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Mixed inverse problem for a Benney—Luke type
integro-differential equation with two
redefinition functions and parameters

In this paper, we consider a linear Benney—Luke type partial integro-differential equation of higher order
with degenerate kernel and two redefinition functions given at the endpoint of the segment and two
parameters. To find these redefinition functions we use two intermediate data. Dirichlet boundary value
conditions are used with respect to spatial variable. The Fourier series method of variables separation is
applied. The countable system of functional-integral equations is obtained. Theorem on a unique solvability
of countable system for functional-integral equations is proved. The method of successive approximations is
used in combination with the method of contraction mapping. The triple of solutions of the inverse problem
is obtained in the form of Fourier series. Absolutely and uniformly convergences of Fourier series are proved.

Keywords: Inverse problem, two redefinition functions, final conditions, intermediate functions, Fourier
method, unique value solvability.

Introduction

Historically, differential equations arose in solving applied problems. Therefore, the development of
differential equations at the initial stage was carried out by applied scientists. Gradually, this direction
grew into an independent theory — the theory of differential equations. Therefore, it can be said many
times that differential and integro-differential equations are great interest from the point of theoretical
research and applications in the mathematical physics, engineering, chemistry and in other different
fields [1-8]. Recent years, a number of new problems for ordinary and partial differential and integro-
differential equations are studied and a large number of research papers are published. Problems with
nonlocal conditions for differential and integro-differential equations were considered in [9-29]. In [30-
38|, integro-differential equations with a degenerate kernel were considered.

In this paper, we study the solvability of the mixed inverse problem for a Benney—Luke type partial
integro-differential equation with a degenerate kernel, two parameters, and final conditions at the
endpoint of the interval. This paper differs from existing papers in that it requires to find redefinition
functions considering at the endpoint of the interval. This inverse problem has features in relation to
the direct problem.

In the rectangular domain €2 = {O <t<T, 0<z< l} we consider the following partial integro-
differential equation of a higher order

82U ka2k+2U

a2kU a4kU
k
ot? (1) 0t20x2

T
+w? |(-1) + =a(t)U(t,x) —I-V/Kts (s,x)ds, (1)
0

O x2k 3$4k

where k is a natural number, 0 < «(t) € C[0,T], T,l are given positive numbers, w is a positive

parameter, v is a nonzero real parameter, K (¢,s) = > a;(t) bi(s), a;(t), bi(s) € C[0,T]. It is assumed
=1

.

that the systems of functions {a;(t)} and {b;(s)}, , m are linear independent.
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It is known that when applying the method of separation of variables, the Dirichlet condition allows
us to reduce partial differential equations to a countable system of ordinary differential equations.
So, in solving partial integro-differential equation (1), we use the following Dirichlet boundary value
conditions with respect to spatial variable x

0? 0?
a4k—2 4k—2
= -:7ax4k_2U(t,0):78x4k_2U(t,l):0. (2)

We use two conditions at the endpoint of the given segment with respect to time variable ¢:
U(T,z) =pi(x), UlT,x)=¢a(x), 0<z<lI, (3)

where ¢1(x) and pa(z) are redefinition functions and we assume that they are enough smooth on the
segment [0, []. For these functions the following conditions will be fulfilled

0i(0) = i) = @(0) = (1) = --- = ™2 (0) = YD) =0, i=1,2.

i
In determining the redefinition functions, we use the following two intermediate conditions:
U(tl,ﬂl’) :¢1($)7 Ut(tlax) :7/)2(56‘)7 0<z< la (4)

where 1 (x) and 13(z) are known functions enough smooth on the segment [0,1], 0 < t; < T. For the
functions ¥ (x) and ¥a(z) the following conditions will be fulfilled

$i(0) = (1) = ¥7(0) = (1) = - = B (0) = Py =0, i=1,2.

The choice of conditions (3) and (4) with the final and intermediate data are important in applications.
Indeed, in real practice it is not always possible to determine the initial data for unknown functions.
When studying the technological process of aluminum production, before the start of the production
cycle, the raw material passes through firing and the state of the raw material by the beginning of
the production cycle is not known. And the final expected state of the output will be unknown in
reality. We find it from known intermediate conditions. Because after each technological cycle we can
determine the quality of the product. So, we have an inverse problem to solve equation (1).

Problem statement. To find triple of functions

{U(t, z) € C(Q) N C2(Q) N C2H(Q), i(x) € C[0,1], i =1, 2} ,
the first of which satisfies partial integro-differential equation (1) and specified conditions (2)—(4),
Whereﬁz{Ogth, 0§$§l}.
Note that problem (1)-(4) is formulated such that direct problem (1)-(3) has a unique solution for

all values of the parameter w, and inverse problem (1)—(4) has a unique solution only for certain values
of this parameter w.

1 Construction of formal solution of the direct problem (1)—(3)

Note that the functions ¢, (x) = \/%sin AnZ, where A, € =%, n € N, form a complete system of

orthonormal eigenfunctions in the space L3|0,!]. Linear equation (1) always has the trivial solution.
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Therefore, by virtue of the Dirichlet condition (2), we seek nontrivial solutions to the linear partial
integro-differential equation (1) of the higher order in the form of a Fourier series in sines

Ult,z) = \/?Zlun(t) sin Az, (5)

l
2
= \/;/U(t,w) sin \pzdr, A\, = ? (6)
0

Substituting the Fourier series (5) into the given integro-differential equation (1), we obtain a linear
second order countable system of ordinary differential equations

where

) + PN D) = T S0+ ) ), (7
i=1

T
= /bi(S)un(s) ds. (8)
0

Solving the countable system of differential equations (7) by the variation method of arbitrary constants,
we obtain the representation for its solution

where

Un(t) = A1p cos M wt + Ao, sin \Ewit

t

+>\ )\Zk ZTm/sm)\ w(t—s)a;(s)ds+

0
t

k J—
—i—)\ 1+)\2k w/sm)\ (t—s)a(s)un(s)ds, 9)
0

where Aj, and As, are arbitrary coefficients, which will be determined by the final conditions (3). By
differentiating (9) one times on ¢, we obtain

u (1) = =M WA, sin \Ewt + M WA, cos A wit

t
1+)\2kZTm/cos)\ w(t—s)a;(s)ds+
0

t

/cos MWt —s)a(s)un(s)ds. (10)

0

1

+1+A%

Now, supposing that the redefinition functions ¢1(x) and y2(x) were expanded into a Fourier series,
and using Fourier coefficients (6), from conditions (3) we obtain

l l
2 2
= \/;/U(T,w) sin \p,zdz = \/;/gol(x) sin A\pxdr = o1q, (11)
0 0
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! !
2 2
= \/;/Ut(T, x) sin A prder = \/Z/ng(aj) sin A px dx = @ap. (12)
0 0

To find the unknown coefficients A1, and Ag, in presentations (9) and (10), we use final conditions
(11) and (12). Then we arrive at a system of algebraic equations (SAE)

Ay cos NwT + Ay sin Now T = 1y, 13)
—Aqp sinMwT + Agyy cos Nw T = 7ap,
where
v Uk T
_ k
’Yln—iﬂln—wu;ﬂn/sm)\ w(T — s)a;(s)ds—
= 0

m T
Yon = P2n — ﬁ Znn/cos)\’fw (T — s)a;(s) ds—
no=1 0
T
T /cos MW (T — 5) as) un(s)ds.
0

For uniquely solvability of SAE (13), the following condition

5o — | cos MwT  sin\FwT 20

=1 —sinMwT cosMwT
must be fulfilled. Since dg,, = 1, this condition are fulfilled for all values of the parameter w. Consequently,
SAE (13) has a unique pair of solutions

in \¥w T
Aln:(sln:’ Tin S ARW

k ok
Y2n  COS )\’%w T ' Pin COS Apw Yan sin A\ w T+

T T
. k k
+)\ )\% ZTm/sm)\nwsai(s) d8+ 1+)\2k o /sm)\ wsa(s)up(s)ds, (14)
0 0
cos \FwT 7 )
Agy = 0oy, = ’ ~sin ;ﬁwT ’yzz = 1, Sin )\lfle ~+ wap COS /\’;w T+
T T
1
+1+/\2k ZT”L/COS)\ wsai(s)ds+ 4_/\%k/Cos.)\l;(,usoz(s)un(s) ds. (15)
= 0 0

Substituting these values of (14) and (15) into presentation (9), we obtain

un(t,u,w) = 901nX1n(t,W) + pon X2n(t7w) ZTzn X?nn t w +

Mo (14 22F)w A%
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T
—I—)\ 1+)\2k o /Hn (t,s,w) a(s) un(s,v,w)ds, (16)
0

where
X 1n(t,w) = cos \NEw (T —t) — sin \¥ w (T — 1),

Xan(t,w) = cos \ew (T +t) — sin \Ew (T — 1),
T
X3zntw=/Hntsw i(s)ds,
0

sinz(t+s), z=MNw t<s<T,
sinz(t—s)+cosztsinzs+zsinztsinzs, 0<s<t.

Ho(t, s,w) = {

Although functions (16) are Fourier coefficients of the solution to direct problem (1)—(3), it contains
extra quantities 7;,, that are still unknown. To find these quantities, we substitute representation (16)
into designation (8) and arrive at a new SAE:

ZT]TL Udz]n = @i1n0lin + P2n T 2in +U4zn(un) (17)

where

T T
O 1in :/bi(s)xln(s,w S, Ooim = /bZ $) X 2n(s,w) ds, \ = )\k (1—1—)\%)
0 0

T T
O 3ijn /bZ /Hn s5,0,w)a;(0)dlds,
0 0
1 T T
0 4in(Up) = )\/bz /Hn $,0,w)a(0)un,(0)dods.
0 0

To establish the unique solvability of SAE (17), we introduce the following matrix

l1—%0311n 508120 ... X 03lmn
20321, 1 —%0322, ... £032mn
Oon (v, w) = A A A
%O—Bmln %J3m2n B %U3mmn

and consider the values of the parameter v, for which the Fredholm determinant is not zero:
Agp(v,w) = det Ogp (v, w) # 0. (18)

Determinant Ag, (v,w) in (18) is a polynomial with respect to ¥ of the degree not higher than
m. The countable system of algebraic equations Ag,(r,w) = 0 has no more than m different real
roots for every value of n. We denote them by p;(I =1, p, 1 < p < m). Then v,, = vy, = Ap; =
L (1 + )\,21’“) wpy are called the characteristic (irregular) values of the kernel for integro-differential
equation (1). So, we introduce the following two designations

A= {(Vn, w): v, =N (1 + /\%k) W, WE (0,00)},
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AQ:{(yn, W) | Agn(r,w) | >0, v, #ANE <1+/\%k)wul, we(O,oo)}.

On the number set A9 we consider a matrix

| 4 v |14 |14
I —3o031m X031G-)n  Ojln X O31(i+1)n 5 O 31mn
v v v v
3 0321n Y O0320i—-1)n  Oj52n Y O032(i+1)n 3 9 32mn
Oijn(v,w) = X X ¥ 32(i-1) X 7 32(i+1) X ’
v v v v
3 0 3mln oo X O03m@i-)n Ojmn X O3m(i+1)n - -- 1- X 9 3mmn

j = 1,2,4. Taking into account the known properties of the matrix 0;;, (v, w), we modified the Cramer
method on the set Ao and obtain solutions of SAE (17) in the form

A (v, w) Agin(v,w)  Auin(v,w,un) .
n — n — 17 , , A , 1
e Aon(y7w) e AOn(Vuw) * AOn(VNJ) ! mn (V w) € A2 ( 9)

where A jn (v, w) = det Oy, (v, w), j=1,2,4.
Substituting solutions (19) into function (16), we obtain

A gin (v, w,u
'LLn(t7 V7CU) == Solnhln(t7 V7w) + ©on h2n(t7 1/7(")) + )\k 1 ¥ )\Qk Z Anon V w n) X3zn(t)+

T
+>\ 1+)\2k w/Hn (t,s,w) up(s,v,w)ds, (v,w) € Ag, (20)
0
where
v A (v,w) ,
hin(t = Yin(t, Jn\Ys m(tw), 7=1,2,
in(tv,w) = Xjn( w)+)\’%(1+)\%"3)w;Agn(u,w)X3 (t,w), j

Xin(t,w) = cos \Ew (T — ) —sin \NFw (T — 1), xa2n(t,w) = cos ¥ w (T +t) —sin \bw (T —t),
T
X 3in (t,w) = /Hn(t,s,w) a;(s)ds,
0
sinz(t+s), z=Mw, t<s<T,

H,(t =49 . . . .
n(t5w) {smz(t—s)—i—coszt sinzs+ zsinztsinzs, 0<s<t.

Representation (20) is a countable system of functional-integral equations. Substituting representation
(20) into the Fourier series (5), we obtain a formal solution of direct problem (1)—(3) on the domain

2 D
= \/;Z sin A\ & X
n=1

A gin (v, w, ug)
n nta 3 nhnta 3 int
X[sﬁl hoan(t,v,w) + @2n hoan( yw)—i—)\ 1+)\2k Z Aon(v,0) X 3in(t)+

T
+>\ 1+)\2kw/Hntswun(suw)ds], (v,w) € As. (21)
0
But, there are two unknown quantities ¢1,, and @9, in (21).
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2 Formal solution of the inverse problem (1)-(4)

We will now formally define the redefinition functions ¢1(z) and p2(z). We subordinate function
(20) to intermediate conditions (4). For this purpose, we differentiate (21) one times on the time-
variable t:

2 oo
U(t,z) = \/;Z SinAn@ [@1n B'1 (E, v, w) + on Ry, (E, v, w)+
n=1

A yin (v, w un) , .
+)\ 1+)\2k Z Aon (v, ) Xsm(t)‘Fw/H (t,s,w)up(s,v,w)ds|,  (22)
where
/ _ v (r,w) .
h‘jn(t7 ’/7"‘)) - Xjn(tuw) + Ak (1 + )\Zk’ Z A ( ) XSin(tvw)7 J = 1727

Xin(t,w) = MNow (sin Mow (T — ) + cos \ow (T — 1)),
Xon(t,w) = =AF w (sin N (T +t) 4 cos \¥w (T — 1)),
T
Xsin(t,w) = / (t,s,w)ai(s) ds,
0

zcosz(t+s), z=Mw t<s<T,
zcosz(t—s)—zsinztsinzs+z2cosztsinzs, 0<s<t.

t.5.) = {

Then, applying intermediate conditions (4) to functions (21) and (22), we arrive at the solution of the
following SAE:

{ Pin [X 1n<tlaw> + 51171] + ©Yon [X??’L(t17w) + 512n] = @lna (23)
©1n [X1n(t1,w) + €210] + ©2n [Xon(t1,w) + €20n] = V2n,
where
m
v Ajn(v,w)
in = thw), Eom ==Y T TLN (t j=1,2
Eljn Z AOn X3’Ln( 1, W ) €2jn \ — Aon(U,Q)) X3zn( 1,0)), 7 ,
T

. A gin (v, w,u 1
Fin = in — 2 Z Sl ) s nltr ) +

Aow (v.0) Hy(t1, s,w) up (s, v,w) ds, (24)

R A m n ]'
Yon = an — Z tin(t0, ) X'3i(t1,w) + H; (t1,5,w) un(s, v,w) ds, (25)

Agy, (v, w)

The fulfillment of the following condition ensures the unique solvability of SAE (23):

Vb (w) — Xln(tlaw)+511n X2n(t17w)+512n
" Xlln(tlv OJ) + €21n X/Qn(tla w) + €29n,

= —2zsin2zT — z cos 22T + 2z sinz(T — t1) cosz(T — t1) — z cos 2z(T — t1)—
—zep[sinz(T + t1) + cos 2(T — t1)] — ze1on[sin 2(T — t1) + cos z(T — t1)]—
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—eginfcos 2(T + t1) — z sinz(T — t1)] — eaop[sin z2(T — t1) — z cos 2(T — t1)]+
+E11n€22n — €21n€12n # 0. (26)

Before proceeding to find the solution of SAE (23), we consider nonzero condition (26). To do this, we
suppose the opposite:

—z8in22T — z cos 22T + 2z sinz(T — t1) cos z(T — t1) — z cos 2z(T — t1)—

—zep[sinz(T + t1) + cos 2(T — t1)] — ze1on[sin z(T — t1) + cos 2(T — t1)]—
—eqplcos z(T + t1) — z sin2(T — t1)] — 99 [sin z2(T — t1) — z cos z(T — t1)]+
Fe11nEa2n — E21n€120 = 0, 2= AFw. (27)

Condition (27) is a transcendental equation, and the set of its solutions with respect to w is denoted
by . So, on the set

As = {(Vn,w) S Aon(v,w) | >0, vy # N (1 + )\721’“) W, weE %}
SAE (23) is not uniquely solvable. But, on the other set
A= {ns @)+ [Bon(r,w) | > 0, [Vou(@) | > 0, vy # N (1422 ) wpu, w e (0,00)\ S}

SAE (23) is uniquely solvable. So, taking into account notations (24) and (25), we obtain

A gin (v, w, uy,)
Pjn = wlnwjln(w) + ¢2nwj2n(w) + 1 n /\2k Z A”E)n I/ w n wj3m(w)—|—
T
+ 1+)\2kw/W]nswunsyw)d5 i=12 (v,w) € Ay, (28)
0

where
wiin(w) = Vo' (Xon(t1,w) + €220 (W), wizn(w) = Vo' (—Xan(t1,w) + 120 (w))
wan (W) = Vo' (Xin (1, w) + €210 (), wazn(w) = Vg,! (X1n(t1,w) + e11n(w))
w13 (W) = = [X3in(t1, W) wiin (W) + X (f1, W) wi2n (W)]
Wasn (W) = — [X3in(t1, W) Wain (W) + X34 (f1, w) wozn(w)]
Win(s,w) = Hp(t1,s) wiin(w) + H),(t1, 8) wizn (w),
Won(s,w) = Hy(t1,s) worn(w) + H(t1, s) waon (w).

Since 1, and 9, are Fourier coefficients, from presentations (28) we obtain the following Fourier
series

2SN A gin (v, w, up)
pj(x) = \/;Z;sm/\nx [wmwjln + Yapwjon + 1+ )\% Z A”Z)n o) n W j3in+
n=

T
+ 1+A2k w /W]n un S, U, w) d8:|, (y,w) € Ay (29)
0
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The functions u,(¢,v,w) in series (29) are Fourier coefficients of the unknown function U (¢, z,v,w).
Therefore, we need to define the Fourier coefficients uy, (¢, v,w) uniquely. Substituting representation
(28) into equations (20), we obtain the following countable system of functional-integral equations in
the final form

un(t,v,w) = S(t, v, w; uy) = Y1n g1n(t, v, w) + on gon(t, v, w)+

A gin (v, w un)
+)\ )\2k Z Agp (v, w) gaim(t,w)+
—i—l/G (t,s,v,w)up(s,v,w)ds, (v,w)e€ A (30)
)\]% (1+/\%’“)w n\by o, Y, n\o, Y, ) ) 4y
0

where
gin(t,v,w) = wiip(w)h1n(t, v, w) + woip(W)h o, (t, v,w),
9on(t, v, w) = wign (W) hip(t, v,w) + waop(w) hoy(t, v, w),
93in(t,w) = g1n(t, v, w) X3in(t1,w) + g2n(t, v, W) X4 (t1, w) + X3in(t, w),
Gn(t,s,v,w) = gin(t,v,w) Hy(t1, s,w) + gon(t, v,w) H' (t1,s8,w) + Hy(t, s,w).
Note that this functional-integral equation (30) makes sense only for values of parameters v, w from

the set A4. In addition, in the countable system of functional-integral equations (30), the unknown
function w, (¢, v,w) is under the sign of the determinant and under the sign of the integral.

3 Solvable of the countable system of functional-integral equations (30)

Let us investigate the system of equations (30) in the sense of the unique solvability. To this, we
consider the following well-known Banach spaces, in which we need in our further actions [26,32,33,36].
We consider the space By of function sequences { un(t) },,2; on the segment [0, 7] with the norm

oo 2
1005, = | 3 (g 1un01) - <o

n=1

the space £2 of number sequences {¢y, },~, with the norm

o0
> lenl? < oo
n=1

the space L2[0,[] of square-integrable functions on an interval [0, ] with norm

lelle, =

l

19(@) | 1 pj0) = / 19(2) [2 d < oo.

0

Smoothness conditions. Let on the segments [0, (] there exist peace-wise continuous derivatives with
respect to z up (4k+2)-th order for the functions v;(x) € C*+1[0,1], i = 1,2. Then, after integration

!
the integrand functions ;,, = \/?fwz(a:) sin A\pzdr, i =1,2 by part (4k + 2) times on the variable
0

x, we obtain the following relation

(4k+2) ‘

l 4k+2 ’1/)
| Yim | = <W> e =12 (31)
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where
!

4k+2 ), .
wl = [ O g @) de, =12

0

Here we note that the Bessel inequality is true

l
> 2 2\ o2y ()]0
S < (7)) wimre 32
0

Theorem 1. Let the smoothness conditions and the following conditions be fulfilled:

max [|g1n(t,y,w)|; |92n(t77/’w) H = 5111 < 51 < 00, (33)
te[0,T]
i A4m(y,w)
=|v|éd —— 2 b +d3 < 1, 34
L PO b woml o oy

where 83, 63 and &p; will be defined from (38) and (39), while A 4, (v,w) is defined from (41). Then

the countable systems of functional-integral equations (30) is uniquely solvable in the space By. The

desired solution can be founded from the following iterative process:
U(T]L(t,lj,w) :¢1n91n<t7’/7w)+¢2n92n(ta%w)7 (35)
u' i (t, v,w) = S(t,v,w;ut), r=0,1,2,..

Proof. We use the method of contraction maps in combination with the method of successive
approximations in the space Bg. Then, by virtue of smoothness condition (31) and estimate (33),
applying the Cauchy—Schwartz inequality and Bessel inequality (32), from approximations (35) we
obtain that the following estimate is valid:

(e}
mae [un(t) [ <37 max (101 | [g1n(t ) |+ [V - gan(t ) || <

t€[0,T] —_
p k2 [ o ’wﬁ’f“)’ 00 Wéﬁf”)‘
< <7T> 2_:1 n Ak+2 +z_:1 n 4k+2 <

84k+2 ¢2 (1:)
ax4k¢+2

> 1 o 4k+2 ¢1 (1:)
Zl n, 8k+4 O x 4k+2

n—

4

] = Jy < o0. (36)

L»[0,]] L»[0,]]

Taking into account estimate (36), applying the Cauchy—Schwartz inequality, for the first difference of
approximations (35) we obtain:

o0 m

o0
1
1 0
max |u,(t)—u, ()| <|v
nzlte[Ole‘ " ) <| ’;Agm;

A4in (V7w7 u(r)L)
Aon(y,w)

ma; in(t,w)|+
t€[07¥] ’g3zn( )’

T
oo
! 0
+;A%’mt1§f&¥] /G"(t’s’y’w)un<3,1/,w)ds <
N 0
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22
= | Agin v,w,ud
< |wldag [ Do 1D M‘%z’ + 0360 < 00, (37)
n=1 Li=1 nAT J
where
=1
d0i > boin = tlelf(f)i’PTi] |g3in(t,w)|, 02 = nz:: k2 (38)
2
> 1
03 = trerfoz—; N |Gn(t,s,v,w)]| ds| . (39)
0

Continuing this process, similarly to estimate (37) we obtain

o0

max u”lt —ul(t)| <
e [0 w3 0] <

00 m 1 2
A4in (Vaw>uT) - Aélin (V w, uz )
< ’V ’ d2 = doi| +
2|5 Al z
> 2
r—1
+3 Ztgfgm}jgw (t,v,w) —un (t,l/,w)’ <
<Ivloy 3 Z el 50%] lw k) =t ) |, +
n=1 Li=1
+0d3 H u"(t,v,w) — urfl(t, v,w) H B, S P H u'(t,v,w) — urfl(t, v,w) H By (40)
where
Ui A4m (l/ w)
=1 0o
1 , x03lin .- 1%031(1'—1)” ?417% 5031(1'4-1)71 ggsmn
A4in (V, w) _ 30 321n cee XO032(i-1)n 042n YO 32(i+1)n 30 32mn 7 (41)
jg3m1n e %0-3771(@'—1)71 5'4mn %0’3m(2‘+1)n e 1— %O’gmmn
T T
_ 1
s =5 [166)] [ 1H(s.0.0)a(0)] do s,
0 0

According to the last condition (34) of the theorem, we have p < 1. Consequently, it follows from
estimate (40) that the operator on the right-hand sides of the countable system of functional-integral
equations (30) is contracting. It follows from estimates (36), (37) and (40) that there is a unique fixed

point, which is a solution to the countable system of functional-integral equations (30) in the space
Bo. Theorem 1 is proved.

154 Bulletin of the Karaganda University



Mixed inverse problem ...

4 Uniformly convergence of Fourier series

Theorem 2. Let the conditions of Theorem 1 are fulfilled. Then the series in (29) are convergence
in the segment [0, ].

Proof. Let uy(t,v,w) € B be a solution of system (30). As in the case of estimates (36) and (40),
we obtain

4k+2
9 \/ﬂ 84k+2 T 84k+2 T
@i 2 () e || L] W)
l ™ a.’]}' LQ(QL) ax LQ(Q[)
5, | S |3 | Ain w0y w) | 2 5 i =1,2 42
Hvl oy S| S S| Fhslut ) g, <co j=12. ()
n=1 Li=1
Absolutely and uniformly convergence of the series (29) implies from estimate (42).
Substituting system (30) into Fourier series (5), we obtain
2 o
Ult,z,v,w) = \/;Z sin A [Y1n g1n(t, v, w) + Yo, gon(t, v, w)+
n=1
A gin (v, w un)
in (T
T +)\2k Z Aon(rw)  Jmlbw)t
1
—I—W/Gn(t,s,u,w) un(s,v,w)ds|, (r,w) € Ay. (43)
0

Theorem 3. Let the conditions of Theorem 1 are fulfilled. Then the main unknown function
U(t,z,v,w) of inverse problem (1)—(4) is defined by Fourier series (43) and this series (43) converges
absolutely and uniformly in the domain Q for all (v,w) € A4. Moreover, function (43) belongs to the
class C' () N C’ffk(Q) N CEI%(Q)

The proof of Theorem 3 is similar to the proof of Theorem 2.

Conclusion

In the rectangular domain €2 = {O <t<T 0<ax<l } we consider a linear Benney—-Luke type
partial integro-differential equation (1) of a higher order with degenerate kernel and two redefinition
functions (3) given at the endpoint of the segment [0,T]. With respect to spatial variable x Dirichlet
boundary value conditions (2) is used. To find these redefinition functions intermediate data (4) are
used. The Fourier series method of variables separation is applied. The countable system of functional-
integral equations (30) is obtained. Theorem 1 on a unique solvability of countable system of functional-
integral equations (30) is proved. The method of successive approximations is used in combination with
the method of contraction mappings. The triple of solutions for the inverse problem is obtained in the
form of Fourier series (29) and (43). The absolutely and uniformly convergence of Fourier series is
proved (Theorem 2 and 3).
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Tawrenm memaekemmir IKOHOMUKAAE Yyrusepcumemi, Tawxenm, O36excman

Eki kaiiTa aHbIKTay PYHKIMsICHI MeH nmapamMerpJjiepi 6ap Benan-JIiok
TUNTI MHTErpaJIAbIK-TuddepeHInaJIIbIK TeHAey YIIiH apaJjiac Kepi
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eceIll

Maxkasazma cermeHTTiH meTTEpiHAEe OepiireH eki KaiiTa aHBIKTAY (DYHKIUSCHI MEH ©3TEIIEIEHETIH SIPOCHI
bap Bennun-JI1ok THUIITI >KOFapbl PETTi CHI3BIKTHIK, HHTErPAJIBIK- UM dEpEeHIHAIIbI 1ePOEC TYBIHbLIbI JTUd-
depeHImaIIbIK, TeH eyl KapacThipbliFaH. Kaiita aHbIkTay DYHKIUSIIAPBIH Taby VIIiH apaJiblK, GepiareHiep
naiigaianburad. KeHicTiKTiK aflHbIMAJIbIFa KATHICTEI Jlupuxiie TUIIHIH MIeKapaJblK IapTTapbl KOJIIaHbLI-
raH. AWHBIMAJIBIHBL OestikTey yirH Pypbe omici naiiganadbliabl. OyHKINOHAIBIK, HHTEIPAJILIK, TEHIEY-
JIEPJIiH ecenTeJieTiH Kyieci aabrHbl. PyHKIMOHAIBIK HHTETPAJJBIK TEHJCYJIEP/IiH, CaHAY/bl *KYHeciHi
GipMoHi TernTieTiHairi Typaabl TeopeMa mastenaeH . by xarmaitna 6ipTiHaen KybIKTAY 9/iCi CHIFBLIFAH
GeitHeney smiciMen Gipre KosnanbLIaasl. Kepi ecentin, mermniMi @ypbe KaTapbl TYpiHe KypbLIaabl. AJbIHFaH
Dypbe KaTapbIHBIH aOCOJTIOTTI KoHE GIPKAJIBINTHI YKUHAKTHLIBIFBI HAKTHLIAHIBI.

Kiam cosdep: kepi ecer, eki KaiiTa aHBIKTay (DYHKIIMUSICHI, KEHiHT1 maprTap, apajblk GyHKIusiap, Pypbe
oJ1ici, 6GIpMOH/II TIerTiM.
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Tawrenmceruti 2ocydapcmeennvili IKoHoMuveckul yrusepcumem, Tawrenm, Yabexucmar

CMmentanHas obpaTHas 33aja4a JIJist MHTerpo-anddepeHImaabHOro
ypaBHeHusi Tuna benau—JIioka ¢ aBymst pyHKOUSIMM
rnepeoripeesieHrusI U mapaMeTpamMu

B craTbe paccmorpeno nuHeitHOe nHTErpo-auddepeHnaIbHOe YpaBHEHHE B YaCTHBIX ITPOM3BOIHBIX THUIIA
Bennn-Jloka BBICOKOrO MOPSIAKA C BBIPOXKIEHHBIM SITPOM U IBYMsI (DYHKITUSIMU [T€PEOTIPEIeICHIs, 3aaH-
HBIMHU B KOHIE oTpe3Ka. JIjIsi HaXOKJAeHusl 9TUX (DYHKIMIA [I€peopeiesIeHUsT UCII0JIb30BaHbl IPOMEXKYTO-
Hble maHHbE. [[0 OTHOIEHNIO K TPOCTPAHCTBEHHON MEpeMEHHON TPUMEHEHBI KpaeBble ycaous tuna Jlupu-
xJjie. Ilpumensiercst mero, pasienenns nepeMeHHbIXx Pypbe. [lomydena cyernas cucrema PyHKIIMOHAIBHO-
WHTErpaJIbHBIX ypaBHeHwuii. /lokazana Teopema 06 OJHO3ZHAYHON PA3PEIINMOCTH CYETHON CUCTEMBI (DYHKIINO-
HaJIbHO-MHTErPAJIbHBIX ypaBHEHUU. [Ipn 3TOM HCIONB3yeTcsi METOJ MOCIe0BATEIbHBIX MPUOJINKEHNN B
COYETAaHWHU C METOJIOM CXKATbIX oToOpaskeHwmii. Perenne obpaTHOi 3aja4u cTpouTcs B Bujie psaga Pypbe.
Jlokazana abcoslOTHAsI 1 PaBHOMEPHAsI CXOJUMOCTD IIOJIyIeHHbIX psioB DPypbe.

Kmouesvie caosa: obpatHas 3a7a4a, nBe QYHKIIUN IePEONpe/Ie/eHns, PUHAIbHBIE YCIOBUS, TPOMEKYTOU-
uole dyukiun, Meros, Oypbe, OqHO3HAYHAS PA3PEITUMOCTD.
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