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Representing a second-order Ito equation
as an equation with a given force structure

The problem of constructing equivalent equations with a given structure of forces by the given system of
stochastic equations is considered. The equivalence of equations in the sense of almost surely is investigated.
The paper determines the conditions under which a given system of second-order Ito stochastic differential
equations is represented in the form of stochastic Lagrange equations with non-potential forces of a certain
structure. Necessary and sufficient conditions for the representability of stochastic equations in the form of
stochastic equations with non-potential forces admitting the Rayleigh function are obtained. The obtained
results are illustrated by an example of motion of a symmetric satellite in a circular orbit, assuming a
change in pitch under the action of gravitational and aerodynamic forces.

Keywords: Stochastic differential equation, stochastic Lagrange equation, stochastic equations with non-
potential forces, equivalence almost surely.

Introduction. Problem statement

In [1], Yerugin constructed a set of ordinary differential equations (ODEs) possessing a given integral
curve. This work became seminal in the theory of inverse problems of dynamics. At present, this theory
is quite fully developed in the class of ODEs (see for instance [2–10]). In [2, 3], Galiullin presented a
classification of the main types of inverse problems of dynamics and developed general methods for their
solution in the class of ODEs. Inverse problems of dynamics for Ito stochastic differential equations
were studied in [11–18].

In recent decades, the increased interest in the Helmholtz problem [19] has given a new impetus to
the study of inverse problems for differential systems (for a literature review, see [20]). The solution
of the Helmholtz problem in a wider class of differential equations makes it possible to extend the
well-developed mathematical methods of classical mechanics to this class of equations. A special place,
in terms of the variety of aspects in the study of the Helmholtz problem, is occupied by the works of
Santilli [21, 22], which are devoted to the problem of representing second-order ODEs in the form of the
Lagrange, Hamilton, and Birkhoff equations. In [23–26], methods for solving the Helmholtz problem
are extended to the class of partial differential equations (PDEs). The Helmholtz problem is considered
in [27–29] in a probabilistic formulation. We also note the works [21, 22, 26], which, in addition to the
authors’ own research, mainly in the class of ODEs and PDEs, present a historical review of literature
on the development and generalization of the Helmholtz problem.

Given the second-order stochastic equation

dẋν = Fν(x, ẋ, t)dt+ σνj(x, ẋ, t)d0ξ
j , ν = 1, n, j = 1,m, (1)
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it is required to construct the equivalent equations of the form

d

(
∂L

∂ẋk

)
− ∂L

∂xk
dt = Qk(x, ẋ, t)dt+ σ

′
kj(x, ẋ, t)d0ξ

j , k = 1, n, (2)

with the given structure of the forces Qk.
We assume that the functions included in the above equations have the smoothness necessary for

further reasoning and satisfy the existence and uniqueness theorem for solutions of the Cauchy problems
in the class of Ito stochastic differential equations [30]. In particular, we suppose the following holds
for the vector function F (z, t) and the matrix σ(z, t) (herez = (xT , ẋT )T ):

(i) F (z, t) and σ(z, t) are continuous in t and satisfy the Lipschitz condition in z, i.e.∥∥σ(z′, t)− σ(z′′, t)
∥∥2 +

∥∥F (z′, t)− F (z′′, t)
∥∥2 ≤ L(1 +

∣∣z′ − z′′∣∣2 for all z′, z′′ ∈ R2n;

(ii) the linear growth condition

‖σ(z, t)‖2 + ‖F (z, t)‖2 ≤ L(1 + |z|2)

is met for all z ∈ R2n.
Let (Ω, U, P ) be a probability space with a flow {Ut}. Here {ξ1(t), ξ2(t), ..., ξm(t)} is a system of

Wiener processes with the unit matrix of local variances. The equivalence of solutions of equations (1)
and (2) is understood in the sense of the following definition.

Definition 1. The equations

dẏ = Y1(y, ẏ, t)dt+ Y2(y, ẏ, t)dξ (a)

and

dż = Z1(z, ż, t)dt+ Z2(z, ż, t)dξ (b)

are said to be equivalent almost surely (a. s.) if y(t0) = z(t0), ẏ(t0) = ż(t0) a.s. imply y(t, t0, y0, ẏ0) =
z(t, t0, z0, ż0), ẏ(t, t0, y0, ẏ0) = ż(t, t0, z0, ż0) a. s., for all t ≥ t0.

The problem of construction of equation (2) by the given equation (1) was considered in [31] in
the case of the absence of random perturbations σνj ≡ σ

′
νj ≡ 0. The case of the presence of random

perturbations and Qk ≡ 0 was studied in [32] by the method of additional variables.
Hereinafter, summation is assumed for the repeated indices of the factors. The indices i, k, and v

run from 1 to n, and the index j runs from 1 to m.
In other words, the problem is stated as follows: for given Fν , σνj it is required to determine the

conditions on the functions L and σ′νj , under which equation (2) is equivalent to equation (1) with the
given structure of forces Qk.

Case A. Let Qk be arbitrary non-potential forces.
Theorem 1. Equation (1) is represented in the form of equation (2) with arbitrary non-potential

forces if and only if
∂2L

∂ẋk∂ẋν
= δνk , where δνk =

{
1, ν = k
0, ν 6= k

, (3)

and
σ
′
kj(x, ẋ, t) = σνj(x, ẋ, t). (4)

Proof. By the Ito’s rule of stochastic differentiation, we obtain

d

(
∂L

∂ẋk

)
=

[
∂2L

∂ẋk∂t
+

∂2L

∂ẋk∂xν
ẋν +

∂2L

∂ẋk∂ẋν
Fν +

1

2

∂3L

∂ẋk∂ẋi∂ẋν
σijσνj

]
dt+

∂2L

∂ẋk∂ẋν
σνjd0ξ

j .
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Since Fνdt+ σνjd0ξ
j = dẋν , we have

d

(
∂L

∂ẋk

)
=

∂2L

∂ẋk∂ẋν
dẋν +

[
∂2L

∂ẋk∂t
+

∂2L

∂ẋk∂xν
ẋν +

1

2

∂3L

∂ẋk∂ẋi∂ẋν
σijσνj

]
dt. (5)

Hence, in view of (5), equation (2) takes the form

d

(
∂L

∂ẋk

)
− ∂L

∂xk
dt− σ′kj(x, ẋ, t)d0ξj ≡

≡ ∂2L

∂ẋk∂ẋν
dẋν +

[
∂2L

∂ẋk∂t
+

∂2L

∂ẋk∂xν
ẋν +

1

2

∂3L

∂ẋk∂ẋi∂ẋν
σijσνj −

∂L

∂xk
−Qk

]
dt− σ′kj(x, ẋ, t)d0ξj . (6)

Then, taking into account (6) and the original equation (1), we have

∂2L

∂ẋk∂ẋν
dẋν +

[
∂2L

∂ẋk∂t
+

∂2L

∂ẋk∂xν
ẋν +

1

2

∂3L

∂ẋk∂ẋi∂ẋν
σijσνj −

∂L

∂xk
−Qk

]
dt−

−σ′kj(x, ẋ, t)d0ξj ≡ dẋk − Fk(x, ẋ, t)dt− σkj(x, ẋ, t)d0ξj . (7)

The above equation implies the fulfillment of condition (3) of Theorem, which in turn implies

∂3L

∂ẋk∂ẋi∂ẋν
≡ 0. (8)

Equating the coefficients of dt and dξj in (7), on the basis of (8) we obtain the fulfillment of condition (4)
of Theorem and the following expression

Qk =
∂2L

∂ẋk∂t
+

∂2L

∂ẋk∂xν
ẋν −

∂L

∂xk
+ Fk(x, ẋ, t). (9)

Expression (9) determines the non-potential force Qk. If instead of (2) we consider the equation

d(
∂L

∂ẋk
)− ∂L

∂xk
dt = Qk(x, ẋ, t)dt+ σkj(x, ẋ, t)d0ξ

j , (2
′
)

we obtain the following corollary of Theorem 1.
Corollary 1. Equation (1) is represented in the form of equation (2

′
) with arbitrary non-potential

forces if and only if condition (3) is met.
In particular, for x ∈ R1, ξ ∈ R1, conditions (3) and (4) for the transition from (1) to (2) take the

form
∂2L

∂ẋ2
= 1, σ

′
= σ,

and an arbitrary non-potential force is determined as

Q =
∂2L

∂ẋ∂t
+

∂2L

∂ẋ∂x
ẋ− ∂L

∂x
+ F.

Case B. Let Qk admit the generalized Rayleigh function R(x, ẋ), that is,

Qk(x, ẋ) = − ∂R
∂xk

. (10)

Then equation (2) is represented in the form

d(
∂L

∂ẋk
)− ∂L

∂xk
dt = − ∂R

∂xk
+ σ

′
kj(x, ẋ, t)d0ξ

j . (11)
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Theorem 2. Equation (1) is represented in the form of equation (11) with non-potential forces
admitting the Rayleigh function if and only if conditions (3), (4) and

∂R

∂xk
=

∂L

∂xk
− ∂2L

∂ẋk∂t
− ∂2L

∂ẋk∂xν
ẋν − Fk(x, ẋ, t) (12)

are met.
This theorem is proved in the same way as Theorem 1.
Theorem 2 implies the following statement for the equation

d(
∂L

∂ẋk
)− ∂L

∂xk
dt = − ∂R

∂xk
+ σkj(x, ẋ, t)d0ξ

j . (11
′
)

Corollary 2. Equation (1) is represented in the form of equation (11
′
) with non-potential forces

admitting the Rayleigh function if and only if conditions (3) and (12) are met.
In particular, for x ∈ R1, ξ ∈ R1, conditions (3), (4) and (12) for the transition from (1) to (11)

take the forms
∂2L

∂ẋ2
= 1, σ

′
= σ,

∂R

∂x
=
∂L

∂x
− ∂2L

∂ẋ∂t
− ∂2L

∂ẋ∂x
ẋ− F,

respectively.
We now extend the definition introduced by R.M. Santilli [21] to the class of Ito stochastic

differential equations.
Definition 2. We say that equation

Aνi(x, ẋ, t)dẋ
i +Bν(x, ẋ, t)dt = σνj(x, ẋ, t)d0ξ

j (1
′
)

admits the analytic representation in the form of the Lagrange stochastic equation with a given
structure of forces, if there exist n2 functions hνk(x, ẋ, t), det(hνk) 6= 0, such that the following identity
holds:

d(
∂L

∂ẋk
)− ∂L

∂xk
dt−Qkdt− σ

′
kj(x, ẋ, t)d0ξ

j ≡ hνk(Aνidẋi +Bνdt− σνjd0ξj). (13)

Let us consider the problem of analytic representation in the sense of Definition 2. In other words,
given the functions Aν,j , Bν , σν,j and the forces Qk in equation (2

′
), it is required to determine the

conditions on the functions hνk, L, σ
′
νj , under which the relation (13) holds.

Теорема 3. For the indirect representation of the equation with arbitrary non-potential forces Qk,
the necessary and sufficient conditions are

∂2L

∂ẋk∂ẋi
= hνkAνi, (14)

σ
′
kj = hνkσνj . (15)

Proof. We set F ∗ν = −A−1νi Bi, σ∗νj = A−1νi σij . Then, we have

d(
∂L

∂ẋk
) =

[
∂2L

∂ẋk∂t
+

∂2L

∂ẋk∂xν
ẋν +

∂2L

∂ẋk∂ẋν
F ∗ν +

1

2

∂3L

∂ẋk∂ẋi∂ẋν
σ∗ijσ

∗
νj

]
dt+

∂2L

∂ẋk∂ẋν
σ∗νjd0ξ

j .

Since F ∗ν dt+ σ∗νjd0ξ
j = dẋν , we obtain

d

(
∂L

∂ẋk

)
=

∂2L

∂ẋk∂ẋν
dẋν +

[
∂2L

∂ẋk∂t
+

∂2L

∂ẋk∂xν
ẋν +

1

2

∂3L

∂ẋk∂ẋi∂ẋν
σ∗ijσ

∗
νj

]
dt. (16)
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Hence, in view of (16), relation (13) takes the form

∂2L

∂ẋk∂ẋν
dẋν +

[
∂2L

∂ẋk∂t
+

∂2L

∂ẋk∂xν
ẋν +

1

2

∂3L

∂ẋk∂ẋi∂ẋν
σ∗ijσ

∗
νj −

∂L

∂xk
−Qk

]
dt−

−σ′kjd0ξj ≡ hνk
(
Aνi(x, ẋ, t)dẋi +Bν(x, ẋ, t)dt− σνj(x, ẋ, t)d0ξj

)
.

Equating the coefficients of dẋi and dξ
j
0, we obtain relations (14) and (15) of Theorem 3. The coefficients

of dt on the right- and left-hand sides of the equation are equal due to an arbitrary non-potential force
Qk of the form

Qk =
∂2L

∂ẋk∂t
+

∂2L

∂ẋk∂xν
ẋν +

1

2

∂3L

∂ẋk∂ẋi∂ẋν
σ∗ijσ

∗
νj −

∂L

∂xk
− hνkBν .

The following statement holds in the case when non-potential forces admit the generalized Rayleigh
function (10).

Theorem 4. Equation (2
′
) has an indirect representation in the form of the Lagrange equation with

non-potential forces admitting the generalized Rayleigh function (10) if and only if conditions (14),
(15) and

∂R

∂xk
=

∂L

∂xk
− ∂2L

∂ẋk∂t
− ∂2L

∂ẋk∂xν
ẋν −

1

2

∂3L

∂ẋk∂ẋi∂ẋν
σ∗ijσ

∗
νj + hνkBν ,

with σ∗νj = A−1νi σij , hold.

Proof. Let us apply Ito’s rule of stochastic differentiation to the expression d( ∂L∂ẋk ) and plug it into
(13). Then (13) takes the following form:

∂2L

∂ẋk∂ẋν
dẋν +

[
∂2L

∂ẋk∂t
+

∂2L

∂ẋk∂xν
ẋν +

1

2

∂3L

∂ẋk∂ẋi∂ẋν
σ∗ijσ

∗
νj −

∂L

∂xk
+
∂R

∂xk

]
dt−

−σ′kjd0ξj ≡ hνk
(
Aνi(x, ẋ, t)dẋi +Bν(x, ẋ, t)dt− σνj(x, ẋ, t)d0ξj

)
. (17)

Equating the coefficients on the left- and right-hand sides, we obtain the fulfillment of conditions (14),
(15) and (17) of Theorem 4.

In particular, for x ∈ R1, σ ∈ R1, conditions (14), (15) and (17) take the forms

∂2L

∂ẋ2
= hA, σ

′
= hσ,

∂R

∂x
=
∂L

∂x
− ∂2L

∂ẋ∂t
− ∂2L

∂ẋ∂x
ẋ− 1

2

∂3L

∂ẋ3
σ2 + hB.

If the desired Lagrangian is sought, following R.M. Santilli [21], in the form

L = K(x, ẋ, t) +Dµ(x, t)ẋµ + C(x, t), (18)

then we obtain the following statement in terms of functions K,Dµ and C.
Theorem 5. Equation (2

′
) has an indirect representation in the form of the Lagrange equation with

non-potential forces, admitting the generalized Rayleigh function (10), and the Lagrangian of the form
(18) if and only if conditions (15) and

∂2K

∂ẋk∂ẋi
= hνkAνi,

∂R

∂xk
=

(
∂K

∂xk
+
∂C

∂xk

)
− ∂Dk

∂t
−

− ∂2K

∂ẋk∂t
− ∂2K

∂ẋk∂xν
ẋν −

1

2

∂3K

∂ẋk∂ẋi∂ẋν
σ∗ijσ

∗
νj + hνkBν

are fulfilled.
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Proof follows from Theorem 4 and the relations

∂2L

∂ẋk∂ẋi
=

∂2K

∂ẋk∂ẋi
,

∂2L

∂ẋk∂t
=

∂2K

∂ẋk∂t
+
∂Dk

∂t
,

∂2L

∂ẋk∂xν
=

∂2K

∂ẋk∂xν
+
∂Dk

∂xν
,

∂3L

∂ẋk∂ẋi∂ẋν
=

∂3K

∂ẋk∂ẋi∂ẋν
,

∂L

∂xk
=
∂K

∂xk
+
∂Dµ

∂xk
ẋµ +

∂C

∂xk
.

Example

Let us consider the planar motion of a symmetric satellite in a circular orbit, assuming a change
in pitch under the action of gravitational and aerodynamic forces [33]

θ̈ = f(θ, θ̇) + σ(θ, θ̇)ξ̇0, (19)

where θ is the pitch angle and

f = Ml sin 2θ −M [g(θ) + ηθ̇], σ = Mδ[g(θ) + ηθ̇]. (20)

Case A. Let Q be arbitrary non-potential forces.

A(i). Assume that the Lagrange function is of the form L =
1

2
θ̇2. Then equation (2) takes the form

θ̈ = Q + σ
′
ξ0. Hence, by Theorem 1, condition (19) for the representation in the form (2) with the

given L is written as σ′ = σ for Q = f .

A(ii). Let L =
1

2
θ̇2+α(θ)θ̇)+β(θ). Then equation (2) takes the form θ̈−βθ = Q+σ

′
ξ0. Taking into

account the form (20) of the function f , we determine βθ = Ml sin 2θ−Mg(θ), or β = −1

2
Ml cos 2θ−

MG(θ), where G =
∫
g(θ)dθ. Let us now assume σ′ = σ = Mδ[g(θ) + ηθ̇]. Then, by Theorem 1, we

conclude that the Lagrangian L =
1

2
θ̇2−M [

1

2
l cos 2θ+G(θ)] for Q = −Mgθ̇ provides the representation

of equation (19) in the form (2).
Case B. Let Q admit the generalized Rayleigh function R (10).

B(i). By Theorem 2, for L =
1

2
θ̇2 the function R takes the form R = −[N(θ)θ̇ +

1

2
Hθ̇2], where

N(θ) = Ml sin 2θ −Mg(θ) and H = −Mη. Hence, (24) is represented in the form (11
′
).

B(ii). For L =
1

2
θ̇2 + α(θ)θ̇) + β(θ), as in the case A(ii), we determine β and, by Theorem 2,

conclude that for R =
1

2
Mηθ̇2 and L =

1

2
θ̇2−M [

1

2
l cos 2θ+G(θ)] equation (19) can be represented in

the form (11
′
).
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Екiншi реттi Ито теңдеуiн берiлген құрылымы бар күштердiң
теңдеуi түрiнде кұру

Берiлген стохастикалык теңдеулер жүйесiнен берiлген құрылымы бар күштердiң эквиваленттi теңдеу-
лердi құру есебi қарастырылған. Теңдеулердiң эквиваленттiлiгi шамамен ықтимал мағынада зертте-
ледi. Екiншi реттi Ито стохастикалық дифференциалдық теңдеулер жүйесi белгiлi бiр құрылымның
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потенциалды емес күштерi бар стохастикалық Лагранж теңдеулерi ретiнде ұсынылу шарттары анық-
талған. Стохастикалық теңдеулердiң Рэлей функциясын қабылдайтын потенциалды емес күштерi бар
стохастикалық теңдеулер түрiндегi бейнеленуiнiң қажеттi және жеткiлiктi шарттары алынды. Зерт-
теу нәтижелерi ауырлық күшi мен аэродинамикалық күштердiң әсерiнен тангаждық өзгерiстерге
ұшыраған дөңгелек орбитадағы симметриялық жерсерiктiң қозғалысының мысалында көрсетiлген.

Кiлт сөздер: стохастикалық дифференциалдық теңдеу, стохастикалық Лагранж теңдеуi, потенциал-
дық емес күштерi бар стохастикалық теңдеулер, шамамен ықтимал эквиваленттiлiк.
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Представление уравнения Ито второго порядка в виде уравнения
с заданной структурой сил

Рассмотрена задача построения по заданной системе стохастических уравнений, эквивалентных урав-
нений с заданной структурой сил. Исследована эквивалентность уравнений в смысле почти наверное.
Определены условия, при которых заданная система стохастических дифференциальных уравнений
Ито второго порядка представима в виде стохастических уравнений Лагранжа с непотенциальными
силами определенной структуры. Получены необходимые и достаточные условия представимости сто-
хастических уравнений в виде стохастических уравнений с непотенциальными силами, допускающими
функцию Рэлея. Результаты исследования проиллюстрированы на примере движения симметричного
спутника по круговой орбите в предположении изменения тангажа под действием аэродинамических
сил и тяготения.

Ключевые слова: стохастическое дифференциальное уравнение, стохастическое уравнение Лагранжа,
стохастические уравнения с непотенциальными силами, эквивалентность почти наверное.
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