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Best approximation by «angle» and the absolute Cesaro summability
of double Fourier series

This article is devoted to the topic of absolute summation of series or Cesaro summation. The relevance of
this article lies in the fact that a type of absolute summation with vector index which has not been previously
studied is considered. In this article, a sufficient condition for the vector index absolute summation method
was obtained in terms of the best approximation by «angle» of the functions from Lebesgue space. The
theorem that gives a sufficient condition proves the conditions that are sufficient in different cases, which
may depend on the parameters. From this proved theorem, a sufficient condition on the term mixed
smoothness modulus of the function from Lebesgue space, which is easily obtained by a well-known
inequality, is also presented.

Keywords: trigonometric series, Fourier series, Lebesgue space, best approximation by «angle», absolute
summability of the series.

Introduction and preliminaries

Let Iy = {(21,72) € R?: 0 < x; < 27}
We denote by Ly(I2) the space of all measurable by Lebesque, 2m-periodic on each variable functions
f(z1,x2), such that

27 27 q
1 fllq = (/ / |f(951,552)|qd$1d962> < +00,1 < g < +o0.
o Jo

Let Yy n,(f)q is two-dimensional best approximation by «angle» of function f € L,(I3). By

definition [1-3],
Yoins (f)g = Tnl,ciryl%:oo,ng 1f = Thi o0 = Toopme Hq )

where the function T}, oo € Lg(I2) is a trigonometric polynomial of degree at most ny in z1, and the
function T p, € Lg(I2) is a trigonometric polynomial of degree at most ny in .

Let r € N, hy, ho € R. For a function f € Ly(I2), the difference of order r € N with respect to
the variable 1 and the difference of order » € N with respect to the variable x5 are defined as follows
[1-3]:

r

Azl,xlf(xh'%?) = Z <_1)T_V1 : Cvlﬂjl : f(xl + h’lylvx?)v

V1 :0

and, respectively
T

AZ@Qf(mlal‘Z) = Z (—1)T_V2 . C;/Q . f(l‘l,l‘g + hgl/g).

v2=0
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Denote by Q,.(f;t1,t2), the mixed module of smoothness of an order r of function f € Ly(I3) [1-3]:

Qr(f;tlth)q = \hs~|1ipt< HAZQ,.TQ ( 7;11@1 (f)) ”q
J'= "7
j=1,2

Consider a double trigonometric series
(o] oo
E E (anhn2 COSN1X1 COSN2Ty + bm,,12 sinnjxi cosnoxg +

ni=1ng=1
0o %s)

+Cny ny COSNITT SINN2T2 + dpy) ny SINN 2 SINNQT2) = g E B, (21, 22).

ni=1ng=1

Let’s write it down

4B _ BED(B+2). . (B+n)

" n! ’

where (8 is a real number, n is a natural number.
The sum

o onea = 50 SUTALY (42) Bt

k1 1k2 1] 1

called (C; 1, B2) mean of series (1).

The series (1) called |C; 1, B2|x, r,-summable (or absolute summable with vector index), A; > 1,

j = 1,2, at the point (z1,x2) € I, if the following series converges:

o182 (w1, 20) — o 0VR) (21, 29) —

00
2 :nggfl 2 :n)\l 1

no=1 ni=1
A2

)\1] A1
2

—1
ni no

Ao = (1142 3 3 (TD0A ) musnon
k1=1ko=1

=1 =

_0_(51,,32) (z1,22) + 0 (B1,62) (21, 22)

ni,na2—1 n1 1,n2—1

Let

Then the convergence of the series (2) is equivalent to the convergence of the following series

Ao

>\1] A1

P08 (11, 35)

>t |3 i

no=1 ni=1

In case Ay = A\ = X we will write |C; 81, f2| (absolute summability with scalar index) instead of

’Ca /Bla B2|)\1,)\2'

Issues related to the absolute Cesaro summability of series began to be studied intensively in the
twentieth century. Among the many scientists we can mention the work of F.T. Wang [4], [.E. Zhak and
M.F. Timan [5], K. Tandori [6], L. Leindler [7], M.F. Timan [8|, Yu.A. Ponomarenko and M.F. Timan [9],
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I. Szalay [10,11], G. Sunouchi [12], who studied the conditions of the absolute Cesaro summability
of trigonometric and orthogonal series. In recent years, various generalizations of absolute Cesaro
summability have been defined, and the former classical results have been proved for these generalizations.
For example, we can cite the works of H. Bor [13-15], Yu. Dansheng and Zhou Guanzhen [16], S. Sonker
and A. Munjal [17,18], E. Savas [19,20], B. Rhoades and E. Savag [21]. In addition, L. Leindler [22]
and H. Bor [23| gave a new application of power increasing sequence by applying absolute Cesaro
summability for an infinity series. Problems of absolute Cesaro summability of multiple trigonometric
Fourier series of functions from different spaces studied in works [24-29]. Almost all of this work is
devoted to the topic of absolute Cesaro summability with scalar index. The absolute Cesaro summability
with vector index was first defined in [24]. In the article [24] the condition 5; = [3 is considered and
only sufficient conditions are obtained. Feature of our work is that under sufficient conditions 31 # Ss.

Main results

Now we prove the main results.
_ 2 2 2 2
We denote  pg,k, = \/akle + bk ks T ity T Dk
Theorem 1. Let 1 < g <2, 1<) <)\ <gq, %+qi, = 1. Then for |C; B1, B2|x; \,-summability

almost everywhere on I Fourier series of function f(z1,z2) € Ly(I2) is sufficiently,
1) in case of qi/ < f1 < +o0, qi, = [y, for the condition to be met:

o0 2 o [e/e] . Yl
S () % (7Y 1[271?1(3 ) 1'Y7ﬁ1n2(f)q] | < oo

no=2 ni=1

2) in case of qi, < B <40, —1< < qi,, for the condition to be met:

3) in case of —1<f; < qi,, q—l, = py for the condition to be met:

A2
oo

> ”22(%71)71(111”2)%2 [Z nl(%fﬁl)hil ' Ynﬁlm(f)q] | < foo.

no=2 ni=1

Proof of item 1). It was proved in work [29] that in case of q—l, < B < 400, qi, = [, if the next

series
A

22
A1 X
S 00 gnitl_q1 gnatl_j a

22| X 2 gk

na=0 | n1=0 \ k1=2"1  ko=272

converges, then series (1) is |C; 1, B2|x,,n,-summable almost everywhere on Is.
By simple calculations, we get

)

A bY}

Al
S onitl_1 onotl_j q

S = Z Z Z Z p%ﬂ@lnk’? =

n2=0 | n1=0 k1=2™1 ko=2"2
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A2
2173
00 oo f2mitl_1 gnatl_g a
2—
S D3l 15 SRR SIS I
no=0 | n1=0 k1=2"1 =212
A
SRR
2mitl_p gnatl_g a
<OX |5 (e By )| s
n2=0 | n1=0 k1=2"1 =2m2
A
+1 +1_ Mo
00 Ao 00 9 21T -1 2m2 1 q
n2)\2 271 7 nl)\l =—1
no=1 n1=0 k1=2™1 —=on2
Hence, using the Hardy-Littlewood theorem [30], we obtain
A2
2n1+171 2n2+1 1 Al A1

SS 8. i 2n2)\2<%—1 )‘72 Z 2n1)\1 *—1) Z Z Bk1k2 : ) (3)

na=1 n1=0 k=21 =272

Now, using inequality [1]

2n1+1_1 2n2+1 1

Z Z By o (- < C-Yoni_19m-1(f)qs (4)

kp=2n1 =2n2
q

due to the monotonicity of the best approximation by an «angle» from (3), we have

Ao

00 Py
s<c z 2n2>\2(%—1> 22 [Z 2n1)\1(7_1)Y2>7‘11 1,272 — l(f) ] ' <
no=1 n1=0
Ao
oo 2 N\ 00 2 1\ Py
<C Z (lnng)%2 n;\2(q 1) ' [Z nl\l(q 1> IYTL)\llTLQ(f)q] 1 .
no=2 ni=1

Proof of item 2). In case of <P <400, —-1<f< qi,, by Theorem 2 in [29], the convergence
of series
A

A2
AL Xy
S 00 oritl_1 gretl_j q

SIS (2 3

n2=0 | n1=0 k1=2"1 ko=2"2

implies the |C; 81, B2|a, \,-sSummability of series (1) almost everywhere on Is.

Carrying out simple calculations, using the Hardy-Littlewood theorem [30] and inequality (4), we
obtain

A1
00 00 onitl_1 9gnretl_j q

POND DN ED DD DI =

n2=0 | n1=0 k1=2"1 ko=2m2

A1
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o0 oo

> |2

n2=0 | n1=0

<C Z 2712)\2 *—52

no=0

<C Z 2n2>\2 *—,32

no=0

<C i 2n2>\2(

no=0

o0

5,\1
<CZn2 2 | A2

no=1

Proof of item 3). Let —1 < 1 < qi,,

o [e.e]

2|2

no=0 | n1=0

Ny o 22

2177 A

2n1+1 1 2n2+1 1 q 1

q—21,9(1—=B2)—1
Z § o, (Biko) T2k (kiko)®~ <
=2"1 =2"2

A
M5

onitl_q P2+l a

nl/\1 7—1
Z 2 Z Z pk’1k2 k1k2 <
n1=0 k1=2"1 =2"2
Ao
A (2-1) gritl_1 gna+l_g Al h
2: ni 1 £ — 2:
2 Z B/ﬂkg('a') S
n1=0 k1=2™1 ko=2"2 q
A2
A M
n1 1 A1
E 2 Y2n1 1ome1(Ng| <
n1=0

oo

[nl 1

)\11

A1
nin2

Z”q (f)q] l-

qi, = (3. Then by Theorem 2 in [29] the convergence of series

A2
SRy IRVY
2mitl_1 onatl_jg a
a q(1-p1)—1
> D Pkl Ik,
kp=2m1  kp=2n2

implies the |C; 81, B2|x, r,-summability of series (1) almost everywhere on Is.
In a similar way to the proof of the previous points, using the Hardy-Littlewood theorem [30] and

inequality (4), we get

[e.9] o0

> |2

no=0 | n1=0

00 %s) on1tl_g
no=0 | n1=0 =21
o0 A
2 4\ A2
<Cy gra(3-1) K

no=1

e 2
<cy o2 (i7),,

no=1

60

A2
A1 3
gnitl_1 9gnatl_jq a
q q(1-p1)-1 _
> > Pkl Ink, -
k=271 k=272
A
M5
2n2tl_q a
2,.9(1-p1)-1
Z Pl (k) T2 TP 7 (e ky) 20 Iy <
—2n2
A
M Ar
) 2mitl_1 onati_jg q
nl)\l *—51
Z > Z P (1 ki2)? <
1=0 kp=271 =22
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Ao

o 2 ) _ 00 1 _ A

<C Z n;Q(i 1) 1(lnn2)%2 Z nl((ll 51)>\1 ! . YTf\llnz(f)q '
no=2 ni=1

Thus, the theorem is fully proved.

Using the following inequality [1]:

1 1

Ynlnz(f) <C Q(f n1+1 n2+1q

we can formulate another result.

Theorem 2. Let 1 < ¢ <2, 1< X <A <gq, % —|—qi, = 1 and r is a natural number. Then for

|C; 1, B2|x \-summability almost everywhere on I Fourier series of function f(z1,22) € Lg([2) is
sufficiently,

1) in case of qi, < B < +0, qi, = (9, for the condition to be met:

> L2 *—1 ——1 1 1 A1
Z (Inny) « [Z ny ’Q;\l(f%n,)q] < 400

no=2 ni=1

2) in case of qi/ <L <400, —-1<pf< qi/, for the condition to be met:

Ag
o0 A
)\2 1 Arl 1 1 !
S [ g L D] <o
no=1 ni=1 1 2
3) in case of —1<f; < qi,, q—l, = f9 for the condition to be met:
Ag
(2-1) 2 | o= (5-81)M-1 11"
Z n2 111712) a [Z nl(q ) -Q;\l(f;n—,n—)q < +00.
no=2 ni=1 1 2
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C. Birimxan!, O. Mekerr?

1 .
JI.H. Tymunes amoimdaen, Eepasus yammus yrueepcumemi, Acmana, Kasaxcman;
2C. Cetipyrrun, amoindaen Kaszax azpomernuxary ynusepcumemi, Acmana, Kasaxcman

«BypsbIlneH» eH »KaKChl XKYBIKTay »KoHe eKi ecejli Pypbe KaTapbIHbIH
Yezapo OoibIHITIA aOCOJIIOTTI KOCHIH/IBIJIAHYbI

Maxkasia KaTapaapabiH aOCOTIOTTI KOCBIHABLIAHYBI HeMece 1e3apo OOMBIHITA KOCHIHIABIIAHY TAKBIPBHIOBIHA
apHaJiFraH. ByJ1 )KyMBICTBIH, ©3€KTLIII MbIHA/[a: OYPBIH KO 3€PTTEJIMEreH BEKTOPJIBIK NHJIEKCTIH aOCOTIOTTI
KOCBIHBIJIAHY TYPi KAPaCThIPbLIATHIHIBIFBIHIA. ABTOpJIapP BEKTOPJIBIK WHIEKCTIH aOCOIOTTI KOCHIHIBLIAHY
Tociai yrmiu Jleber keHicTiri pyHKIMACHIHBIH, «OYPBIIIIIEH» €H YKAKCHI KYBIKTaybl TEPMUHIHIET] KETKLTKTI
mapTThl ajrad. 2KeTKUTKTi maprTsl 6epeTin TeopeMa napamerpJepre 0aillaHbICTBI OPTYPJIi JKaraaiiaapia
JKETKITIKTI maprrapab! goasesaeiai. Ockl Jo/esIeHreH TeopeMaial 6eriii TeHci3aikTiH kemerimen Jleber
KEHICTIr byHKIUSCHIHBIH, apaJiac TEriCTIK MOMYJ/l TEPMUHIHAETI KETKUTKTI IIapT aJbIHAIbL.

Kiam cesdep: Tpuronomerpusiiibik katap, @ypbe karapsl, Jleber KeHicriri, «OyphIIIIeH» eH KaKChl XKYbIK-
Tay, KaTap/iblH aOCOIOTTI KOCHIHIBIIAHYbI.

C. Burnmxan'!, O. Mexem?

! Bepasutickuti nayuonaavhod yrusepcumem umeny JI.H. Dymusesa, Acmana, Kasaxeman;
2 Kasazcruti azpomexnuveckuti ynusepcumem umerny C. Cetigyrnumna, Acmana, Kasaxcman

Hanny4aniee npubiim>keHne «yrjoM» W aOCOJIOTHAsI CyMMUPYEMOCTD
nmo Yezapo ABOITHBIX psijioB Pypbe

Crarbst IOCBsIIIEHA TeMe abCOJIOTHOIO CyMMHUPOBAHUS PsJIOB, MJIM CyMMHUPOBaHus de3apo. AKTyaIbHOCTH
JAHHON pabOTHI 3aK/II0YAETCS B TOM, YTO PACCMATPHUBAETCS HE W3YyUEHHBIN paHee BUJ abCOTIOTHOTO CYyM-
MHUPOBAHUs C BEKTOPHBIM MHJIEKCOM. ABTOpaMU IIOJIy9€HO JOCTATOYHOE YCJIOBUE sl METOAa abCOIIOTHOTO
CYMMHPOBAHUS C BEKTODHBIM HHJIEKCOM B TEPMHHAX HAWJIYYIIEero IPUOJIMKEHUsS <«YIJIOM» (DYHKIHUH 13
npoctpancTBa Jlebera. Teopema, marorast J0CTATOYHOE YCIOBUE, JOKA3BIBAET JOCTATOYHBIE YCJIOBUS B Pa3-
JIMYHBIX CJIydasX, KOTOPble MOTYT 3aBHCETH OT mapaMerpoB. /3 3Toit HOKa3aHHOI TEOPEeMBbI BBIBOIUTCS
TaK’Ke JIOCTATOYHOE yCJIOBHE B TEPMHUHE CMENIAHHOIO MOIYJIs IVIQIKOCTU (DYHKIIMU U3 IIpOocTpaHCcTBa Jlebe-
ra, KOTOpoe JIErKO MOJIyYaeTCsl C IIOMOIIbIO U3BECTHOIO HEPABEHCTBA.

Kmouesvie crosa: TpuroHOMeTpUIeCcKuit ps, psaia Pypbe, npoctpaHcTBo Jlebera, Hamtydinee mpubInKeHne
«yIJIOM», abCOJIIOTHAST CYMMUPYEMOCTD Psijia.
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