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Iterated discrete Hardy-type inequalities with three weights
for a class of matrix operators

Iterated Hardy-type inequalities are one of the main objects of current research on the theory of Hardy
inequalities. These inequalities have become well-known after study boundedness properties of the multi-
dimensional Hardy operator acting from the weighted Lebesgue space to the local Morrie-type space. In
addition, the results of quasilinear inequalities can be applied to study bilinear Hardy inequalities. In
the paper, we discussed weighted discrete Hardy-type inequalities containing some quasilinear operators
with a matrix kernel where matrix entries satisfy discrete Oinarov condition. The research of weighted
Hardy-type inequalities depends on the relations between parameters p, ¢ and 6, so we considered the cases
l<p<g<f<owandp < g <0 <o0,0 < p <1, criteria for the fulfillment of iterated discrete
Hardy-type inequalities are obtained. Moreover, an alternative method of proof was shown in the work.

Keywords: Inequality, discrete Lebesgue space, Hardy-type operator, weight, quasilinear operator, matrix
operator.

Introduction

The iterated integral Hardy-type inequality has the following form

70100( j /tf Yds| dt Ed:r 0<c /|u (x)|Pdx | , Vf € Lyu(0,00), (1)
0 0

where 0 < ¢q,p, 0 < 00, u(-), ¢(-) and w(-) are positive functions and locally integrable on the interval
(0;00), Lpu(0,00) is a weighted Lebesgue space of functions for which the right side of the inequality
(1) is finite.

At the beginning the inequality (1) has been studied with various quasilinear operators in the
works [1,2]. The equivalence of inequality (1) to the inequality, which defines the boundedness of
the multidimensional Hardy operator from the Lebesgue space to the local Morrey-type space has
been shown by V. Burenkov and R. Oinarov [3|. After this work researchers have become interested
in an iterated integral Hardy-type inequality, then they began to use it intensively [4,5]. In the last
decade, researchers have studied weighted Hardy-type inequalities for the class of quasilinear operators
including the kernel |6, 7].

Characterizations of inequality (1) was studied more deeply than discrete analogue. A discrete
version of inequality (1) will be as follows

SN

k q g e’} >
Z“’ Z kY i <O ) luifil? P’ Vf € lpu, (2)
k=1 =1 i=1
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where the positive constant C' is independent from f, 0 < ¢,p,8 < oo, and ¢ = {¢;}°; is a non-
negative sequence, u = {u;}5°,, w = {w;}$2, are positive sequences of real numbers. [, , is the space
of sequences f = {f;}5°, of real numbers such that

o0 7
1S llpu = <Z |szz|p> <00, 1<p<oo.
i=1

Nowadays, inequality (2) is being considered in many works. In the papers [8-10], necessity and
sufficient conditions for the fulfillment of iterated discrete Hardy-type inequalities were obtained for
the different relations of parameters g, p and 8, namely, for the case p < 6 < oo, in the sense that ¢ can
be any positive number. The most difficult cases 0 < 8 < min{p,q} < oo and 0 < ¢ < 0 < p < oo for
these inequalities was studied in the papers [11,12|. Moreover, the paper [13] includes characterization
of the following discrete iterated Hardy-type inequality

1
o\ o

an Sl>1P<Pszk <C(Zf£un>p

nezZ = k<i nez

It is obvious to us that by using previously obtained results of iterated Hardy inequalities we can find
characteristics of bilinear Hardy inequalities [14-16].

The aim of this paper is to characterize the iterated discrete Hardy-type inequality with matrix
kernel defined as follows

o 1
00 k AN 0 r
> wn ( ok Y arifi ) < (Z |uz-fz-|p> . Vf €l (3)
n=1 k =1 =1

and the dual discrete Hardy-type inequality has the following form

n

=1

S o] o) q g 9 00 1
St (Slasons]) ) <o (Smar) vrenn
n=1 k=n i=k i=1

where (ay;), kK > i > 1, is a matrix non-negative entries of which satisfy the discrete Oinarov condition:
there exists constant d > 1, entries ay; are non-decreasing in k£ and non-increasing in 7, such that the
inequalities

1
&(am +aji) < ap; < d(agj+ aj;) (5)

hold for all k > j > i > 1.

The recent papers [17] and [18], where inequalities (3) and (4) are firstly studied for the matrix
(ag;i), i > k > 1, entries of which satisfy condition (5). The paper [17| contains results for only
inequality (3) for the case 0 < ¢ < p < 6 < co. In work [18], authors have used the localization method
and considered the case 0 < p < 0 < 00, 0 < g < c0. As we know, we can divide this case into the
following three conditions

1N)0<p<O<q<oo;

2)0<p<g<b<oc;

3)0<qg<p<l<oo.

In the paper, we obtained necessity and sufficient conditions for the fulfillment of the inequalities
(3) and (4) in the case 0 < p < ¢ < § < oo by using an alternative method which is different from the
method in [18]. This method requires ¢ < 6 condition since we will use the dual principle in the space
l,. It is important to note that in this paper we present the results for the case 0 < p < 1 which is
interting because integral Hardy-type inequalities hold in trivial cases only [19].
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1 Preliminaries

We need following known statements to obtain the main results. Let’s start with reverse Holder
inequalities for weighted sequence [, spaces and 1 < p < oo:

1

(o) l o0 7
P

P, | _ p' 1-p'
(Ze) =g (Son) (o)

L

P, | _ 12 7
(; d; zz> it;% <Zd hi zz> (; h; zl> .

We also apply theorems regarding discrete Hardy-type inequality for one class of matrix operators:

< Uk)zaszl ) <C(Z|uzf1|p) > vfelpﬂ“ (6)

where the entries of the matrix (aj ;) satisfy discrete Oinarov condition. The boundedness of Hardy-
type operators with matrix kernel was considered in the manuscripts [20-22].

Theorem 1. [21] Let p < g < oo and 0 < p < 1. Let the entries of the matrix (ay;) such that ay;
non-increasing in second index. Then inequality (6) holds if and only if Ay < oo, where

Q=

A1 = sup Zakdvk u; - < 00.
7>1
Moreover, C' =~ Ag, where C is the best constant in (6).

Theorem 2. [22] Let 1 < p < ¢ < oo and the entries of the matrix (aj ;) satisfy condition (5). Then
the inequality (6) holds if and only if A = max{As, A4} < oo, where

Q=
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Moreover, C' =~ A, where C' is the best constant in (6).

2 The main results

Theorem 3. Let 0 < p < ¢ < 6 < oo. Let the entries of the matrix (ay ;) satisfy condition (5). Then
inequality (3) holds if and only if
(i) If 0 < p <1, By < 00, where

QD
SN

q 4 -1
By =sup g wn a; ;P u;
7>1 P

Mathematics series. No.4(112)/2023 165



N.S. Zhangabergenova, A.M. Temirhanova

Moreover, Cy ~ Bj, where C] is the best constant in (3).
(i) If p > 1, B = max{Bs, B3} < oo, where

QD
B
=

0o n J p’
_ 0 q q —p’
By=sup | > wy Y af ;¢ > )
n=j i=j

j=>1

QD
D=

0o n J i
0 ’
memsp (St (S]] (L)
2t \n=i \i=
Moreover, C; ~ B, where (] is the best constant in (3).
Proof. We assume that 0 < p < ¢ <6 <ooand 0 < f €l,,. Then from inequality (3) we get that

1

n k q g o
=g | Yt (S| ) | Wit < G
20\ =1 k=11 i=1
k q
By raising both sides of (7) to power ¢ and denoting Sy = (Z ak,ifz) , we obtain that
=1
q
4

o= sup (3w <Zsk>q 1115 (®)

>0 n—1

As g > 1, we can use of reverse Holder inequality to (8). Then we find

_0—gq
q0

]
CQ—sup Hprqsup (Zh Z&) (Zhe w>
n=1
[e’e] _9% [e'e} n
_6
=sup | > (hnw, )7 sup [[ £l 2 { D Y Sk |-
f=0 n=1 k=1

h=0 n=1
By replacing Sy we obtain
6—q 149

00 0 - n k aN ¢
CY = sup (Z (hnw;q) "‘q> Sup ||f P (Z I, Z ©f (Z ak,ifi) )
n=1 k=1

h>0 \ 5 _

m‘
s

By changing the orders of sums we get that
0—q 1449

szsup@(hnw;q%)e cap 11 (Zsok (Zawz) §h> )

h=0 n=1

Q|

o0
Let us define Hy, := cp% > hyp. We will investigate separately the supremum which relates to f.

n==k
1
00 k 9\ q
(Z Hy, (Z ak,ifi) )
k=1 i=1
I :=sup .

= (§ |uz'fi\p>

i=1

(10)

hSA
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As you have noticed, we have obtained a discrete Hardy-type inequality for a class of matrix
operators. Therefore, we consider two conditions regarding p. At first, if 0 < p < 1, we use Theorem 1,
then we have

Q=

00 k a\ a
> Hy (Z ak,ifz’) -
k=1 =1
sup ' T A sup Za%ij uj_l. (11)
£0 s 5 R Pt
<Z ’uifi|p>
i=1

By inserting (11) into (9), we get that

Jun

6—q

0o s \ 0 ) oo
Ci] /2 sup (Z (hnw;q) 9—(1) ?1>111) u;q Z @Za%j Z h; =
> k=g i—k

h20 n=1

0

[e'e) _% [e'e) [e'e)
= supu; *sup (Z (hnw:’W) > hat, > b (12
k=j i=k

j>1 h>0 n—1
We denote zx,; = pjaj ;, vy = wy? and p1 = 5=. Then we rewrite (12) as follows
0 0 0 %
> 2k 2 hi Z hi Z Zh,j 2 Xihi 3 2k
k=j

_ k=j i=k — i=j  k=j _ i=1
C} ~ supu; ?sup — = supu,; sup — = supu,; *sup -

21 7 h>0 (i (hnvn)m)pl 21 7 h>0 (ij( o) >pl i>1 7 h>0 (gﬁl(hnvn)pl)m
(13)

where X, = 0 for 1 < k < j and &, = 1 for k£ > j. Since p; = ﬁ > 1 by applying reverse Holder
inequalities to (13) we get that

e
e

24 Ph
/

_ _ /
Cl~ sup u;; g g Zij vy P = supu E E Zij v Tt
J>

i>1
J= n=j \ i=j

Then we rewrite previously applied designations and obtain

hQ

o
q

o n
q —q a 4 0
Ci ~ sup u; g a; iP; w,|
7>1 . _—
n=j i=j
so that
Ci ~ B;.

Therefore, we find that C; =~ Bj in the case 0 < p < 1 and the constant C; depends only on the
parameters p, q and 6.

Let us start estimating (10) for the case p > 1. Actually, by using Theorem 2 we obtain I =~
max{Bj, B;}, where

S

J p’ 0o
_ -p' q
Bg—sup E u; g ap i He |
i=1 k=j

Qe

j=1
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1
/ i > E
o (S ) (S
k=j

j>1 1

First we estimate (9) with B; and Bj. By applying previously used designations and by changing the
supremums’ order of execution we get that

1 ﬁ o) *% o) 0
qumax §l>111) (Zu ) sup (Z hpvp) ) sz,jghia

i=1 h>0 n=1

ﬁ [ee] _ﬁ [e'e) [e'e]
sup (Z a]Z ; ) sup (Z (hnvn)m) Z(pzzm
izl \i=31 h20 \;, =1 k=j  i=k

We can estimate the value of the best constant C{ in the same way as we calculated before. By
changing the order of sums, applying the reverse Holder inequality for these results and substituting
the designations, we have

b
QD
!

i 'Y 00 n
/
q -p q 4 0
C] ~ max { sup E U, g g a; ;i | wn |
1=

n=j \ i=J

R

then

C} ~ max{Bj, Bi}.

So we find that C1 ~ max {Ba, B3}. We obtain C} ~ Bj in the condition 0 <p < 1,p < ¢ <6 < o0
and C] ~ max {Bg, B3} in the condition 1 < p < ¢ < 6 < oo . Moreover, the equivalence constants
depend only on p, g and 6. The proof is complete.

Theorem 4. Let 0 < p < g < 6 < oo. Let the entries of the matrix (ay ;) satisfy condition (5). Then
inequality (4) holds if and only if
(i) If 0 < p <1, Dy < oo, where

|
S

Moreover, Cy = Dy, where C5 is the best constant in (4).
(ii) If p > 1, D = max{Ds, D3} < 0o, where

S

J 00
Dy = sup Z w,, <Z ag-,igog) Z u,;p/ ,
i=n k=j

ji>1
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1
I

Jj=1

1
. . o\ @
J J a 0 , ,
— 0 q p =P
D3 = sup E w,, g ©; g g, U
n=1 i=n k=j

Moreover, Cy ~ D, where C5 is the best constant in (4).

Theorem 4 is devoted for inequality (4) and it can be proved similarly as Theorem 3.
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JI.H. lymunes amundazo. Eypasus yammow yrusepcumemsi, Acmana, Kasaxcman

MaTtpunaJblK onepaTopJjiap KJachl VIIiH YIII CAJIMaKThI
nTepanusaJaHFaH JUCKpeTTi Xapau TUIITI TeHCi3aiKTep

Hrepamusitanran Xapau Topizaec TeHCi3gikTep Xap U TEHCI3MIKTEepl TeOPUsICHIHBIH, Ka3ipri TaHIarbl 3epT-
TeyJiepiHiH Heri3ri oobekTisiepiniy Oipi. By TeHcizaikTep Kom eJeM i Xap/iu OlepaTopbIHbIH, CAJIMAKThI
Jleber keHicririnen Jiokababl Moppu Topis/iec KeHICTINHIH IeHeTIMILIK KACHeTTEePIH 3ePTTEereHHEeH Keii-
in Genrimi Gosabl. COHBIMEH KaTap, KBA3UCHIZBIKTBI TEHCI3AIKTEPIiH HOTUKEJIEPIH KOCCBHI3BIKTHI XapIu
TEHCI3/IIKTEePiH 3epTTey Ke3iHje KojjgaHyra OoJsabl. Makasaja MaTPUIAIBIK SIpOChl 6ap Keitbip KBa3u-
CBI3BIKTHI OIIEPATOPJIAp KATBICKAH CAJIMAKTBI JMCKPETTIK Xapaud TOpi3aec TEHCI3IIKTep KapacThIPBLIIbI,
MYHJa MaTpuIa 3jaeMeHTTepi auckperti ONHAPOB MAapThIH KaHaraTTaHabIpaabl. CaaMakThl Xapay Toapis-
JleC TEHCI3MIKTEPIl 3epTTey P, ¢ XKoHe § mapaMeTpJiepi apachbIHIaFrbl KAThIHACTAPFa 6aIaHBICThI, COHIBIKTAH
izl <p<qg<Bh<ooxkone p<qg<<oo 0<p<1xkKarnaitiapblH KapacThIPALIK, UTEPAIUSIIAHFAH
JMCKPETTIK Xapau Topi3fec TeHCI3MIKTepIiH OpbIHAaly Kpurepuiiiepi anbiaapl. CoHbIMEH KaTap OyJ1 »Ky-
MBICTa, JRJIEJIIEY/IiH DatamMa 9JIici KepceTijireH.

Kiam cesdep: Tencizaik, nuckperti Jleber kenicriri, Xapau Topisiec oneparop, CAIMaKTap, KBA3UCHI3bIKThI
OIIepaTop, MAaTPHUIIAJIBIK, OIIEPATOP.
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H.C. 2Kanabeprenosa, A.M. Temupxanoa

Espasutickuti nayuorasvhoui yrusepcumem umenu JI.H. lymusesa, Acmana, Kasaxcman

N repanmonnbie AUCKpPeTHbBIE HEPABEHCTBA TUMA XapJud C TPeMs
BecaMm JiJisd KJIacCa MaTPUYHBIX OIepaTOpOB

WrepupoBanubie HepaBeHCTBA TUTA XaP/IN SIBJISIOTCS OJHAM U3 OCHOBHBIX OOBEKTOB COBPEMEHHBIX HCCJIE-
JIOBaHMIT TEOPUM HEPABEHCTB Xap/u. DTU HEPABEHCTBA CTAJM IIUPOKO U3BECTHBI II0CJIE U3YYEHUs CBONCTB
OTPaHMYEHHOCTH MHOTOMEDHOI'O oIleparopa Xapau U3 BecoBOro mpocrpancra Jlebera B JIOKaJIbHOE IIPO-
crparctBo Tuna Moppu. Kpome Toro, pe3ysibrarsl KBa3MJIMHEHHBIX HEPABEHCTB MOTYT OBITH IMPUMEHEHBI
1T 3y deHus: ONINHENHBIX HeEPpaBEHCTB Xapau. B crarbe paccMOTpeHbI BECOBBIE TUCKPETHBIE HEPABEHCTBA
THuIa Xapau, coJepKaliue HeKOTOPbIe KBa3UJIMHEHHbIE OTIEPATOPHI C MATPUIHBIM SIJIPOM, TJIe SJIEMEHThI MaT-
PUIIBI YIOBJIETBOPAIOT AUCKpeTHOMY ycaoBuio Oitaapoa. VccmemoBanme BeCOBBIX HEPABEHCTB TUMA, XapIN
3aBUCUT OT COOTHOIIEHUsS NAapaMeTpPoB P, ¢ U 6, mosToMy MbI paccMmorpenn ciaydan 1 < p < g < 0 < oo
nup<g<0<oo 0<p<1; DOAYINSTIN KPUTEPUHU BBIMOJHEHUSI UTEPAIMOHHBIX JUCKPETHBIX HEPABEHCTB
Turna Xapau B ciaydaax 1 < p < g < <oo,p<qg<<oon0<p< 1. Bonee Toro, B pabore mokaszan
AJIbTEPHATUBHBIA METOJI, JOKa3aTeIbCTBAa.

Kmouesvie caosa: HEpaBEeHCTBO, JUCKPETHOE IMpPocTpaHcTBO Jlebera, omeparop Tuna Xapiu, BeC, KBa3UJIN-
HEHHBII oIlepaTop, MaTPAYHBI OIIepaTop.
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