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Some properties of the one-dimensional potentials
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The main aim of this paper is to study the properties of the one-dimensional potentials. In this paper,
we have studied the connection between the one-dimensional potentials and the self-adjoint part of the
operator L−1

K , which L−1
K is the solution to the one-dimensional Cauchy problem. Moreover, a new method

is used that allows us to reduce the spectral problem for the Helmholtz potential to the equivalent problem.
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Introduction

One-dimensional potentials are important in the field of mathematical physics, offering insight into
the behavior and characteristics of physical systems in a simplified form. The study of one-dimensional
potentials also involves the analysis of eigenvalues and eigenfunctions. These concepts provide valuable
information about the energy levels and corresponding wavefunctions associated with the potential.

In the study of elliptic equations, the Laplace and Helmholtz equations hold significant importance
due to their wide-ranging applications and deep implications. The solutions to these equations take
the form of Newton and Helmholtz potentials, respectively, which offer fundamental insights into the
behavior and properties of these equations.

The Newton potential’s properties have important applications in various fields, including physics
and engineering. Similarly, the Helmholtz potential finds extensive utilization in electromagnetic radiation,
seismology, and acoustics due to its inherent connection with the wave equation. In recent years, new
methods have been discovered for investigating the potentials of the elliptic equations in multidimensional
cases [1–4].

Let Ω be a bounded simply-connected domain in Rn. In multidimensional case, a Newton potential
is defined as follows:

u(x) =

∫
Ω

εn(x− ξ)f(ξ)dξ, (1)

where

εn(x− ξ) =

{
−1

2 ln |x− ξ|, n = 2,
1

(n−2)σn
|x− ξ|2−n, n ≥ 3,

σn is the surface domain of the sphere in Rn, and εn(x − ξ) is a fundamental solution of the Laplace
equation, such that

∆εn(x− ξ) = δ(x− ξ),

here δ(x) is the Dirac delta function.
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In [1], the general form of the boundary condition for the Newton potential (1) was discovered by
T.Sh. Kalmenov and D. Suragan used their method

N [u] = −u(x)

2
+

∫
∂Ω

(
εn(x− ξ)∂u(ξ)

∂nξ
− ∂εn(x− ξ)

∂nξ
u(ξ)

)
dξ = 0, x ∈ ∂Ω, (2)

where ∂
∂nξ

is a normal derivative. In the aforementioned study, the eigenvalues and eigenfunctions of
the volume potential were discovered for both the 2-disk and the 3-ball. In [2], the eigenfunctions of
two-dimensional Newton potential was studied.

In the work [3], for the n-dimensional Helmholtz equation, after transforming the entire space
into a finite domain in Rn, the Sommerfeld radiation condition is transferred into a general boundary
value condition with the same form as boundary value condition (2). Additional and comprehensive
references on this study can be found in [5–7].

In the present paper, we will study the connections between potentials in the Cauchy problem and
investigates the eigenvalue problem of the one-dimensional Helmholtz potential as a Fredholm operator,
employing a novel methodology. Furthermore, we will analyze the relationship between one-dimensional
Newton potential and the solution of the Cauchy problem.

1 Main functional relations

It is well known that the one-dimensional Newton potential is defined as follows

u(x) =

b∫
a

|x− ξ|
2

f(ξ)dξ, x ∈ (a, b) ⊂ R,

and satisfies the following Poisson equation

Lu =
d2

dx2
u(x) = f(x).

Let f ∈ L2(a, b), then we can find the solution of the one-dimensional Cauchy problem in the following
form

uK(x) = L−1
K f :=

x∫
a

(x− ξ)f(ξ)dξ.

An adjoint operator to L−1
K is (

L−1
K

)∗
f :=

b∫
x

(ξ − x)f(ξ)dξ. (3)

By using the Cartesian theorem for operators, we can rewrite operator (3) as follows

L−1
K f = Re

(
L−1
K

)
f + i · Im

(
L−1
K

)
f =

L−1
K + (L−1

K )∗

2
f + i

L−1
K − (L−1

K )∗

2i
f.

The operators Re
(
L−1
K

)
and Im

(
L−1
K

)
are respectively the real part and image part of the operator

L−1
K , and they are self-adjoint operators.
It is easily seen that the real part of the operator L−1

K coincides with the one-dimensional Newton
potential such that

L−1
K + (L−1

K )∗

2
f =

b∫
a

|x− ξ|
2

f(ξ)dξ.
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Note that we have related the one-dimensional Newton potential to the classical Cauchy problem.
The proof above gives more, namely, we can generalize this fact to high-order differential equations.

Let us consider the following self-adjoint linear differential equation

Lu :=
d(2m)

dx(2m)
u(x) + a1

d(2m−2)

dx(2m−2)
u(x) + ...+ amu(x) = f(x), m ∈ N, x ∈ (a, b), (4)

where coefficients a1, ..., am ∈ R are constants.
By the Malgrange-Ehrenpreis theorem [8] we know that equation (4) has a fundamental solution.

Now, we will construct the fundamental solution of the operator (4).

Lemma 1. Let z(x) is a solution of the following homogeneous equation

Lz = 0,

which satisfies the conditions

z(a) = z′(a) = ... = z(2m−2)(a) = 0;

z(2m−1)(a) = 1.
(5)

Then the function

ε(x) =
1

2
sgn(x) · z(x) (6)

is a fundamental solution of the operator L.

Proof. By using the weak derivatives and properties of distributions, and taking into account
conditions (5), we have

ε′(x) = δ(x) · z(x) +
1

2
sgn(x) · z′(x) =

1

2
sgn(x) · z′(x),

ε′′(x) = δ(x) · z′(x) +
1

2
sgn(x) · z′′(x) =

1

2
sgn(x) · z′′(x),

. . .

ε(2m−2)(x) =
1

2
sgn(x) · z(2m−2)(x),

ε(2m)(x) = δ(x) · z(2m−1)(x) +
1

2
sgn(x) · z(2m)(x)

= δ(x) +
1

2
sgn(x) · z(2m)(x).

(7)

We see at once that

Lε =
d(2m)

dx(2m)
ε(x) + a1

d(2m−2)

dx(2m−2)
ε(x) + ...+ amε(x)

=
1

2
sgn(x) · Lz + δ(x)

= δ(x),

which is clear from (7).
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Using fundamental solution (6) we can write the potential of equation (4) as follows

u(x) = L−1f = ε ∗ f =
1

2

b∫
a

sgn(x− ξ) · z(x− ξ)f(ξ)dξ. (8)

On the other hand, the solution of the Cauchy problem with zero-conditions of equation (4) is

uK(x) = L−1
K f =

x∫
a

z(x− ξ)f(ξ)dξ,

and (
L−1
K

)∗
f =

b∫
x

z(ξ − x)f(ξ)dξ.

By the Cartesian theorem, the real part of the operator L−1
K is

Re
(
L−1
K

)
f =

L−1
K +

(
L−1
K

)∗
2

f =

=
1

2

 x∫
a

z(x− ξ)f(ξ)dξ +

b∫
x

z(ξ − x)f(ξ)dξ

 . (9)

Obviously z(x) is an odd function, i.e. z(−x) = −z(x), therefore we can rewrite (9) as

Re
(
L−1
K

)
f =

1

2

 x∫
a

z(x− ξ)f(ξ)dξ +

b∫
x

z(ξ − x)f(ξ)dξ

 =

=
1

2

 x∫
a

sgn(x− ξ) · z(x− ξ)f(ξ)dξ +

b∫
x

sgn(x− ξ) · z(x− ξ)f(ξ)dξ

 =

=
1

2

b∫
a

sgn(x− ξ) · z(x− ξ)f(ξ)dξ,

which proves the following theorem.

Theorem 1. Potential (8) and the real part of the solution of the Cauchy problem for the equation
(4) are equal:

Re
(
L−1
K

)
f =

L−1
K +

(
L−1
K

)∗
2

f = L−1f =
1

2

b∫
a

sgn(x− ξ) · z(x− ξ)f(ξ)dξ.

Example. If a1 = a2 = . . . = am = 0 in (4), which we may assume, then we have the following
polyharmonic equation

Lu = ∆mu(x) =
d2m

dx2m
u(x) = f(x), x ∈ (a, b) ⊂ R. (10)
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By using (6) and (8) the polyharmonic Newton potential is given by

u(x) = L−1f =
1

2

b∫
a

1

(2m− 1)!
|x− ξ|2m−1f(ξ)dξ.

We find the solution of the Cauchy problem for equation (10) as

uK(x) = L−1
K f =

1

(2m− 1)!

x∫
a

(x− ξ)2m−1f(ξ)dξ,

and (
L−1
K

)∗
f =

1

(2m− 1)!

b∫
x

(ξ − x)2m−1f(ξ)dξ,

where
(
L−1
K

)∗ is an adjoint operator to the operator L−1
K . By direct calculation we obtain

Re
(
L−1
K

)
f =

L−1
K +

(
L−1
K

)∗
2

f =

=
1

2

1

(2m− 1)!

 x∫
a

(x− ξ)2m−1f(ξ)dξ +

b∫
x

(ξ − x)2m−1f(ξ)dξ

 =

=
1

2

b∫
a

1

(2m− 1)!
|x− ξ|2m−1f(ξ)dξ = L−1f,

and Re
(
L−1
K

)
f = L−1f as claimed.

2 Spectral problem for Helmholtz potential

Let us consider a one-dimensional Helmholtz equation in (a, b) ⊂ R

Lu = − d2

dx2
u(x)− k2u(x) = f(x), x ∈ (a, b). (11)

It is easy to check that a particular solution to the Helmholtz equation is defined as a one-dimensional
Helmholtz potential [9]

u(x) = −1

2

b∫
a

sin (k|x− ξ|)
k

f(ξ)dξ, (12)

here ε1(x− ξ) := −1
2

sin(k|x−ξ|)
k is a fundamental solution of the Helmholtz equation, i.e.

− d2

dx2
(ε1(x− ξ))− k2ε1(x− ξ) = δ(x− ξ).

In [10] there are the considered boundary conditions of operator (12) with this fundamental solution
and with eik|x|

2ik . In this work, we will study the integral operator with ε1(x− ξ) := −1
2

sin(k|x−ξ|)
k .
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Lemma 2. Let f ∈ C[a, b]. Then there is a unique solution to equation (11), defined by the Helmholtz
potential (12), and satisfies the following boundary conditions:

N1[u] =
1

k
cos(bk)u′(b) +

1

k
cos(ak)u′(a) + sin(bk)u(b) + sin(ak)u(a) = 0;

N2[u] =
1

k
sin(bk)u′(b) +

1

k
sin(ak)u′(a)− cos(bk)u(b)− cos(ak)u(a) = 0.

(13)

Proof. Replacing f(ξ) by − d2

dξ2
u(ξ)− k2u(ξ) in (12) we can rewrite (12) as

u(x) =− 1

2

b∫
a

sin (k|x− ξ|)
k

f(ξ)dξ =

=
1

2

b∫
a

sin (k|x− ξ|)
k

(
d2

dξ2
u(ξ) + k2u(ξ)

)
dξ,

hence using integration by parts, we have

u(x) =

b∫
a

sin(k|x− ξ|)
2k

(
d2

dξ2
u(ξ)

)
dξ + k2

b∫
a

sin(k|x− ξ|)
2λ

u(ξ)dξ =

=
sin(k|x− ξ|)

2k

d

dξ
u(ξ)

∣∣∣∣b
a

− u(ξ)
d

dξ

(
sin(k|x− ξ|)

2k

)∣∣∣∣b
a

+

b∫
a

d2

dξ2

(
sin(k|x− ξ|)

2k

)
u(ξ)dξ+

+k2

b∫
a

sin(k|x− ξ|)
2k

u(ξ)dξ,

since
d

dξ

(
sin(k|x− ξ|)

2k

)
= −cos(k|x− ξ|)

2
· sgn(x− ξ),

we obtain

u(x) =
sin(k|x− ξ|)

2k

d

dξ
u(ξ)

∣∣∣∣b
a

+ u(ξ)
cos(k|x− ξ|)

2
sgn(x− ξ)

∣∣∣∣b
a

+

b∫
a

δ(x− ξ)u(ξ)dξ =

=
sin(k|x− ξ|)

2k

d

dξ
u(ξ)

∣∣∣∣b
a

+ u(ξ)
cos(k|x− ξ|)

2
sgn(x− ξ)

∣∣∣∣b
a

+ u(x),

we see that the same terms in the equality cancel out, and it follows that

sin(k|x− ξ|)
2k

d

dξ
u(ξ)

∣∣∣∣b
a

+ u(ξ)
cos(k|x− ξ|)

2
sgn(x− ξ)

∣∣∣∣b
a

=

=
sin(k|x− b|)

2k

d

dξ
u(b)− sin(k|x− a|)

2k

d

dξ
u(a)+

+u(b)
cos(k|x− b|)

2
sgn(x− b)− u(a)

cos(k|x− a|)
2

sgn(x− a) = 0.
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Since a < x < b, we have

−sin(k(x− b))
2k

d

dξ
u(b)− sin(k(x− a))

2k

d

dξ
u(a)− cos(k(x− b))

2
u(b)− cos(k(x− a))

2
u(a) =

=
1

2
sin(kx)

(
−1

k
cos(kb)u′(b)− 1

k
cos(ka)u′(a)− sin(kb)u(b)− sin(ka)u(a)

)
+

+
1

2
cos(kx)

(
1

k
sin(kb)u′(b) +

1

k
sin(ka)u′(a)− cos(kb)u(b)− cos(ka)u(a)

)
= 0.

Since sin(kx) and cos(kx) are linearly independent, then we obtain the general conditions for the
one-dimensional Newton potential as follows:

N1[u] =
1

k
cos(kb)u′(b) +

1

k
cos(ka)u′(a) + sin(kb)u(b) + sin(ka)u(a) = 0;

N2[u] =
1

k
sin(kb)u′(b) +

1

k
sin(ka)u′(a)− cos(kb)u(b)− cos(ka)u(a) = 0.

On the other hand, the general solution to equation (11) is given by

u(x) = −
x∫
a

sin (k(x− ξ))
k

f(ξ)dξ + c1e
ikx + c2e

−ikx, (14)

boundary conditions (13) determine c1 and c2:

c1 =
1

4

b∫
a

e−ikξ

ik
f(ξ)dξ, c2 = −1

4

b∫
a

eikξ

ik
f(ξ)dξ. (15)

Substituting (15) into (14) we can assert that

u(x) = −
x∫
a

sin (k(x− ξ))
k

f(ξ)dξ +
1

4

b∫
a

eik(x−ξ)

ik
f(ξ)dξ − 1

4

b∫
a

e−ik(x−ξ)

ik
f(ξ)dξ =

= −
x∫
a

sin (k(x− ξ))
k

f(ξ)dξ +
1

2

b∫
a

sin (k(x− ξ))
k

f(ξ)dξ =

= −1

2

b∫
a

sin (k|x− ξ|)
k

f(ξ)dξ.

The proof is completed.

Now, we will consider the spectral problem for potential (12) as Fredholm integral operator

− 1

2

1∫
0

sin (k|x− ξ|)
k

u(ξ)dξ =
u(x)

λ
, x ∈ (0, 1). (16)

Applying lemma 2 we conclude that operator (11) with conditions (13) is inverse operator to
potential (12). Therefore, eigenvalue problem (16) and the following problem is equivalent

− d2

dx2
u(x)− k2u(x) = λu(x) (17)
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that satisfies the conditions [10]

N1[u] =
1

k
cos(k)u′(1) +

1

k
u′(0) + sin(k)u(1) = 0,

N2[u] =
1

k
sin(k)u′(1)− cos(k)u(1)− u(0) = 0.

(18)

Since operator (12) is a self-adjoint operator, then it always has real eigenvalues. It follows the
problem (17)-(18) also has the real eigenvalue.

A solution to equation (17) is

u(x) = C1e
ix
√
λ+k2 + C2e

−ix
√
λ+k2 .

The conditions (18) implies that[
1
k i
√
λ+ k2 cos(k)ei

√
λ+k2 + 1

k i
√
λ+ k2 + sin(k)ei

√
λ+k2

1
k i
√
λ+ k2 sin(k)ei

√
λ+k2 − cos(k)ei

√
k2+λ − 1

− 1
k i
√
λ+ k2 cos(k)e−i

√
λ+k2 − 1

k i
√
λ+ k2 + sin(k)e−i

√
λ+k2

− 1
k i
√
λ+ k2 sin(k)e−i

√
λ+k2 − cos(k)e−i

√
λ+k2 − 1

] [
C1

C2

]
= 0.

To have non-trivial solutions of this system, the determinant of the left-hand side matrix must be zero,
then

− 4i
1

k

√
λ+ k2 −

(
1

k2
(λ+ k2) + 1

)
sin(k)

(
ei
√
λ+k2 − e−i

√
λ+k2

)
−

− 2

k
i
√
λ+ k2 cos(k)

(
ei
√
λ+k2 + e−i

√
λ+k2

)
= 0,

(19)

equation (19) is a transcendental equation for eigenvalues of problem (17)-(18).
1) If λ+ k2 > 0, by Euler’s formula, we get

2
√
λ+ k2 +

1

k
(λ+ k2) sin(k) sin

(√
λ+ k2

)
+

+2
√
λ+ k2 cos(k) cos

(√
λ+ k2

)
+ k sin(k) sin

(√
λ+ k2

)
= 0.

(20)

From (20) let
√
λ+ k2 = πn+ αn, here αn → 0 as n→∞, then we obtain

1

2

(
k

πn+ αn
+
πn+ αn

k

)
(−1)n sinαn = −1 + (−1)n cos k cosαn

sin k
,

it follows that as n→∞
n · sinαn = −2k

1 + (−1)n cos k

(−1)nπ sin k
,

thus we have αn as

αn = −1 + (−1)n cos k

(−1)nπ sin k
· 2k

n
.

Then we can obtain asymptotic behavior of the eigenvalue λ as n→∞

λn = (πn+ αn)2 − k2 = π2n2 − k2 − 4k

(−1)n

(
1 + (−1)n cos(k)

sin(k)

)
+O

(
1

n2

)
. (21)
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2) Now we turn to the case λ+ k2 < 0. Denote by µ = i
√
λ+ k2 =

√
−λ− k2, of course µ > 0. In

this case, we can rewrite (19) as

− 4µ+ sin(k)

(
1

k
µ2 − k

)(
eµ − e−µ

)
− 2µ cos(k)

(
eµ + e−µ

)
= 0. (22)

It is easily seen that equation (22) has only one root

λ = −µ2 − k2.

However, this equation does not have a simple analytical solution, and graphical methods may be
needed to approximate the root.

Thus, we described the eigenvalues of the Helmholtz potential.

Theorem 2. The eigenvalues of problem (16) for λ+k2 > 0 are the roots of transcendental equation
(20) and asymptotic behavior as n→∞ has the form (21), for λ+ k2 < 0 has only one eigenvalue as

λ = −µ− k2,

where µ is a root of equation (22).
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Бiрөлшемдi потенциaлдaрдың кейбiр қaсиеттерi

Т.Ш. Кaльменов, А. Кәдiрбек, Ә. Қыдырбaйқызы

Математика және математикалық модельдеу институты, Алматы, Қазақстан

Мақаланың негiзгi мaқсaты бiрөлшемдi потенциaлдaрдың қaсиеттерiн зерттеу. Авторлар бiрөлшемдi
потенциaлдaр мен бiрөлшемдi Коши есебiнiң шешiмi болaтын L−1

K оперaторының өзiне-өзi түйiндес
бөлiгiнiң aрaсындaғы бaйлaнысты зерттеген. Сонымен қaтaр, жaңa әдiс aрқылы Гельмгольц потен-
циaлының спектральды мәселесi эквикaленттi есепке келтiрiлдi.

Кiлт сөздер: бiрөлшемдi Гельмгольц потенциaлы, спектральды мәселе, Фредгольм оперaторы.

Некоторые свойствa одномерных потенциaлов

Т.Ш. Кaльменов, А. Кaдирбек, А. Кыдырбaйкызы

Институт математики и математического моделировaния, Алматы, Казахстан

Основной целью дaнной рaботы является изучение свойств одномерных потенциaлов. В статье мы ис-
следовaли связь одномерных потенциaлов с сaмосопряженной чaстью оперaторa L−1

K , который явля-
ется решением одномерной зaдaчи Коши. Более того, использован новый метод, позволяющий свести
спектральную зaдaчу для потенциaлa Гельмгольцa к эквивaлентной зaдaче.

Ключевые слова: одномерный потенциaл Гельмгольцa, спектральнaя проблемa, оперaтор Фредгольмa.

References

1 Kal’menov, T.Sh., & Suragan, D. (2009). To spectral problems for the volume potential. Doklady
Mathematics, 80 (2), 646–649. https://doi.org/10.1134/S1064562409050032

2 Saito, N. (2008). Data analysis and representation on a general domain using eigenfunctions of
Laplacian.Applied and Computational Harmonic Analysis, 25 (1), 68–97. https://doi.org/10.1016/
j.acha.2007.09.005

110 Bulletin of the Karaganda University

https://doi.org/10.1134/S1064562409050032
https://doi.org/10.1016/j.acha.2007.09.005
https://doi.org/10.1016/j.acha.2007.09.005


Some properties of ...

3 Kalmenov, T.S., Kabanikhin, S.I., & Les, A. (2021). The Sommerfeld problem and inverse
problem for the Helmholtz equation. Journal of Inverse and Ill-posed Problems, 29 (1), 49–64.
https://doi.org/10.1515/jiip-2020-0033

4 Kal’menov, T.Sh., & Suragan, D. (2012). Boundary conditions for the volume potential for the
polyharmonic equation. Differential Equations, 48 (4), 604–608.

5 Kal’menov, T.Sh., & Tokmagambetov, N.E. (2013). On a nonlocal boundary value problem for
the multidimensional heat equation in a noncylindrical domain. Siberian Mathematical Journal,
54 (6), 1023–1028. https://doi.org/10.1134/S0037446613060086

6 Kal’menov, T.Sh., & Arepova, G.D. (2018). A criterion for the existence of soliton solutions of
telegraph equation. Bulletin of the Karaganda University. Mathematics series. Spec. Issue, 3(91),
45–52. https://doi.org/10.31489/2018M3/45-52

7 Kal’menov, T.Sh., & Suragan, D. (2015). On permeable potential boundary conditions for the
Laplace–Beltrami operator. Siberian Mathematical Journal, 56 (6), 1060–1064. https://doi.org/
10.1134/S0037446615060099

8 Hormander, L. (2015). The analysis of linear partial differential operators I: Distribution theory
and Fourier analysis. Springer.

9 Vladimirov, V.S. (1981). Uravneniia matematicheskoi fiziki. — 4-e izdanie [Equations of mathematical
physics]. Moscow: Nauka. Glavnaia redaktsiia fiziko-matematicheskoi literatury [in Russian].

10 Kakharman, N. (2023). On one-dimensional Helmholtz equation. Journal of Mathematics, Mechanics
and Computer Science, 118 (2), 21–29. https://doi.org/10.26577/JMMCS.2023.v118.i2.03

Author Information∗

Tynysbek Sharipovich Kalmenov — Doctor of physical and mathematical sciences, Academic of
National Academy of Sciences of the Republic of Kazakhstan, Chief Researcher, Institute of Mathematics
and Mathematical Modeling, 125 Pushkin street, Almaty, 050010, Kazakhstan; e-mail: kalmenov.t@mail.ru;
https://orcid.org/0000-0002-1821-2015

Ayan Kadirbek (corresponding author) — Bachelor, Specialist, Institute of Mathematics and
Mathematical Modeling, 125 Pushkin street, Almaty, 050010, Kazakhstan; email: royale.ayan@gmail.com.

Atirgul Kydyrbaikyzy —Bachelor, Specialist, Institute of Mathematics and Mathematical Modeling,
125 Pushkin street, Almaty, 050010, Kazakhstan; email: atirgul.kydyrbaykyzy@bk.ru.

∗The author’s name is presented in the order: First, Middle and Last Names.

Mathematics series. No. 1(113)/2024 111

https://doi.org/10.1515/jiip-2020-0033

