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Representing a second-order Ito equation
as an equation with a given force structure

The problem of constructing equivalent equations with a given structure of forces by the given system of
stochastic equations is considered. The equivalence of equations in the sense of almost surely is investigated.
The paper determines the conditions under which a given system of second-order Ito stochastic differential
equations is represented in the form of stochastic Lagrange equations with non-potential forces of a certain
structure. Necessary and sufficient conditions for the representability of stochastic equations in the form of
stochastic equations with non-potential forces admitting the Rayleigh function are obtained. The obtained
results are illustrated by an example of motion of a symmetric satellite in a circular orbit, assuming a
change in pitch under the action of gravitational and aerodynamic forces.

Keywords: Stochastic differential equation, stochastic Lagrange equation, stochastic equations with non-
potential forces, equivalence almost surely.

Introduction. Problem statement

In [1], Yerugin constructed a set of ordinary differential equations (ODEs) possessing a given integral
curve. This work became seminal in the theory of inverse problems of dynamics. At present, this theory
is quite fully developed in the class of ODEs (see for instance [2-10]). In |2, 3], Galiullin presented a
classification of the main types of inverse problems of dynamics and developed general methods for their
solution in the class of ODEs. Inverse problems of dynamics for Ito stochastic differential equations
were studied in [11-18].

In recent decades, the increased interest in the Helmholtz problem [19] has given a new impetus to
the study of inverse problems for differential systems (for a literature review, see [20]). The solution
of the Helmholtz problem in a wider class of differential equations makes it possible to extend the
well-developed mathematical methods of classical mechanics to this class of equations. A special place,
in terms of the variety of aspects in the study of the Helmholtz problem, is occupied by the works of
Santilli [21, 22], which are devoted to the problem of representing second-order ODEs in the form of the
Lagrange, Hamilton, and Birkhoff equations. In [23-26], methods for solving the Helmholtz problem
are extended to the class of partial differential equations (PDEs). The Helmholtz problem is considered
in [27-29] in a probabilistic formulation. We also note the works [21, 22, 26], which, in addition to the
authors’ own research, mainly in the class of ODEs and PDEs, present a historical review of literature
on the development and generalization of the Helmholtz problem.

Given the second-order stochastic equation

di, = Fy(z,2,t)dt + 0,;(x, ,t)do?, v=T1,n, j=1,m, (1)
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it is required to construct the equivalent equations of the form

d <§i> - g;;dt = Qi(z, 2, t)dt + U;Cj(.’E,jJ,t)d()f], k=1,n, (2)
with the given structure of the forces Q.

We assume that the functions included in the above equations have the smoothness necessary for
further reasoning and satisfy the existence and uniqueness theorem for solutions of the Cauchy problems
in the class of Ito stochastic differential equations [30]. In particular, we suppose the following holds
for the vector function F(z,t) and the matrix o(z,t) (herez = (27, 27)7):

(i) F(z,t) and o(z,t) are continuous in ¢t and satisfy the Lipschitz condition in z, i.e.

|o(2,t) — a(z”,t)H2 + ||F(z',t) — F(z”,t)H2 <L+ |2 - z"‘z for all 2', 2" € R*™;
(ii) the linear growth condition
2 2
lo(z, )| + 1 F(z, 1)1 < L1+ |2)

is met for all z € R?",

Let (Q,U, P) be a probability space with a flow {U;}. Here {£1(t),£2(¢),...,™(t)} is a system of
Wiener processes with the unit matrix of local variances. The equivalence of solutions of equations (1)
and (2) is understood in the sense of the following definition.

Definition 1. The equations

diy = Y1 (y, 9, t)dt + Ya(y, 7, t)dE (a)

and

di = Zy(z, ,t)dt + Zs(z, 2, t)dE (b)

are said to be equivalent almost surely (a. s.) if y(to) = z(t0), ¥(to) = 2(to) a.s. imply y(¢, to, yo, Yo) =
Z(t,to, 20, Z()), y(t,to,y(),yo) = Z"(t,t(), 20, Z"o) a. S., for all ¢ > to.

The problem of construction of equation (2) by the given equation (1) was considered in [31] in
the case of the absence of random perturbations o,; = a;j = 0. The case of the presence of random
perturbations and @ = 0 was studied in [32] by the method of additional variables.

Hereinafter, summation is assumed for the repeated indices of the factors. The indices i, k, and v
run from 1 to n, and the index j runs from 1 to m.

In other words, the problem is stated as follows: for given F,,o,; it is required to determine the
conditions on the functions L and O',l/j, under which equation (2) is equivalent to equation (1) with the
given structure of forces Q.

Case A. Let Qj be arbitrary non-potential forces.

Theorem 1. Equation (1) is represented in the form of equation (2) with arbitrary non-potential
forces if and only if

0*L
0110y,

l,v=k

=0y, where 5,’;—{01/7&k , (3)

and
0w, 2,t) = oyj(z, 2, 1). (4)

Proof. By the Ito’s rule of stochastic differentiation, we obtain

d<6L) B [ 9L O’L 9*L 1 &L

0L
a. 14 . . FI/ N AN AN .
i 90t | dirorr " T 9ion, " T 2 0000,00,

Lido&l .
ai?kai',,a J o

Uijo'uj:| dt +
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Since F,dt + a,,jdoéj = di,, we have

OL 0’L . 0L 0L 1 9L
d dz, +

- by + oA A CijOvj | dt
0101, 00t * ﬁabk@xl,x + 2 0i‘k8$iaiyajg J:| (5)

Oy,
Hence, in view of (5), equation (2) takes the form

i S dilps YRR ; J =
d( $k> xkdt ka(x,:v,t)dof =

0L 0L 0’L 1 9L oL , ,
= ipdi, " [ag;«kat T Doz, T 2 om0, U7 T By Q’“] dt = o4 (@, & )doe”. (6)

Then, taking into account (6) and the original equation (1), we have

d’L i + d*L N d*L . L OL 0. dt
A a. 9Ty . : v T 58 a- a- 9ij0vj — 73— — -
91,0, diydt = Digdr, " 2040i 0%, 7 dry, "
—0yi(x, &,1)do&’ = diry — Fy(w, @, t)dt — opj(x, ,t)dog’. (7)
The above equation implies the fulfillment of condition (3) of Theorem, which in turn implies
3L
— =0. 8
01,0%;0%, (8)

Equating the coefficients of dt and d¢7 in (7), on the basis of (8) we obtain the fulfillment of condition (4)
of Theorem and the following expression

0%L 0L OL

L row TR o T v

+ Fi(z, 2,t). 9)

Expression (9) determines the non-potential force Q. If instead of (2) we consider the equation

d(gj;) - gx[];dt = Qp(x, &, t)dt + opj(x, &, t)do&’, (2"
we obtain the following corollary of Theorem 1.
Corollary 1. Equation (1) is represented in the form of equation (2') with arbitrary non-potential
forces if and only if condition (3) is met.
In particular, for z € R, ¢ € R!, conditions (3) and (4) for the transition from (1) to (2) take the
form
L L o
@ I g =0,

and an arbitrary non-potential force is determined as

9L N 0*L . 0L

oiot | 0w Oz

Case B. Let Qi admit the generalized Rayleigh function R(zx,%), that is,
OR

Q= 4R

P) = — " 10
Qo) = — 50 (10)
Then equation (2) is represented in the form
oL oL OR / ,
dz—)— =—dt = ——— (x, &, t)do&’ . 11
(85614;) axk axk +O—k’](x7x7 ) 0€ ( )

Mathematics series. No.4(112)/2023 121



M.I. Tleubergenov, G.K. Vassilina, A.A. Abdrakhmanova

Theorem 2. Equation (1) is represented in the form of equation (11) with non-potential forces
admitting the Rayleigh function if and only if conditions (3), (4) and

OR 0L 0L 0L

Dz, Oxp  Oixdt  0ipdw, "

— Fk(x,sb,t) (12)

are met.
This theorem is proved in the same way as Theorem 1.
Theorem 2 implies the following statement for the equation

oL oL OR : /
A2y = g = (@ 1) doE 1
(8$k) 8xkd ka +O'k]($,l', )dof ( )

Corollary 2. Equation (1) is represented in the form of equation (11/) with non-potential forces
admitting the Rayleigh function if and only if conditions (3) and (12) are met.
In particular, for z € R, ¢ € R!, conditions (3), (4) and (12) for the transition from (1) to (11)

take the forms
%L , OR 0L 9°L  O*L .

wzl, g =0, — = = T == —

or ~ or  oiot  oidx
respectively.

We now extend the definition introduced by R.M. Santilli [21| to the class of Ito stochastic
differential equations.

Definition 2. We say that equation
Ayi(z, &, t)di’ + B, (2, &, t)dt = 0,,j(x, &, t)do&’ (1)

admits the analytic representation in the form of the Lagrange stochastic equation with a given
structure of forces, if there exist n? functions h¥(z,,t), det(h%) # 0, such that the following identity

holds:
L L / . .
d(i) — idt — det — O -($, i}, t)dogj = hZ(Amdl‘z + Bl,dt — O',,jdogj). (13)
0Ty, Ozy, J

Let us consider the problem of analytic representation in the sense of Definition 2. In other words,
given the functions A, j, By, 0, ; and the forces )y in equation (2/), it is required to determine the
conditions on the functions A, L, U;j, under which the relation (13) holds.

Teopema 3. For the indirect representation of the equation with arbitrary non-potential forces Qy,
the necessary and sufficient conditions are

0L
o _pra,, 14
Oipdi; " 14
a;j = hjoy;. (15)

Proof. We set F; = —A;Z-lBi, o, = A;ilaij. Then, we have

2

a( OL _[82L oL *L 1 9L .

I .
) Fro-— 92 oot ldts -2 o* doed,
0in) = |0in0t | digdr, T Qipow, v 2 0apoindi, J”U”J] Do, it

Since F}dt + Ul"jjdofj = d&,, we obtain

2 2 2 3
d(aL> 2L 82L 82L 1 &L **}dt (16)

== d',/ .V oy . . . Z“ l/'
9in ) = 0irda, " | 9ior T dipor, "t T 2 0i0a,00, TV
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Hence, in view of (16), relation (13) takes the form

0’°L . 0L 0L . 1 &L . . OL

7d v v N A A o. UYUgg Yy N dt—
05,05, 0 T | a0t T dneon, v T 2050508, 000 T gy @k

—04,;do€" = hY, (Ayi(w, @, t)di; + By (x, @, t)dt — oyj(x, &,t)do) .

Equating the coefficients of di; and dfg, we obtain relations (14) and (15) of Theorem 3. The coefficients
of dt on the right- and left-hand sides of the equation are equal due to an arbitrary non-potential force
Q. of the form

0*L 0*L 1 03L oL

- e B S )
@ = Fiat T oion, T 205,05,05,°9°" T dup

The following statement holds in the case when non-potential forces admit the generalized Rayleigh
function (10).

Theorem 4. Equation (2’) has an indirect representation in the form of the Lagrange equation with
non-potential forces admitting the generalized Rayleigh function (10) if and only if conditions (14),
(15) and

OR 0L  9°L o’L . 1 0L

= J— . y - hV
Oz Oxp, 04,0t Oir0z, 2axkax26xyawayj+

with o}, = A ; 0ij, hold.

Proof. Let us apply Ito’s rule of stochastic differentiation to the expression d(a—L) and plug it into
(13). Then (13) takes the following form:

0’L | 0L ’L . 1 9L . . OL OR
00, — —— + — | dt—

—dz, vt s a a5 0ii0y,
9indi, " Y diar T darom, T 2 00p00,00, 77 T onp | Omy

—0p;do€’ = WY (Avi(w, @, t)di; + By(z, &, t)dt — 0,5(z, &, t)do€?) . (17)

Equating the coefficients on the left- and right-hand sides, we obtain the fulfillment of conditions (14),
(15) and (17) of Theorem 4.
In particular, for z € R!, 0 € R, conditions (14), (15) and (17) take the forms

PL_,, _, OR_OL_PL _PL_ 1L,
gi2 M T TN 5y T 0r T 0idt  0idx. 2088

+ hB.

If the desired Lagrangian is sought, following R.M. Santilli [21], in the form
L=K(z,&,t)+ Dy(x,t)i, + C(x, 1), (18)

then we obtain the following statement in terms of functions K, D* and C.

Theorem 5. Equation (2,) has an indirect representation in the form of the Lagrange equation with
non-potential forces, admitting the generalized Rayleigh function (10), and the Lagrangian of the form
(18) if and only if conditions (15) and

PK AL OR (0K N oC B 8Dk_
010%L; CURTYY 9y k: oxy,  Oxp ot
PK PK P PK
050, + hiB,

T 00t 0ipdr, " 20p0a,00, 140V
are fulfilled.
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Proof follows from Theorem 4 and the relations

0L 0?°K O’L 0K 0Dy

Dindii  Diydi; b0t Oyt T

9°L  O0°K | 0Dy L K
0tp0x, Oidxr, 0Ox,  O0i,0%;0%, 0%p0i;0%,’
oL 8K+8Dug_3 +a£
Bl‘k N 8:% 8$k " 83%

Ezxample

Let us consider the planar motion of a symmetric satellite in a circular orbit, assuming a change
in pitch under the action of gravitational and aerodynamic forces [33]

0=£0,0)+0(0,0)&, (19)
where 6 is the pitch angle and
f = Mlsin20 — Mg(6) + 1], o = M6[g(6) + nd]. (20)

Case A. Let Q be arbitrary non-potential forces.
1.
A(i). Assume that the Lagrange function is of the form L = 592. Then equation (2) takes the form

6 = Q + o &. Hence, by Theorem 1, condition (19) for the representation in the form (2) with the
given L is written as o = o for Q = f.
1. . . ,
A(ii). Let L = 502—#(1(«9)9) +3(6). Then equation (2) takes the form 6 — 8y = Q+ 0 &y. Taking into
1
account the form (20) of the function f, we determine 5y = Mlsin20 — Mg(0), or 5 = —QMZ cos 26 —
MG(0), where G = [ g()df. Let us now assume 0 = o = Md[g(f) + nf]. Then, by Theorem 1, we

1 .
conclude that the Lagrangian L = 592 —M[ﬁl cos 20+G(0)] for Q = —M gb provides the representation

of equation (19) in the form (2).
Case B. Let @ admit the generalized Rayleigh function R (10).

1. 1.
B(i). By Theorem 2, for L = 502 the function R takes the form R = —[N(0)0 + §H02], where
N(#) = Mlsin20 — Mg(#) and H = —Mn. Hence, (24) is represented in the form (11').
1. )
B(ii). For L = 502 + «(0)0) + 5(0), as in the case A(ii), we determine 5 and, by Theorem 2,

1 . 1. 1
conclude that for R = §M7762 and L = 592 — M[§l cos 20 + G(0)] equation (19) can be represented in
the form (11").
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Ekinmmi perri Uto Tegaeyin O6epijreH KypbLIbIMbI 0ap KYIITEP/IiH

126

TeHJaeyi TypiHnie Kypy

Bepinren croxacTukaJbik TeHIEYIED KYieciHeH OepiireH KypblIbIMbI 6ap KYIITePIiH SKBUBAJIEHTTI TeHJIEY-
JiepJii Kypy ecebi KapacThIpbLIFaH. TeH ieyep/Iis, SKBUBAJEHTTLIIN IIIaMaMeH BIKTUMAJ MaFbIHAJIa 3epTTe-
neni. Exiumi perri Uto croxacTukasbik anddepeHnnaablk TeHIeyaep Kyieci 6enrim 6ip KypbLIBIMHBIH
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IIOTEHIIMAJIIBI eMeC KYIITepi 6ap CTOXaCTUKAJBIK Jlarpank TeHieyiepi peTiHe YChIHBLIIY MAPTTaphl aHbIK-
Ttasrad. CTOXaCTUKAJIBIK, TEHEYIEPIIH Pasteit pyHKIMSICHIH KAOBLIIANTBIH TOTEHITHAIBI eMeC KyITepi 6ap
CTOXACTUKAJIBIK, TEHEYIEP TYPiHeri OeifHeIeHyiHIH, KaXKeTTi »KoHe KeTKIIIKTI mapTTapbl aJibIHIbL. 3€pPT-
Tey HOTHKeJIepi aybIPJIBIK KYIIi MEH adpPOJAMHAMUKAJIBIK, KYIITED/iH 9CepiHeH TaHraKIbIK e3repicrepre
YIIIbIpaFaH JOHIeJIEK OPOUTAIAFBI CUMMETPUSIIBIK, KEPCEPIKTIH, KO3FAIBICHIHBIH, MBICAJIBIHIA KOPCETIITEeH.

Kiam cesdep: croxacTuKaJbIK, 1uddepeHuaiiblK, TeHJIey, CTOXaCTUKAJIBIK, JlarpaHK Tenjieyi, morennuas-
JIBIK, eMeC KyIITepi 6ap CTOXaCTUKAJBIK, TEHIEYJIED, IIaMaMeH BIKTUMAJI SKBUBAJEHTTIIIK.

M.I. Tney6eprenos™?, I' K. Bacumnal?, A.A. A6apaxmanosal?

L Mnemumym mamemamury, U Mamemamudeckozo modeauposanus, Aamamol, Kasaxcman;
2 Kasazcrutl Hayuonaibmod yrusepcumem ument ato-Papabu, Aimamo, Kazaxcman;
3 Anmamuncruts yrnusepcumem suepzemury u ceazu umenu Lymapbexa Jaykeesa, Aamamu, Kaszazeman

IIpencrasiienune ypaBaeHus VITo Broporo nopsiika B BuJjie ypaBHEHUS
C 33JIAaHHOW CTPYKTYPOI CMJI

PaccmoTpena 3amada mocTpoenus 110 33/ IaHHON CUCTEME CTOXaCTUIECKUX YPaBHEHUM, 9KBUBAJEHTHBIX YDaB-
HEHWii C 33J]aHHON CTPYKTYpoil cui. VcenemoBana sSKBUBAJIEHTHOCTh YPABHEHUN B CMBIC/IE TIOYTH HABEPHOE.
Orpe/iesieHbl YCIOBHS, [IPU KOTOPBIX 3a/laHHAsl CUCTEMa CTOXACTHIeCKUX JnddepeHInalbHbIX yPaBHEHUI
Wro BTOpOro nopsigka mnpeiacTaBuMa B BUJIE CTOXaCTUYECKUX ypaBHeHui Jlarpanka ¢ HEIOTEHIIMATIbHBIMU
CHJTAaMU OTIPeIeIeHHON CTPYKTYPHI. [losrydensr HeoOXomuMBbIe 1 IOCTATOYHBIE YCIOBUS IIPEICTABIMOCTH CTO-
XaCTUYEeCKAX YPABHEHUI B BI/I€ CTOXaCTUIECKUX yPaBHEHU ¢ HeIOTeHIIMAJIbHBIMU CUJIaAMHU, JOIIYCKaIOIMI
dyukuo Paesi. Pe3ysnbrars ncciie1oBaHusT TPOUTIOCTPUPOBAHBI HA IPUMEPE JTBUYKEHUsT CAMMETPUIHOTO
CIIyTHHUKA II0 KPYTOBOil OPOUTE B MPE/NOIOKEHNN N3MEHEHUsT TAHTAXKA MO/, JEHCTBUEM adPOIMHAMUIECKUAX
CHUJI U TATOTEHNUd.

Karoueswie crosa: croxacrudeckoe quddepeHIpaibHoe ypaBHeHNe, CTOXaCTHIeCKoe ypaBHenue Jlarpam:xa,
CTOXAaCTUYIECKNE YPABHEHUS C HEMOTEHIINAIbBHBIMI CAJIAMHU, SKBUBAJICHTHOCTD [TOYTHA HABEPHOE.
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