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A boundary value problem for the fourth-order degenerate equation
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Many problems in mechanics, physics, and geophysics lead to solving partial differential equations that are
not included in the known classes of elliptic, parabolic or hyperbolic equations. Such equations, as a rule,
began to be called non-classical equations of mathematical physics. The theory of degenerate equations is
one of the central branches of the modern theory of partial differential equations. This is primarily due to
the identification of a variety of applied problems, the mathematical modeling of which serves the study of
various types of degenerate equations. The study of boundary value problems for mixed type’s equations of
the fourth-order with power-law degeneration remains relevant. In this work, a boundary value problem in
a rectangular domain for a degenerate equation of the fourth-order mixed-type is posed and investigated.
Well-posedness of the boundary value problem for a fourth-order partial differential equation is established
by proving the existence and uniqueness of the solution. Under sufficient conditions, a solution to the
problem under consideration was explicitly found by the variable separation method.
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Introduction

In the modern theory of partial differential equations, the studies of degenerate equations and
equations of a mixed type occupy an important place, which is explained both by the theoretical
significance of the results obtained and the presence of their practical applications in the gas dynamics
of transonic flows, magnetic hydrodynamics, in the theory of infinitesimal bending of surfaces, in various
sections of continuum mechanics and other branches of knowledge.

The fundamental results for second-order degenerate equations of elliptic type were obtained by
academician M.V. Keldysh (1951), where first the cases were indicated in which the characteristic
part of the domain boundary can be freed from boundary conditions, which are then replaced by the
condition of boundedness of solutions. The work of M.V. Keldysh spurred numerous further studies
in the direction he indicated. Later, A.V. Bitsadze noted in his work that the boundedness condition
can be replaced by a boundary condition with a certain weight function. The results he obtained were
then developed and generalized by O.A. Oleinik. It is also worth noting the works of V.P. Glushko,
Yu.B. Savchenko [1], S.A. Iskhokov [2], S.N. Sidorov [3]. In particular, the work [2] was focused on
the study of the unique solvability of a variational problem for an elliptic equation with a “non-
power* degeneration. It is also noteworthy that a ”"power degeneration was initiated in the research of
M.I. Vishik and V.V. Grushin. Degenerate elliptic equations of high order, including their connection
with pseudodifferential operators, were studied in the works of A.D. Baev [4-6].

K.B. Sabitov [7] investigated the Dirichlet problem for the second-order degenerate equation of
the mixed type of first kind in a rectangular domain. By the methods of spectral analysis, the
criteria of uniqueness of a solution that is constructed in the form of the sum of a Fourier series was
established. The question of the correctness of the formulation of the Dirichlet problem depending on
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the degree of degeneracy was investigated for a mixed type equation of second kind by K.B. Sabitov and
A.Kh. Tregubova (Suleimanova) [8,9]. A boundary-value problem with nonlocal boundary conditions
for a mixed type equation was studied by M.E. Lerner and O.A. Repin in work [10]. The uniqueness
of solutions of the problem was proved by using the principle of extremum, the existence of solutions
of the problem was proved by methods of integral transformations and equations. Nonlocal boundary
value problems of Bitsadze-Samarsky type for a fourth-order mixed type equation were studied by
L.R. Rustamova in [11|. Many authors also studied boundary value problems for degenerate equations
[12-14]. In the present paper, the boundary value problem is studied for the fourth-order degenerate
equation in a rectangular domain.

1 Problem formulation

In the domain
Q={(zx,t): 0<z<b, -T<t<T, T>0}

we consider the equation
Lu = sgnt - [t Uygpe — u + asgnt - [t|"u = 0, (1)
where m = const > 0, a = const > 0. The equation Lu = 0 for ¢ > 0 has the form
[t™ (ugzze + a®u) — uy =0, (2)

fort <0
Mm (uxzzz + a2u) +uy = 0. (3)

We denote QT =QN(t>0),Q" =QnN(t<0).
Problem A. Find in the domain Q a bounded function u (x,t) satisfying the conditions

u(z,t) € C(QNCH (QNCyE(QTUQT), (4)

Lu=0, (z,t)€qQ, (5)

g];iL(a:,—I—O)—?;:L(x,—O), k=0,1 (6)
uw(0,t) =u(b,t)=0,-T <t <T,

Uzg (0,1) = Ugy (b,8) =0,-T <t < T,} (7)

u(z, T)=¢(x), 0<ax<b, (8)

u(r,-T)=v¢(z), 0<z<b, 9)

¢ (x) and 9 (x) are given sufficiently smooth functions, moreover ¢ (0) = ¢ (b) =0, ¢ (0) = ¢ (b) = 0.

2 The existence of a solution

To prove the existence of a solution to the problem, we use the method of separation of variables,
i.e. particular solutions of equation (1) that are not equal to zero in the domain 2, will be sought in
the form of a product u (x,t) = X (z) - T'(t), satisfying zero boundary conditions (7). The following
theorem holds:

Theorem 1.

{ v (k) = Ki/2q) (prT7) # 0, (10)
6 (k) = Y1/(2q) (PkT?) # 0.
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Proof. By substituting this product into equation (1), we obtain

XV(X)-XNX(X)=0, 0<z<b, (11)

we solve equation (11) with conditions (7), which change to the following
X (0)=X(b)=X"(0)=X"(b) =0, (12)
T (t) — (A +a*)sgn t"T (t) =0, -T<t<T, (13)

where ) is the separation constant.
The solution to problem (11), (12) has the form

2 k
Xk(x):\/;sin)\k:u, )\k:%, k=1,2,... (14)
From equation (13), following [15], (with A = A\g) for ¢t > 0 we obtain
T(t) =W (pt") Vi = VtW (2), (15)

in which ¢ = (m +2)/2, p2 = (a® + \¢)/¢*. Then we obtain the modified Bessel equation [16]

W (2) + %W’ (2) — <1 + Zj) W () =0,

where z = pit?, v =1/(2q) =1/(m+2) € (0,1/2), the general solution of which is determined by
the formula as follows

W (z) = Cilyy2q) (2) + C2Ky)009) (2), 2 >0, (16)

where I /(24) () and K /(24) (2) are the modified Bessel functions and C, C3 are arbitrary constants.
Taking into account (15), (16), the general solution (13) for ¢ > 0 can be written as

T, (t) = ApVthjag) (Pat?) + BiViKy o) (prt?), >0, (17)

where Ay, Bj are arbitrary constants.
In the same way, from equation (13) for t<0 we get

T(t)=Z (p(—t)") V-t =vV~tZ (2), (18)

and the Bessel equation

7+ 7+ (1-5) 2(2) =0
z 22 o
The general solution is written as
A (Z) = Cljl/(Qq) (Z) + C2Y1/(2q) (Z) , 2>0, (19)

where Jy2q) (2), Y1/(2¢) (2) are the Bessel functions. Taking into account (18), (19), the general
solution of equation (13) for ¢ < 0 can be written as

T, (t) = CeV=tJ1)2) (Pr(=1)?) + DY /(2) (p(—t)?), t <0,

where C}, Dy are arbitrary constants.
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Therefore, the solutions of equation (13) for ¢ > 0 have the form of (17), and for ¢ < 0 have the
form of (21). To find the unknown constants Ay, By, C, Dy, we use the gluing conditions (6), that
respectively change to the following conditions

Ty, (0 + 0) = T}, (0 — 0) (20)

Ty (04 0) =T, (0—0). (21)

Condition (20) is satisfied for any Ay, By if Dy = —wBy/2, and condition (21) is satisfied for
Cy = mByctg (7/(4q) )/2 — A and when Dy = —mBy/2 . Considering all of these, the solution of
equation (13) can be written as

Ty (t) = { - (t)TI{ (f)AZ \;111\/511/(2@ (pxt?) ;FBkI\/fKu@q) (pit9), z> 0, (22)
k() = —Apv/—tJ1q) (Pe(=1)") — 37BEY1/29) (Pe(-1)7), t <0,
where
Y12 (or(—t)") = m [J1/2q) (0r(=0)T) + J_12¢) (Pr(—=1)D)] .

For function (22), the equality, T}.” (0 + 0) = Tx"” (0 — 0) , holds i.e. functions (22) belong to the class
C? [-T;T) and satisfy equation (13). Functions (22) are not limited, because v/tIy /(24 (prt?) — oo,
therefore we assume Ay =0, Vk € N, then

le_ (t) = Bk\/iKl/@q) (pktq) , t>0,

10 ={ 15 () Bty (a0, 120 >
8 The uniqueness of the solution
Theorem 2. If there is a solution to problem A, then it is unique when
lim  wg, (2,t)sin Lk:r = lm wug, (x,t)sin ka =0, T<t<-T (24)
2040 P z—p—0 P

and if condition (10) is satisfied for all k € N.

Proof. Let u (x,t) be the solution of problem (4)—(9). Consider the functions (14) which form into
L5 (0,b) a complete orthonormal system.

We denote
_ ut(21),(2,t) € QF,
u (@, t) = { u (21), (2,1) € 0. (25)
We consider the integral
b
/u+(a:,t)Xk(x)da::ak.(t), E=1,2,... (26)
0

Suppose that the partial derivative u,, (x,t) satisfies conditions (24).
Differentiating (26) with respect to ¢ twice, taking into account equation (2) and conditions (7) we
have

4
oy (t) — |t <a2 T <“::> ) ap(t) =0, k=1,2,.. (27)
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For negative values of ¢t we denote the integral

b
/u_ (,t) Xk (z) dx = B (t), k=1,2,... (28)
0

By a similar transformation from (28) and (3) we obtain

b
/}L(xﬁyxk@odzzxﬁ(w, k=1,2,... (29)
0

Equations (27) and (29) for A = A coincide with equation (13), i.e. for t > 0, ay (t) = T;F (¢), and
for t < 0, there will be 8 (t) = T (t), which means that functions oy, (t) and fy, () are determined
by functions (25). To find the coefficients By, we use the boundary conditions (8), (9), i.e. oy (T) =
Yk, Br(—=T) = (8), (9) and formulas (26), (28), then:

b b
a (T) = /u (z,T)sin %kxdx :/go (x) sin Lbk$dx = Yk, (30)
0 0
b
Br (=T) = /u (x,—T)sin %kxdac :/w (x) sin Lbkxdx = g, (31)
0

then from (23), (30) and (31), taking into account condition (10), we have

__
L= 3 , t<O0.
VTs(k)

Substituting (32) into (23), we find the functions T} (¢) :

Kl/(2q) (prt9) £>0

_ v(k) ’ ’
Ty (1) = Vy/ 7 Y1/<2q> (Pk t<0. o

)

Let now ¢ (z) = 0 and ¢ (z) = 0. Then, from equahtles (30), (31) and solution (33), it follows that
Ty (t) =0, Yk € N. Therefore, by virtue of (26) and (28)

b
/u+(:z,t)Xk(a:)dx:0, kE=1,2,...

Hence follows that u (z,t) = 0 for all x € [0,b] and t € [-T;T], due to the completeness of system
(24) in Ly (0,b).
Based on the Bessel asymptotic formula [16], for large k, we have estimate
jJﬁk‘>c>o, 5
‘\f'y k ‘ > C() > 0.
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Under conditions (10) and (34), taking into account (25) and (33), the solution to problem (1),
(4)—(9) can be written as

u(x,t) = Z Ty (t) - sin Lbkx (35)
k=1

Given (34) and if the functions ¢ (z) € C3t7, 0 < v < T; ¢” (0) = ¢" (b)) =0, ¢ (0) = ¢ (b) =0
and ¢ () € G309, —T < § < 0; 9 (0) = (b) = ¢" (0) = 4" (b) = 0, then for o and 1 the estimates
lon] < C3/k3Y 5] < Cy/kPT0 ; C3, Cy = const > 0 are valid. Then the series (35) converges
uniformly in the domain € and it can be differentiated term-by-term twice with respect to, t and 4
times with respect to, x. Therefore, for the solution of problem A we have u (z,t) € C’;{’f (Q) .

Since the constructed solution is u (x,t) € C’;lf (Q) , then the condition (24) of Theorem 2 is always
satisfied.
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Teprinimi perTi apaJjac TUIITI e3relle/JIeHeTiH TeHJaey YIIiH
IEeKaPaJIbIK, ecern

2K.A. Oraposa

Bepdax amwndazor Kaparasinax, memaexemmix ywusepcumems, Hywxic, ©36excman

Mexanuka, pusuka koHe reopU3UKAIAFbl KOIITETeH eCeNnTep JIMITUKAIBIK, TapaboIaIblK HeMece TUIlep-
GoJTaJIbIK, TEHIEYJIEPIiH OeIriIl KIacTapbhlHa KipMeUTIH qepbec TyBIHABLIB AuddOEPEHITNATIBIK, TEHIEYTePI
mrerryre okeseni. MyHmait TeHaeyiep oeTTe, MaTeMATHKAJBIK, (DU3NKAHBIH, KJIACCUKAJIBIK eMeC TeHIeY Iepi
Jlen aTajaibl. O3rele/eHeTiH TeHIeyJIep TEOPUsIChl Kas3ipri aepbec auddepeHnmaiblK TeHIeyIep TeOPH-
SICBIHBIH, HETi3T1 Gesimaepinin 6ipi. By, eH anmpiMen, opTypJii KoJmaHbasIbl ecenTepi aHbIKTayMeH TYCiH-
Oipiieni, oJlap/iblH, MaTeMaTHKAJIBIK, MOJIE/Ib/IEY1 ©3TellleIeHeTiH TeH ey Iep/IiH, OPTYPJIl TYPJIepiH 3epTTeyre
KosmaHbLIaabl. OChl yakbITKA JEiiH e3relle/ieHeTiH TeHIey/Iepre apHaJjFaH ecelnTep Heri3iHeH MOJIeJIbIiK
TeHJey/Iep MEH TOMEHT1 MYIIIe/IEpPiHiH X KeTKITKTI Teric KoadduimenTrepi 6ap ToMeHri mytenepi 6ap TeH-
neyaep yiriH 3eprresai. Teprinmi perTi apasac TunTi gopekesepi e3relneeHeTiH TeHAeYIep YIMH IIeKa-
PaJIBIK, ecenTep/ii 3epTTey 63eKTi Oosbin Kasta 6epeai. Makasiata Tepriiini perri apajac Tumrti Oip e3rere-
JIEHETIH TeHJIey VIIiH TIKOYPBIIITHI 0O/IBICTA MIEKAPAJIBIK, €Cell KOWBLIBII, 3epTTesai. Teprinmm perti aepbec
TYBIHABLIBI M dEPEHITNAIIBIK TEHAEY YIMH MeKapasIblK €CeNTiH KOPPEKTiIiri memiMuig 6ap 60ybl MeH
2KaJIFBI3/IBIFBIH JIDJIEJIIEY apKbLIbl OesriieHei. 2KeTKiTiKTi mapTrap KORbLIFaH YKaFIai1a KapacThIPbIIFaH
€CeIITiH, MeMiMi afHBIMATBLIAPILI OOy OIiCiMEH TaOBLIIHI.

Kiam cesdep: Teptinmii perrti apasnac Tenuey, beccens dyuknustaps, Pypbe KaTapbl, TOJBIKTHIK, PETY-
JISIPJIBI TIETIIM.
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KpaeBag 3asava /1j1si BBIPOXK/JAIOIErOCs yPaBHEHNS CMEINIaAHHOTO
TUMA Y€TBEPTOTO MOPSIKA

2K.A. Oraposa

Kaparxaanaxcrui eocydapcmeennnti yHusepcumem umeru bepdaxa, Hykyc, Ysbexucman

MHuorue 3a/1a91 MEXaHUKH, (DUIUKU, TeODUIUKHI IPUBOJIAT K PEIIEHUIO YPABHEHM B YaCTHBIX IPOU3BOHBIX,
KOTOPbIE HE BXOJISIT B U3BECTHBIE KJIACCHI DJIMIITUYIECKUX, TapabOJIMIECKUX WU MUITEPOOIMIECKUX YpaBHe-
uuit. Takue ypaBHEHUsI, KaK MPABUJIO, CTAJIU HA3BIBATH HEKJIACCHIECKUMHU YPABHEHUSIMUA MATEMATHICCKOMN
busuku. Teopus BBIPOKIAIOMINXCA YPABHEHUH SBJISAETCS ONHUM U3 IEHTPAJIBHBIX PA3/IeI0B COBPEMEHHOMN
TEOpUM yPABHEHUN C YACTHBIMU TPOU3BOIHBIMU. DTO OOBSIICHSIETCs, TPEXKJIE BCErO, BBISIBIEHUEM MHOXKE-
CTBa MPUKJIAIHBIX 33/1a9, MAaTEMATHYECKOE MOJEIMPOBAHNE KOTOPBIX OOCTYKUBAECT M3yUEeHUE PA3TUIHBIX
THUIIOB BBIPOXKIAIOMMXCS ypaBHeHH. /{0 HACTOSIIEro BpeMeHN 3a4a9H s BBIPOXKIAIONINXCS yPABHEHHI,
B OCHOBHOM, WCCJIEJIOBAHBI JJIS MOJI€JIbHBIX YPABHEHUI U YPaBHEHUI C MJIQIIIIVMU YJI€HAMH C JIOCTATOYHO
MIAAKUMA KO3 PUIMEeHTAMT IPU MJIAIINuX wieHax. VcciremoBanne KpaeBbIx 3324 JJis yPaBHEHHUI cMe-
MIAHHOTO TWIIA Y€TBEPTOrO IOPSIIKA CO CTEIEHHBIM BBIPOXKIEHNEM OCTAETCsA aKTyaJabHbIM. B aToit pabore
MMOCTABJIEHA U MCCJIEIOBaHA KPaeBas 3a/1a9a B IPSIMOYTOJILHOM 06IACTH J17IsI OTHOT'O BBIPOXK JAOIIEr0CsT YpaB-
HEHWsI CMEINTAHHOTO TUIIA Y€TBEPTOrO MOpsiaka. KOppeKTHOCTh KpaeBoil 3a/1a4du /it yPABHEHUST C YACTHBIMHU
IIPOU3BOAHBIMHA YeTBEPTOrO MOPsA/IKa yCTaHABJINBAETCA JOKA3aTeJIbCTBOM CYIIeCTBOBAHUSA U €IUHCTBEHHO-
ctu perteHus. [Ipu TOCTATOYHBIX YCJIOBUAX HAWJIEHO PEIIEHUE PACCMATPUBAEMOIl 3a/ladd B sIBHOM BH/IE
MeTO/IOM pa3/ieJIeHus IIepeMeHHBbIX.

Karoweswie crosa: cMeliaHHOe ypaBHEHHE YeTBEPTOro mopsifika, pyHkimn Beccesns, psgy Pypbe, nosHoTA,
peryJIIpHOE peIleHue.
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