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Automorphisms of the universal enveloping algebra of a
finite-dimensional Zinbiel algebra with zero multiplication

In recent years there has been a great interest in the study of Zinbiel (dual Leibniz) algebras. Let A
be Zinbiel algebra over an arbitrary field K and let ej,es,...,€m,... be a linear basis of A. In 2010
A. Naurazbekova, using the methods of Grobner-Shirshov bases, constructed the basis of the universal
(multiplicative) enveloping algebra U(A) of A. Using this result, the automorphisms of the universal
enveloping algebra of a finite-dimensional Zinbiel algebra with zero multiplication are described.
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Introduction

An algebra A over a field K is called (left) dual Leibniz or Zinbiel (Leibniz is written in reverse
order) if it satisfies the identity

(29)2 = w(y2) + x(=p).

The Leibniz algebras form a Koszul operad in the sense of V. Ginzburg and M. Kapranov [1]. Under
the Koszul duality, the operad of Lie algebras is dual to the operad of associative and commutative
algebras. The notion of Zinbiel (dual Leibniz) algebra defined by J.-L. Loday [2] is precisely the dual
operad of Leibniz algebras in their sense. Moreover, any dual Leibniz algebra A with respect to the
symmetrization a o b = ab + ba is an associative and commutative algebra [2].

Zinbiel algebras are also known as pre-commutative algebras [3] and chronological algebras [4]. A
Zinbiel algebra is equivalent to the commutative dendriform algebra [5]. It plays an important role in
the definition of pre-Gerstenhaber algebras [6]. The variety of Zinbiel algebras is a proper subvariety
in the variety of right commutative algebras. Each Zinbiel algebra with the commutator multiplication
gives a Tortkara algebra |7], which appeared in unexpected areas of mathematics [8,9]. Recently, the
notion of matching Zinbiel algebras was introduced in [10]. Zinbiel algebras also appeared in the study
of rack cohomology [11], number theory [12| and in a construction of a Cartesian differential category
[13]. In recent years there has been a great interest in the study of Zinbiel algebras.

J.-L. Loday (J.-L. Loday) [2] proved that the set of all non-associative words with right arranged
parenthesis (right-normed words) form the basis of free Zinbiel algebra. It was shown that free Zinbiel
algebras are precisely the shuffle product algebra [14]. A. Naurazbekova [15] proved that free Zinbiel
algebras over a field of characteristic zero are the free associative-commutative algebras (without
unity) with respect to the symmetrization multiplication and their free generators are found; also
she constructed examples of subalgebras of the two-generated free Zinbiel algebra that are free Zinbiel
algebras of countable rank. A. Dzhumadildaev and K. Tulenbaev [16] proved the analogue of Nagata-
Higman’s theorem [17] for the Zinbiel algebras (any Zinbiel nil-algebra is nilpotent). They also proved
that every finite-dimensional Zinbiel algebra over an algebraically closed field is solvable and nilpotent
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over the complex number field. A. Naurabekova and U. Umirbaev [18] proved that in characteristic 0
any proper subvariety of variety of Zinbiel algebras is nilpotent and, as a consequence, the variety of
Zinbiel algebras is Spechtian and has base rank 1. D.A. Towers [19] showed that every finite-dimensional
Zinbiel algebra over an arbitrary field is nilpotent, extending a previous result by other authors that
they are solvable. Filiform Zinbiel algebras were described and classified in [20-22]. The classification
of complex Zinbiel algebras up to dimension 4 was obtained in [16] and [23]. A partial classification
of the 5-dimensional case was done in [24]. M.A. Alvarez, R.F. Junior, I. Kaygorodov [25| proved that
the variety of complex 5-dimensional Zinbiel algebras has dimension 24, it is defined by 16 irreducible
components and it has 11 rigid algebras.

This paper is devoted to the description of automorphisms of the universal (multiplicative) enveloping
algebra of a finite-dimensional Zinbiel algebra with zero multiplication.

The paper is organized as follows. In section 1, for convenience, we rewrite A. Naurazbekova’s result
[26] on the basis of the universal enveloping algebra of a Zinbiel algebra in new notation. In section 2,
we describe automorphisms of the universal enveloping algebra of a finite-dimensional Zinbiel algebra
with zero multiplication.

1 The basis of the universal enveloping algebra

Let K be an arbitrary field. An algebra A over a field K is called dual Leibniz or Zinbiel if it satisfies

the identity
(zy)z = z(y2) + z(2y).

In [2] J.-L. Loday proved that any Zinbiel algebra with respect to multiplication x oy = xy + yx
is an associative commutative algebra. A linear basis of free Zinbiel algebras is also given in [2].

Let A be an arbitrary Zinbiel algebra over K. Let Ly = {L,|x € A} and Ry = {R,|z € A}
be two isomorphic copies of the vector space A with the fixed isomorphisms A — L4(x — L,) and
A — Ra(zr — Ry), respectively. The universal (multiplicative) enveloping algebra U(A) [27] is an
associative algebra with the identity 1 generated by the two vector spaces L4 and R4 satisfying the

defining relations
Ry Ry = Ryyyya,

R.L, = LyR, + L,L,,
Lay = LoLy + Ly R,

for all z,y € A. Recall that every dual Leibniz A-bimodule M can be regarded as a left U(A)-module
with respect to the action
Loym =am,R;m =ma, a € A,m € M.

Conversely, every left U(A)-module can be considered as a Zinbiel A-bimodule [27].
This definition of the universal enveloping algebra is suitable for algebras without identity element.
If the identity element 1 is fixed in the signature, then we have to add the relations L1 = Ry =1d =1
and consider only unital modules. It is easy to see that a Zinbiel algebra is an algebra without an
identity element. Below we rewrite A. Naurazbekova’s [26] result on the basis of U(A) in new notation.
Theorem 1. Let A be a Zinbiel algebra over a field K and let

€1,€2,...,Em, ...
be a linear basis of A. Then the set of all associative words of the form
17L€i7R6]'7L61'R6]‘7 (1)

where i, > 1, is a linear basis for U(A).
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Proof. We define a linear order < on the set of associative words in the alphabet R.,, L¢,,7 > 1.
Set R, < R, and L., < L, it < jand R, < L, for all 4,7 > 1. If w and v are two words in the
variables Re;, Lc;, then set u < v if one of the following conditions hold:

(i) deg(u) < deg(v), where deg is the degree function with respect to the variables Re,, Le;;

(77) deg(u) = deg(v), deg(u) < deg(v), where deg; is the degree function with respect to the
variables L,;

(7i7) deg(u) = deg(v), deg;(u) = degy(v), and u precedes v with respect to the lexicographical
order.

The defining relations of the algebra U(A) are

ReiREj - ReiOEj = 07 (2)
ReiLej - Lejei = 07 (3)
Le;Le; 4+ Le;Re; — Leye; =0 (4)

for all 4,5 > 1.

The leading terms of these relations are Re,Re;, Re;Le; and Le, Le; for all 4,5 > 1. Consequently,
the relations (2), (3) and (4) form three types of compositions.

Case 1. Set w = (R, Re;) Re,, = Re,(Re; Re,). Then the relations (2) form a composition

f = (ReiR(ij - Reioej)Rek - Rei (REjRek - Rejoek) = _Reioe]-Rek + ReiRejoek

with base w. Denote by = the comparison in the free associative algebra in the variables R.,, L,,,7 > 1,
modulo linear combinations of elements of the form ugv, where g is one of the left hand side of the
relations (2), (3) and (4), u and v are associative words, and the leading monomial of ugv is less than
w. We have

f = _Reioejoek + Reioe‘joek =0.

Case 2. Set w = (Re, Re; ) Le,, = Re;(Re; Le, ). The relations (2) and (3) form a composition
9= (ReiRej - Reioej)Lek - Rei (RejLek - Lekej) = _Reioe‘jLek + ReiLeke‘j

with base w. We have
9= —Ley(esoe;) T Lieyej)es = ~Ley(esoe;) T Ley(ejoes) = 0-
Case 8. Set w = (Le;Le;) Le;, = Le;(Le; Le,, ). The relations (4) form a composition

h = (LeiLej + LeiRej - Leiej)L - Lei (LejLek + LejRek - Lejek) =

€L
= LeiRej Lek - Leiej Lek - LeiLEj Rek + LeiLejek
with base w. We have
h = LeiLekej + Leie]- Rek - L(eiej)ek + LeiRe]- Rek - Leiej Rek + LeiLejek

= _LeiRekej + Lei(ekej) - Lei(ejek) - Lei(ekej) + LeiRe]’ek + LeiReke]' - LeiRejek + Lei(ejek) =0.

Consequently, the relations (2), (3) and (4) are closed with respect to composition [28,29|. This
implies [28,29] that the set of all words that are not divisible by the leading terms is a linear basis of
the algebra U(A). Therefore, the set of words of the form (1) is a linear basis for U(A). Theorem 1 is
proved.
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2 Automorphisms

Let A be a finite-dimensional Zinbiel algebra with zero multiplication over an arbitrary field K.
Let e, e9,...,e, be a linear basis of A. Then the universal enveloping algebra U(A) of A is generated
by the operators Re,,..., Re,, Le,,-.., Le, and (2)—(4) imply the defining relations of U(A)

ReiRej = ReiLej =0, (5)

Le;Le; = —LeRe, (6)

for all 7, j. By these relations and Theorem 1, the set of all associative words of the form
1a Lei 9 Re]‘ 9 Lei Re]‘ 9

where i,7 € {1,...,n}, is a linear basis of U(A) and U(A) is a nilpotent algebra over field K with
nilpotency index 3.

Theorem 2. Let A be the finite-dimensional Zinbiel algebra with zero multiplication over an arbitrary
field K and let eq,...,e, be a linear basis of A. Then the affine automorphism group of the universal
enveloping algebra U(A) of A consists of endomorphisms of the form

¢(Le;) = ZaijLej + Zﬁinej’
Jj=1 . Jj=1 (7)
o(Re) = as; — i) Re,

j=1

1 <i<n, A= (wj),D = (i), where §;; = a;; — (3;;, are square matrices of order n over a field K,
det A # 0 and det D # 0.
Proof. Let ¢ be an affine automorphism of the algebra U(A) and let

n n
o(Le;) = Z QijLe; + Z BijRe; + i,
p j=1

n n
(p(Rek) = Z 'thLet + Z 5ktRet + ka
t=1 t=1

i,k € {1,....,n}, aij, Bij, tis Yt Ot, v, € K for all 4,7, k,t. Since ¢ is an automorphism of U(A), we
have

aip .. a1n B Pin

Qpl ... Qpp /Bnl Bnn
det 0 8
¢ Y11 Yin 511 5171 7& ( )

Tnl -~ Tnn Ol o Onm

and (5), (6) imply

SO(REi)SD(Rek) = (p(Rei)SO(Lek) =0, (9)
(p(Lei>90(L€k) = _W(Lei)‘*p(Rek) (10)

for all 4, j.
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It is easy to see that if i = j, (9) and (10) give

v; = p; = 0 for all 4.
Using (5) and (6), it follows from (9) and (10) that

@(Rei)go(Rek) = Z Z’}’ij (_PYk’t + 5kt) LejRef, =0,
j=1t=1

n n

P(Re))e(Le,) =Y Y vij (ks + Bt) Le; Re, =0,

j=1t=1

o(Le. ) (Ley) + 9(Le)p(Rey) = Y Y~ cvij (—ane + Bt — Yht + Okt) Le; Re, = 0
j=1 t=1

for all i,k € {1,...,n}. Hence
Yij (=Yt + Oke) = Vij (=0t + Bre) = ij (—amy + Bre — Vit + 0ke) = 0 (11)

for all 7,7, k,t € {1,...,n}.
Suppose that 7;; # 0 for some 4, j. It follows from (11) that

Vet = Okt, gt = Bre for all k¢
This contradicts (8). Consequently, v;; = 0 for all 4, j. Using this and (8), we obtain
det A # 0,det D # 0,

where A = (w;), D = (0;;) are square matrices of order n over a field K. It is clear that there exists
i, j such that a;; # 0. It follows from (11) that

5kt = Ot — /Bkt for all ]{Z,t

Consequently, if ¢ is an affine automorphism of U(A), then ¢ has the form (7).
It is obvious that any endomorphism of the form (7) is an automorphism of the algebra U(A).
Theorem 2 is proved.

Lemma 1. Let A = (a;;) and B = (bys) be non-zero square matrices of orders n and m, respectively.
Then

auB a12B alnB
det | 2B 2B wamB g gym (et B
a1 B apaB ... apnB

Proof. Prove the statement of the lemma by induction on n+m. Without loss of generality, assume
a11 # 0. By the induction proposition, we get

a1B apB ... a1pB a1 B a2B a1, B
aziary _ azial, _
det | @218 @228 ... amB et 0 (au a22)B (au a2n)B )
il el 0 (mo ) B . () B
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(a21a12 _ a22> B .. (a21a1n _ a2n> B

ail ail

= det(a11B) - det =
(anlaIQ _ an2) B (anlaln _ ann> B

ail all

m
(a2a1161112 _ a22> <a2;1€bl1n _ a2n>
=ajjdet B - | det (det B)"! =
(analﬁm o an2) <ana11011n o a””)
m
all a2 A1n
1 0 ((121@12 _ (I22> <a21a1n _ CLQ )
—amdetB - | — det o o " (det B)" ! =
ail
0 (o2 —ap) .o (wmoe - a,,)
1
= a7t det B - a—m(det A)™(det B)" 1 = (det A)™(det B)".
11

Lemma 1 is proved.

Theorem 3. Let A be the finite-dimensional Zinbiel algebra with zero multiplication over an arbitrary
field K and let e1,eq,...,e, be a linear basis of A. Then the automorphism group of the universal
enveloping algebra U(A) of A consists of endomorphism of the form

o(Le,) = fi+ Y _ ijLe; + Y _ BijRe;,
=1 = 12)
SO(RQ) - g’L + Z TinejJ
j=1

1 <4 < n, f;,g; are any homogeneous elements of degree 2 of U(A), A = (a;),T = (7i5), where
Tij = o;j — Bij, are square matrices of order n over a fielf K, det A # 0 and detT" # 0.

Proof. Let ¢ be any automorphism of the algebra U(A). By Theorem 2, the affine part of ¢ has
the form (7). Since ¢ is an automorphism of U(A), ¢ satisfies the equalities (9) and (10). Using (5)
and (6), it is easy to see that ¢ has the form (12).

Let ¢ be an endomorphism of U(A) of the form (12) and let

fi = Z Z’Y}E;?LekReta

k=1 t=1
n n .
g = Z Z 5](41)Lek Rew
k=1 t=1

1 <i < n. Prove that ¢ is an automorphism of U(A), i.e., prove that ¢ has an inverse endomorphism
¢'. To find the endomorphism ¢’ in the following form

n n n n
P (Le) =SS Ly Rey + > L, + Y Bl R,
j=1 j=1

k=1t=1

P(Re) =33 6 Le,Re, + Y TRe;.
j=1

k=1 t=1
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Since the affine part of ¢’ is inverse to the affine part of ¢, it is easy to find all coefficients a”, B!

Let h € U(A). Denote by h the homogeneous part of degree 2 of the element h.
Using (5) and (6), we get

’Lj’ ’L]

n

0= op(L Z’m ¢'(Le, )@ (Re)) + Y aig@!(Ley) + > By (Re,) =
j=1 j=1

=1t=1

n

n n n
S0 (e e (zn;Res) +
s=1

k=1 t=1 p=1
n n n
+2_ oy ( Yot LeaReb> + Zﬂm (z PREAR L%Reb>
7=1 a=1 b=1 a=1 b=1
and
0= 80/ o (P(Rel) = 26’(%‘,)80 ( ek €t + ZTU(,O
k=1 t=1
n n n
5 Zakp €p (Z Tt,s 85) + 27_1] <225ab LeaReb> .
k=1 t=1 =1 —1 - ot

Since all the coefficients o/, are known, it follows from these equalities

’Lj’ ’L]

n
Z (O‘Zﬂab + Bijdg 52 ) Le,Re, = Nglb) Ley Rey,
j=1

n
S LRy = L e
j=1
for all 7,a,b € {1,...,n}, where u((fb), I/((ZZ) are some elements of K. For each a,b we obtain the following
(1) /(n) /(1) 5.

ab 7 fab 2 ¥ab 0t Yab

{2?21 (azﬂab + BijOap o ) = ﬂgb)
/(9

Z? 1 leéa(b) = Vc(i)’

1 <7 < n. Since det A # 0,det T # 0, this system has the solution for each a,b . Consequently, there

exists a left inverse of .
Using (5) and (6), we also get

0=gpoy( Z Z’th Lo )o(Re,) + Y alio(Le) + Y Blo(Re,) =
=1 =1

k=1t=1

system of 2n linear equations with unknowns ~y

=3NS el (Z nsRes> +
p=1 s=1

k=1t=1
DP9 TNNES oA Do o TN
J=1 a=1b=1 j=1 a=1b=1
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and

n n

0=¢po¢(Re,) Y0 (Lo )e(Re) + > Tip(Re,) =
j=1

k=1 t=1
= Z Z 62:(13) Z akaep (Z Tts eg> + Z ] (Z Z (san)LeaReb> .
k=1 t=1 p=1 a=1 b=1

Since all the coefficients ozzj, Bt are known, it follows from these equalities

i z]

Z Z 'Y];(Z) akatsLeP Res = A;E?ZS) Lep Res )

k=1 t=1
n n
/(% ;
>0 awptisLe, Re, = 050 Le, R,
k=1 t=1

(i)

foralli,p,s € {1,...,n}, )\ps ,0ps are some elements of K. For each 7 we obtain the following two systems
of n? linear equations with unknowns 'yl(l),...,’yl(n),. ,’yn(i),. . n(ﬁ) and 51(f),...,51(7?,...,(5;51),...,5;(%),

respectively:

{71(1@)041}77_13 + ...+ 71(71)061;)7—115 + ...+ ’Y:L(i)anp’rls ot "Y;L(??ainns - /\;E)?

and

{51(1i)a1p7'13 + ...+ 6’1(7,1;)0z1p7'ns + ..+ 5;(?(1@7'15 + ...+ 545,?anp7'n5 = 01(,? ,

p,s € {1,...,n}. The coefficient matrices of these systems have the form

0411T ang Oéan
- aT  aT ... apaT
arnd aspyT ... appT

By Lemma 1, det C' = (det A)"(det T")". Since det A # 0, det T" # 0, we have det C' # 0. It follows that
this systems has the solutions for each 1 < ¢ < n. Consequently, there exists a right inverse of ¢. Since
in groups the left and right inverses coincide, there exists an inverse of . Hence ¢ is an automorphism
of the algebra U(A). Theorem 3 is proved.
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YHUBEPCAJAbl OpayIlbl aJaredpacblHbIH aBTOMOpPQMU3MIaEpi

Conrbl kblapbl 3uHOUI anrebpanapbis (gyanast JlefiGHu anrebpaiapbia) 3epTTeyre YIKEeH KbI3BIFYIIIbl-
JIbIK Gap. Afitanbik A ke3 kejren K epicinieri KypacThIpblirad SUHOU aJireOpAChl JKOHE €1, €2, . . ., Em,y - - -«
A anrebpachInbIH ChI3BIKTHI 6asuci. 2010 xkbuibl A. Haypas6ekosa ['pébuep-11Iupios 6asucrepinin ogaicrepin
konmanbin, A anrebpaceiabiy, U(A) yrusepcaianpl My IbTUILIMKATUBTI) Opayllbl aJreGpachlHblH, 6a3ucin
KypacTeipabl. OChbl HOTUKEH] MaiiJaJIaHbll, HOJOIK KeOedTiHmici 6ap aKbIpIbIeImeMal SUHOUI aarebpachl-
HBIH YHUBEPCAJIJIBI OPayIIbl ajredpachlHbIH aBTOMOPMU3MIEP] CUIIATTAIFAH.

Kiam cosdep: 3unbui (myaser Jleitbuuir) aarebpacsl, yHusepcasabl (MyIbTUIUINKATHBTL) OpayIsl aiarebpa,
6azuc, aBromopdusM, adduHal aBTOMOPGU3M.
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Automorphisms of the universal enveloping ...

JI.M. ?Kanrasunosa, A.C. HaypasbekoBa

Espasutickuti nayuorasvhouli yrusepcumem umenu JI.H. lMymusesa, Acmawna, Kasaxcman

ABTOMOpP(IU3MBI YHUBEPCAJIBHOI 00EpPTHIBAIOIIE aJaredpbl
KOHEYHOMEPHOI ajaredpbl SUHOUIISA C HYJIEBBIM YMHOXKEHUEM

B nocnenaue rogpr Habmomgaercs GOBIIONH HHTEPEC K M3y IeHuIo aarebp Sunbmis (myanbHbix aare6p Jleit6-
nuna). [Tycrs A anrebpa 3unbusis Ha L IPOU3BOJILHBIM 10aeM K ¥ IIYCTb €1, €2, . . ., €m, . . . JUHEHHDIH 6a3uc
anrebpsr A. B 2010 rony A. Haypasbekosa, npumensist metosl 6a3ucos I'pébuepa—Illupimosa, mocrponsia
6a3uc yHUBEPCATIBbHON (MyJIbTHIUIMKATUBHOMN) obeproiBatomeit anre6pot U(A) anrebpsr A. Ucnonssys gas-
HBII Pe3yJIbTaT, OIUCAHbl aBTOMOP(MU3MbI YHUBEPCAJIBHOM 06epTHIBAIOIIEH airedpbl KOHEYHOMEPHO ajIreo-
pbl 3UHOMIIS C HYJIEBBIM YMHOXKEHHEM.

Karouesuie caosa: anrebpa Sunbuis (ayanbHas anrebpa Jleiibuuna), yHusepcasbHast (MyIbTUILINKATHBHAS)
obepThIBalomas ajarebpa, 6asuc, aBroMopdusM, adPUHHBIIN aBTOMOPQPU3M.

References

1 Ginzburg, V., & Kapranov, M. (1994). Koszul duality for operads. Duke Math.J., 76(1), 203-272.
https://doi.org/10.48550 /arXiv.0709.1228

2 Loday, J.-L. (1995). Cup-product for Leibniz cohomology and dual-Leibniz algebras. Mathematica
Scandinavica, 77(2), 189-196. https://doi.org/10.7146 /math.scand.a-12560

3 Kolesnikov, P.S. (2016). Commutator algebras of pre-commutative algebras. Matematicheskii
Zhurnal, 16(2), 145-158.

4 Kawski, M. (2001). Chronological algebras: Combinatorics and control. Journal of Mathematical
Sciences, 103(6), 725-744. https://doi.org/10.1023/A:1009502501461

5 Aguiar, M. (2000). Pre-Poisson algebras. Letters in Mathematical Physics, 54, 263-277.

6 Aloulou, W., Arnal, D., & Chatbouri, R. (2017). Algebre pré-Gerstenhaber a homotopie pres.
Journal of Pure Applied Algebra, 221(11), 2666-2688. https://doi.org/10.1016/j.jpaa.2017.01.005

7 Dzhumadildaev, A. (2007). Zinbiel algebras under g-commutators. Journal of Mathematical Sciences,
144(2), 3909-3925.

8 Diehl, J., Ebrahimi-Fard, K., & Tapia, N. (2020). Time-warping invariants of multidimensional
time series. Acta Applicandae Mathematicae, 170(1), 265-290. https://doi.org/10.1007 /s10440-
020-00333-x

9 Diehl, J., Lyons, T., Preis, R., & Reizenstein, J. (2021). Areas of areas generate the shuffle
algebra. arXiv preprint arXiv:2002.02338 https://doi.org/10.48550/arXiv.2002.02338

10 Gao, X., Guo, L., & Zhang, Yi. (2021). Commutative matching Rota-Baxter operators, shuffle
products with decorations and matching Zinbiel algebras. Journal of Algebra, 586, 402-432.
https://doi.org/10.1016 /j.jalgebra.2021.06.032

11 Covez, S., Farinati, M., Lebed, V., & Manchon, D. (2023). Bialgebraic approach to rack cohomology.
Algebraic and Geometric Topology, 23(4), 1551-1582.

12 Chapoton, F. (2021). Zinbiel algebras and multiple zeta values. arXiv preprint arXiv:2109.00241.

13 Tkonmicoff, S., & Pacaud Lemay, J.-S. (2023). Cartesian Differential Comonads and New Models
of Cartesian Differential Categories. https://doi.org/10.48550/arXiv.2108.04304

14 Loday, J.-L. (2007). On the algebra of quasi-shuffles. Manuscripta mathematica, 125(1), 79-93.
https://doi.org/10.48550 /arXiv.math /0506498

Mathematics series. No.4(112)/2023 183



D.M.

Zhangazinova, A.S. Naurazbekova

15

16

17
18

19

20

21

22

23

24

25

26

27

28

29

184

Naurazbekova, A. (2019). On the structure of free dual Leibniz algebras. Furasian Mathematical
Journal, 10(3), 40-47. https://doi.org/10.32523 /2077-9879-2019-10-3-40-47

Dzhumadildaev, A., & Tulenbaev, K. (2005). Nilpotency of Zinbiel algebras. Journal of Dynamical
and Control Systems, 11(2), 195-213. https://doi.org/10.1007/s10883-005-4170-1

Higman, G. (1956). On a conjecture of Nagata. Proc. Cambridge Philos. Soc. 52, 1-4.

Naurazbekova, A., & Umirbaev, U. (2010). Identities of dual Leibniz algebras. TWMS Journal
of Pure and Applied Mathematics, 1(1), 86-91.

Towers, D.A. (2023). Zinbiel algebras are nilpotent. Journal of Algebra and Its Applications,
22(8), 2350166. https://doi.org/10.1142/50219498823501669

Adashev, J.Q., Omirov, B.A., & Khudoyberdiyev, A.Kh. (2007). On some nilpotent classes of
Zinbiel algebras and their applications. Third International Conference on Research and Education
in Mathematics. Malaysia, 45-47.

Camacho, L.M., Karimjanov, I., Kaygorodov, I., & Khudoyberdiyev, A. (2020). Central extensions
of filiform Zinbiel algebras. Linear and Multilinear Algebra, 70(4), 1-17.

Camacho, L.M., Canete, E.M., Gomez, S., & Omirov, B.A. (2013). p-Filiform Zinbiel algebras.
Linear Algebra and its Applications, 438(7), 2958-2972. https://doi.org/10.1016/j.1aa.2012.11.030
Omirov, B.A. (2002). Classification of two-dimensional complex Zinbiel algebras. Uzbek. Mat.
Zh., 2, 55-59.

Kaygorodov, 1., Alvarez, M.A., & Mello, T.C.d. (2023). Central extensions of 3-dimensional
Zinbiel algebras. Ricerche di Matematica, 72,921-947. https://doi.org/10.1007/s11587-021-00604-
1

Alvarez, M.A., Junior, R.F., & Kaygorodov, I. (2022). The algebraic and geometric classification
of Zinbiel algebras. Journal of Pure and Applied Algebra, 226 (11), 107106. https://doi.org/10.1016/
j-jpaa.2022.107106

Naurazbekova, A.S. (2010). Universalnye multiplikativnye obertyvaiushchie algebry dualnykh
algebr Leibnitsa [Universal multiplicative enveloping algebras of dual Leibniz algebras|. Vestnik
Yevraziiskogo natsionalnogo universiteta imeni L.N. Gumilyova — Bulletin of L.N. Gumilyov
FEurasian National University, 75(2), 307-316 |in Russian|.

Jacobson, N. (1968). Structure and Representations of Jordan Algebras. American Mathematical
Society, Providence, R.I.

Bokut, L.A. (1976). Vlozheniia v prostye assotsiativnye algebry [Imbeddings into simple associative
algebras|. Algebra i logika — Algebra and logic, 15(2), 117-142 [in Russian].

Bergman, G.M. (1978). The diamond lemma for ring theory. Advances in Mathematics, 29(2),
178-218. https://doi.org/10.1016/0001-8708(78)90010-5

Bulletin of the Karaganda University


https://doi.org/10.1016/j.jpaa.2022.107106
https://doi.org/10.1016/j.jpaa.2022.107106

