − 1

2 )τ,−N + 1 ≤ k ≤ 0, x ∈ Ωh,

−uh2 (x) + 4uh1 (x)− 3uh0 (x) = 3uh0 (x)− 4uh−1(x) + uh−2(x), x ∈ Ω̄h,

uhN (x) = uh−N (x), x ∈ Ω̄h.

Theorem 2. Let τ and |h| be sufficiently small numbers. Then, the solution of difference scheme (11) obeys
the coercivity stability estimates

||{τ−2(uhk+1 − 2uhk + uhk−1)}N−1
1 ||Cα([0,1]τ ,L2h) + ||{τ−1(uhk − uhk−1)}0−N+1||C̃ α

2 ([−1,0]τ ,L2h)
+

+||{uhk}N−1
1 ||Cα([0,1]τ ,W 2

2h)+||
{

1

2
(uhk + uhk−1)

}0

−N+1

||
C̃
α
2 ([−1,0]τ ,W 2

2h)
≤

≤M3

{
||fh0 + gh1 ||W 1

2h
+ τ ||fh0 + gh1 ||W 2

2h
+ ||fh−N+1 + ghN−1||W 1

2h
+ τ ||fh−N+1 + ghN−1||W 2

2h
+

+
1

α(1− α)

[
||{fhk }0−N+1||C̃ α

2 ([−1,0]τ ,L2h)
+ ||{ghk}N−1

1 ||Cα([0,1]τ ,L2h)

]}
,

||{τ−2(uhk+1 − 2uhk + uhk−1)}N−1
1 ||Cα([0,1]τ ,L2h) + ||{τ−1(uhk − uhk−1)}0−N+1||C α

2 ([−1,0]τ ,L2h)
+

+||{uhk}N−1
1 ||Cα([0,1]τ ,W 2

2h) + ||{1

2
(uhk + uhk−1}0−N+1||C α

2 ([−1,0]τ ,W2h)
≤

≤M4

{
||fh0 + gh1 ||W 1

2h
+ τ ||fh0 + gh1 ||W 2

2h
+ ||fh−N+1 + ghN−1||W 1

2h
+ τ ||fh−N+1 + ghN−1||W 2

2h
+

+
1

α(1− α)

[
||{fhk }0−N+1||C α

2 ([−1,0]τ ,L2h)
+ τ ||{fhk }0−N+1||C α

2 ([−1,0]τ ,W 2
2h)

+ ||{ghk}N−1
1 ||Cα([0,1]τ ,L2h)

]}
,

where M3 and M4 do not depend on τ, h, α, fhk , −N + 1 ≤ k ≤ 0, and ghk (x), 1 ≤ k ≤ N − 1.
Applying the symmetry properties of the difference operator Axh acting in the space of grid functions uh(x),

Theorem 1, and the theorem on coercivity of elliptic difference problem [8] conclude the proof of Theorem 2.

Numerical results

We have not been able to obtain a sharp estimate for the constants figuring in the inequalities in order to
support theoretical statements. So, we will give the following results of numerical experiments of the following
nonlocal boundary value problem

∂2u
∂t2 + ∂2u

∂x2 + ∂2u
∂y2 = (1− 2π2)et sinπx sinπy, 0 < t < 1, 0 < x, y < 1;

∂u
∂t + ∂2u

∂x2 + ∂2u
∂y2 = (1− 2π2)et sinπx sinπy, − 1 < t ≤ 0, 0 < x, y < 1;

u (1, x, y)− u (−1, x, y) = (e− e−1) sinπx sinπy, x, y ∈ [0, 1]

(14)

for a two dimensional elliptic-parabolic equation with the following Dirichlet conditions
u (0−, x, y) = u (0+, x, y) , ut (0−, x, y) = ut (0+, x, y) ;

u (t, 0, y) = u (t, 1, y) = 0, y ∈ [0, 1], t ∈ [0, 1];

u(t, x, 0) = u(t, x, 1) = 0, x ∈ [0, 1], t ∈ [0, 1].

.
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The exact solution of problem (14) is u(t, x, y) = et sinπx sinπy.
Now, we give the results of the numerical analysis in order to compare and conclude the accuracy of solutions

for the first and second order of accuracy difference schemes. The numerical solutions are recorded for different
values of N and M and ukn,m represents the numerical solutions of these difference schemes at u(tk, xn, ym).

Table is constructed for N = M = 10, 20, 30, respectively and the error is computed by the following formula

E = max
−N≤k≤N,1≤n,m≤M−1

|u(tk, xn, ym)− ukn,m|.

The results of the exact and numerical solutions are given in the following Table.

T a b l e
Error analysis

Method N=M=10 N=M=20 N=M=30
1st order of accuracy d. s. 0.0938 0.0459 0.0237
2nd order of accuracy d. s. 0.0122 0.0031 0.0014

Therefore, the results confirm that the second order of accuracy difference scheme is more accurate comparing
with the first order of accuracy difference scheme.

Conclusion

In the present work, the second order of accuracy difference scheme for the approximate solution of problem
(1) has been presented. Also, the theorem on well-posedness of this problem in Hölder spaces has been established
and the coercivity estimates for the solution of the second order difference schemes for the approximate solution
of the nonlocal boundary value elliptic-parabolic problem have been constructed. Furthermore, the numerical
experiments have been given. Some of results of the present article were presented in the conference proceedings
[20] and [29] as extended abstracts without proofs and without numerical results of error analysis, respectively.
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А. Ашыралыев, О. Герсек, Е. Зус

Гёльдер кеңiстiктерiндегi эллипстiк-параболалық түрдегi
теңдеулер үшiн дәлдiгi екiншi реттi айырымдық схемалар

жөнiнде ескертпе

Мақала шеттiк шарттары локалдық емес эллипстiк-параболалық түрдегi теңдеулердi шешу үшiн дәл-
дiгi екiншi реттi айырымдық схемаларды зерттеуге арналған. Дәлдiгi екiншi реттi айырымдық схе-
маның Гельдер кеңiстiктерiнде орнықты болатындығы көрсетiлген. Шеттiк шарттары локалдық емес
эллипстiк-параболалық түрдегi теңдеудiң жуық шешiмi үшiн Гельдер нормасында коэрцитивтi баға-
лаулар алынған. Теориялық тұжырымдар жұмыста келтiрiлген сандық есептеулермен расталды.

Кiлт сөздер: айырымдық схема, эллипстiк-параболалық түрдегi теңдеу, Гельдер кеңiстiктерi, коэр-
цитивтi теңсiздiктер.

А. Ашыралыев, О. Герсек, Е. Зус

Замечание о разностной схеме второго порядка точности для
эллиптико-параболических уравнений в пространствах Гёльдера

Статья посвящена изучению разностной схемы второго порядка точности для решения эллиптико-
параболического уравнения с нелокальным граничным условием. Установлена корректность раз-
ностной схемы второго порядка точности в пространствах Гёльдера. Получены оценки коэрцитив-
ности в нормах Гёльдера для приближенного решения нелокальной краевой задачи для эллиптико-
параболического дифференциального уравнения. Результаты численных экспериментов представле-
ны для поддержки упомянутых выше теоретических утверждений.

Ключевые слова: разностная схема, эллиптико-параболическое уравнение, пространства Гёльдера,
коэрцитивные неравенства.
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Unconditional basicity of eigenfunctions’ system of Sturm-Liouville
operator with an involutional perturbation

In this paper the question on unconditional basicity of the system of eigenfunctions of the involutive
perturbed Sturm-Liouville operator is investigated. The Green’s function of the operator under consideration
in the case of constant coefficients is constructed. The estimates of the Green’s functions are obtained. The
existence of the Green’s function is shown in the case when the operator under consideration has a variable
coefficient. The theorem on the equiconvergence of expansions with respect to the eigenfunctions of the
indicated operators is proved with the help of the Green’s function. The basicity of the eigenfunctions of
the operator under consideration in the class L2 (−1, 1) is proved. It is established that the basis from the
eigenfunctions of the involutive perturbed Sturm-Liouville operator is the unconditional basis.

Keywords: Involution, eigenfunction, eigenvalue, basis, Green’s function.

Introduction

In the present paper we study a spectral problem of the form

Lu = −u′′(x) + αu′′(−x) + q(x)u(x) = λu(x), −1 < x < 1, u(−1) = 0, u(1) = 0, (1)

where q(x) ∈ C[−1, 1] — is complex-valued function. The parameter α belongs to the interval (−1, 1). If q(x) ≡ 0,
then the spectral problem (1)

−u′′(x) + αu′′(−x) = λu(x), u(−1) = 0, u(1) = 0 (2)

is well-known [1], it has eigenvalues

λk1 = (1− α)

(
k +

1

2

)2

π2, λk2 = (1 + α)k2π2, k = 0,±1,±2, ... (3)

and eigenfunctions{
uk1(x) = cos

(
l +

1

2

)
πx, k1 = 0, 1, 2, ...; uk2(x) = sin kπx, k2 = 1, 2, ...

}
, (4)

which form a Riesz basis in L2(−1, 1).
We show that the eigenfunctions’ systems of the spectral problem (1) forms a basis in L2(−1, 1).
Results on the spectral properties of one-dimensional differential operators with involution (we use the

simplest one, that is, with reflection v(x) = −x on [−1, 1]) are actively applied in research of PDE. The recent
papers by Aleorov, Kirane, and Malik [2], Kirane and Al-Sati [3] give natural examples. Various applications of
differential operators with involutions can be found in [4].

Spectral theory of differential operators with involution forms a specific niche in the study of ODE.
Eigenfunction expansions for the first-order differential operators with involution are considered in [5–7]. An
example of second-order differential operators with involution are discussed in [8–10]. A specific example of
a boundary-value problem for the second-order differential operator with involution that produces an infinite
number of associated functions is given in [11, 12]. We also note valuable results on the Green’s function for
the boundary value problems related to functional-differential operators with involution (see Cabada and Tojo
[13, 14]) and new types of non-classical Sturm-Liouville problems (see Aidemir, Mukhtarov et al. [15, 16]).
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Green’s function of the boundary value problem with involution

Along with the boundary value problem (2), we consider the non-homogeneous boundary value problem

−u′′ (x) + αu′′ (−x) = λu (x) + f (x) , −1 < x < 1;

u (−1) = 0, u (1) = 0, (5)

where −1 < α < 1, with the arbitrary continuous function f (x). We note that equation in (5) contains an
involution and corresponds to the homogeneous boundary value problem (2). It is clear that the functions

u1 (x) = cos (α0ρx) , u2 (x) = sin (α1ρx) , ρ =
√
λ;

α0 =

√
1

1− α
, α1 =

√
1

1 + α
,

give linearly independent solutions to the homogeneous equation (2).
As usual, the Green’s function G (x, t, λ) of the boundary value problem (2) is the kernel of the integral

u (x) =

1∫
−1

G (x, t, λ) f (t) dt

that provides a solution to the problem (5).
Theorem 1. If λ is not an eigenvalue of the problem (2), then the non-homogeneous boundary value problem

(5) is solvable for any continuous function f (x) and its solution can be represented in the form

u (x) =
1

2

α0

ρ

sinα0ρ

cosα0ρ
cos (α0ρx)

1∫
−1

cos (α0ρt) f (t) dt−

−1

2

α1

ρ

cosα1ρ

sinα1ρ
sin (α1ρx)

1∫
−1

sin (α1ρt) f (t) dt+

+
1

2ρ


−x∫
−1

[α0 cos (α0ρx) sin (α0ρt)− α1 sin (α1ρx) cos (α1ρt)] f (t) dt−

−
x∫
−x

[α0 cos (α0ρt) sin (α0ρx)− α1 sin (α1ρt) cos (α1ρx)] f (t) dt−

−
1∫
x

[α0 cos (α0ρx) sin (α0ρt)− α1 sin (α1ρx) cos (α1ρt)] f (t) dt

 .

Proof. Since the functions cos (α0ρx), sin (α1ρx) are solutions to the homogeneous equation in (2), it is
sufficient to show that the function

g0 (x) ≡ 1

2

1∫
−1

g (x, t, λ) f (t) dt =

=
1

2ρ

−x∫
−1

[α0 cos (α0ρx) sin (α0ρt)− α1 sin (α1ρx) cos (α1ρt)] f (t) dt+

+
1

2ρ

x∫
−x

[−α0 cos (α0ρt) sin (α0ρx) + α1 sin (α1ρt) cos (α1ρx)] f (t) dt+
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+
1

2ρ

1∫
x

[−α0 cos (α0ρx) sin (α0ρt) + α1 sin (α1ρx) cos (α1ρt)] f (t) dt

satisfies the equation in (1). The direct calculation of its first derivative

g′0 (x) =
1

2ρ

−x∫
−1

[
α0(cos (α0ρx))

′
sin (α0ρt)− α1(sin (α1ρx))

′
cos (α1ρt)

]
f (t) dt+

+
1

2ρ

x∫
−x

[
−α0 cos (α0ρt) (sin (α0ρx))

′
+ α1 sin (α1ρt) (cos (α1ρx))

′]
f (t) dt+

+
1

2ρ

1∫
x

[
−α0(cos (α0ρx))

′
sin (α0ρt) + α1(sin (α1ρx))

′
cos (α1ρt)

]
f (t) dt.

and its second derivative
g′′0 (x) = −f (x) + αf (−x)

1− α2
+

+
1

2ρ

−x∫
−1

[
α0(cos (α0ρx))

′′
sin (α0ρt)− α1(sin (α1ρx))

′′
cos (α1ρt)

]
f (t) dt+

+
1

2ρ

x∫
−x

[
−α0 cos (α0ρt) (sin (α0ρx))

′′
+ α1 sin (α1ρt) (cos (α1ρx))

′′]
f (t) dt+

+
1

2ρ

1∫
x

[
−α0(cos (α0ρx))

′′
sin (α0ρt) + α1(sin (α1ρx))

′′
cos (α1ρt)

]
f (t) dt

verify the equality in (5). The boundary conditions in (5) can be checked directly. The theorem is proved.
The theorem implies the following corollary.
Corollary 1. The Green’s function of the boundary value problem (2) has the form

G (x, t, λ) =
1

2

α0

2ρ

sinα0ρ

cosα0ρ
(cosα0ρx) (cosα0ρt)−

−1

2

α1

2ρ

cosα1ρ

sinα1ρ
(sinα1ρx) (sinα1ρt) +

+
1

2ρ


α0 (cosα0ρx) (sinα0ρt)− α1 (sinα1ρx) (cosα1ρt) , t ≤ −x;

−α0 (cosα0ρt) (sinα0ρx) + α1 (sinα1ρt) (cosα1ρx) , −x ≤ t ≤ x;

−α0 (cosα0ρx) (sinα0ρt) + α1 (sinα1ρx) (cosα1ρt) , t ≥ x.
Using the explicit form of the Green function one can write down the expansion of an arbitrary function

f (x) from L1(−1, 1) in the eigenfunctions of the spectral problem (2). The poles of the Green’s function are
the zeros of the functions cosα0ρ, sinα1ρ:

ρk1 =
√
λk1 =

√
(1− α)

(
k +

1

2

)
π, k = 0, 1, 2, ...;

ρk2 =
√
λk2 =

√
(1 + α)kπ, k = 1, 2, ...

If the number
√

1−α
1+α is not even, then all eigenvalues are single. On the complex ρ-plane we consider the

circles Pk1, k = 0, 1, 2, ...; Pk2, k = 1, 2, ..., with a common center at the origin and respective radius:

Pk1 : |ρ| =
√

1− α
(
k +

1

2

)
π +

1

8
; Pk2 : |ρ| =

√
1 + αkπ +

1

8
.
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These circles do not overlap and do not pass through the points ρk1 and ρk2. When λ = ρ2 the circles Pk1,
Pk2 turn into the circles

P̃k1 : |λ| =
(√

1− α
(
k +

1

2

)
π +

1

8

)2

; P̃k2 : |λ| =
(√

1 + αkπ +
1

8

)2

in the λ-plane, respectively. For any function f (x) ∈ L1 (−1.1), the partial sums of the eigenfunctions’s
expansions for the spectral problem (2) can be written as [17]

σm (f) = − 1

2πi

∫
P̃m

 1∫
−1

G (x, t, λ) f (t) dt

 dλ =− 1

2πi

∫
Pm

 1∫
−1

G
(
x, t, ρ2

)
f (t) dt

 2ρdρ,

where Pm — is the circle with the radius ρm = max
{
ρk1 + 1

8 , ρk2 + 1
8

}
.

Further, changing the order of integration and using the residue theorem, we calculate the integral over the
circle Pm

σm (f) = − 1

2πi

1∫
−1

∫
Pm

G (x, t, λ) 2ρdρ

 f (t) dt =

=

1∫
−1

m∑
k=0

cos

(
k +

1

2

)
πx cos

(
k +

1

2

)
πt f (t) dt+

+

1∫
−1

m∑
k=1

sin kπx sin kπt f (t) dt =

m∑
k=0

 1∫
−1

f (t) cos

(
k +

1

2

)
πtdt

 cos

(
k +

1

2

)
πx+

+

m∑
k=1

 1∫
−1

f (t) sin kπtdt

 sin kπx.

Thus, the partial sums of the eigenfunction expansions for the spectral problem (2) of the arbitrary integrable
function f(x) has the form

σm (f) =
m∑
k=0

ak cos

(
k +

1

2

)
πx+

m∑
k=1

bk sin kπx, (6)

where

ak =

1∫
−1

f (t) cos

(
k +

1

2

)
πtdt, bk =

1∫
−1

f (t) sin kπtdt.

Note that the system
{

sin kπx, cos
(
n+ 1

2

)
πx
}
, k = 1, 2, ..., n = 0, 1, 2..., is a complete orthogonal system in

L2(−1, 1). Therefore, for all f (x) ∈ L2 (−1, 1) the partial sums σm (f) of the form (6) converge to the function
f(x) with respect to the norm of the space L2 (−1, 1) .

Further we need an estimate of the Green’s function.
Let ρ = <ρ+ i=ρ and denote ρ0 = =ρ.
Let Oε (ρk) = {ρ : |ρ− ρki| < ε, i = 1, 2} be a circle of sufficiently small radius ε.
Lemma 2. If ρ /∈ Oε (ρk), then the Green’s function G (x, t, λ) of the boundary value problem (2) satisfies

the following uniform estimate
|G (x, t, λ)| ≤ C|ρ|−1

r (x, t, ρ)

with −1 ≤ x, t ≤ 1, where

r (x, t, ρ) =
(
e−α2|ρ0|(2−|x|−|t|) + e−α2|ρ0|(||x|−|t||)

)
, α2 = min {α1, α0} .
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Proof. In the case when t ≥ x the Green’s function can be rewritten in the form

G (x, t, λ) =
α0

4iρ

{
− e−iα0ρ

eiα0ρ + e−iα0ρ

[
eiα0ρ(x+t) + eiα0ρ(t−x)

]
+

+
eiα0ρ

eiα0ρ + e−iα0ρ

[
eiα0ρ(x−t) + eiα0ρ(−x−t)

]}
+

+
α1

4iρ

{
− e−iα1ρ

eiα1ρ − e−iα1ρ

[
eiα1ρ(x+t) − eiα1ρ(t−x)

]
−

− eiα1ρ

eiα1ρ − e−iα1ρ

[
−eiα1ρ(x−t) + eiα1ρ(−x−t)

]}
.

For sufficiently large |ρ| the Green’s function satisfies the following inequality

|G (x, t, λ)| ≤ α0

4 |ρ|

{
−eα0ρ0

|e−α0ρ0 − eα0ρ0 |

[
e−α0ρ0(x+t) + e−α0ρ0(t−x)

]
+

+
e−α0ρ0

|e−α0ρ0 − eα0ρ0 |

[
e−α0ρ0(x−t) + e−α0ρ0(−x−t)

]}
+

+
α1

4 |ρ|

{
eα1ρ0

|e−α1ρ0 − eα1ρ0 |

[
e−α1ρ0(x+t) + e−α1ρ0(t−x)

]
+

+
e−α1ρ0

|e−α1ρ0 − eα1ρ0 |

[
e−α1ρ0(x−t) + e−α1ρ0(−x−t)

]}
.

Since t > x > 0, one has t+ x > t− x, x− t > −x− t. Therefore,

|G (x, t, λ)| ≤ α0

4 |ρ|

[
e−α0ρ0(2−x−t) + e−α0ρ0(t−x)

]
+

α1

4 |ρ|

[
e−α1ρ0(2−x−t) + e−α1ρ0(t−x)

]
if ρ0 > 0 and

|G (x, t, λ)| ≤ α0

4 |ρ|

[
eα0ρ0(2−x−t) + eα0ρ0(t−x)

]
+

α1

4 |ρ|

[
eα1ρ0(2−x−t) + eα1ρ0(t−x)

]
if ρ0 < 0.

Thus, for t > x > 0 the Green’s function satisfies the following estimate

|G (x, t, λ)| ≤ c1
|ρ|

(
e−α2|ρ0|(2−x−t) + e−α2|ρ0|(t−x)

)
, α2 = min {α0, α1} .

In the case of −x < t < x the proof of lemma is similar to the previous case while the estimate of the Green’s
functions takes the form

|G (x, t, λ)| ≤ c2
|ρ|

[
e−α2|ρ0|(2−x−|t|) + e−α2|ρ0|(x−|t|)

]
.

In the case of t < −x the estimate transforms into the following inequality

|G (x, t, λ)| ≤ c3
|ρ|

[
e−α2|ρ0|(2−|t|−x) + e−α2|ρ0|(|t|−x)

]
.

The last three inequalities provide the desired estimate

|G (x, t, λ)| ≤ C

|ρ|

[
e−α2|ρ0|(2−|x|−|t|) + e−α2|ρ0|||x|−|t||

]
.

Lemma is proved.
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Theorems on the basis property of the eigenfunctions of the spectral problem (1)

We are interested in the possibility of expanding the arbitrary function f(x) ∈ L2 (−1, 1) in converging
series related to the spectral problem (1) in the case when the complex-valued coefficient q (x) is continuous
over the interval (−1, 1) .

We assume that there exists the Green’s function Gq (x, t, λ) of the boundary value problem (1). Let
G (x, t, λ) be the Green’s function of the problem (2). Since almost everywhere on the interval (−1, 1) we
have the relations:

−∂
2G (x, t, λ)

∂x2
+ α

∂2G (−x, t, λ)

∂x2
= λG (x, t, λ) ;

−∂
2Gq (x, t, λ)

∂x2
+ α

∂2Gq (−x, t, λ)

∂x2
+ q (x)Gq (x, t, λ) = λGq (x, t, λ)

then

−∂
2 (Gq (x, t, λ)−G (x, t, λ))

∂x2
+ α

∂2(Gq (x, t, λ)−G (x, t, λ))x=−x
∂x2

−

−λ (Gq (x, t, λ)−G (x, t, λ)) = −q (x)Gq (x, t, λ) .

The difference Gq (x, t, λ) − G (x, t, λ) clearly satisfies the boundary condition (1). Therefore outside the poles
of the function G (x, t, λ) the Green’s function Gq (x, t, λ) satisfies the equality

Gq (x, t, λ)−G (x, t, λ) = −
1∫
−1

G (x, s, λ) q (s)Gq (s, t, λ) ds. (7)

Existence of the Green’s function for the boundary value problem (1) is equivalent to the existence of a solution
to the integral equation (7). We come to the following theorem.

Theorem 3. If the number
√

1−α
1+α is not even, then for all sufficiently large ρ, ρ /∈ Oε (ρk), then there exists

a solution to the integral equation (7).
Proof. Let Gq0 (x, t, λ) ≡ 0 and

Gq,p+1 (x, t, λ) = G (x, t, λ)−
1∫
−1

G (x, s, λ) q (s)Gq (s, t, λ) ds (8)

for all sufficiently large |ρ|.
For the Green’s function G (x, t, λ) of the problem (2) the estimate holds

|G (x, t, λ)| ≤ C

|ρ|
r (x, t) ,

where
r (x, t) = e−α2|ρ0|||x|−|t|| + e−α2|ρ0|(2−||x|−|t||).

Relation (8) with p = 0 yields the estimate

|Gq1 (x, t, λ)| = |G (x, t, λ)| ≤ C

|ρ|
r (x, t) .

For brevity, we introduce the notation

max |Gq1 (x, t, λ)| |ρ| r−1 (x, t) = C0;

max |Gqp+1 (x, t, λ)−Gqp (x, t, λ)| |ρ| r−1 (x, t) = Cp,
(9)

where the maximum is taken with respect to x ∈ [−1, 1], for fixed t and sufficiently large |ρ| laying outside the
poles of the function G (x, t, λ).
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Let us show that
Cj ≤

C

2j
, j = 0, 1, 2, ...p. (10)

For j = 0 estimate (10) follows from the first estimate (9). Let us assume that estimate (10) holds in the
case j = 1, 2, ...p and prove it for j = p+ 1. Taking into account the notation in (9), we get the inequality

Cp+1 ≤ C · Cp|ρ|−1
max

1∫
−1

r (x, s) r (s, t) r−1 (x, t) |q (s)| ds. (11)

Here we have the relation

r (x, s) · r (s, t) =
(
e−α0|ρ0|(2−|x|−|s|) + e−α0|ρ0|||x|−|s||

)
×

×
(
e−α0|ρ0|(2−|s|−|t|) + e−α0|ρ0|||s|−|t||

)
=

= e−α0|ρ0|(4−|x|−2|s|−|t|) + e−α0|ρ0|(2−|x|−|s|+||s|−|t||)+

+e−α0|ρ0|(2−|s|−|t|+||x|−|s||) + e−α0|ρ0|(||x|−|s||+||s|−|t||).

The triangle inequality yields
||x| − |t|| ≤ ||x| − |s||+ ||s| − |t|| .

The inequality
|t| = |t|+ |s| − |s| ≥ |s| − ||t| − |s||

implies
|x|+ |t| ≥ |x|+ |s| − ||t| − |s|| ;

and the inequality
|x| ≥ |s| − ||x| − |s|| ;

implies
|x|+ |t| ≥ |t|+ |s| − ||x| − |s|| .

Therefore

||x| − |t|| = ||x| − 1 + 1− |t|| < 1− |x|+ 1− |t| < 1− |x|+ 1− |t|+ 2− 2 |s| = 4− |x| − |t| − 2 |s| .

Hence
r(x, s) · r(s, t) ≤ 2r(x, t).

This inequality and the inequality (11) imply

Cp+1 ≤ 2CCp|ρ|−1

1∫
−1

|q (s)| ds.

For sufficiently large |ρ|, the inequality

2C|ρ|−1

1∫
−1

|q (s)| ds ≤ 1

2

holds true.
Consequently, Cp+1 ≤ Cp

2 for any p and hence the desired inequality (10) is verified.
It follows from the inequality (10) that the series

∞∑
1

(Gq,p+1 (x, t, λ)−Gqp (x, t, λ))
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uniformly converges and hence its partial sum

Sn (x) = Gq,p+n (x, t, λ)−Gq1 (x, t, λ)

converges also.
Therefore the sequence Gqp (x, t, λ) uniformly converges to its limit Gq (x, t, λ) which satisfies the equa-

tion (2). The theorem is proved.
Let

σm (f) = − 1

2πi

1∫
−1

∫
Pm

G(x, t, λ)2ρdρ

f(t) dt

be the partial sum of eigenfunction expansions related to the spectral problem (2), where f(x) ∈ L1(−1, 1).
Denote by

Sm (f) = − 1

2πi

1∫
−1

∫
Pm

Gq(x, t, λ)2ρdρ

f(t) dt

the partial sum of the eigenfunction expansion related to the spectral problem (1).
The sequence Sm (f) is said to be equiconvergent with the sequence σm (f) on an interval −1 ≤ x ≤ 1 if the

difference Sm − σm vanishes uniformly on the interval as m→∞.
Theorem 4. If the number

√
1−α
1+α is not even, then for any function f (x) ∈ L1 (−1, 1) sequence Sm (f)

equiconverges with the sequence σm (f) on the interval −1 ≤ x ≤ 1.
Proof. Consider the relation

Sm (f)− σm (f) = − 1

2πi

∫
Pm


1∫
−1

[Gq (x, t, λ)−G (x, t, λ)] f (t) dt

 2ρdρ. (12)

It follows from the proof of Theorem 2 that

|Gq (x, t, λ)| ≤ 2C

|ρ|
r (x, t) .

This estimate and the equality (7) yield that

|Gq (x, t, λ)−G (x, t, λ)| ≤ 42 |ρ|−2
r (x, t)

1∫
−1

|q (s)| ds.

Then the equality (12) gives the estimate

|Sm (f)− σm (f)| ≤ 2C2

π

∫
Pm

 1∫
−1

r (x, t) |f (t)| dt

 2 |ρ|
|ρ|2

dρ ·
1∫
−1

|q (s)| ds =

=
4C2

π

1∫
−1

|q (s)| ds
∫
Pm

 1∫
−1

r (x, t) |f (t)| dt

 ∣∣∣∣dρρ
∣∣∣∣ .

If we use the notation

C1 =
4C2

π

1∫
−1

|q (s)| ds,

then

|Sm (f)− σm (f)| ≤ C1

∫
Pm

 1∫
−1

r (x, t) |f (t)| dt

 ∣∣∣∣dρρ
∣∣∣∣ .
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Let us divide the interval (0, 1) = ∆1 + ∆2 into two parts:

∆1 = (−1 + δ,−x− δ) ∪ (−x+ δ, x− δ) ∪ (x+ δ, 1− δ) ;

∆2 = (−1,−1 + δ) ∪ (−x− δ,−x+ δ) ∪ (x− δ, x+ δ) ∪ (1− δ, 1)

with a sufficiently small positive value of δ > 0. Then

|Sm (f)− σm (f)| ≤ C1

∫
Pm

∫
∆1

(
e−α0|ρ0|||x|−|t|| + e−α0|ρ0|(2−||x|−|t||)

)
×

× |f (t)| dt
∣∣∣∣dρρ

∣∣∣∣+ 2C1π

∫
∆2

|f (t)| dt. (13)

Since ∫
∆2

|f (t)| dt =

−1+δ∫
−1

|f (t)| dt+

−x+δ∫
−x−δ

|f (t)| dt+

x+δ∫
x−δ

|f (t)| dt+

1∫
1−δ

|f (t)| dt,

the choice of δ can make the second term in (13) less than ε
2 .

If ρm is the radius of the circle Pm, then the partition of the integral

∫
Pm

e−α0|ρ0|δ
∣∣∣∣dρρ

∣∣∣∣ =

π
4∫

0

e−α0δρm|sin t|dt+

3π
4∫

π
4

e−α0δρm|cos t|dt+

+

5π
4∫

3π
4

e−α0δρm|sin t|dt+

7π
4∫

5π
4

e−α0δρm|cos t|dt+

2π∫
7π
4

e−α0δρm|sin t|dt

provides the estimate ∫
Pm

e−α0|ρ0|δ
∣∣∣∣dρρ

∣∣∣∣ < C2

|ρm| δ
.

With sufficiently large value of m, the first term in (13) can be made less than ε
2 .

The theorem is proved.
Remark. In [18, 19] the boundary value problem

−u′′ (−x) + q (x)u (x) = λu (x) ;

u (−1) = u (1) , u′ (−1) = u′ (1)

is considered and the theorems similar to Theorems 2 and 3 are obtained.
Theorem 5. If the number

√
1−α
1+α is not even, then the system of eigenfunctions of the spectral problem (1)

forms the basis in L2(−1, 1).
Proof. Let ‖·‖2 denote the norm in L2 (−1, 1). Then for any function f (x) ∈ L2 (−1, 1), one obtains the

estimate
‖f − Sm‖2 ≤ ‖f − σm‖2 + ‖σm − Sm‖2 < ε

as the first term is less than ε
2 by virtue of the basis property of the eigenfunctions of the spectral problem (2),

and the second term is less than ε
2 by virtue of the equiconvergence Theorem 3. Theorem 4 is proved.

Unconditional basicity of the system of eigenfunctions of the spectral problem (1) does not follow from
Theorem 4. By Theorem 4 the system of eigenfunctions of the spectral problem (1) forms a basis in L2(−1, 1).
It is well-known that for any basis uk in a Hilbert space L2(−1, 1) the estimate

‖uk‖L2(−1,1)‖vk‖L2(−1,1) ≤ C
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holds [20], where vk is biortogonally adjoint system to uk. Since the system of eigenfunctions of the spectral
problem (1) forms a basis in L2(−1, 1), then by Theorems of L.V. Kritskov and A.M. Sarsenbi [21] this basis is
an unconditional basis in the same space. Thus, we get the following result

Theorem 6. Let all the conditions of Theorem 4 be satisfied. Then the system of eigenfunctions of the spectral
problem (1) forms an unconditional basis in L2(−1, 1).

This work was supported by the Committee of Science of the Ministry of Education and Science of the
Republic Kazakhstan, project no. AP0531225.
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Ә.Ә. Сәрсенбi

Инволютивтi толқытылған Штурм-Лиувилл операторының
меншiктi функцияларының шартсыз базис болуы

Мақалада шеттiк шарттары Дирихле түрiнде болатын инволюциясы бар Штурм-Лиувилл операторы
меншiктi функциялар жүйесiнiң базис болуы туралы мәселе зерттелген. Коэффициенттерi тұрақты
инволюциясы бар Штурм-Лиувилл операторының Грин функциясы құрылып, Грин функциясы үшiн
бағалаулар алынған. Коэффициенттерi айнымалы инволюциясы бар Штурм-Лиувилл операторының
да Грин функциясының бар болуы туралы теорема дәлелденген. Осы нәтижелердiң көмегiмен ай-
тылып отырған екi оператордың меншiктi функциялары бойынша жiктеулерi бiрқалыпты қабаттаса
жинақталатындығы көрсетiлген. Коэффициентi айнымалы инволюциясы барШтурм-Лиувилл опера-
торы меншiктi функцияларының жүйесi L2(−1, 1) кеңiстiгiнде базис болатындығы көрсетiлген. Және
мұндай базистiң шартсыз базис болатындығы дәлелденген.

Кiлт сөздер: инволюция, меншiктi функциялар, меншiктi мәндер, базис, Грин функциясы.

А.А. Сарсенби

Безусловная базисность собственных функций инволютивно
возмущенного оператора Штурма-Лиувилля

В статье исследован вопрос о безусловной базисности системы собственных функций инволютив-
но возмущенного оператора Штурма-Лиувилля. Построена функция Грина изучаемого оператора в
случае постоянных коэффициентов. Получены оценки функций Грина. При наличии переменного ко-
эффициента у изучаемого оператора показано существование функции Грина. Доказаны теорема о
равносходимости разложений по собственным функциям указанных операторов с помощью функции
Грина, а также базисность собственных функций в классе L2 (−1, 1) изучаемого оператора. Установ-
лено, что базис из собственных функций инволютивно возмущенного оператора Штурма-Лиувилля
является безусловным базисом.

Ключевые слова: инволюция, собственная функция, собственные значения, базис, функция Грина.
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