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This article addresses the problems observed in branching fractal structures, where super-slow transport
processes can occur, a phenomenon described by diffusion equations with a fractional time derivative. The
characteristic feature of these processes is their extremely slow relaxation rate, where a physical quantity
changes more gradually than its first derivative. Such phenomena are sometimes categorized as processes
with “residual memory”. The study presents a solution to the first boundary problem in an angular domain
degenerating into a point at the initial moment of time for a fractional diffusion equation with the Riemann-
Liouville fractional differentiation operator with respect to time. It establishes the existence theorem of
the problem under investigation and constructs a solution representation. The need for understanding
these super-slow processes and their impact on fractal structures is identified and justified. The paper
demonstrates how these processes contribute to the broader understanding of fractional diffusion equations,
proving the theorem’s existence and formulating a solution representation.
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Introduction

The paper discusses an equation of the form:(
∂α

∂tα
− ∂2

∂x2

)
u(x, t) = f(x, t), (0 < α < 1), (1)

where ∂α

∂tα is a fractional derivative of an order α with respect to the variable t, starting from the point
t = 0. This type of fractional differentiation is defined by the Riemann-Liouville operator:

ag
(ν)(x) ≡ aD

ν
xg(x) =


1

Γ(−ν)

∫ x
a (x− ξ)−ν−1g(ξ)dξ, ν < 0,

1
Γ(1−ν)Dx

∫ x
a (x− ξ)−νg(ξ)dξ, 0 ≤ ν < 1,

1
Γ(2−ν)D2

x

∫ x
a (x− ξ)−ν+1g(ξ)dξ, 1 ≤ ν < 2,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . , . . . . . . . . . . . .

Fractional diffusion equations (where 0 < α ≤ 1) have been extensively studied in recent years. This
surge in interest is due to their widespread applications in physics and modeling, as referenced in sources
[1–5]. The primary methodologies for exploring diffusion-wave equations are detailed in publications
[6–24], while monographs [25] and [26] provide a comprehensive bibliography on the subject.
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Nearly all studies related to equation (1) have focused on initial and boundary problems in both
limited and unlimited cylindrical areas. Specifically, the first boundary problem for the fractional
diffusion equation in a rectangular area was examined in [17,18]. In publication [27], the first boundary
problem for the fractional diffusion-wave equation in a non-cylindrical area was solved. However, the
area where the solution is sought does not degenerate into a point at the initial moment in time.

The aim of this study is to solve the first boundary problem for equation (1) in a domain that is
not cylindrical, but rather angular, and degenerates into a point at the initial moment in time.

In relation to the boundary value problems for the heat conduction equation with a diffusion
coefficient α set to 1: (

∂

∂t
− ∂2

∂x2

)
u(x, t) = f(x, t),

these problems have been investigated in non-cylindrical domains by several authors [28–32]. It is
important to underline that boundary value problems for the Laplace equation in domains with evolving
boundaries are distinct from the classical ones defined in fixed cylindrical domains. The reason is that
the dimensions of the domain where the solution is sought are time-dependent, which makes these
problems unsuitable for classical variable separation and integral transformation methods.

The potential theory approach allows reformulating the boundary value problem into a Volterra
system of second kind integral equations. In such cases, if the domain’s boundary does not exist at
the initial time, then the corresponding system of integral equations can be solved by the method of
successive approximations due to the weak singularity of their kernels. In contrast, if the boundary
exists at the initial time, the integral equations of the boundary value problem might admit additional
solutions, and the implementation of the Picard method encounters certain mathematical complexities.
Similar issues occur for boundary value problems of the Dirichlet problem for the Laplace equation in
non-cylindrical domains that originate at the initial moment in time.

1 Problem Statement

To determine a regular solution for the fractional time-derivative heat equation:(
∂α

∂tα
− ∂2

∂x2

)
u(x, t) = f(x, t), (0 < α < 1),

within the domain
D = {(x, t) : 0 < x < t, 0 < t <∞},

that adheres to the boundary conditions:

u(0, t) = 0, u(t, t) = 0, 0 < t <∞. (2)

We denote u(x, t) as a regular solution of equation (1) in domain D such that:

t1−γu(x, t) ∈ C(D)

for some γ > 0. Additionally, the solution u(x, t) must be continuous within D and possess a continuous
partial derivative with respect to x, and its second-order derivative with respect to x, 0D

v
t u(x, y), must

be continuous in the variable t at fixed x inside the domain D and up to the boundary set {0 < x < t},
with u(x, t) fulfilling equation (1) at every point in D.
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2 Main Result

Definitions are introduced as follows:

β =
α

2
, ωβ,µ(x, t) = tµ−1W

(
−β, µ;−|x|

tβ

)
,

ω(x, t) = ωβ,0(x, t),

in which

W (−β, µ; z) =
∞∑
k=0

zk

k!Γ(µ− βk)

represents the Wright function, as discussed in [33].
The following statement holds true:

Theorem 1. Let the conditions be satisfied: t1−γgi(t) ∈ C[0, T ], i = 1, 2, for some γ > 0, and
t1−µf(x, t) ∈ C(D), µ ≥ 0, if f(x, t) satisfies the Holder condition with respect to the variable x.

Then the solution to problem (1)-(2) exists and can be expressed as

u(x, t) =

∫ t

0
ψ1(τ)ω(x, t− τ)dτ +

∫ t

0
ψ2(τ)ω(T − x, t− τ)dτ + F (x, t), (3)

here

F (x, t) =
1

2

∫ t

0

∫ τ

0
f(s, τ)ωβ,µ(x− s, t− τ)dsdτ,

and ψ1(t), ψ2(t) from (3) are the solutions to the system of integral equations{
ψ1(t) +

∫ t
0 ψ2(τ)ω(τ, t− τ)dτ = −F (0, t),

ψ2(t) +
∫ t

0 ψ1(τ)ω(t, t− τ)dτ +
∫ t

0 ψ2(τ)ω(τ − t, t− τ)dτ = −F (t, t).
(4)

From the first equation of this system (4), we obtain

ψ1(t) = −
∫ t

0
ψ2(τ)ω(t, τ − t)dτ − F (0, t),

and substituting ψ1(t) into the second equation of the system (4), we get [33]:

ψ2(t) +

∫ t

0

(
−
∫ τ

0
ψ2(ξ)ω(ξ, τ − ξ)dξ − F (0, τ)

)
ω(t, t− τ)dτ+

+

∫ t

0
ψ2(τ)ω(τ − t, t− τ)dτ = −F (t, t).

(5)

Substituting into the repeated integral and changing the order of integration as well as the dummy
variables ξ and τ , from equation (5), we arrive at a special integral equation of the second kind in the
form of a Volterra equation:

ψ2(t)−
∫ t

0
K(t, τ)ψ2(τ)dτ = F(t), (6)

here

K(t, τ) =

∫ t

τ
ωβ,0(τ, ξ − τ)ωβ,0(t, t− ξ)dξ − ωβ,0(τ − t, t− τ), (7)
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and

F(t) =

∫ t

0
F (0, τ)ω(t, τ − t)dτ − F (t, t). (8)

To perform the calculation of integral (6) having (7) and (8), it is necessary to employ.∫ t

τ
ωβ,0(τ, ξ − τ)ωβ,0(t, t− ξ)dξ.

The convolution formula is applied to the Wright function as referenced in [33], and this is expressed
through the function ωβ,µ(x, t):∫ y

0
ωα,δ (x1, ξ)ωα,µ (x2, (y − ξ)) dξ = ωα,δ+µ (x1 + x2, y) .

Then we obtain, ∫ t

τ
ωβ,0(τ, ξ − τ)ωβ,0(t, t− ξ)dξ = ‖ξ − τ = η‖ =

=

∫ t−τ

0
ωβ,0(τ, η)ωβ,0(t, (t− τ)− η)dη =

= ωβ,0(t+ τ, t− τ).

Therefore, the conclusive kernel Kβ(t, τ) is determined by the following relation:

Kβ(t, τ) = ωβ,0(t+ τ, t− τ)− ωβ,0(τ − t, t− τ). (9)

The second term of kernel (9) has a weak singularity, since the following estimate is valid for it:

ωβ,0(τ − t, t− τ) ≤ C(β)

(t− τ)β
. (10)

Indeed, by applying the estimate found in [26]:

|ωµ(x, y)| 6 C(β, µ, θ)|x|−θyβθ+µ−1,

θ >

{
0, (−µ) /∈ N ∪ {0}
−1, (−µ) ∈ N ∪ {0}

,

taking into account that µ = 0, and choosing

θ = − β

1− β
> −1.

This leads to the confirmation of inequality (10). Next, we aim to demonstrate the special nature of
the kernel Kβ(t, τ).

Lemma. If 0 < β ≤ 1/2, the equality holds true

lim
t→0

∫ t

0
Kβ(t, τ)dτ = 1. (11)
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Proof. Initially, when t is small, these inequalities are applicable:

ωβ,0(t, t− τ) ≥ ωβ,0(t+ τ, t− τ) ≥ ωβ,0(2t, t− τ).

Using equation [33]
Dv

0tωβ,µ(x, y) = ωβ,µ−v(x, y)

these results in

lim
t→0

∫ t

0
ωβ,0(bt, t− τ)dτ = lim

t→0
ωβ,1(bt, t) = 1, b = 1, 2.

Therefore, considering inequality (10), we establish the validity of equality (11).

The kernel’s properties make it unsuitable for solving the corresponding integral equation through
the method of successive approximations. This limitation of the integral equation is due to the solution
domain for the problem collapsing to a single point at the start. Otherwise, if this collapse didn’t
occur, the kernel for the integral equation would possess a weak singularity, enabling the use of Picard’s
method for finding a solution [33].

3 Solution of the special integral equation (6)

To solve the integral equation mentioned in equation (6), we apply the Carleman-Vekua method.
This involves using a specific integral equation, which we refer to as the characteristic equation.

ψ2(t)−
∫ t

0
K 1

2
(t, τ)ψ2(τ)dτ = Q(t) (12)

here

K1/2(t, τ) =
1

2a
√
π

{
t+ τ

(t− τ)
3
2

exp

(
− (t+ τ)2

4a2(t− τ)

)
+

1

(t− τ)
1
2

exp

(
− t− τ

4a2

)}
. (13)

Relation (13) can be verified directly using the following formula [34; 5.2.10(2)] for (n = −2),

∞∑
k=0

(−1)kxk

k!Γ[1 + (n− k)/2]
=

1√
π

2(n+1)/2e−x
2/8D−n−1

(
x
√

2

2

)
,

here D−n−1 (z) is the function of a parabolic cylinder.
At the same time, the kernel K 1

2
(t, τ) possesses a similar property as described in equation (11):

lim
t→0

∫ t

0
K 1

2
(t, τ)dτ = 1.

This means that the kernel difference K 1
2

(t, τ) − Kβ (t, τ) = K̃ (t, τ) has a weak singularity. We will
employ the regularization method to solve the characteristic equation, known as the Carleman-Vekua
equation, and to do so, we will express equation (12) in a particular form:

ψ2(t)−
∫ t

0
K 1

2
(t, τ)ψ2(τ)dτ = Q(t)−

∫ t

0
K̃(t, τ)ψ2(τ)dτ. (14)

Assuming the right-hand side of this equality is temporarily known and denoting it by

Q(t) = F(t)−
∫ t

0
K̃(t, τ)ψ2(τ)dτ.
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Equation (14) can be represented in the following form:

K1/2ψ2 ≡ ψ2(t)−
∫ t

0
K 1

2
(t, τ)ψ2(τ)dτ = Q(t). (15)

In [35] it is shown that the general solution of equation (15) in the weight class of functions

√
t exp

(
− t

4a2

)
ϕ (t) ∈ L∞ (0,∞)

has the form:
Kψ2 ≡ ψ2(t)−

[
K 1

2

]−1
Q(t) = c0ψ0(t) (16)

and the function

ψ0(t) =
1√
t

exp

(
− t

4a2

)
+

√
π

2a
erf

(√
t

2a

)
+

√
π

2a

is the general solution of the corresponding homogeneous integral equation.
The integral equation (16) is already solvable by the method of successive approximations and the

solution to the corresponding homogeneous equation will be determined by the equality:

ψ2,0(t) = c0[K]−1 [ψ0(t)] .

Similarly, as in the work [33], it is proven that function (6) is a solution to equation (1) and satisfies
conditions (2), thus proving the validity of Theorem 1.

Conclusion

It is shown that in a non-cylindrical domain that degenerates at the initial moment of time into a
point, the first boundary value problem for a fractional diffusion equation with the Riemann-Liouville
fractional differentiation operator with respect to a time variable is singular, that is, it may not have
a unique solution.
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Бұрыштық жойылмалы аядағы бөлшектi диффузия теңдеуi үшiн
бiрiншi шекаралық есеп

М.И. Рамазанов1, А.В. Псху2, М.Т. Омаров1

1Қолданбалы математика институты, Академик Е.А. Бөкетов атындағы Қарағанды университетi,
Қарағанды, Қазақстан;

2РҒА Кабардин-Балқар ғылыми орталығының Қолданбалы математика және автоматтандыру институты,
Нальчик, Ресей

Мақала тармақталған фракталды құрылымдарда байқалатын мәселелердi қарастырады, мұнда уақыт
бойынша бөлшектiк туындылары бар диффузиялық теңдеулермен сипатталатын өте баяу транс-
порттық процестер болуы мүмкiн. Осы процестердiң ерекше белгiсi — олардың өте баяу релакса-
ция жылдамдығы, мұнда физикалық шама оның бiрiншi туындысынан гөрi бiртiндеп өзгередi. Мұн-
дай құбылыстар кейде «қалдық жады» бар процестер ретiнде жiктеледi. Зерттеуде уақыт бойын-
ша Риман-Лиувилль бөлшектiк дифференциалдау операторы бар бөлшектiк диффузиялық теңдеу
үшiн бұрыштық облыста, бастапқы уақыт моментiнде нүктеге дегенерацияланған бiрiншi шекара-
лық есептiң шешiмi ұсынылған. Онда зерттелетiн есептiң бар екендiгi туралы теорема анықталған
және есептiң шешiмi көрсетiлген. Мақалада осындай өте баяу процестердi және олардың фракталды
құрылымдарға әсерiн түсiнудiң қажеттiлiгi атап өтiлген. Жұмыс бөлшектiк диффузиялық теңдеулер-
дiң кеңiрек түсiнiлуiне осы процестердiң қалай ықпал ететiнiн көрсетедi, теореманың бар екендiгiн
дәлелдейдi және есептiң шешiмiн тұжырымдайды.

Кiлт сөздер: дербес туынды теңдеу, бөлшек есептеу, бұрыштық облыс, ядро, әлсiз ерекшелiк, па-
раболикалық цилиндр, Карлеман-Векуа теңдеуi, жалпы шешiм, жалғыз шешiм, Риман-Лиувилльдiң
бөлшектi операторы.

Первая краевая задача для дробного диффузионного уравнения в
угловой вырождающейся области

М.И. Рамазанов1, А.В. Псху2, М.Т. Омаров1

1Институт прикладной математики, Карагандинский университет имени академика Е.А. Букетова,
Караганда, Казахстан;

2Институт прикладной математики и автоматизации, Кабардино-Балкарский научный центр РАН,
Нальчик, Россия

Статья рассматривает проблемы, наблюдаемые в ветвящихся фрактальных структурах, где могут
происходить сверхмедленные транспортные процессы; явление, описываемое диффузионными урав-
нениями с дробной производной по времени. Характерной особенностью этих процессов является их
крайне медленная скорость релаксации, при которой физическая величина изменяется более посте-
пенно, чем её первая производная. Такие явления иногда классифицируются как процессы с «оста-
точной памятью». В исследовании представлено решение первой краевой задачи в угловой области,
вырождающейся в точку в начальный момент времени, для дробного диффузионного уравнения с опе-
ратором дробного дифференцирования Римана-Лиувилля по времени. В нем устанавливается теоре-
ма существования исследуемой задачи и строится представление решения. Авторами подчёркивается
необходимость понимания этих сверхмедленных процессов и их влияния на фрактальные структуры.
Работа демонстрирует, как эти процессы способствуют более широкому пониманию дробных диффу-
зионных уравнений, доказывая существование теоремы и формулируя представление решения.

Ключевые слова: уравнение в частных производных, дробное исчисление, угловая область, ядро, сла-
бая особенность, параболический цилиндр, уравнение Карлемана-Векуа, общее решение, единствен-
ное решение, дробный оператор Римана-Лиувилля.

170 Bulletin of the Karaganda University



The first boundary value problem ...

References

1 Nakhushev, A.M. (2003).Drobnoe ischislenie i ego primenenie [Fractional calculus and its application].
Moscow: Fizmatlit [in Russian].

2 Uchaikin, V.V. (2008). Metod drobnykh proizvodnykh [Fractional derivative method]. Ulianovsk:
Artishok [in Russian].

3 Mainardi, F. (2010). Fractional calculus and waves in linear viscoelasticity. An introduction to
mathematical models. London. Imperial College Press. https://doi.org/10.1142/p614

4 Tarasov, V.E. (2011). Modeli teoreticheskoi fiziki s integro-differentsirovaniem drobnogo poriadka
[Models of theoretical physics with fractional order integro-differentiation]. Institut kompiuternykh
issledovanii Moscow—Izhevsk: Institut kompiuternykh issledovanii [in Russian].

5 Atanackovic, T.M., Pilipovic, S., Stankovic, B., & Zorica, D. (2014). Fractional calculus with
applications in mechanics. Vibrations and diffusion processes. London. John Wiley and Sons,
Inc., Hoboken, NJ. https://doi.org/10.1002/9781118577530

6 Wyss, W. (1986). The fractional diffusion equation. J. Math. Phys., 27 (11), 2782–2785.
https://doi.org/10.1063/1.527251

7 Schneider, W.R., & Wyss, W. (1989). Fractional diffusion and wave equations. J. Math. Phys.,
30 (1), 134–144. https://doi.org/10.1063/1.528578

8 Kochubei, A.N. (1990). Diffusion of fractional order. Differential Equations, 26 (4), 485–492.
9 Fujita, Ya. (1990). Integrodifferential equation which interpolates the heat equation and the wave

equation. Osaka J. Math., 27 (2), 309–321. https://doi.org/10.18910/8094
10 Gekkieva, S.Kh. (1994). Kraevaia zadacha dlia obobshchennogo uravneniia perenosa s drobnoi

proizvodnoi po vremeni [Boundary value problem for the generalized transport equation with
fractional time derivative]. Doklady Adygskoi (Cherkesskoi) mezhdunarodnoi akademii nauk —
Reports of the Adyghe (Circassian) International Academy of Sciences, 1 (1), 17,18 [in Russian].

11 Mainardi, F. (1996). The fundamental solutions for the fractional diffusion-wave equation. Appl.
Math. Lett., 9 (6), 23–28. https://doi.org/10.1016/0893-9659(96)00089-4

12 Shogenov, V.Kh., Kumykova, S.K., & Shkhanukov-Lafishev, M.Kh. (1997). Obobshchennoe urav-
nenie perenosa i drobnye proizvodnye [Generalized transport equation and fractional derivatives].
Doklady Natsionalnoi akademii nauk Ukrainy — Reports of the NAS of Ukraine, (12), 47–54 [in
Russian].

13 Buckwar, E., & Luchko, Yu. (1998). Invariance of a partial differential equation of fractional
order under the Lie group of scaling transformations. J. Math. Anal. Appl., 227 (1), 81–97.
https://doi.org/10.1006/jmaa.1998.6078

14 Gorenflo, R., Luchko, Yu., & Mainardi, F. (2000). Wright functions as scale-invariant solutions of
the diffusion-wave equation. J. Comput. Appl. Math., 118 (1-2), 175–191. https://doi.org/10.1016/
S0377-0427(00)00288-0

15 Gorenflo, R., Iskenderov, A., & Luchko, Yu. (2000). Mapping between solutions of fractional
diffusion-wave equations. Fract. Calc. Appl. Anal., 3 (1), 75–86.

16 Agrawal, O.P. (2002). Solution for a fractional diffusion-wave equation defined in a bounded
domain. Nonlinear Dynam., 29(1), 145–155. https://doi.org/10.1023/A:1016539022492

17 Pskhu, A.V. (2003). Reshenie pervoi kraevoi zadachi dlia uravneniia diffuzii drobnogo poriadka
[Solution of the first boundary value problem for the fractional order diffusion equation]. Differen-
tsialnye uravneniia — Differential equations, 39 (9), 1286–1289 [in Russian].

Mathematics series. No. 1(113)/2024 171



M.I. Ramazanov, A.V. Pskhu, M.T. Omarov

18 Pskhu, A.V. (2003). Reshenie kraevykh zadach dlia uravneniia diffuzii drobnogo poriadka metodom
funktsii Grina [Solving boundary value problems for the fractional order diffusion equation using
the Green’s function method]. Differentsialnye uravneniia — Differential equations, 39 (10), 1430–
1433 [in Russian]. https://doi.org/10.1023/B:DIEQ.0000012703.45373.aa

19 Eidelman, S.D., & Kochubei, A.N. (2004). Cauchy problem for fractional diffusion equations. J.
Differential Equations, 199 (2), 211–255. https://doi.org/10.1016/j.jde.2003.12.002

20 Voroshilov, A.A., & Kilbas, A.A. (2006). Zadacha Koshi dlia diffuzionno-volnovogo uravneniia
s chastnoi proizvodnoi Kaputo [Cauchy problem for the diffusion-wave equation with Caputo’s
partial derivative].Differentsialnye uravneniia — Differential equations, 42 (5), 599–609 [in Russian].
https://doi.org/10.1134/S0012266106050041

21 Yang, Y., Chen, Y., Huang, Y., & Wei, H. (2017). Spectral collocation method for the time-
fractional diffusion-wave equation and convergence analysis. Computers and Mathematics with
Applications, 73 (6), 1218–1232. https://doi.org/10.1016/j.camwa.2016.08.017

22 Pskhu, A.V. (2009). Fundamentalnoe reshenie diffuzionno-volnovogo uravneniia drobnogo poriadka.
[Fundamental solution of the diffusion-wave equation of fractional order] Izvestiia RAN. Seriia
matematicheskaia — News of the Russian Academy of Sciences. Mathematical series, 73 (2), 141–
182 [in Russian]. https://doi.org/10.4213/im2429

23 Luchko, Yu. (2012). Initial-boundary-value problems for the one-dimensional time-fractional
diffusion equation. Fract. Calc. Appl. Anal., 15 (1), 141–160. https://doi.org/10.2478/s13540-
012-0010-7

24 Mamchuev, M.O. (2014). Neobkhodimye nelokalnye usloviia dlia diffuzionno-volnovogo uravneniia
[Necessary nonlocal conditions for the diffusion-wave equation]. Vestnik Samarskogo gosudarst-
vennogo universiteta. Estestvennonauchnaia seriia — Vestnik of Samara University. Natural
Science Series, 118 (7), 45–59 [in Russian]. https://doi.org/10.18287/2541-7525-2014-20-7-45-59

25 Kilbas, A.A., Srivastava, H.M., & Trujillo, J.J. (2006). Theory and applications of fractional
differential equations. Elsevier. https://doi.org/10.1016/s0304-0208(06)x8001-5

26 Pskhu, A.V. (2005). Uravneniia v chastnykh proizvodnykh drobnogo poriadka [Fractional partial
differential equations. Moscow: Nauka [in Russian].
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