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1 Preliminaries

Algebras of binary formulas are a tool for describing relationships between elements of the sets of
realizations of a type at the binary level with respect to the superposition of binary definable sets. A
binary isolating formula is a formula of the form ¢(x,y) such that for some parameter a the formula
¢(a,y) isolates a complete type in S({a}). The concepts and notations related to these algebras can
be found in the papers [1,2]. In recent years, algebras of binary formulas have been studied intensively
and have been continued in the works [3-7].

Let L be a countable first-order language. Throughout we consider L-structures and assume that
L contains a ternary relational symbol K, interpreted as a circular order in these structures (unless
otherwise stated).

Let M = (M, <) be a linearly ordered set. If we connect two endpoints of M (possibly, —oo and
+00), then we obtain a circular order. More formally, the circular order is described by a ternary
relation K satisfying the following conditions:

(col) VaVyVz(K(x,y,z) = K(y, z,x));

(co2) VaVyVz(K(z,y,z) N K(y,z,2) ©x=yVy=2zVz=ux),

(co3) VaVyVz(K (x,y, z) = Vt[K(z,y,t) V K(t,y, 2)]);

(cod) VaVyVz(K (z,y,2) V K(y,x, 2)).

Sometimes we will identify M and the universe M if a linear/circular order is fixed.
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The notion of weak circular minimality was studied initially in [8]. Let A C M, where M is a
circularly ordered structure. The set A is called convez if for any a,b € A the following property is
satisfied: for any ¢ € M with K(a,c,b), ¢ € A holds, or for any ¢ € M with K(b,c,a), ¢ € A holds.
A weakly circularly minimal structure is a circularly ordered structure M = (M, K, ...) such that any
definable (with parameters) subset of M is a union of finitely many convex sets in M. Recall 9] that
such a structure M is called circularly minimal if any definable (with parameters) of M is a union
of finitely many intervals and points in M. Clearly, the weak circular minimality is a generalization
of circular minimality. Notice also that any weakly o-minimal structure is weakly circular minimal.
The converse, in general, fails. The study of weakly circularly minimal structures was continued in the
papers [10-16].

Let M be an Ry-categorical weakly circularly minimal structure, G := Aut(M). Following the
standard group theory terminology, the group G is called k-transitive if for any pairwise distinct
a,az,...,ar € M and pairwise distinct by, be,...,bx € M there exists g € G such that g(a;) = by,
g(a2) =ba,...,g(ax) = bk. A congruence on M is an arbitrary G-invariant equivalence relation on M.
The group G is called primitive if G is 1-transitive and there are no non-trivial proper congruences
on M.

Let M, N be circularly ordered structures. The 2-reduct of M is a circularly ordered structure
with the same universe of M and consisting of predicates for each (-definable relation on M of arity
< 2 as well as of the ternary predicate K for the circular order, but does not have other predicates
of arities more than two. We say that the structure M is isomorphic to N up to binarity or binarily
isomorphic to N if the 2-reduct of M is isomorphic to the 2-reduct of N.

Notation. (1) Ko(z,y,2) := K(x,y,z) N\y #x ANy # 2z Nz # 2.

(2) K(uy,...,uy,) denotes a formula saying that all subtuples of the tuple (uy,...,u,) having the
length 3 (in ascending order) satisfy K; similar notations are used for Kj.

(3) Let A, B, C be disjoint convex subsets of a circularly ordered structure M. We write K (A, B, C)
if for any a,b,c € M with a € A, b € B, ¢ € C we have K(a,b,c). We extend naturally that notation
using, for instance, the notation Ky(A,d, B,C) if d ¢ AUBUC and Ky(A,d, B) A Ky(d, B,C) holds.

Let f: M — M be an (-definable function with Dom(f) = I C M, where I is an open convex set.
We say that f is monotonic-to-right (left) on I if it preserves (reverses) the relation Ky, i.e. for any
a,b,c € I such that Ko(a,b,c) we have Ko(f(a), f(b), f(c)) (Ko(f(c), f(b), f(a))).

The following definition can be used in a circular ordered structure as well.

Definition 1. [17,18] Let T be a weakly o-minimal theory, M be a sufficiently saturated model of
T, AC M. The rank of convezity of the set A (RC(A)) is defined as follows:

1) RC(A)=—-1if A=10.

2) RC(A) =0 if A is finite and non-empty.

3) RC(A) > 1 if A is infinite.

4) RC(A) > a + 1 if there exists a parametrically definable equivalence relation E(z,y) and an
infinite sequence of elements b; € A,i € w such that:

e For every i,j € w whenever i # j we have M = —E(b;, b;);

e For every i € w, RC(E(z,b;)) > a and E(M,b;) is a convex subset of A.

5) RC(A) > §if RC(A) > a for all a < §, where § is a limit ordinal.

If RC(A) = a for some «, we say that RC(A) is defined. Otherwise (i.e. if RC(A)) > « for all «),
we put RC(A) = oc.

The rank of convezity of a formula ¢(x,a), where a € M, is defined as the rank of convexity of the
set (M, a), i.e. RC(¢(z,a)) == RC(p(M,a)).

The rank of convexity of an 1-type p is defined as the rank of convexity of the set p(M), i.e.
RC(p) := RC(p(M)).
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In particular, a theory has convexity rank 1 if there are no definable (with parameters) equivalence
relations with infinitely many infinite convex classes.

The following theorem characterizes Np—categorical 1-transitive non-primitive weakly circularly
minimal structures of convexity rank greater than 1 having a non-trivial strictly monotonic function
up to binarity:

Theorem 1. |11] (monotonic case) Let M be an Ng—categorical 1-transitive non-primitive weakly
circularly minimal structure of convexity rank greater than 1 having a non-trivial strictly monotonic
function so that dcl(a) # {a} for some a € M. Then M is isomorphic up to binarity to M ., 1 := (M,
K, fl, E?, ...,EE,E§+1>, where
e M is a circularly ordered structure, M is densely ordered, s > 1, k > 2, m = 1 or k divides m;
e F. . is an equivalence relation partitioning M into m infinite convex classes without endpoints,
for every 1 < ¢ < s the relation FE; is an equivalence relation partitioning every Fj;;1—class into
infinitely many infinite convex E;—subclasses without endpoints so that the induced order on
FE;—subclasses is dense without endpoints;

e f is a bijection on M so that f*(a) = a for any a € M, for every 1 <i < s+ 1 f(E;(M,a)) =
Ei(M, f(a)) and —F;(a, f(a)), and either f is monotonic-to-right on M or f is monotonic-to-left
on M (and in this case k = m = 2).

In [19] algebras of binary isolating formulas are described for Nyp-categorical weakly circularly
minimal theories with a primitive automorphism group. In [20] algebras of binary isolating formulas are
described for Ry-categorical weakly circularly minimal theories of convexity rank 1 with a 1-transitive
non-primitive automorphism group and a non-trivial definable closure. Here we describe algebras
of binary isolating formulas are described for Ng-categorical weakly circularly minimal theories of
convexity rank greater than 1 with a 1-transitive non-primitive automorphism group and having a
non-trivial strictly monotonic function.

2  Results

Ezample 1. Consider the structure M 1 5 := (M, K3, f, E?) from Theorem 1, where f is monotonic-
to-right on M, F is an equivalence relation partitioning M into infinitely many infinite convex classes.
We assert that Th(M; ;1 2) has eight binary isolating formulas:

Oo(x,y) =2 =y,01(2,y) == Ko(z,y, f(z)) A E(z,y),
O2(z,y) == Ko(z,y, f(x)) A ~E(z,y) A ~E(f(2),y),
03(z,y) := Ko(z,y, f()) A E(f(x),y),

04(z,y) == f(2) = y,05(z,y) == Ko(f(z),y,2) N E(f(2),y),
O6(z,y) == Ko(f(2),y,x) A =E(z,y) A ~E(f(z),y),
O7(2,y) == Ko(f(2),y, ) N E(z,y),

and
K()(Q()(a, M), 91(&, M), 92(@, M),Hg(a, M), 04((],, M), 95(@, M), Hg(a, M), 97(&, M))

holds for any a € M.
Define labels for these formulas as follows:

label k for 6y (x,y) where 0 < k < 7.

It is easy to check that for the algebra Py, , , the Cayley table has the following form:
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1o 1 2 3 4 5 6 7
0] {0y | {1} {2} 3y [{4] {5} {6} {7}
Ly {1y {2} 3,45} | {5} | {5} {6} {7,0,1}
2 | {2} {2} {2,3,4,5} {6} {6} {6} {6,7,0,1,2} {2}
31 {3} | {3,4,5} {6} {7y {7 | {70,1} {2} {3}
41 {4r] {5} {6} {7y {0y | {1} {2} {3}
51 {50 | {5} {6} {r.0,1} | {1} | {1} {2} {3,4,5}
6| {6} {6} {6,7,0,1,2} {2} {2} {2} {2,3,4,5,6} {6}
71 {7 [{7,0,1} {2} {3y [ {3} {345} {6} {7}

By the Cayley table the algebra By, |, is commutative.

Theorem 2. The algebra Ry, , , of binary isolating formulas having a monotonic-to-right function
on M has 2k(s + 1) labels and is commutative.

Proof of Theorem 2. Indeed, since f*(a) = a, we have the following isolating formulas:
fl(z) =y forevery 0<1<k—1.

Since for every 1 < ¢ < s the relation E; is an equivalence relation partitioning every FE;i—class
into infinitely many infinite convex F;—subclasses without endpoints so that the induced order on
FE;—subclasses is dense without endpoints, we obtain the following binary isolating formulas:

Ko(f'(2),y, [ (2)) A B (f1(2),y), where 0 <1<k —1,

Ko(f'(x),y, (@) A=Ej(f' (), y) A Eja(fi(2),y), where 0<1<k—1,1<j<s—1,
Ko(f!(@),y, 7 (2)) A—Es(f (), ) A=Eo(fF(x),y), where 0 <1<k —1,
Ko(f!(x),y, f (@) A=E; (fF (@), y) A Bja (f 7 (2),y), where 0 <1<k —1,1<j<s—1,
Ko(f'(x),y, f () A EL(fF (), y), where 0 <1<k —1.

Thus, we obtain 4k + 2k(s — 1) = 2k(s + 1) binary isolating formulas.
Now we establish commutativity of this algebra. Since for any binary isolating formula 6(x,y) the
following holds:
Jtlx =t ANO(t,y)] = 0(z,y) and Ft[0(x,t) Nt =y|] = 0(x,y),

we obtain that 07 =1-0 = {l} for any label [ with the condition 0 <[ < 2k(s+ 1) — 1.
Obviously,
both 3t[f" (x) =t A f2(t) = y], and IH[f2(x) =t A f1(t) =y,

uniquely determine the formula fl1+2(mod &) (z) — o
Further, since Ko(a, f(a), f2(a), ..., f*"'(a)) holds for any a € M,

1 () = t A E(F2(8), ) A Ko(f2(2), 5, f2 T (1)),
where 1 <4 < s, uniquely determines the formula
(1200048 () ) A Kg(f1HmOd B (), phottimod ) g

independently from behaviour of the function f. On the other hand, since f is monotonic-to-right
on M,

B (2 (), y) A Ko(f=(2),y, f2H (@) A S (1) = ]
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also uniquely determines the formula
Ei(f12+ll(mod ) (z),y) A Ko(flerll(mod R (z),y, f12+11+1(mod M) (z)).
Further it is also easy to understand that the formulas
Ko (" (2),t, 14 (2)) A BL(f (@), 8) A Ko(f2(8), 9, 21 (1) A E1(f2(1), y)] and
Ko (f2 (@), t, f2H (@) A EL(F2(2), 1) A Ko(f1 (), f*TH(0) A EL(F7 (1), y)]
uniquely determine the formula
Ko(fllJrlz(mOd M (z),y, fll+lg+1(m0d R (2)) A El(fh“?(mOd R (z),y).
Now if we consider the formulas
Ko (f1 (@), ¢, 1 (2)) A B1(f" (@), 8) A Ko(f2(8), 9, f27H (1)) A B (f24(2), )] and

F[Ko(f2 (), t, 24 (2)) A EL(f2 (@), ) A Ko (1 (8), 9, FH () A BL(F2 (1), ),
there is no uniqueness, but both these formulas are compatible with the formulas
Ko(leﬂg(mod R (2),y, fl1+lz+1(mod M) (2)) A El(f11+12+1(mod M (2),y),
le+12+1(mod k) (z) =y,
Ko(fl1+lg+1(mod M (2),y, fll+l2+2(m0d R (2)) A El(fh—i-lz-i-l(mod N (2),y).

Further, we consider the following formulas:

Ko (f1 (@), t, 1 (2)) A E1(f7 (2),8) A Ko(f™2(t),y, f27 (1))

A-Ej(f2(t),9) A Bja(f2(t), )] (%)
and 3t[Ko(f2 ()., f2 (2)) A ~Ej(f2(2), 8) A Ejaa (f2(2), 1)
AEo(f1 (), y, S () A B (f1 (1), 9)]- ()

Since Ey(f%(z),t) implies Ej1(f"(x),t), the formula
EL(f1 (2),8) A =B (f2(1),y) A Ejra(f2(8), )]

is compatible with the formula Ej+1(fll+12(m0d ) (x),y) A —|Ej(fll+12(m0d k)(z),y). Consequently, the
formulas (x) and (x%) uniquely determine the formula

Ko(frtmod B gy phtlat 1 mod £ )y oy (phitlzmod &) ) o)

NEj gy (fl2mod k) ) oy

Similarly we can show that
3t[Ko(f1 (@), t, [ (2)) A EBa(f" (2),8) A Ko(f2(8),y, f27H(1))

A=Es(f12(8),y) A —~Es(f211(1), y)]
and Ko (F2 (), t, 1127 (@) A Eu(f2 (@), 8) A ~Es(£27 (@), )
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AEo(f1 (1), y, [ (1) A B (f2 (1), )

uniquely determine the formula
Ko(fh+mmod B () y, it mod b)) o g (fhHmmod B(g) )

/\_|E8(fl1+lg+1(m0d k) (.I), y)
Further, considering the following formulas
3K (f1 (), 8, [ (@) A=Ej (1 (2),0) A B (f1 (), ) A Ko (f2(1), y, f2H1 (1))
/\_‘Es(fl2 (t)7 y) N _‘Es(fl2+1(t)¢ y)]
and Jt[Ko(f12(z),t, f2HH(x)) A —Eo(f2(z),t) A —~Es(f2(z), 1)
AKo(f1 (), y, S () A=Ej (F1(8),9) A B (F1 (1), )],
we also obtain that they uniquely determine the formula

Ko(fllJrlz(mOd k) ($)7 v, fll+l2+1(m0d k) (l‘)) A _‘Eg(fll+l2(m0d k) (;1:)’ y)

/\_‘Es(fll-l—lz-&-l(mod k) (2),).
Consider now the following formulas:
Ko (" (2),t, 14 (2)) A =Ejy (f1 (), 8) A Ejya (f7 (2),8) A Ko (1), y, f27 (1))
N=Ejy (F2(1),y) A Ejya(f2(1), )]
and 3t[Ko(f® (), t, [ () A =Ej, (f2(2),) A Bjyr (f2(2),8) A Ko(f1 (1), y, [ (1))
A=Ej, (F (1), 9) A By (F1(8), ).
Let 7 = max{j1,j2}. Then it is easy to establish that these formulas uniquely determine the formula

Ko(fll-l—lg(mOd k) (CL'), v, fll+l2+1(m0d k) (.’E)) A _|Ej(fll+l2(m0d k) (.’E), y)

ABjy(fH 2000 B (@) ).
At last, consider the following formulas:
Ko (f1 (@), t, 1 (2)) A=Eg(f1 (), ) A =B (f7 (2),8) A Ko(f2(8), 5, f27 (1))
A=Es(f2(1),y) A —Es(f2(t),y)]
and 3t[Ko(f(z), ¢, 21 (2)) A —Es(f2(2),8) A =Es(f2(2),8) A Ko(f (1), y, F17(1))
/\_‘Es(fll (t)> y) A _'Es(fll (t)a y)]

Here we loss the uniqueness: these formulas are compatible with the formula Ky fhtte (x), vy,
flitl2+2(2)) which is in its turn compatible with the following 2s + 3 formulas:

fr @) =y,

Ko( 12 (@), y, f1HE @) A By (f1H (@), y),
Ko( 172 (@), y, [ @) A =B (f1 M (@), y) A B (S (), y),
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Ko(f142(2),y, [ (@) A =Ea (172 (@), y) A By (f1H27 (2), ),
Ko(f' 24 (@), y, 1212 (2)) A=Boa (f1H2 4 (2),y) A By (f1H2H (2), ),

Ko(f 424 @), y, [ (2) A=EL(f17 T (@), y) A Bo(f172H (), ),
Ko( 15t @), y, fAHEH22 () A By (124 (2), ).

Definition 2. [1] Let p € S1(0) be non-algebraic. The algebra P, is said to be deterministic if
uy - ug is a singleton for any labels uy, ug € p, ().

Generalizing the last definition, we say that the algebra P, is m-deterministic if the product
uy - ug consists of at most m elements for any labels u1,u2 € p, (). We also say that an m-deterministic
algebra P, (,) is strictly m-deterministic if it is not (m — 1)-deterministic.

Corollary. The algebra Py, |, of binary isolating formulas having a monotonic-to-right function

on M is strictly (2s + 3)-deterministic.

Example 2. Consider the structure Mj 29 = (M, K3,f1,E127E22> from Theorem 1, where f is
monotonic-to-right on M, F; is an equivalence relation partitioning M into infinitely many infinite
convex classes, Es is an equivalence relation partitioning M into two infinite convex classes. We assert
that Th(M; 22) has ten binary isolating formulas:

Oo(z,y) = v =y, 01(z,y) := Ko(z,y, f(z)) N Er(z,y),

O2(z,y) == Ko(z,y, f(x)) A —E1(z,y) A Ea(z,y),
O3(z,y) == Ko(z,y, f(z)) A =Ez(z,y) A ~E1(f(2),y),
01(z,y) == Ko(z,y, f(z)) A E1(f(2),y),

05(z,y) == f(x) = y,06(z,y) == Ko(f(2),y,2) N E1(f(2),y),
O7(2,y) == Ko(f(2),y,2) A =E1(f(z),y) N E2(f(2),y),
Os(z,y) == Ko(f(2),y,2) A ~Ea(f(z),y) A ~Er(z,y),
Og(x,y) := Ko(f(2),y,2) AN Er(z,y),

and

K()(H()(CL, M), 91(@, M), 92(@, M),Hg(a, M), 04((],, M), 05(@, M), 96((1, M), 07(a, M))
and K0(07(a, M), Qg(a, M), 99(&, M), 90(&, M))

holds for any a € M.
Define labels for these formulas as follows:

label & for 6y (x,y), where 0 < k <9.

It is easy to check that for the algebra Py, ,, the Cayley table has the following form:

0 T 2 3 1 5 6 7 B 9
0 0 1 2 {3} {4} 5 6 7 {8} {9}
1 T T 2 {3} {4,5, 6} 6 6 7 {8} {9,0,1}
2 2 2 2 {3,4,5,6,7} 7 7 7 7 {8,9,0, 1,2} 2
3 3 37 {3,4,5,6,7} 3 3 3 B {8,9,0,1,27} 3 3
1 1 {4,5,6) 7 8 9 9 {9,0,1} 27 3 1
5 5 6 7 B 9 0 T 2 3 1
6 6 6 7 B {9,0,1} 1 1 2 3 {4,5,6]
7 7 7 7 {8,9,0, 1,2} 2 2 2 2 {3,4,5,6,7} 7
B B 3 {8,9,0, 1,2} {3} 3 3 3 {3,4,5,6,7} {8} 3
9 9 {9,0,1} 2} {3} 1 1 {4,5,6} {7} {8} 9
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By the Cayley table the algebra By, ,, is commutative.

Theorem 3. The algebra Py, . of binary isolating formulas having a monotonic-to-right function

on M for m # 1 has 2k(s + 1) + m labels, is commutative and strictly (2s 4+ 3)-deterministic.

Proof of Theorem 3. Similarly as in Theorem 2 we have the following binary isolating formulas:
fl(x) =y forevery 0 <1< k—1,
Ko(f'(2),y, f7(2)) A Ba(f'(),y), where 0 <1<k —1,
Ko(f'(@),y, /(@) A =Ej(f'(2),9) A Eja(f'(2),), where 0 <1<k —1,1<j<s—1,
Ko(f' (@), y, S (@) A =E;(f* (@), 9) A Eja(f7 (2),9), where 0< 1<k —1,1<j<s—1,
Ko(f'(),y, 1 (@) A Ea (S (2), ), where 0 <1<k —1.

z)
z)

Since in this structure there exists additionally the equivalence relation Esi1(z,y) partitioning M
into m infinite convex classes, instead of the formulas

Ko(f'(2),y, /(@) A=Es(f'(2),y) A ~Ey(f(x),y), where 0 <1<k~ 1,
additionally the following binary isolating formulas appear:

Eo(f'(x),y, [ (@) A=Es(f1(2),9) A By (f'(2),), where 0 <1<k —1,

Ko(f'(x), y, fT () A =Es (1 (2),y) A Bsr (f7(x),y), where 0 <1<k — 1.

Also, the formulas #%(z,y) containing the conjunctive term Ko(f!(z),y, f1(x)) and extracting
the i-th Fy i-class to the right of F, i-class containing f!(x) for some 1 < i < m/k — 1 (here also
0 <1< k— 1) will be binary isolating formulas. For example, the formula 6! (z,y) has the following
form:

0" (z,y) := Ko(f'(x),y, () A~Es1(f' (), y)A
Vt[Ko(fl([B),t,y) A= s+1(t7 y) — E$+1(fl($),t)].

Thus, we obtain k+k +2k(s — 1) + k+ 2k + k(m/k — 1) = 2k(s+ 1) +m binary isolating formulas.
Take arbitrary labels [1,lo and show that Iy - lo =1y - 1.
It is easy to establish that the formulas

Ko (f" (), t, f* 7 (2)) A EL(f (2),8) A Ko(f2(t),y, f27(1)

AEs(f2(1),y) A Bsr (f2(1),9)]
and t[Ko(f2(2),t, f2 (2)) A ~E(f2(2),8) A Egya (f2(2), 1)

AEo(f1 (1), y, [ (1) A B (f1(1), )]

uniquely determine the formula
Ko(fl1+l2(mod k) (z), v, fll+12+1(mod k) (z)) A _|Es(fll+lg(m0d k) (z),y)

NBEgpq (fiet1mod &)y )

Similarly, the formulas
Ft[Ko(f1 (), t, [ (2)) A B (f1 (), ) A Ko(F2(8),y, f24(2))

/\_‘Es(fl2+1(t)> y) A Es+1(fl2+1(t)7 y)]
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and 3t[Ko(f"2(x), b, 2 (@) A =Es(f2H (@), 6) A B (f2F (@), 1)
/\KO(fll (t)7 Y, fl1+1(t)) A El (fll (t)> y)]
uniquely determine the formula

K0<f11+12(mod k)(x)7 Y, fz1+12+1(mod k) (z)) A _|Es(fl1+12+1(m0d k) (z),y)

/\Es+1(fll+lg+1(m0d k) (z),y).

Further, considering the formulas
Ko (f" (@), t, F1H1 () A BL(f* (x),8) A0 (2, y)]

and 3t[6™7 (z, t) A Ko(f" (8),y, f1FH () A BL(f2 (1), ),

we establish that they uniquely determine the formula pli-+ia(mod k).j (x,y) for arbitrary 1 < j <
m/k — 1.
Similarly, the formulas

Ko (f" (2),t, 14 (2)) A=Es(f1(2),8) A Esir (f1 (2),8) A 027 (2, y)]

and 3t[6™7 (w, t) A Ko(f1(8), 5, F1H () A ~Es(f7 (1), 9) A Bsra (f1(2), )]

uniquely determine the formula gh+ez+1(mod k) (

On the other hand, the formulas

x,y) for every 1 < j <m/k — 1.

Ko (f" (2),t, 14 (2)) A=Es(f14 (2),8) A Esir (f17 (@), 8) A 629 (2, )]

and 3t[6"27 (2, ¢) A Ko(f" (), y, [ (0) A=Bs(f* (), 9) A Bsin (21 (1), )]

uniquely determine the formula gi+(mod k):3(z,4) for arbitrary 1 < j < m/k — 1.
Also observe that the formulas

3tKo(f" (), 1, [ (@) A =B (F1 (2),0) A Eja (f* (), 8) A Ko(f2(t), 9, [ (1)

AEs(f2(t),y) A Bsya (f2(1), )]
and t[Ko(f2(2). ¢, [ (2)) A ~Es(f2(2),8) A Esyr (f2(2), 1)

AKo(F (), y, A1) A=E;(f (1), 5) A Ejea (f(8), )],

uniquely determine the formula
Ko(fllJrlz(mOd k) (l’), n fll+l2+1(m0d k) (l‘)) A _‘Eg(fll+l2(m0d k) (;1:)’ y)

NEg (frtmmod B gy 4y

If we consider the following formulas:
3Ko(f1 (@), t, 17 (@) A Er(f1 (), 8) A Ko(f2 (1), 9, f27H(1) A EL(f27 (), )] and

Ko (f*= (@), t, f2H () A BL(f27 (), 6) A Ko (F1 (1), 9, ST 0) A B (f (1), )]

there is no uniqueness, but both these formulas are compatible with the formulas

Ko(fhtemod k) gy ) plitletlmod &) )y oy (plitletimod ) (g )y
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fl1+l2+1(mod k) (z) =y,
Ko(fll+lg+1(mod k) (z),, fll+lg+2(m0d k) (z)) A El(fll+l2+1(m0d k)(;l?),y).

Consider now the formulas 6/ (z,y) and 67 (z,y) for arbitrary 1 < i,j < m/k — 1. If i 4 j
(mod m/k) # 0, it is easy to check that the formulas

[ (2, 1) A 629 (t,y)] and 3t[0'29 (z, 1) A 61 (¢, )]

uniquely determine the formula gh+2(mod k).i+j(mod m/k) (x,y).

If i + j (mod m/k) = 0, these formulas are compatible with the following 2s 4+ 3 formulas:

fll+l2+1(m0d k) (r) =y

Ko(frttemod By phottattmod 1)) oy (phtei(mod 1)) )
Ko(fll-i-lg(mod k) (.T), v, fl1+l2+1(m0d k) (33)) A _'Ej(fl1+l2+1<m0d k) (LE), y)

NEj o (firerimod B gy oy -y <<,
Ko(fll+l2+1(m0d k)(x)’y7fl1+l2+2(mod k)(:x)) A El(fl1+l2+1(m0d k)(az),y),

Ko(fl1+12+1(mod k) (), v, fll+l2+2(mod k)(ac)) A _|Ej<fll+l2+1(mod k)(ac), v)

NEj (frrertmod By gy oy 1< j <,

Ezample 3. Consider the structure Mjso = (M, K3, f!, E? E2) from Theorem 1, where f is
monotonic-to-left on M, Fj is an equivalence relation partitioning M into infinitely many infinite
convex classes, Fs is an equivalence relation partitioning M into two infinite convex classes. We assert
that Th(M; 22) has ten binary isolating formulas:

Oo(z,y) =z =y,01(2,y) := Ko(z,y, f(x)) A Ex(2,y),
O2(x,y) := Ko(w,y, f(z)) A ~Er(z,y) A Ex(z,y),
O3(z,y) == Ko(z,y, f(2)) A ~Ea(z,y) A ~E1(f(2),9),
Os(z,y) = Ko(z,y, f(2)) A E1(f(2),y),
05(z,y) == f(x) = y,06(z,y) == Ko(f(2),y,2) N E1(f(2),y),
O7(z,y) == Ko(f(2),y,2) A=E1(f(z),y) A E2(f(2),9),
Os(2,y) == Ko(f(2),y,2) A ~Ea(f(z),y) N ~Er(z,y),
Og(x,y) := Ko(f(2),y,2) AN Er(z,y),
and both
Ko(bo(a, M), 01(a, M), 02(a, M), 03(a, M), b4(a, M), 65(a, M), b6(a, M), b7(a, M))

and K0(07(a, M), 98((1, M), 99(&, M), 60((17 M))

hold for any a € M.
Define labels for these formulas as follows:

label k for 6y (x,y), where 0 < k <9.

It is easy to check that for the algebra Py, ,, the Cayley table has the following form:
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- 0 T 2 3 1 5 6 7 B 9

0 0 T 2 3 1 5 {6} {7} {8} {9}

1 1 1 2 3 1 1 {4,5,6} {7} {8} {9,0,17}
2 2 2 2 3 3 3 3 {3,4,5,6,7} | {8,9,0,1,2} 2

3 3 3 {3,4,5,6,7} | {8,9,0,1,2} 2 2 2 2 3 3

1 1 {4,5,6} 7 B {9,0,17} 1 T 2 3 1

5 5 6 7 3 9 0 T 2 3 1

6 6 6 7 3 9 9 {9,0,1} 2 3 {4,5,6}
7 7 7 7 B 3 3 3 {8,9,0,1,2} | {3,4,5,6,7} 7

3 B 8 {8,9,0,1,2} | {3,4,5,6,7} {7 7 7 {7} {8} 3

9 9 {9,0,1} {2} {3} {4,5,6} 6 6 {7} {8} 9

By the Cayley table the algebra %y, ,, is not commutative.

Theorem 4. The algebra By, ,, of binary isolating formulas having a monotonic-to-left function

on M has 4s + 6 labels, is strictly (2s + 3)-deterministic and is not commutative.

Proof of Theorem 4. In this case we have the following binary isolating formulas:

r=y, f(x)=y,

Ko(z,y, f(2)) A Ex(z,y),

Ko(z,y, f(2)) AN =Ej(z,y) A Ejn(z, y),lﬁ
Ko(z,y, f(2)) N=E;(f(2),y) N Eja(f(@),y),1 < j < s,
Ko(z,y, f(z)) N E1(f(2),y),
Ko(f(z),y,2) N E1(f(x),y),
Ko(f(z),y,2) AN=E;(f(2),y) N Eja(f(z),y),1 <j < s,
Ko(f(z),y,2) A—Ej(z,y) A Ejpa(2,y),1 < j <,

Ko(f(l’),y,l’) A E1($7y)'

Thus, we obtain 4s + 6 binary isolating formulas.
The formula

Elt[K()(I‘, t, f(.’IJ)) A El(x7 t) A KO(t7 Y, f(t)) A E1<t7 y)]
uniquely determines the formula Ko(z,y, f(z)) A Ei(x,y). Further, the formulas
Ht[Ko(CL‘, t, f(ﬁ)) A El(‘ra t) A Ko(t, Y, f(t)) A _'Ej(ta y) A Ej+1 (t7 y)]
and Elt[KO(l'a L, f(IE)) A _'Ej(xv t) A EjJrl(x? t) A KO(ta Y, f(t)) N Ey (t7 y)]
for every 1 < j < s uniquely determine the formula
Ko(z,y, f(x)) AN —Ej(z,y) A Ejr1(2,y).
Consider now the formulas
and 3t[Ko(z, t, f(2)) N =E;(f(2),8) A Eja(f(2), ) A Kolt, y, f() A Er(t,y)],

where 1 < j < s. It is easy to establish that they uniquely determine the formula

The formula
Ht[KO(x>t7 f(l’)) A El(wvt) A KO(tvy7 f(t)) A El(f(t)ay)]
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uniquely determines the formula Ko(z,y, f(z)) A E1(f(x),y). While the formula

Ft[Ko(x,t, f(x)) A Er(f(2), ) A Ko(t,y, [(8)) A Er(t, y)]

is compatible with the following three formulas:

Ko(x,y,f(a:))/\El(f(x),y), f([l?) =Y, Ko(f(x),y,x)/\El(f(x),y)

Thus, we established that the algebra %y, , , is not commutative.
Further, considering the formulas

Ft[Ko(a,t, f(2)) A Er(z, ) A f(E) = y] and 3t[f(x) =t A Ko(t,y, f(1)) A Ei(t, y)l,

we obtain that they uniquely determine the formulas

KO(x’yv f(ﬂ?)) N El(f(l‘)vy) and KO(f(‘T)a Y, .’E) A El(f(x)a y)

respectively, also confirming non-commutativity of the algebra Py, , ,-
Similarly, the formulas

F[Ko(x,t, f(z)) A E1(f(x), 1) A f(t) = y] and 3i[f(z) =t A Ko(t,y, f(£)) A E1(f (1), )],
uniquely determine the formulas
K(](.’I}, Y, f(x)> A El(x7 y) and Ko(f<l'), Y, $) N Er (3?, y): respeCtiVQIY'

The formula
Ft[Ko(z, t, f(x)) A Ex((w,t) A Ko(f(t),y,t) A E1(f(t),y)]
is compatible with the following three formulas:

Ko(z,y, f(x)) A EL(f(2),y),  fl2) =y, Ko(f(2),y,2) A Ei(f(2),y)-

While the formula
F[Ko(f (@), t, ) AN EL(f(2),t) A Kolt,y, f(1) A Er(t,y)]

uniquely determines the formula Ko(f(z),y,x) A E1(f(z),y).
Further, the formulas

[Ko(x, t, f(2) A Er(w,t) AKo(f(t), y, t) A=E;(f(t),y) A Ejra(f(£),y)]
and Ft[Ko(f(2),t,2) A ~E;(f(x),t) A Eja(f(@),8) A Ko(t,y, (1)) A EL(t,y)]
for every 1< j < s uniquely determine the formula
Ko(f(2),y,2) A=Ej(f(2),y) A Eja(f(2),y)-
Similarly, the formulas
FH[Ko(z, t, f(x)) A Er(z,t) AKo(f(t),y,t) A=E;j(t,y) A Eja(t, y)]
and 3t[Ko(f(2), t,2) A ~E;(z,t) A Eja(2,t) A Ko(t,y, £(£)) A Ev(t, y)

for every 1 < j < s uniquely determine the formula

Ko(f($),y,$) A _|Ej($,y) A Ej+1($7y)‘
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Further, the formulas
Ft[Ko(z,t, f(2)) A Er(z,1) A Ko(f(t), y,t) A Er(t,y)]
and Jt[Ko(f(x),t,2) A Ey(x,t) A Ko(t,y, f()) A E1(t,y)]
are compatible with the following three formulas:
Ko(f(x),y,2) A Er(z,y), x=y, Kolz,y,f(z))AEi(z,y).
The formula
t[Ko(@,t, f(2)) A ~Es(2,t) A Egra(z,t) A Ko(f(£),y,1) A=Es(f(£),y) A Esa(f(£),)]

is compatible with the following 2s + 3 formulas:
KO(xayaf(w)) A _‘E](f(l'),y) A Ej+1(f(x)7y)7 1< ] < S,
K0($ay7f<37) A El(f(x)ay)v
flx) =y,
KO(f(x)7y7x A El(f(x)uy)v
Ko(f(x),y,-%') A _‘Ej(f(x)vy A Ej-‘rl(f(x)?y)u 1 S ] S S.
While the formula

Et[KO(f(x)7t7 .CE) A _'Es(f(x)vt) N Es-i—l(f(x)vt) N KO(ta Y, f(t)) N _'Es(tvy) A Es-l-l(ta y)]

uniquely determines the formula
Ko(f (@), y,2) N =Es(f(2),y) N Esta(f(2),y)-
On the other hand, the formulas
Ft[Ko(z,t, f(2)) A —~Es(z,8) A Ega (2, 6) A Ko(f(£),y,8) A =Es(t,y) A Esa(t,y)]
and Jt[Ko(f (), t,2) A —Es(x, ) A Esyr(z,1) A Kot y, f(£) A —Es(t, y) A Esa(t, y)]
are compatible with the same 2s + 3 formulas:

Ko(f(SC),y,CC)/\_‘Ej(QT,y)/\Ej+1(I’,y)7 1 S] SS’

Ko(f(2),y,2) A Er(z,y),
r =y,
Ko(z,y, f(x)) A Er(z,y),
Ko(z,y, f(x)) N=Ej(z,y) AN Eja(z,y), 1<j<s.
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No-KaTeropmsJbIK, 9JICi3 IUKJIIIK MIHAMAJIALI Teopusjap YIIiH
OuHapJbIK dhopMmyJiajiap ajaredpaJjiapbl: MOHOTOH LI XKaFdaii

B.I1I. Kymmemos!?, C.B. Cynomraros*

! Mamemamuska owcone mamemamurarsis modesvdey unemumymot, Aivamo, Kazaxeman;
2 Kasaxcman-Bpuman meznuxaiok yrueepcumemi, Aamamot, Kazaxcman;
3 Hosocibip memaexemmix mexnukasy ynusepcumemi, Hoeocibip, Peceti;
4PFA CF C.JI. Coboaes amwmdaevs Mamemamura unemumymo, Hosoci6ip, Pecet

Maxkasiaia o-MAHUMAJIIBUIBIK, TYKBIPBIMIAMACHIHA, KATHICTHI IUKJIIIK PETTE/TeH KYPBIIBIMIApP YIMiH HYCKA
0OJIBIIT TAOBLIATHIH 9JICI3 MUKJIIK MUHUMAJJIBLIBIK TYCIHIN KapacThIPbLIFaH. 1-TPaH3UTHUBTIIIK aBTOMOP-
busMIepiH TPUMUATUBTIIIK €MeC IPYIITAchl KoHE KYPBLIBIMHBIH HEri3T1 >KUBIHBIHJIA 9PEKeT eTETiH TpU-
BHAJIBIBI €MeC KaTaH MOHOTOHIBI (DYHKITUSIHBIH €Keyi /e 6ap JeHeCTiK panrici 6ip/ieH YIKeH CaHAJIBIMIbI
KaTEeropusiyIbIK 9JICI3 IUKJIIIK MUHUMAJIJIBI TEOPUsiJIaphl VIIIIH OMHAPJIBI OKIIayaay dopMyiaagap ajiredpaJa-
PBI 3epTTesireH. 3epTTey HOTHXKECIHJIe aBTOpJIap OChI aJredpasiap/blH, CHIATTaAMAChIH yebiHFaH. Oap/ by
apachlH/Ia KOMMYTATHBTI XKoHe KOMMYTATHUBTI eMec ayrebpasiap 6ap ekeni kepceriarern. Myrnmait airebpa-
JIApJIbIH, KATaH M-IeTePMUHATTBIIBIFBI KEHOIp M HATypaJs CaHbl VIIH /e aHBIKTAJIFAH.

Kiam ce3dep: IMKIIIK PETTEIIeH KYPbUIbIM, OMHAPIBIK, hOpMysia, OKIinayinay ¢dhopmysachkl, dopMysiaiap
anrebpachl, CAHAJBIM/IBI KATETOPHUSIIBIK, TEOPUSsI, OJICI3 IMUKJIIK MUHUMAJIBLIBIK, JTOHECTIK paHrici, aBTO-
MOpPGU3M I'PYNIACH], TPAH3UTUBTLIIK, MPUMUTHBTIIIK, M-I€TePMUHATTHLIBIK.
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AreOpbl OMHAPHBIX (GOPMYJIT A4 Nj-KAaTerOPUIHBIX CJIA00
MUKJIAYECKN MAHUMAJIbHBIX TE€OPUii: MOHOTOHHBIN CJIy4Yaii

B.I1I. Kymmemos!?, C.B. Cynomraros*

L Mnemumym mamemamusy, U Mamemamuieckozo modeauposanus, Aamamol, Kasaxcman;
2 Kasaxzcmancko- Bpumancrut meznuveckuti yrusepcumem, Aamamo, Kazazcman;
3 Hosocubupcruti zocydapemeenniti mernuveckut ynusepcumem, Hosocubuperk, Poccus;
4 Inemumym mamemamusu umernu C.JI. Cobonesa CO PAH, Hosocubupck, Poccus

B Hacrosimeit crarbe paccMOTPEHO TOHSITHE CIa0O0U IUKJINIECKOW MUHUMAJBHOCTH, SIBJISIOIIENCS Bapu-
AHTOM O-MUHUMAJIBHOCTH JJIsI IIUKJIMYECKH YIOPSIOYEHHBIX CTPYKTYD. VlccienoBaubl aarebpbl OMHAPHBIX
U30JIUPYIOMUX (POPMYJT JIjIsi CIETHO KATEMOPUYHBIX CJIa00 IUKIUIECKH MUHUMAJIBHBIX TEOPHUl PaHIra BbI-
MyKJIOCTH, OOJIBITIETO UHUIIBI, UMEIOIINX KaK [ -TPaH3UTUBHYIO HETPUMUTHUBHYIO TPYIIILY aBTOMOP(MU3MOB,
TaK U HETPUBHUAJIBLHYIO CTPOTO MOHOTOHHYIO (PYHKIINIO, JEHCTBYIONIYIO HA OCHOBHOM MHOXKECTBE CTPYKTY-
pel. B pesynbrare mccienoBaHus aBTOPBI MPEJCTABISIOT onucanue 3Tux ajredp. Ilokazano, uro cpean
HUX UMEIOTCST KaK KOMMYTaTUBHBIE, TAK U HEKOMMYTATHUBHBIE aare6pul. Kpome Toro, ycraHoB/ieHa cTporast
M-eTEPMUHUPOBAHHOCTDh TAKUX aJIre0p I HEKOTOPOro HATYPAJbHOTO YUCJIA M.

Kmouesvie cro6a: MAKIMIECKN YIIOPSIOYEHHAs] CTPYKTYpa, OnHapHas dopmysia, u3oaupyiomas popmyJia,
anrebpa popMyJI, CIETHO KATETOPUYIHAST TEOPHsl, CJIa0as IUKINIECKAs MUTHUMAJIBHOCTD, PAHT BBIMYKJIOCTH,
rpymima aBroMopdU3MOB, TPAH3UTUBHOCTD, IPUMUTUBHOCTD, M-€T€PMUHAPOBAHHOCTD.
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