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The goal of this study is to propose the existence of mild solutions to delay fractional neutral stochastic
differential systems with almost sectorial operators involving the Hilfer fractional (HF) derivative in Hilbert
space, which generalized the famous Riemann-Liouville fractional derivative. The main techniques rely on
the basic principles and concepts from fractional calculus, semigroup theory, almost sectorial operators,
stochastic analysis, and the Mönch fixed point theorem via the measure of noncompactness (MNC).
Particularly, the existence result of the equation is obtained under some weakly compactness conditions.
An example is given at the end of this article to show the applications of the obtained abstract results.
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Introduction

Applications for fractional calculus extend from engineering and natural phenomena to financial
views and physical accomplishments, and the subject is always growing. Fields like viscoelasticity,
electrical engineering circuits, the vibration of seismic movements, biological systems, etc. usually
contain an increasing number of fractional frameworks. Numerous good monographs provide the
essential scientific methods for the attractiveness of this research topic. It should be possible to compare
frameworks with practical systems of fractional power to the framework of ordinary integer order.
Regarding fractional order, the derivative of the framework sum in the practical system might be
correct. Numerous models in scattering, sensor fusion, automation, and so forth might all be used
using this system. Learners can examine the literature [1–3], as well as research articles [4–8] that deal
with the concept of fractional evolution systems to gain a thorough understanding of the concepts as
well as the specifics of how it is implemented.

Due to the prevalence of neutral differential equations in many applications of applied mathematics,
only neutral systems have received substantial attention in recent decades. In most cases, neutral
systems with or without delay serve as an optimal configuration of numerous partial neutral systems
that emerge in problems related to heat stream in components, viscoelasticity, acoustic waves, and
various natural processes. One may mention [9–11] for a very helpful discussion on neutral systems
involved in differential equations. Instead of deterministic models, stochastic ones should be studied
since both natural and manufactured systems are prone to noise or uncontrolled fluctuations. Differential
equations with stochastic components contain unpredictability in their theoretical depiction of a specific
event. For a general overview of stochastic differential equations (SDE) and its applications [12–15].
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The R-L and Caputo fractional derivatives were among the additional fractional order derivatives
that Hilfer [16] started. The significance and consequences of the Hilfer fractional derivative (HFD)
have also been found through conceptual forecasts of experiments in hard materials, pharmaceutical
industries, set architecture design, architecture, and other fields. Gu and Trujillo [17] recently showed
that the HFD evolution problem has an integral solution using a fixed point approach and a MNC
strategy. In order to identify the derivative’s order, he constructed the greatest current variable ζ ∈ [0, 1]
and a fractional variable η so that ζ = 0 generates the R-L derivative and ζ = 1 generates the Caputo
derivative. Numerous papers have been written about Hilfer fractional calculus [18, 19]. According
to [20–23], researchers discovered a mild solution for HF differential systems employing almost sectorial
operators and a fixed point method.

The research articles [24–27] to improve the fractional existence for fractional calculus by utilizing
almost sectorial operators. Investigators in the study by [20–22] employed almost sectorial operators
to get their results using Schauder’s fixed point theorem. Researchers have subsequently constructed
nonlocal fractional differential equations with or without delay using non-dense fields, semigroups,
cosine families, many fixed point strategy, and the MNC. To the best of our knowledge, the existence
of HF neutral stochastic differential systems using the measure of noncompactness mentioned in this
study is an exposed area of research that appears to give an extra incentive for completing this research.

The following subject will be looked at in this article: HF stochastic differential systems contain
almost sectorial operators with nonlocal condition

Dη,ζ
0+

[
z(ρ)− a(ρ, zρ))

]
= Âz(ρ) + F

(
ρ, zρ

)
+H

(
ρ, zρ

)dW (ρ)

dρ
, ρ ∈ D′ = (0, d], (1)

I
(1−η)(1−ζ)
0+

z(0) + ℵ(zρ) = α ∈ L2(∆, Br), ρ ∈ (−∞, 0], (2)

where Â denote the almost sectorial operator, which generate an analytic semigroup {T (ρ), ρ ≥ 0} on
Y. Consider z(·) is the value in a Hilbert space Y with ‖ · ‖ and Dη,ζ

0+
represents the HFD of order

η, 0 < η < 1 and type ζ, 0 ≤ ζ ≤ 1. The histories zρ : (−∞, 0]→ Br, zρ(a) = z(ρ+a), a ≤ 0 connected
with the abstract phase space Br. Fix D = [0, d], and let F : D × Br → Y, H : D × Br → L0

2(J ,Y)
and a : D×Br → Y are the Y-valued function and non-local term ℵ : Br → Y.

Now let’s break up our content into the following sections. In Section 1 we outline a few crucial
ideas and details from our study that are referenced throughout the body of this article. We discussed
the existence of a mild solution to the problem in Section 2. We provide an illustration of our main
notion in Section 3. Then, a few conclusions are offered.

1 Preliminaries

The fundamental concepts, theorems, and lemma that are used throughout the whole work are
introduced here.

The notations (Y, ‖·‖) and (J , ‖·‖) signify two real distinct Hilbert spaces. Suppose (∆,F , P ) is a
full probability area connected with full family of right continuous growing sub σ-algebra {Fρ : ρ ∈ D}
fulfills Fρ ⊂ F . Consider W = {W (ρ)}ρ≥0 is a Q-Wiener strategy identified on (∆,F , P ) with the
correlation operator Q such that Tr(Q) < ∞. We assume there exists a full orthonormal system ek,
k ≥ 1 in U , a limited series of non-negative real integers χk such that Qek = χkek, k = 1, 2, · · · and
{µk} of independent Brownian movements such that(

W (ρ), e
)
U

=
∞∑
k=1

√
χk(ek, e)µk(ρ), e ∈ U ρ ≥ 0.

Assuming that the area of all Q-Hilbert-Schmidt operators ϕ : Q
1
2J → Y with the inner product

‖ϕ‖2Q = 〈ϕ,ϕ〉 = Tr(ϕQϕ) is signified by the symbols L0
2 = L2

(
Q

1
2J ,Y

)
. Let us consider the
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resolvent operator of Â, 0 ∈ ρ(Â), where S(·) is uniformly bounded, that is, ‖S(ρ)‖ ≤M, M ≥ 1, and
ρ ≥ 0. Thus, given δ ∈ (0, 1], the fractional power operator Âδ on its range D(Âδ) may be obtained.
Furthermore, D(Âδ) is dense in Y.

The succeeding substantial characteristic of Âδ will be discussed.

Theorem 1. [1]
1 If 0 < δ ≤ 1, then Yδ = D(Âδ) is a Banach space with ‖z‖δ = ‖Âδz‖, z ∈ Yχ.
2 Assume 0 < γ < δ ≤ 1, embedding D(Âδ) → D(Âγ) and the implementation are compact

whenever Â is compact.
3 For all 0 < δ ≤ 1, there exists Cδ > 0 such that

‖ÂδS(ρ)‖ ≤ Cδ
ρδ
, 0 < ρ ≤ d.

Consider { : D→ Y is the family of all continuous functions, where D = [0, d] and D′ = (0, d] with
d > 0. Choose

Y =
{
z ∈ { : lim

ρ→0
ρ1−ζ+ηζ−ηϑz(ρ) exists and finite

}
,

which is the Banach space and its ‖ · ‖Y , specified as

‖z‖Y = sup
ρ∈D′

{
ρ1−ζ+ηζ−ηϑ‖z(ρ)‖

}
.

Fix BP (D) = {u ∈ { such that ‖u‖ ≤ P}. Let z(ρ) = ρ−1+ζ−ηζ+ηϑy(ρ), ρ ∈ (0, d] then, z ∈ Y if and
only if y ∈ { and ‖z‖Y = ‖y‖. We produce H with ‖H‖Lp(D,R+), where H ∈ Lp(D,R+) for some p
along with 1 ≤ p ≤ ∞. Also Lp(D,Y) represent the Banach space of functions H : D×Br → Y which
are the Bochner integrable normed by ‖H‖Lp(D,Y).

Definition 1. [16] For the function H : [d,+∞) → R, the HFD of order 0 < η < 1 and type
ζ ∈ [0, 1], presented by

Dη,ζ
d+
F(ρ) = [I

(1−η)ζ
d+

D(I
(1−η)(1−ζ)
d+

F)](ρ).

The abstract phase space Br is now specified. Assume that w : (−∞, 0] → (0,+∞) is continuous
along l =

∫ 0
−∞w(ρ)dρ < +∞. Now, for all n > 0, we obtain

B =
{
ε : [−n, 0]→ Y such that ε(ρ) is bounded and measurable

}
,

and set the space B with the norm

‖ε‖[−n,0] = sup
τ∈[−n,0]

‖ε(τ)‖, for all ε ∈ B.

We now specify,

Br =

{
ε : (−∞, 0]→ Y such that for all n > 0, ε|[−n,0] ∈ B

and
∫ 0

−∞
w(τ)‖ε‖[τ,0]dτ < +∞

}
.

Suppose Br is endowed with

‖ε‖Br =

∫ 0

−∞
w(τ)‖ε‖[τ,0]dτ, for all ε ∈ Br,
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therefore (Br, ‖ · ‖) is a Banach space.
Now, we specify the space

B′r =
{
z : (−∞, d]→ Y such that z|D ∈ {, α ∈ Br

}
.

Let us consider the seminorm ‖ · ‖d in B′r defined as

‖z‖d = ‖α‖Br + sup{‖z(τ)‖ : τ ∈ [0, d]}, z ∈ B′r.

Lemma 1. If z ∈ B′r, then for all ρ ∈ D, zρ ∈ Br. Furthermore,

l|z(ρ)| ≤ ‖zρ‖Br ≤ ‖α‖Br + l sup
r∈[0,ρ]

|z(r)|,

where l =
∫ 0
−∞w(ρ)dρ <∞.

Definition 2. [25] We explain the family of closed linear operators Θϑ
ω, for 0 < ϑ < 1, 0 < ω < π

2 ,
the sector Sω = {θ ∈ C\{0} with |arg θ| ≤ ω} and Â : D(Â) ⊂ Y→ Y that fulfills
(i) σ(Â) ⊆ Sω;
(ii)

∥∥(θ − Â)−1
∥∥ ≤ Kε|ι|−ϑ, for all ω < ε < π and there exists Kε as a constant,

afterward Â ∈ Θ−ϑω is specified like almost sectorial operator on Y.
Theorem 2. [3] Sη(ρ) and Qη(ρ) are continuous in the uniform operator topology, for ρ > 0, for all

d > 0, the continuity is uniform on [d,∞).

Lemma 2. [28] Suppose {Tη(ρ)}ρ>0 is a compact operator, then {Sη,ζ(ρ)}ρ>0 and {Qη(ρ)}ρ>0 are
also compact linear operators.

Lemma 3. [17] System (1)-(2) is unique to an integral equation offered by

z(ρ) =
α(0)− ℵ(zρ)− a(0, α(0))

Γ(ζ(1− η) + η)
ρ−(1−η)(ζ−1) + a(ρ, zρ)

+
1

Γ(η)

∫ ρ

0
(ρ− ι)η−1

[
Âzιdι+ F

(
ι, zι

)
dι+H

(
ι, zι

)
dW (ι)

]
.

Definition 3. [17] Let z(ρ) be the solution of the integral equation offered by Lemma 3 then z(ρ)
fulfills

z(ρ) = Sη,ζ(ρ)
[
α(0)− ℵ(zρ)− a(0, α(0))

]
+ a(ρ, zρ) +

∫ ρ

0
Kη(ρ− ι)F

(
ι, zι

)
dι

+

∫ ρ

0
Kη(ρ− ι)H

(
ι, zι

)
dW (ι), ρ ∈ D,

where Sη,ζ(ρ) = I
ζ(1−η)
0 Kη(ρ), Kη(ρ) = ρη−1Qη(ρ) and Qη(ρ) =

∫∞
0 ηεWη(ε)T (ρηε)dε.

Definition 4. [7] A stochastic process z : (−∞, d] → Y is said to be a mild solution of the system
(1)-(2) if I(1−η)(1−ζ)

0+
z(0) + ℵ(zρ) = α ∈ L2(η,Br), ρ ∈ (−∞, 0] and the preceding integral equation

that fulfills

z(ρ) = Sη,ζ(ρ)
[
α(0)− ℵ(zρ)− a(0, α(0))

]
+ a(ρ, zρ) +

∫ ρ

0
(ρ− ι)η−1ÂQη(ρ− ι)a(ι, zι)dι

+

∫ ρ

0
(ρ− ι)(η−1)Qη(ρ− ι)F(ι, zι)dι+

∫ ρ

0
(ρ− ι)(η−1)Qη(ρ− ι)H(ι, zι)dW (ι).
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Lemma 4. [21]
1 Kη(ρ) and Sη,ζ(ρ) are strongly continuous, for ρ > 0.
2 Kη(ρ) and Sη,ζ(ρ) are bounded linear operators on Y, for all fixed ρ ∈ Sπ

2
−ω, we obtain∥∥Kη(ρ)z

∥∥ ≤ κpρ−1+ηϑ‖z‖, ∥∥Qη(ρ)z
∥∥ ≤ κpρ−η+ηϑ‖z‖,∥∥Sη,ζ(ρ)z

∥∥ ≤ Γ(ϑ)

Γ(ζ(1− η) + ηϑ)
κpρ
−1+ζ−ηζ+ηϑ‖z‖.

Proposition 1. [19] Let η ∈ (0, 1), q ∈ (0, 1] and for all z ∈ D(Â), then there exists a κq > 0 such
that

‖ÂqQη(ρ)z‖ ≤ ηκqΓ(2− q)
ρηqΓ(1 + η(1− q))

‖z‖, 0 < ρ < d.

The Hausdorff MNC will now be briefly discussed.

Definition 5. [29] For a bounded set X in a Banach space Y, the Hausdorff MNC µ is represented
as

µ(X ) = inf{ε > 0 : X can be linked by a finite number of balls with radii ε}.

Theorem 3. [8] If {vk}∞k=1 is a sequence of Bochner integrable functions from D → Y with the
measurement ‖vk(ρ)‖ ≤ µ(ρ), for all ρ ∈ V and for all k ≥ 1, where µ ∈ L1(D,R), then the function
ω(ρ) = µ

({
v(ρ) : k ≥ 1

})
is in L1(D,R) and fulfills

µ

({∫ ρ

0
vk(ι

)
dι : k ≥ 1

})
≤ 2

∫ ρ

0
ω(ι)dι.

Lemma 5. [8] Let X ⊂ Y be a bounded set, then there exists a countable set X0 ⊂ X such that
µ(X ) ≤ 2µ(X0).

Definition 6. [29] If E+ is the positive cone of an order Banach space (E,≤). Let f be the function
represented on the family of all bounded subset of the Banach space Y with values in E+ is known as
MNC on Y if and only if f(conv(ι)) = f(ι) for all bounded subset ι ⊂ Y, where conv(ι) denoted the
closed convex hull of ι.

Lemma 6. [30] Let G be a closed convex subset of a Banach space Y and 0 ∈ G. Suppose F : G→ Y
continuous map which fulfils Mönch’s requirements, i.e., if G1 ⊂ G is countable and, G1 ⊂ co

(
{0} ∪

F (G1)
)

=⇒ G1 is compact. Then F has a fixed point in G.

2 Existence

We require the succeeding hypotheses:
(H1) Let Â be the almost sectorial operator of the analytic semigroup T (ρ), ρ > 0 in Y such that

‖T (ρ)‖ ≤ K1 where K1 ≥ 0 be the constant.
(H2) The function F : D×Br → Y fulfills:

(a) Caratheodory circumstances: F(·, z) is strongly measurable for all z ∈ Br and F(ρ, ·) is
continuous for a.e. ρ ∈ D, F(·, ·) : [0, S]→ Y is strongly measurable;

(b) There exists a constant 0 < η1 < η and m1 ∈ L
1
η1 (D,R+) and non-decreasing continuous

function f : R+ → R+ such that
∥∥F(ρ, z)

∥∥ ≤ m1(ρ)f(ρ1−ζ+ηζ−ηϑ‖z‖), z ∈ Y, ρ ∈ D where
f fulfills lim infk→∞

ψ(k)
k = 0;

178 Bulletin of the Karaganda University



Existence of Hilfer fractional ...

(c) There exists a constant 0 < η2 < η and e1 ∈ L
1
η2 (D,R+) such that, for any bounded subset

M ⊂ Y, µ(F(ρ,M)) ≤ e1(ρ)µ(M) for a.e. ρ ∈ D.
(H3) The function H : D×Br → L0

2(J ,Y) fulfills:
(a) Caratheodory circumstances: H(·, z) is strongly measurable for all z ∈ Br and H(ρ, ·) is

continuous for a.e. ρ ∈ D, H(·, ·) : [0, S]→ L0
2(J ,Y) is strongly measurable;

(b) There exists a constant 0 < η3 < η and m2 ∈ L
1
η3 (D,R+) and non-decreasing continuous

function ~ : R+ → R+ such that
∥∥H(ρ, z)

∥∥ ≤ m2(ρ)~(ρ1−ζ+ηζ−ηϑ‖z‖), z ∈ Y, ρ ∈ D where
~ fulfills lim infk→∞

σ(k)
σ = 0;

(c) There exists a constant 0 < η4 < η and e2 ∈ L
1
η4 (D,R+) such that, for any bounded subset

M ⊂ Y, µ(H(ρ,M)) ≤ e2(ρ)µ(M) for a.e. ρ ∈ D.
(H4) The function ℵ : C(D,Y) → Y is continuous, compact operator and there exists L1 > 0 as the

value such that ‖ℵ(z1)− ℵ(z2)‖ ≤ L1‖z1 − z2‖.
(H5) The function a : D×Br → Y is continuous and there exists q > 0, 0 < q < 1 such that a ∈ D(Âq)

for all z ∈ Y, ρ ∈ D, Âqa(·, z) is strongly measurable, then there exists Mw > 0, M ′w > 0 such
that γ1, γ2 ∈ Y and Âqa(ρ, ·) satisfies the following:∥∥Âqa(ρ, γ1(ρ))− Âqa(ρ, γ2(ρ))

∥∥ ≤Mwρ
1−ζ+ηζ−ηϑ‖γ1(ρ)− γ2(ρ)‖Br ,∥∥Âqa(ρ, z(ρ))

∥∥ ≤M ′w(1 + ρ1−ζ+ηζ−ηϑ‖z‖Br

)
.

Take ‖Â−q‖ = M0.

Theorem 4. Suppose (H1)− (H5) holds, then the HF neutral stochastic system (1)-(2) has a unique
solution on D presented, α(0) ∈ D(Âθ) with θ > 1 + ϑ.

Proof. Consider the operator Ψ : B′r → B′r, defined

Ψ(z(ρ)) =



Ψ1(ρ), (−∞, 0],

Sη,ζ(ρ)
[
α(0)− ℵ(zρ)− a(0, α(0))

]
+ a(ρ, zρ)

+
∫ ρ
0 (ρ− ι)η−1ÂQη(ρ− ι)a(ι, zι)dι

+
∫ ρ
0 (ρ− ι)(η−1)Qη(ρ− ι)F(ι, zι)dι

+
∫ ρ
0 (ρ− ι)η−1Qη(ρ− ι)H

(
ι, zι

)
dW (ι), ρ ∈ D.

For Ψ1 ∈ Br, we specify Ψ̂ as

Ψ̂(ρ) =

{
Ψ1(ρ), ρ ∈ (−∞, 0],

Sη,ζ(ρ)α(0), ρ ∈ D,

then Ψ̂ ∈ B′r. Let z(ρ) = ρ1−ζ+ηζ−ηϑ[v(ρ) + Ψ̂(ρ)], ∞ < ρ ≤ d. It is trivial to establish that u fulfills
by the Definition 4 if and only if v satisfies v0 and

v(ρ) =− Sη,ζ(ρ)
[
ℵ
(
ρ1−ζ+ηζ−ηϑ[vρ + Ψ̂ρ]

)
+ a(0, α(0))

]
+ a

(
ρ,
(
ρ1−ζ+ηζ−ηϑ[vρ + Ψ̂ρ]

))
+

∫ ρ

0
(ρ− ι)η−1ÂQη(ρ− ι)a

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dι

+

∫ ρ

0
(ρ− ι)η−1Qη(ρ− ι)F

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dι

+

∫ ρ

0
(ρ− ι)η−1Qη(ρ− ι)H

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dW (ι).
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Let B′′r = {v ∈ B′r : v0 ∈ Br}. For any v ∈ B′r,

‖v‖d =‖v0‖Br + sup{‖v(ι)‖ : 0 ≤ ι ≤ d}
= sup{‖v(ι)‖ : 0 ≤ ι ≤ d}.

Hence, (B′′r , ‖ · ‖) is a Banach space.
For P > 0, take BP = {v ∈ B′′r : ‖v‖d ≤ P}, then BP ⊂ B′′r is uniformly bounded, and for v ∈ BP ,

by Lemma 1,

‖vρ + Ψ̂ρ‖Br ≤ ‖vρ‖Br + ‖Ψ̂‖Br

≤ l
(
P +

Γ(ϑ)

Γ(ζ(1− η) + ηϑ)
κpρ
−1+ζ−ηζ+ηϑ

)
+ ‖Ψ1‖Br

= P ′.

Consider an operator f : B′′r → B′′r , specified by

fv(ρ) =



0, ρ ∈ (−∞, 0],

−Sη,ζ(ρ)
[
ℵ
(
ρ1−ζ+ηζ−ηϑ[vρ + Ψ̂ρ]

)
+ a(0, α(0))

]
+a
(
ρ,
(
ρ1−ζ+ηζ−ηϑ[vρ + Ψ̂ρ]

))
+
∫ ρ
0 (ρ− ι)η−1ÂQη(ρ− ι)a

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dι

+
∫ ρ
0 (ρ− ι)η−1Qη(ρ− ι)F

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dι

+
∫ ρ
0 (ρ− ι)η−1Qη(ρ− ι)H

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dW (ι), ρ ∈ D.

Then to prove f has a fixed point.
Step 1: To prove there exists a positive value P such that f(BP (D)) ⊆ BP (D). Suppose the claim

is incorrect i.e., for all P > 0, there exists vP ∈ BP (D), but f(vP ) not in BP (D), that is,

E
∥∥vP∥∥2 ≤ P < E

∥∥∥∥ sup
ρ∈[0,d]

ρ1−ζ+ηζ−ηϑ
(
fvP (ρ)

)∥∥∥∥2
≤ E

∥∥∥∥ sup
ρ∈[0,d]

ρ1−ζ+ηζ−ηϑ
{
− Sη,ζ(ρ)

[
ℵ
(
ρ1−ζ+ηζ−ηϑ[vρ + Ψ̂ρ]

)
+ a(0, α(0))

]
+ a

(
ρ,
(
ρ1−ζ+ηζ−ηϑ[vρ + Ψ̂ρ]

))
+

∫ ρ

0
(ρ− ι)η−1ÂQη(ρ− ι)a

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dι

+

∫ ρ

0
(ρ− ι)η−1Qη(ρ− ι)F

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dι

+

∫ ρ

0
(ρ− ι)η−1Qη(ρ− ι)H

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dW (ι)

}∥∥∥∥2
≤ 5d2(1−ζ+ηζ−ηϑ)

[
E

∥∥∥∥Sη,ζ(ρ)
[
ℵ
(
ρ1−ζ+ηζ−ηϑ[vPρ + Ψ̂ρ]

)
+ a(0, α(0))

]∥∥∥∥2
+ E

∥∥∥∥a(ρ, ρ1−ζ+ηζ−ηϑ[vPρ + Ψ̂ρ]
)∥∥∥∥2

+ E

∥∥∥∥∫ ρ

0
(ρ− ι)η−1ÂQη(ρ− ι)a

(
ι, ι1−ζ+ηζ−ηϑ[vPι + Ψ̂ι]

)
dι

∥∥∥∥2
+ E

∥∥∥∥∫ ρ

0
(ρ− ι)η−1Qη(ρ− ι)F

(
ι, ι1−ζ+ηζ−ηϑ[vPι + Ψ̂ι]

)
dι

∥∥∥∥2
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+ E

∥∥∥∥∫ ρ

0
(ρ− ι)η−1Qη(ρ− ι)H

(
ι, ι1−ζ+ηζ−ηϑ[vPι + Ψ̂ι]

)
dW (ι)

∥∥∥∥2]
≤ 5d2(1−ζ+ηζ−ηϑ)

[
‖Sη,ζ(ρ)‖2

[
L2
1‖vPρ + Ψ̂ρ‖2 + ‖ℵ(0)‖2 +M ′2w ‖α‖2

]
+M2

0M
′2
w (1 + d2(1−ζ+ηζ−ηϑ))P ′

+

∫ ρ

0
(ρ− ι)2(η−1)‖Â1−qQη(ρ− ι)‖2E‖Âqa

(
ι, ι1−ζ+ηζ−ηϑ[vPι + Ψ̂ι]

)
‖2dι

+

∫ ρ

0
(ρ− ι)2(η−1)‖Qη(ρ− ι)‖2m2

1(d)f2(P ′)dι

+ Tr(Q)

∫ ρ

0
(ρ− ι)2(η−1)‖Qη(ρ− ι)‖2m2

2(d)~2(P ′)dι
]

≤ 5d2(1−ζ+ηζ−ηϑ)
[(

Γ(ϑ)

Γ(ζ(1− η) + ηϑ)

)2

κ2pd
2(−1+ζ−ηζ+ηϑ)[

L2
1P
′2 + ‖ℵ(0)‖2 +M ′2w ‖α‖2

]
+M2

0M
′2
w

(
1 + d2(1−ζ+ηζ−ηϑ)

)
P ′2

+

(
M ′wκ1−qΓ(1 + q)

qΓ(1 + ηq)

)2(
1 + d2(1−ζ+ηζ−ηϑ)P ′

)
d2ηq

+

(
dηϑ

ηϑ

)2

κ2pm
2
1(d)f2(P ′) + Tr(Q)

(
dηϑ

ηϑ

)2

κ2pm
2
2(d)~2(P ′)

]
≤ 5d2(1−ζ+ηζ−ηϑ)M∗∗,

where

M∗∗ =

[(
Γ(ϑ)

Γ(ζ(1− η) + ηϑ)

)2

κ2pd
2(−1+ζ−ηζ+ηϑ)[L2

1P
′2 + ‖ℵ(0)‖2 +M ′2w ‖α‖2

]
+M2

0M
′2
w

(
1 + d2(1−ζ+ηζ−ηϑ)

)
P ′2 +

(
M ′wκ1−qΓ(1 + q)

qΓ(1 + ηq)

)2(
1 + d2(1−ζ+ηζ−ηϑ)P ′

)
d2ηq

+

(
dηϑ

ηϑ

)2

κ2pm
2
1(d)f2(P ′) + Tr(Q)

(
dηϑ

ηϑ

)2

κ2pm
2
2(d)~2(P ′)

]
.

By dividing the aforementioned inequality by P and using the limit as P → ∞, we arrive at the
contradiction, which is 1 ≤ 0. Consequently, f(BP (D)) ⊆ BP (D).

Step 2: The operator f is continuous on BP (D). For f : BP (D) → BP (D) and for all vk,
v ∈ BP (D), k = 0, 1, 2, · · · such that limk→∞ v

k = v, then we get limk→∞ v
k(ρ) = v(ρ) and

limk→∞ ρ
1−ζ+ηζ−ηϑvk(ρ) = ρ1−ζ+ηζ−ηϑv(ρ).

By (H2),

F(ρ, zk(ρ)) = F
(
ρ, ρ1−ζ+ηζ−ηϑ[vk(ρ) + Ψ̂(ρ)]

)
→ F

(
ρ, ρ1−ζ+ηζ−ηϑ[v(ρ) + Ψ̂(ρ)]

)
= F(ρ, z(ρ)) as k →∞.

Take

Fk(ι) = F
(
ι, ι1−ζ+ηζ−ηϑ[vkι + Ψ̂ι]

)
and F (ι) = F

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
.

Then, using the assumption (H2) and Lebesgue’s dominated convergence theorem (LDCT), we can
obtain ∫ ρ

0
(ρ− ι)2(η−1)‖Qη(ρ− ι)‖2E‖Fk(ι)− F (ι)‖2dι→ 0 as k →∞, ρ ∈ D. (3)
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By (H3),

H(ρ, zk(ρ)) = H
(
ρ, ρ1−ζ+ηζ−ηϑ[vk(ρ) + Ψ̂(ρ)]

)
→ H

(
ρ, ρ1−ζ+ηζ−ηϑ[v(ρ) + Ψ̂(ρ)]

)
= H(ρ, z(ρ)) as k →∞.

Take

Hk(ι) = H
(
ι, ι1−ζ+ηζ−ηϑ[vkι + Ψ̂ι]

)
and H(ι) = H

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
.

Then, using the hypotheses (H3) and LDCT, we can obtain∫ ρ

0
(ρ− ι)2(η−1)‖Qη(ρ− ι)‖2E‖Hk(ι)−H(ι)‖2dW (ι)→ 0 as k →∞, ρ ∈ D. (4)

Take Nk(ρ) = ℵ
(
ρ1−ζ+ηζ−ηϑ[vkρ + Ψ̂ρ]

)
and N (ρ) = ℵ

(
ρ1−ζ+ηζ−ηϑ[vρ + Ψ̂ρ]

)
, from (H4), we get

E‖Nk(ρ)−N (ρ)‖2 → 0 as k →∞. (5)

Then, ak(ρ, zk(ρ)) = a
(
ρ, ρ1−ζ+ηζ−ηϑ[vkρ + Ψ̂ρ]

)
and a(ρ, z(ρ)) = a

(
ρ, ρ1−ζ+ηζ−ηϑ[vρ + Ψ̂ρ]

)
. From

hypotheses (H5), we obtain

E‖a(ρ, zk(ρ))− a(ρ, z(ρ))‖2 → 0 as k →∞. (6)

Now,

E
∥∥fvk − fv

∥∥2
d
≤ 4

(
Γ(ϑ)

Γ(ζ(1− η) + ηϑ)

)2

κ2pd
2(−1+ζ−ηζ+ηϑ)E

∥∥Nk(ρ)−N (ρ)
∥∥2

+ 4E‖ak(ρ, zk(ρ))− a(ρ, zρ)‖2 + 4κ2p

(
dηϑ

ηϑ

)2

E
∥∥Fk(ι)− F (ι)

∥∥2
+ 4Tr(Q)κ2p

(
dηϑ

ηϑ

)2

E
∥∥Hk(ι)−H(ι)

∥∥2.
Using (3), (4), (5) and (6), we obtain

E
∥∥fvk − fv

∥∥2
d
→ 0 as k →∞.

As a result, f is continuous on BP .
Step 3: To prove f is equicontinuous.
For z ∈ BP (D), and 0 ≤ ρ1 < ρ2 ≤ d, we obtain

E

∥∥∥∥fz(ρ2)− fz(ρ1)
∥∥∥∥2

= E

∥∥∥∥ρ1−ζ+ηζ−ηϑ2

(
− Sη,ζ(ρ2)

[
ℵ
(
ρ1−ζ+ηζ−ηϑ2 [vρ2 + Ψ̂ρ2 ]

)
+ a(0, α(0))

]
+ a

(
ρ2,
(
ρ1−ζ+ηζ−ηϑ2 [vρ2 + Ψ̂ρ2 ]

))
+

∫ ρ2

0
(ρ2 − ι)η−1ÂQη(ρ2 − ι)a

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dι

+

∫ ρ2

0
(ρ2 − ι)η−1Qη(ρ2 − ι)F

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dι
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+

∫ ρ2

0
(ρ2 − ι)η−1Qη(ρ2 − ι)H

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dW (ι)

)
− ρ1−ζ+ηζ−ηϑ1

(
− Sη,ζ(ρ1)

[
ℵ
(
ρ1−ζ+ηζ−ηϑ1 [vρ1 + Ψ̂ρ1 ]

)
+ a(0, α(0))

]
+ a

(
ρ1,
(
ρ1−ζ+ηζ−ηϑ1 [vρ1 + Ψ̂ρ1 ]

))
+

∫ ρ1

0
(ρ1 − ι)η−1ÂQη(ρ1 − ι)a

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dι

+

∫ ρ1

0
(ρ1 − ι)η−1Qη(ρ1 − ι)F

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dι

+

∫ ρ1

0
(ρ1 − ι)η−1Qη(ρ1 − ι)H

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dW (ι)

)∥∥∥∥2
≤ 5E

∥∥∥∥ρ1−ζ+ηζ−ηϑ2

(
− Sη,ζ(ρ2)

[
ℵ
(
ρ1−ζ+ηζ−ηϑ2 [vρ2 + Ψ̂ρ2 ]

)
+ a(0, α(0))

])
− ρ1−ζ+ηζ−ηϑ1

(
− Sη,ζ(ρ1)

[
ℵ
(
ρ1−ζ+ηζ−ηϑ1 [vρ1 + Ψ̂ρ1 ]

)
+ a(0, α(0))

])∥∥∥∥2
+ 5E

∥∥∥∥ρ1−ζ+ηζ−ηϑ2 a
(
ρ2,
(
ρ1−ζ+ηζ−ηϑ2 [vρ2 + Ψ̂ρ2 ]

))
− ρ1−ζ+ηζ−ηϑ1 a

(
ρ1,
(
ρ1−ζ+ηζ−ηϑ1 [vρ1 + Ψ̂ρ1 ]

))∥∥∥∥2
+ 5E

∥∥∥∥ρ1−ζ+ηζ−ηϑ2

∫ ρ2

0
(ρ2 − ι)η−1ÂQη(ρ2 − ι)a

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dι

− ρ1−ζ+ηζ−ηϑ1

∫ ρ1

0
(ρ1 − ι)η−1ÂQη(ρ1 − ι)a

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dι

∥∥∥∥2
+ 5E

∥∥∥∥ρ1−ζ+ηζ−ηϑ2

∫ ρ2

0
(ρ2 − ι)η−1Qη(ρ2 − ι)F

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dι

− ρ1−ζ+ηζ−ηϑ1

∫ ρ1

0
(ρ1 − ι)η−1Qη(ρ1 − ι)F

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dι

∥∥∥∥2
+ 5E

∥∥∥∥ρ1−ζ+ηζ−ηϑ2

∫ ρ2

0
(ρ2 − ι)η−1Qη(ρ2 − ι)H

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dW (ι)

− ρ1−ζ+ηζ−ηϑ1

∫ ρ1

0
(ρ1 − ι)η−1Qη(ρ1 − ι)H

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dW (ι)

∥∥∥∥2
≤ 10E

∥∥∥∥ρ1−ζ+ηζ−ηϑ2 Sη,ζ(ρ2)
[
ℵ
(
ρ1−ζ+ηζ−ηϑ2 [vρ2 + Ψ̂ρ2 ]

)
+ a(0, α(0))

]
− ρ1−ζ+ηζ−ηϑ2 Sη,ζ(ρ2)

[
ℵ
(
ρ1−ζ+ηζ−ηϑ1 [vρ1 + Ψ̂ρ1 ]

)
+ a(0, α(0))

]∥∥∥∥2
+ 10E

∥∥∥∥ρ1−ζ+ηζ−ηϑ2 Sη,ζ(ρ2)
[
ℵ
(
ρ1−ζ+ηζ−ηϑ1 [vρ1 + Ψ̂ρ1 ]

)
+ a(0, α(0))

]
− ρ1−ζ+ηζ−ηϑ1 Sη,ζ(ρ1)

[
ℵ
(
ρ1−ζ+ηζ−ηϑ1 [vρ1 + Ψ̂ρ1 ]

)
+ a(0, α(0))

]∥∥∥∥2
+ 5E

∥∥∥∥ρ1−ζ+ηζ−ηϑ2 a
(
ρ2,
(
ρ1−ζ+ηζ−ηϑ2 [vρ2 + Ψ̂ρ2 ]

))
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− ρ1−ζ+ηζ−ηϑ1 a
(
ρ1,
(
ρ1−ζ+ηζ−ηϑ1 [vρ1 + Ψ̂ρ1 ]

))∥∥∥∥2
+ 15E

∥∥∥∥ρ1−ζ+ηζ−ηϑ2

∫ ρ1

0
(ρ2 − ι)η−1ÂQη(ρ2 − ι)a

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dι

− ρ1−ζ+ηζ−ηϑ1

∫ ρ1

0
(ρ1 − ι)η−1ÂQη(ρ2 − ι)a

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dι

∥∥∥∥2
+ 15E

∥∥∥∥ρ1−ζ+ηζ−ηϑ1

∫ ρ1

0
(ρ1 − ι)η−1ÂQη(ρ2 − ι)a

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dι

− ρ1−ζ+ηζ−ηϑ1

∫ ρ1

0
(ρ1 − ι)η−1ÂQη(ρ1 − ι)a

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dι

∥∥∥∥2
+ 15E

∥∥∥∥ρ1−ζ+ηζ−ηϑ2

∫ ρ2

ρ1

(ρ2 − ι)η−1ÂQη(ρ2 − ι)a
(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dι

∥∥∥∥2
+ 15E

∥∥∥∥ρ1−ζ+ηζ−ηϑ2

∫ ρ1

0
(ρ2 − ι)η−1Qη(ρ2 − ι)F

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dι

− ρ1−ζ+ηζ−ηϑ1

∫ ρ1

0
(ρ1 − ι)η−1Qη(ρ2 − ι)F

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dι

∥∥∥∥2
+ 15E

∥∥∥∥ρ1−ζ+ηζ−ηϑ1

∫ ρ1

0
(ρ1 − ι)η−1Qη(ρ2 − ι)F

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dι

− ρ1−ζ+ηζ−ηϑ1

∫ ρ1

0
(ρ1 − ι)η−1Qη(ρ1 − ι)F

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dι

∥∥∥∥2
+ 15E

∥∥∥∥ρ1−ζ+ηζ−ηϑ2

∫ ρ2

ρ1

(ρ2 − ι)η−1Qη(ρ2 − ι)F
(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dι

∥∥∥∥2
+ 15E

∥∥∥∥ρ1−ζ+ηζ−ηϑ2

∫ ρ1

0
(ρ2 − ι)η−1Qη(ρ2 − ι)H

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dW (ι)

− ρ1−ζ+ηζ−ηϑ1

∫ ρ1

0
(ρ1 − ι)η−1Qη(ρ2 − ι)H

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dW (ι)

∥∥∥∥2
+ 15E

∥∥∥∥ρ1−ζ+ηζ−ηϑ1

∫ ρ1

0
(ρ1 − ι)η−1Qη(ρ2 − ι)H

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dW (ι)

− ρ1−ζ+ηζ−ηϑ1

∫ ρ1

0
(ρ1 − ι)η−1Qη(ρ1 − ι)H

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dW (ι)

∥∥∥∥2
+ 15E

∥∥∥∥ρ1−ζ+ηζ−ηϑ2

∫ ρ2

ρ1

(ρ2 − ι)η−1Qη(ρ2 − ι)H
(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dW (ι)

∥∥∥∥2
≤

12∑
i=1

Ii.

I1 = 10E

∥∥∥∥ρ1−ζ+ηζ−ηϑ2 Sη,ζ(ρ2)
[
ℵ
(
ρ1−ζ+ηζ−ηϑ2 [vρ2 + Ψ̂ρ2 ]

)
+ a(0, α(0))

]
− ρ1−ζ+ηζ−ηϑ2 Sη,ζ(ρ2)

[
ℵ
(
ρ1−ζ+ηζ−ηϑ1 [vρ1 + Ψ̂ρ1 ]

)
+ a(0, α(0))

]∥∥∥∥2
≤ 10E

∥∥∥∥ρ1−ζ+ηζ−ηϑ2 Sη,ζ(ρ2)

(
ℵ
(
ρ1−ζ+ηζ−ηϑ2 [vρ2 + Ψ̂ρ2 ]

)
− ℵ

(
ρ1−ζ+ηζ−ηϑ1 [vρ1 + Ψ̂ρ1 ]

))∥∥∥∥2.
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From hypotheses (H4) and (5), we obtain I1 tends to zero as ρ2 → ρ1.

I2 = 10E

∥∥∥∥ρ1−ζ+ηζ−ηϑ2 Sη,ζ(ρ2)
[
ℵ
(
ρ1−ζ+ηζ−ηϑ1 [vρ1 + Ψ̂ρ1 ]

)
+ a(0, α(0))

]
− ρ1−ζ+ηζ−ηϑ1 Sη,ζ(ρ1)

[
ℵ
(
ρ1−ζ+ηζ−ηϑ1 [vρ1 + Ψ̂ρ1 ]

)
+ a(0, α(0))

]∥∥∥∥2
≤ 10

∥∥∥∥ρ1−ζ+ηζ−ηϑ2 Sη,ζ(ρ2)− ρ1−ζ+ηζ−ηϑ1 Sη,ζ(ρ1)

∥∥∥∥2
E

∥∥∥∥ℵ(ρ1−ζ+ηζ−ηϑ1 [vρ1 + Ψ̂ρ1 ]
)

+ a(0, α(0))

∥∥∥∥2.
By the strong continuity of Sη,ζ(ρ) and (H4), we get I2 → 0 as ρ2 → ρ1.

I3 = 5E

∥∥∥∥ρ1−ζ+ηζ−ηϑ2 a
(
ρ2,
(
ρ1−ζ+ηζ−ηϑ2 [vρ2 + Ψ̂ρ2 ]

))
− ρ1−ζ+ηζ−ηϑ1 a

(
ρ1,
(
ρ1−ζ+ηζ−ηϑ1 [vρ1 + Ψ̂ρ1 ]

))∥∥∥∥2
≤ 5M2

0M
′2
w (1 + P ′2)

∥∥∥∥ρ1−ζ+ηζ−ηϑ2 − ρ1−ζ+ηζ−ηϑ1

∥∥∥∥2.
From hypotheses (H5), we obtain I3 → 0 as ρ2 → ρ1.

I4 = 15E

∥∥∥∥ρ1−ζ+ηζ−ηϑ2

∫ ρ1

0
(ρ2 − ι)η−1ÂQη(ρ2 − ι)a

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dι

− ρ1−ζ+ηζ−ηϑ1

∫ ρ1

0
(ρ1 − ι)η−1ÂQη(ρ2 − ι)a

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dι

∥∥∥∥2
≤ 15E

∥∥∥∥∫ ρ1

0

(
ρ1−ζ+ηζ−ηϑ2 (ρ2 − ι)η−1 − ρ1−ζ+ηζ−ηϑ1 (ρ1 − ι)η−1

)
ÂQη(ρ2 − ι)a

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dι

∥∥∥∥2
≤ 15

∥∥∥∥∫ ρ1

0

(
ρ1−ζ+ηζ−ηϑ2 (ρ2 − ι)η−1 − ρ1−ζ+ηζ−ηϑ1 (ρ1 − ι)η−1

)∥∥∥∥2
×
∥∥∥∥Â1−qQη(ρ2 − ι)

∥∥∥∥2E∥∥∥∥Âqa(ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]
)∥∥∥∥2dι

≤ 15

(
M ′wκ1−qηΓ(1 + q)

qΓ(1 + ηq)

)2(
1 + ρ

2(1−ζ+ηζ−ηϑ)
2 P ′2

)
×
∥∥∥∥∫ ρ1

0
(ρ2 − ι)η(q−1)

(
ρ1−ζ+ηζ−ηϑ2 (ρ2 − ι)η−1 − ρ1−ζ+ηζ−ηϑ1 (ρ1 − ι)η−1

)
dι

∥∥∥∥2.
Implies I4 → 0 as ρ2 → ρ1.

I5 = 15E

∥∥∥∥ρ1−ζ+ηζ−ηϑ1

∫ ρ1

0
(ρ1 − ι)η−1ÂQη(ρ2 − ι)a

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dι

− ρ1−ζ+ηζ−ηϑ1

∫ ρ1

0
(ρ1 − ι)η−1ÂQη(ρ1 − ι)a

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dι

∥∥∥∥2
≤ 15M2

0M
′2
w (1 + ρ

2(1−ζ+ηζ−ηϑ)
1 P ′2)

∥∥∥∥ρ1−ζ+ηζ−ηϑ1

∫ ρ1

0
(ρ1 − ι)η−1

[
Qη(ρ2 − ι)− Qη(ρ1 − ι)

]
dι

∥∥∥∥2.
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Since Qη(ρ) is uniformly continuous in operator norm topology, we obtain I5 → 0 as ρ2 → ρ1.

I6 = 15E

∥∥∥∥ρ1−ζ+ηζ−ηϑ2

∫ ρ2

ρ1

(ρ2 − ι)η−1ÂQη(ρ2 − ι)a
(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dι

∥∥∥∥2
≤ 15

(
M ′wκ1−qηΓ(1 + q)

qΓ(1 + ηq)

)2(
1 + ρ

2(1−ζ+ηζ−ηϑ)
2 P ′2

)
ρ
2(1−ζ+ηζ−ηϑ)
2

∫ ρ2

ρ1

(ρ2 − ι)2η(1−q)dι.

Integrating and ρ2 → ρ1 =⇒ I6 = 0.

I7 = 15E

∥∥∥∥ρ1−ζ+ηζ−ηϑ2

∫ ρ1

0
(ρ2 − ι)η−1Qη(ρ2 − ι)F

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dι

− ρ1−ζ+ηζ−ηϑ1

∫ ρ1

0
(ρ1 − ι)η−1Qη(ρ2 − ι)F

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dι

∥∥∥∥2
≤ 15E

∥∥∥∥∫ ρ1

0

(
ρ1−ζ+ηζ−ηϑ2 (ρ2 − ι)η−1 − ρ1−ζ+ηζ−ηϑ1 (ρ1 − ι)η−1

)
Qη(ρ2 − ι)F

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dι

∥∥∥∥2
≤ 15κ2p

∥∥∥∥∫ ρ1

0

(
ρ1−ζ+ηζ−ηϑ2 (ρ2 − ι)η−1 − ρ1−ζ+ηζ−ηϑ1 (ρ1 − ι)η−1

)∥∥∥∥2
(ρ2 − ι)2η(ϑ−1)m2

1(d)f2(P ′)dι.

Implies I7 → 0 as ρ2 → ρ1.

I8 = 15E

∥∥∥∥ρ1−ζ+ηζ−ηϑ1

∫ ρ1

0
(ρ1 − ι)η−1Qη(ρ2 − ι)F

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dι

− ρ1−ζ+ηζ−ηϑ1

∫ ρ1

0
(ρ1 − ι)η−1Qη(ρ1 − ι)F

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dι

∥∥∥∥2
≤ 15ρ

2(1−ζ+ηζ−ηϑ)
1

∫ ρ1

0
(ρ1 − ι)2(η−1)

∥∥Qη(ρ2 − ι)− Qη(ρ1 − ι)
∥∥m2

1(d)f2(P ′)dι.

Since Qη(ρ) is uniformly continuous in operator norm topology, we obtain I8 → 0 as ρ2 → ρ1.

I9 = 15E

∥∥∥∥ρ1−ζ+ηζ−ηϑ2

∫ ρ2

ρ1

(ρ2 − ι)η−1Qη(ρ2 − ι)F
(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dι

∥∥∥∥2
≤ 15κ2pρ

2(1−ζ+ηζ−ηϑ)
2

∫ ρ2

ρ1

(ρ2 − ι)2(ηϑ−1)m2
1(d)f2(P ′)dι.

Integrating and ρ2 → ρ1 =⇒ I9 = 0.

I10 = 15E

∥∥∥∥ρ1−ζ+ηζ−ηϑ2

∫ ρ1

0
(ρ2 − ι)η−1Qη(ρ2 − ι)H

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dW (ι)

− ρ1−ζ+ηζ−ηϑ1

∫ ρ1

0
(ρ1 − ι)η−1Qη(ρ2 − ι)H

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dW (ι)

∥∥∥∥2
≤ 15E

∥∥∥∥∫ ρ1

0

(
ρ1−ζ+ηζ−ηϑ2 (ρ2 − ι)η−1 − ρ1−ζ+ηζ−ηϑ1 (ρ1 − ι)η−1

)
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Qη(ρ2 − ι)H
(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dW (ι)

∥∥∥∥2
≤ 15Tr(Q)κ2p

∥∥∥∥∫ ρ1

0

(
ρ1−ζ+ηζ−ηϑ2 (ρ2 − ι)η−1 − ρ1−ζ+ηζ−ηϑ1 (ρ1 − ι)η−1

)∥∥∥∥2
(ρ2 − ι)2η(ϑ−1)m2

2(d)~2(P ′)dι.

Implies I10 → 0 as ρ2 → ρ1.

I11 = 15E

∥∥∥∥ρ1−ζ+ηζ−ηϑ1

∫ ρ1

0
(ρ1 − ι)η−1Qη(ρ2 − ι)H

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dW (ι)

− ρ1−ζ+ηζ−ηϑ1

∫ ρ1

0
(ρ1 − ι)η−1Qη(ρ1 − ι)H

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dW (ι)

∥∥∥∥2
≤ 15Tr(Q)ρ

2(1−ζ+ηζ−ηϑ)
1

∫ ρ1

0
(ρ1 − ι)2(η−1)

∥∥Qη(ρ2 − ι)− Qη(ρ1 − ι)
∥∥2m2

2(d)~2(P ′)dι.

Since Qη(ρ) is uniformly continuous in operator norm topology, we get I11 → 0 as ρ2 → ρ1.

I12 = 15E

∥∥∥∥ρ1−ζ+ηζ−ηϑ2

∫ ρ2

ρ1

(ρ2 − ι)η−1Qη(ρ2 − ι)H
(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dW (ι)

∥∥∥∥2
≤ 15Tr(Q)κ2pρ

2(1−ζ+ηζ−ηϑ)
2

∫ ρ2

ρ1

(ρ2 − ι)2(ηϑ−1)m2
2(d)~2(P ′)dι.

Integrating and ρ2 → ρ1 =⇒ I12 = 0.
Hence, f is equicontinuous on D.

Step 4: The Mönch statement is true.
Let f = f1 + f2 + f3 + f4 + f5, where

f1v(ρ) = −Sη,ζ(ρ)
[
ℵ
(
ρ1−ζ+ηζ−ηϑ[vρ + Ψ̂ρ]

)
+ a(0, α(0))

]
,

f2v(ρ) = a
(
ρ,
(
ρ1−ζ+ηζ−ηϑ[vρ + Ψ̂ρ]

))
,

f3v(ρ) =

∫ ρ

0
(ρ− ι)η−1ÂQη(ρ− ι)a

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dι,

f4v(ρ) =

∫ ρ

0
(ρ− ι)η−1Qη(ρ− ι)F

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dι,

f5v(ρ) =

∫ ρ

0
(ρ− ι)η−1Qη(ρ− ι)H

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dW (ι).

Suppose G1 ⊆ BP is countable and G1 ⊂ co
(
{0} ∪ F (G1)

)
. We demonstrate that µ(G1) = 0,

where µ is the Hausdorff MNC. Without loss of generality, suppose G1 = {vk}∞k=1. Since f(G1) is
equicontinuous on D as well.

Utilising Lemma (see [29]), and the hypotheses (H2)(c), (H3)(c), and (H4), we have

µ
(
{f1v

k(ρ)}∞k=1

)
≤ µ

{
− Sη,ζ(ρ)

[
ℵ
(
ρ1−ζ+ηζ−ηϑ[vkρ + Ψ̂ρ]

)
+ a(0, α(0))

]}∞
k=1

,

since ℵ is compact, then Sη,ζ(ρ) is relatively compact, we get f1v(ρ) becomes zero. Next consider,

µ
(
{f2v

k(ρ)}∞k=1

)
≤ µ

{
a
(
ρ,
(
ρ1−ζ+ηζ−ηϑ[vkρ + Ψ̂ρ]

))}∞
k=1

,

µ
(
{f3v

k(ρ)}∞k=1

)
≤ µ

{∫ ρ

0
(ρ− ι)η−1ÂQη(ρ− ι)a

(
ι, ι1−ζ+ηζ−ηϑ[vkι + Ψ̂ι]

)
dι

}∞
k=1

.

Mathematics series. No. 1(113)/2024 187



S. Sivasankar, R. Udhayakumar et al.

From hypotheses (H5) and properties of function a and ÂQ, we obtain, that terms are relatively
compact. So f2v(ρ) and f3v(ρ) become zero.

µ
(
{f4v

k(ρ)}∞k=1

)
≤ µ

{∫ ρ

0
(ρ− ι)η−1Qη(ρ− ι)F

(
ι, ι1−ζ+ηζ−ηϑ[vkι + Ψ̂ι]

)
dι

}∞
k=1

≤ 2

∫ ρ

0
(ρ− ι)η−1Qη(ρ− ι)e1(ι) sup

−∞<θ≤0
µ
(
{vkρ(θ)}∞k=1

)
dι

≤ 2

(
dηϑ

ηϑ

)
‖e1‖

L
1
η2 (D,R+)

sup
−∞<θ≤0

µ
(
{vkρ(θ)}∞k=1

)
,

µ
(
{f5v

k(ρ)}∞k=1

)
≤ µ

{∫ ρ

0
(ρ− ι)η−1Qη(ρ− ι)H

(
ι, ι1−ζ+ηζ−ηϑ[vkι + Ψ̂ι]

)
dW (ι)

}∞
k=1

≤ 2Tr(Q)

∫ ρ

0
(ρ− ι)η−1Qη(ρ− ι)e2(ι) sup

−∞<θ≤0
µ
(
{vkρ(θ)}∞k=1

)
dι

≤ 2Tr(Q)

(
dηϑ

ηϑ

)
‖e2‖

L
1
η4 (D,R+)

sup
−∞<θ≤0

µ
(
{vkρ(θ)}∞k=1

)
.

Thus, we have

µ
(
{fvk(ρ)}∞k=1

)
≤ µ

(
{f1v

k(ρ)}∞k=1

)
+ µ

(
{f2v

k(ρ)}∞k=1

)
+ µ

(
{f3v

k(ρ)}∞k=1

)
+ µ

(
{f4v

k(ρ)}∞k=1

)
+ µ

(
{f5v

k(ρ)}∞k=1

)
≤ 2

(
dηϑ

ηϑ

)
‖e1‖

L
1
η2 (D,R+)

sup
−∞<θ≤0

µ
(
{vkρ(θ)}∞k=1

)
+ 2Tr(Q)

(
dηϑ

ηϑ

)
‖e2‖

L
1
η4 (D,R+)

sup
−∞<θ≤0

µ
(
{vkρ(θ)}∞k=1

)
≤ 2

(
dηϑ

ηϑ

)[
‖e1‖

L
1
η2 (D,R+)

+ Tr(Q)‖e2‖
L

1
η4 (D,R+)

]
µ
(
{vk(ρ)}∞k=1

)
≤M∗µ

(
{vk(ρ)}∞k=1

)
,

where M∗ = 2

(
dηϑ

ηϑ

)[
‖e1‖

L
1
η2 (D,R+)

+ Tr(Q)‖e2‖
L

1
η4 (D,R+)

]
.

Since G1 and f(G1) are equicontinuous on D, it follows from Lemma (see [29]) that the constraint
implies that µ(fG1) ≤M∗µ(G1).

Therefore, given the requirements of the Mönch’s, we get

µ(G1) ≤ µ
(
co{0} ∪ f(G1)

)
= µ(fG1) ≤M∗µG1.

Given M∗ < 1, we have µ(G1) = 0. Therefore, G1 is relatively compact. As a result, f has a fixed
point v in G1 from Lemma 6.

Hence, completed the proof.
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3 Example

Consider the HF neutral stochastic differential systems with infinite delay of the form

D
2
3
,ζ

0+

[
z(ρ, τ) +

∫ π
0 ρ(β, τ)z(ρ, τ)dβ

]
= zττ (ρ, τ) + γ

(
ρ,
∫ ρ
∞ χ1(ι− ρ)z(ρ, τ)dι

)
+χ

(
ρ,
∫ ρ
∞ χ2(ι− ρ)z(ρ, τ)dW (ι)

)
,

z(ρ, 0) = z(ρ, π) = 0, ρ ∈ D,

I
(1− 2

3
)(1−ζ)

0+
z(0, τ) +

∫ π
0 N (β, τ)z(ρ, τ)dβ = z(0, τ), τ ∈ [0, π], ρ ∈ (−∞, 0),

(7)

where D
2
3
,ζ

0+
denoted the HFD of order η = 2/3, type ζ and χ, χ1, ρ and N are the necessary functions.

Consider,W (ρ) is the one-dimensional Brownian movements in Y represented on the filtered probability
space (∆,F , P ) and with ‖·‖Y to write the system (7) in the abstract form of (1)-(2). Let Y = L2[0, π],
to transform this structure into an abstract structure, and Â : D(Â) ⊂ Y→ Y is classified as Âx = x′

with

D(Â) =
{
x ∈ Y : x, x′ are absolutely continuous, x′′ ∈ Y, x(0) = x(π) = 0

}
and

Âx =

∞∑
k=1

k2〈x, %k〉%k, % ∈ D(Â),

where the orthogonal set of eigen vectors of Â is %k(x) =
√

2
π sin(kx), k ∈ N.

Here, Â is the almost sectorial operator of the analytic semigroup {T (ρ), ρ ≥ 0} in Y, T (ρ)
is noncompact semigroup on Y with ζ(T (ρ)B) ≤ ζ(B), where ζ denoted the Hausdorff measure of
noncompactness and there exists a constant K1 ≥ 1, satisfy supρ∈D ‖T (ρ)‖ ≤ K1.

Specify, F : D × Br → Y, H : D × Br → L0
2(J ,Y), a : D × Br → Y and ℵ : Br → Y are the

suitable functions, which fulfils the assumptions (H1)− (H5),

F
(
ρ, zρ

)
(τ), = γ

(
ρ,

∫ ρ

∞
χ1(ι− ρ)z(ρ, τ)dι

)
,

H
(
ρ, zρ

)
(τ), = χ

(
ρ,

∫ ρ

∞
χ2(ι− ρ)z(ρ, τ)dW (ι)

)
,

a(ρ, zρ)(τ) =

∫ π

0
ρ(β, τ)z(ρ, τ)dβ,

ℵ(zρ)(τ) =

∫ π

0
N (β, τ)z(ρ, τ)dβ.

We also establish some acceptable requirements for the above-mentioned functions in order to validate
all of the Theorem 4’s hypotheses, and we confirm that the HF stochastic system (1)-(2) has a mild
solution.

Conclusion

The existence of a mild solution to HF neutral stochastic differential systems was the main emphasis
of this research. Almost sectorial operators, fractional calculus, MNC, and the fixed point approach
are used to establish the key conclusions. We offered an example to further illustrate the idea. In the
following years, we’ll use the fixed point approach to examine the exact controllability of HF stochastic
differential systems with delay.
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Шексiз кешiгуi бар бөлшек-нейтралды стохастикалық Хильфер
дифференциалдық жүйелерiнiң болуы

С. Сивасанкар1, Р. Удхаякумар1, В. Мутхумаран2, Г. Гокул1, Ш. Аль-Омари3

1Жетiлдiрiлген ғылымдар мектебi, Веллуру технологиялық институты, Веллуру, Үндiстан;
2Инженерлiк және технологиялар колледжi, SRM Ғылым және технология институты, Каттанкулатур,

Үндiстан;
3 Ғылым факультетi, Әл-Балқа қолданбалы университетi, Амман, Иордания

Зерттеудiң мақсаты әйгiлi Риман-Лиувилл бөлшек туындысын жалпылайтын Гильберт кеңiстiгiнде-
гi Хильфер бөлшек туындысы қатысатын дерлiк секторлық операторлары бар кешiгетiн бөлшек-
нейтралды стохастикалық дифференциалдық жүйелер үшiн жұмсақ шешiмдердiң болуын ұсыну.
Негiзгi әдiстер бөлшек есептеудiң, жартылай группа теориясының, дерлiк секторлық операторлар-
дың, стохастикалық талдаудың және компактылы емес өлшемi арқылы Мёнхтiң қозғалмайтын нүкте
теоремасының негiзгi қағидалары мен тұжырымдамаларына негiзделген. Атап айтқанда, теңдеудiң
бар болуының нәтижесi әлсiз компактылықтың белгiлi бiр жағдайында алынды. Мақаланың соңында
алынған абстрактылы нәтижелердiң қолдану аясын көрсететiн мысал бар.

Кiлт сөздер: Хильфердiң бөлшек эволюциялық жүйесi, нейтралды жүйе, компактылы емес өлшем,
қозғалмайтын нүкте теоремасы.

Существование дробно-нейтральных стохастических
дифференциальных систем Хильфера с бесконечным

запаздыванием

С. Сивасанкар1, Р. Удхаякумар1, В. Мутхумаран2, Г. Гокул1, Ш. Аль-Омари3

1Школа передовых наук, Технологический институт Веллуру, Веллуру, Индия;
2Инженерно-технологический колледж; Институт науки и технологий SRM, Каттанкулатур, Индия;

3Прикладной университет Аль-Балка, Амман, Иордания

Цель данного исследования — предложить существование мягких решений для запаздывающих дробно-
нейтральных стохастических дифференциальных систем с почти секториальными операторами, вклю-
чающими дробную производную Хильфера в гильбертовом пространстве, которая обобщает знаме-
нитую дробную производную Римана-Лиувилля. Основные методы построены на базовых принципах
и концепциях дробного исчисления, теории полугрупп, почти секториальных операторах, стохасти-
ческом анализе и теореме Мёнха о неподвижной точке через меру некомпактности. В частности,
результат существования уравнения получен при некоторых условиях слабой компактности. В конце
статьи приведен пример, демонстрирующий применение полученных абстрактных результатов.

Ключевые слова: дробная эволюционная система Хильфера, нейтральная система, мера некомпакт-
ности, теорема о неподвижной точке.

192 Bulletin of the Karaganda University



Existence of Hilfer fractional ...

Author Information∗

Sivajiganesan Sivasankar — Master of science, Research Scholar, Department of Mathematics,
Vellore Institute of Technology, Vellore- 632014, Tamilnadu, India; e-mail: sivajisivasankar@gmail.com;
https://orcid.org/0000-0003-2422-9670

Ramalingam Udhayakumar (corresponding author) — Doctor of philosophy, Assistant Professor
Senior Grade1, Department of Mathematics, Vellore Institute of Technology, Vellore- 632014, Tamilnadu,
India; e-mail: udhayaram.v@gmail.com; https://orcid.org/0000-0002-7020-3466

Venkatesan Muthukumaran — Doctor of Philosophy, Assistant professor, Department of Mathe-
matics, College of Engineering and Technology, SRM Institute of Science and Technology, Kattankulathur-
603203, India; e-mail: muthu.v2404@gmail.com; https://orcid.org/0000-0002-3393-5596

Gunasekaran Gokul — Master of science, Research Scholar, Department of Mathematics, Vellore
Institute of Technology, Vellore- 632014, Tamilnadu, India; e-mail: gokulg2110@gmail.com.

Shrideh Al-Omari — Doctor of philosophy, Professor, Department of Mathematics, Faculty
of Science, Al-Balqa Applied University, Amman 11134, Jordan; e-mail: shridehalomari@bau.edu.jo;
https://orcid.org/0000-0001-8955-5552

∗The author’s name is presented in the order: First, Middle and Last Names.

Mathematics series. No. 1(113)/2024 193


