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Boundary value problems with displacement for one mixed
hyperbolic equation of the second order

The paper studies two nonlocal problems with a displacement for the conjugation of two equations of second-
order hyperbolic type, with a wave equation in one part of the domain and a degenerate hyperbolic equation
of the first kind in the other part. As a non-local boundary condition in the considered problems, a linear
system of FDEs is specified with variable coefficients involving the first-order derivative and derivatives of
fractional (in the sense of Riemann-Liouville) orders of the desired function on one of the characteristics
and on the line of type changing. Using the integral equation method, the first problem is equivalently
reduced to a question of the solvability for the Volterra integral equation of the second kind with a weak
singularity; and a question of the solvability for the second problem is equivalently reduced to a question
of the solvability for the Fredholm integral equation of the second kind with a weak singularity. For the
first problem, we prove the uniform convergence of the resolvent kernel for the resulting Volterra integral
equation of the second kind and we prove that its solution belongs to the required class. As to the second
problem, sufficient conditions are found for the given functions that ensure the existence of a unique solution
to the Fredholm integral equation of the second kind with a weak singularity of the required class. In some
particular cases, the solutions are written out explicitly.

Keywords: wave equation, degenerate hyperbolic equation of the first kind, Volterra integral equation,
Fredholm integral equation, Tricomi method, method of integral equations, methods of fractional calculus
theory.

Introduction. Notation. Formulation of the problem

In the Euclidean plane with independent variables x and y we consider the equation
m m—2
0= (_y) Ugpy — Uyy T A (_y) 2 U, y <0, (1)
Uzz — Uyy + [, y >0,
where A\, m are given numbers, and m > 0, |A| < f = f(x,y) is the given function; u = u (x, y) is
the desired function.
Equation (1) for y < 0 coincides with the equation form

m.
2

m—2

(_y)m Upy — Uyy + A (_y)T U, = 0, (2)
and for y > 0 equation (1) is a inhomogeneous wave equation
Uggy — Uyy + f (l’, y) = 0. (3)

Equation (2) belongs to the class of degenerate hyperbolic equations of the first kind [1; 21]. An
important property in equation (2) is that at |[A| < % the Cauchy problem is valid in its ordinary
formulation with type degeneration along the line y = 0, even though it violates Protter condition [2].
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At m = 2 equation (2) turns into the Bitsadze-Lykov equation [3; 37], [4], [5; 234, while when A\ = 0
equation (2) turns into the Gellerstedt equation [6], applicable to determine the shape of a slot in a
dam [7; 234]. A special case of equation (2) is also the Tricomi equation, which plays an important role
in the theory of aerodynamics and gas dynamics [8; 38|, [9; 280], [10; 373] .

Equation (1) is considered in the domain Q = Q; U Qg U I, where Q; is the domain bounded by

m+2 m—+2
characteristics o9 = AC : = — miw (—y) 2 =0,00=CB: x+ mi+2 (—y) 2 = r of equation (2)

2
at y < 0, emanating from the point C' = (r/2,y.), ye = — [W] "+2 | passing through the points

A = (0,0) and B = (r,0), and the segment I = AB of the line y = 0; 23 is the domain bounded by
characteristics 03 = AD : x —y =0, 04 = BD : +y = r of equation (3), emanating from the points
A and B, intersecting at the point D = (%, %) and the line segment [ = AB.

By a regular solution to Eq. (1) in the domain £ we mean the function v = u (x, y) which belongs
to the class C' (Q) NC' (Q) NC? (Q1 UQs), ug, uy € Ly (I), substitution of which turns Eq. (1) into
an identity.

Problem 1. Find a regular solution of equation (1) in the domain €2 that satisfies the conditions

wlfr ()] = ¢u(z),  O0<z<m, (4)

ay(z) (r— x)’BQ D,{;ﬁl {u[br0 ()]} + az(:c)D,{;ﬁu (t,0) + ag(z)uy (2,0) =o(z), O<z<r, (5)

where a1 (), as(x), az(x), ¥1(z), ¥2(z) are defined functions on the segment 0 < x < r and o2(x) +
a3(z) +a3(x) £0Vz € [0,r].

Problem 2. Find a regular solution to equation (1) in the domain € that satisfies the nonlocal
condition (5) and the boundary condition

ulfor(2)] = ¢1(z), O<z<r, (6)

where a1 (z), as(z), as(z), ¥1(z), ¥2(z) defined functions on the segment 0 < x < 7 while o (z) +
a3(x) + ad(x) £0Vax € [0,r].

Hence 6o (x) = (4, — (2= 28)° 7 @178 ): 61 (2) = (3, 5); brola) = (552, — (2 28)" " (r = ) P);

0r1(z) = (Z52, 5%) are affixes of intersection of characteristics emanating from the point (z, 0) with
m—+2X

characteristics of AC, AD, BC, BD correspondingly; affixes of points #; = ;Zlm;fé\), Bo = 20mta)
B = B1+ B = 5 Dgyg (t) is a fractional integro-differential operator (in the sense of Riemann-
Liouville) of an order || with origin at the point ¢ [5], [7], [11].

The Goursat problem for a hyperbolic equation degenerating inside a domain was previously studied
in [12,13]. In [12], the criterion for the continuity of the solution to the Goursat problem for an
equation of form (2) is studied and in [13], the solution to the Goursat problem for a model equation
that degenerates inside the domain is written explicitly. Paper [14] considers the first boundary value
problem for a hyperbolic equation degenerating inside a domain. Papers [15-17] study boundary value
problems for degenerate hyperbolic equations in a characteristic quadrangle with data on opposite
characteristics.

Problems 1 and 2 formulated above and studied in this paper belong to the class of boundary
problems with the Zhegalov-Nakhushev displacement [18-20]. Problems with a displacement for hyper-
bolic equations degenerate inside the domain were previously studied in [21-25]. Previously, various
problems with a displacement for parabolic-hyperbolic type equations of the second and third orders
were studied in the works [26,27]. A more complete scientific literature review on boundary value
problems with a displacement one can find in monographs [28-34]. As part of this work, we established
sufficient conditions for the given functions ay(z), aa(z), as(x), ¥1(x), Ya(x) and f (z, y), for a unique
regular solution to problems 1 and 2 in the considered domain. In some special cases, the solutions are
written out explicitly.
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Study of Problem 1

The study of problem 1. The following Theorem holds.
Theorem 1. Assume the given functions «q(z), az(z), as(z), ¥1(x), ¥e(x) and f (z, y) are such
that

a1 (), as(z), az(x), Yo (x) € C[0,r] N C*(0,7), (7)
Y1 (z) € CHO,r] N C%(0,r), (8)
f(z,y) € C(Q), (9)

and one of the below conditions is met: either

az(z) —ypai(x) #0 Yz e|0,r] (10)

ag(x) — yeai(x) =0, ag(x) +v1a1(x) #0 Yz €[0,r]. (11)

Then there exists a unique regular solution to Problem 1 in the domain ).
Proof. Let there is a solution to problem (1), (4), (5) and let

u(z,0)=7(x), 0<z<r, (12)

uy (z,0)=v(z), 0<z<r. (13)

At [A| < 7 the solution to Cauchy problem (12)-(13) for equation (2) is written out according to
one of the formulas [35; 14]

1
u(z, y) T B) (—y) =) (2t — 1)} I (R L T
/31 B2) 0/
1
+ (1_51’ T /,, B) (—y)/ = (2t-1)} A (1 —t) A, [N < % (14)
0
wla,y) =7 o+ (1= B) ()] +
1
+0=B)y [v]er@-p) (P e-1] (-0 e A=T, (15)
0
we,y) =7 e (1-8) (9" +
1
+a=B)y [v]era-p) ()P 0-2] A=t e A= (16)
0
where 7(z) € C[0,7] N C%(0,r), v(z) e CL(0, 7“) NL1(0,7); p1= QT(nm;i’Q\), B = QTJJEQ ,B=p1+B2=
s T(p) = joexp t) tP=tdt, B(p, q fti” -~ Ldt are Euler integrals of the first and
0
second kind, B (p, q) = FIQE’;E((;)I).
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Consider first the case for |A| < . By (14) and taking into account (8), we have

ulbe)] = (T35 - 228/ ) )

1
/T s+ (r—2)tf] 21—t dt—
0

Bla ﬁQ

1
B(1—-p1,1—p)

1
(2-28)"" (r— )" /” [z + (r—a)t] t% (1—t)"7at.
0

Introducing a new variable z = x + (r — x) t, we can rewrite the last equality as follows

dz.

r—z) 8 TTZ r—z)Ph1 —2B8)t 7"l/z r—z) P
NN AT Ly S CTLEE GR PRI iy (Y EE

B (B1, B2) J (z—a) ™" 7B (1 =51, 1—po) (z —x)h

x

In terms of fractional differentiation operators (in the sense of Riemann-Liouville) defined above, we
rewrite the last equality

ulfro(z)] = I‘F((gl)) (r — x)lfﬁ Dr_z62 [T ) (r — t)ﬁlfl} B
L@-8) ) st o .
T 2T PR 0 o0 an)

Next, let us use the laws of weighted composition operators of fractional differentiation and integration
with the same origins [5], [7; 18], [36; 20]

D' Dy (s) = p(z), (18)
Dg |t —[*™ Dl (s) = |z — " DE |t — |0 (1), (19)

where 0 < a < 1,7 <0, a+v > —1; ¢(x) € Lla,b], and for « + v > 0 the function ¢(z) has a
fractional derivative D& 7o (t).

Applying the operator D5 to both parts of equality (17) and using composition laws (18), and
(19) we obtain

(r — )7 DL [0r ()] = Dy 7 (t) — yav(), (20)
_I(B _ I(2-B) (2—2B)°~1
where 1 = £z}, 92 = SRR —

Substituting (r — ) Diz " u [0 ()] by (20) we can specify condition (5) as follows

[z () + y100.(2)] Dy 77 (1) + [a3(2) — 201 (2)] v(z) = tha (). (21)

Relation (21) is fundamental between the desired functions 7(x) and v(x), the domain €4 to the line
y = 0 for |A] < F. At A = 3 by (15) under condition (5) we arrive again at (21) but in this case for
f1=0, == "5 n=0 1= 20-1(1 — 5)6, while for X = —% by (16) and (5) we get (21) for
Bi=B= 1 B=0,m=17=C@2-08)@2-28""

Next, we should obtain the fundamental relation between 7(z) and v(x) transferred to the liney = 0
from Q.
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For this purpose, we study a representation of the regular solution to problem (12), (13) in Qg for
equation (3), which is written out by the d’Alembert formula [37; 59]:

z+y y x+y—t
T(x+y)+7(x—1y)

u(z,y) = 5 +;/y(t)dt+;/ / f(s,t)dsdt, (22)

T—y 0 z—y+t

where 7(z) € C[0,r]NC%(0,r), v(z)e€ C*0,r)NL:(0,r), f(z, y)€C(Q).
Satisfying condition (4) in (22) obtain

T 2
— 1
w1 (2)] = u <7"-|2-$’ r 2x> _ T(r)—zw(x) +/y(t)dt+2 / /f(s’ t)dsdt = 1 (2),
T 0 z+t
whence, using the differentiation, we get the relation form
T;I
(z) —v(z) — / f (x4t t)dt = 24 (x). (23)

0

Relation (23) is the fundamental relation between 7(x) and v(x), transferred from Qs to the segment
I of the straight line y = 0.

Eliminating the desired function v(x) from the above relations (21) and (23) and taking into account
the matching condition 7 (r) = 1 (r) and condition (10) of Theorem 1, with respect to 7(z) we arrive
at the first-order ordinary differential equation with a fractional-order derivative in lower terms

T—x

Vs (x) [

7(x) + a(z) D}, 7 (t) = 20 (x
( )+ ( )D%x (t) le( )+a3(;p)—’yga1($

)+O/f(a:+t,t)dt, 0<z<r, (24)

T(r)=41(r), (25)
aa(z)+rai(z)
a3(z)—y201 ()
We integrate equation (24) from z to r, in view of the initial condition (25), and get the integral

equation corresponding to problem (24)-(25)

where a(x) =

1 T
d@—NmZK@ﬁT@ﬁ:E@, (26)

t !
where K (x, t) = a xlﬁ + f (a (s)dt

(
(t—z)* t—s)1 =8
r w2(t) T (T—t)/2
Fl(ﬂ:‘):2w1<$)—w1(r)—gmdt—xf ‘({‘ f(t+8,8)d3dt

The properties of the given functions (7), (8), (9) suggest that equation (26) is a Volterra integral
equation of the second kind with the kernel K (x, t) € Ly ([0,7] x [0,7]) having a weak singularity for
x =t and the right side Fy(z) € C[0,7] N C?(0,r). According to the general theory of Volterra integral
equations, a solution to Eq. (26), is the unique solution, and can be written out by the formula

ﬂ@:ﬂ@+/K@ﬂE@ﬁ, (27)
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where R (z,t) = Z I{fﬁrf(g)) is the resolvent kernel K (z,t); Ko(z,t) = K (z,t), Kpt1(z, t) =

[ K (z, s) Ky (s, t)ds are the iterated kernels.
t

Let us show that the resolvent R (z, t), like the kernel K (x, t) of Eq. (26), belongs to the class
R(x,t) € L1 (]0,7] x [0,7]) and has a weak singularity at x = ¢, and the solution to Eq. (27), and its
right-hand side Fy(z), belongs to 7(x) € C[0,7] N C2(0, 7).

Indeed, considering a(z) € C[0,7] N C?(0,7) we get estimates for iterated kernels anlx(;)) Let
la(x)] < My and |o/(z)] < My ¥V x € [0,7] . Then for the first iterated kernel we have the estimate

Sl 0] o [ M sy
T | e s
[Ml (1’2(5)51 + ]\?((ﬁtﬁ;ﬁ dt = ij(l;) j (s — )’ (t — s)P L dt+
+W§”F1?gz+l)/t(s 21 (¢ — 5) dt—i—mgj(s—x)ﬁ(t—s)ﬁ_ldt—F
e
Similarly,
ng (z, t) ' K (z, ) K1 (s, t)] _ M} (t— )3~ 3M2M, (t —x)%°

2(3) |= 7 TEB | TG+

BMy MG (t— )t M (¢ — 2)P?
' (38+2) I'(38+3)

It’s clear that

n o~k oarn—kagk (g onB+k—1
Kn_l (JT, t) S Z Cn Ml M2 (t fL') 7 (28)
r(p) | & T (nB+ k)
where C = m is a number of combinations of n elements taken k.
Noting that I' (n8 + k) > T'(nf) V k=0, 1, 2, ... from (28) we obtain the estimate

nB—1 n nB—1
‘Kn 1(z, t) ‘ (t— ) (=2 M+ My (t—2)]™.  (29)

E gk gk (f— )k —
Tgy 2 O MM () = T

For sufficiently large n index nff—1 at (t — x) in (29) is positive. And in this case, the difference (¢t — z)
can be replaced by a higher numerical value r. Thus, for the resolvent R (x, t) of the kernel K (z, t)
we obtain the estimate:

2 Ky (x, t) 2 (M + Myr)™ rnf-1
R(z, t)] = —ne e V) < 30
RO 1 TG <X T )
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Using the Stirling formula for the Gamma function:

I'(n) = Ln”e*”*#,o <n<l1.
2mn

Cauchy criterion for the convergence of numerical series, it is easy to see that the right side series of
inequality (30) converges. Thus, the series for the resolvent R (z, t) of the kernel K (z, t) in Eq. (26)
converges absolutely and uniformly, and we can conclude that the resolvent of the kernel is continuous
for any 0 < § < 1 and any z # t € [0, 7], having a weak singularity for x = ¢.

Further, by representation (27) and estimates (29), (30) with a continuous right-hand side, obtain
the estimate

My + Mor)™ rnb
' (np) ’

|7(z)| = [Fi(z) + /K(az, t) Fy(t)dt| < Ms |1+ Z ( (31)
x n=1

where M3 = max |Fi(z)|.
0<z<r

The convergence of the majorizing sequences (the right side of inequality (31) ) implies the absolute
and uniform convergence according to the Weierstrass test. Whence we conclude the continuity of the
limit function 7(z) € C[0, r].

Now Fy(z) € C%(0, r). In this case, by double integration by parts on the right side of representation
(27), we can see clearly that 7(z) € C2(0,7) that is, the solution to Eq. (26), as well as its right side
is belong to 7(x) € C[0,7] N C?(0,7).

When a(z) = a = const, the solution to (26) is written out explicitly using the formula:

T(z) = Fi(z) +a /R(az, t; a) Fi(t)dt,

where R (z,t; a) = (t — )P E% {a (t —x)°; B}, and E, (z;p) = ). F(u—fi’:p*l) is the Mittag-Leffler
n=0
type function [38; 117], which coincides with the Mittag-Leffler function E, (2;1) = B/, (2) at p =1,
If condition (11) is satisfied, then using system (21), (23) we can immediately get:
. . (r—x)/2
r(x) = D1 [ Ve (1) } v(z) = D5 [ va (1) } — 29 (z) — / f(z+tt)dt

g (t) +maq () az (t) + v (t) )

Study of Problem 2

Now we proceed to the study of problem 2. Satisfying condition (6) for (22) we obtain:

x x/2 z—t
ulbn (@) =u (3, 7) = W + ;/y(t) dt + % / / £ (s, 1) dsdt = vy (),
0 0t
then by differentiation, we get
z/2
v(z) +7'(x) + / f(z—t, t)dt =2¢) () (32)
0
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Relation (32) is the fundamental relation between 7(x) and v(x), transferred from € to the segment
I of the strait line y = 0, in case with Problem 2.

Thus, when |A\| < % with respect to the desired 7(x) and v(x) one gets a system of equations
expressed through (21) and (32). Eliminating from (21) and (32) the unknown v(x) with respect to
7(z), in view of the matching condition 7 (0) = 11 (0), the same way as with problem 1, we arrive at the
following boundary value problem for a first-order ordinary differential equation with a fractional-order

derivative in lower terms

7 (z) — a(x) Di;ﬁT (t) = Fa(x), O<zxz<r, (33)
7(0) =1 (0), (34)
z/2
where Fy(z) = 2¢)(z) — #@11(@ — Of [ (z—t, t)dt.

Integrating equation (33) with respect to the variable = from x to r, considering condition (34), we
obtain the integral equation corresponding to problem (33)-(34)

T

1 €T
@)+ £ 5 0/ Lz, #) 7 (£) dt = oy (0) + O/ B (1) dt, (35)

K (0,t)— K (x, 1), 0<z<t,
K (0, 1), t<z<r.

If the given functions aq(z), ae(x), as(z), ¥1(x), Pa(z) and f (x,y) have the properties (7)—(9)
listed in Theorem 1, then equation (35) is a Fredholm integral equation of the second kind with
the kernel L (z, t) € Ly ([0,7] x [0,7]), with a weak singularity at x = ¢, and a right-hand side of
C[0,7] N C2%(0, 7).

Let us further find sufficient conditions that ensure the unique solvability to Eq. (35). To this end,
let’s consider a homogeneous problem corresponding to Problem 2, setting ¢i(x) = 0, 1a(z) = 0
Vo e[0,r]and f(z,y) =0 V (z,y) € Qo. In this case, problem (33)-(34) turns into the corresponding
homogeneous problem

where L (z, t) = {

1
s} 7(x) - D} Pr(t) =0, O<az<m (36)
7(0) =0. (37)
Multiplying equation (36) by the function 7(x), and integrating the resulting equality with respect
to the variable = from 0 to r, with condition (37) we have
-1 ! 1-8 _
/a () 7(z) 7' (x)dx — /T(a:) D, Pt (t)dx =
0 0
9 s , T
i G / CAL) 20— / (z) DB (1) da = 0. (38)
0

0

,

To estimate [ 7(z) D577 (t) dx, we use Lemma 1 by [39], according to which 7(z) D2, (t) > & D2 * (1),
0

0 < a < 1. With this inequality, we have

T T

/ (@) D7 (1) da > % / D422 (1) dy — er(ﬁ) / =122 (1) dt > 0. (39)
0 0 0
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If the function a(x) is a nonincreasing negative, then, as follows by (39), equality (38) can take place
if and only if 7(x) = 0 Va € [0,r]. Then by (21) and (32) at ¢1(x) = 0, ¢a(x) = 0 Vz € [0,7],
flr,y) =0 V(z,y) € Q2 and [a3(z) — Y201 (7)] [aa(x) + y1a1(z)] # 0 V2 € [0,7] it follows that
v(z) = 0Vax € [0,r] as well. Therefore, under the above conditions Eq. (32) has a unique solution
within 7(x) € C[0,7] N C?(0,7).

Thus, we have proved the following theorem.

Theorem 2. Let the given functions ay(x), as(x), az(x), ¥i(x), ¥2(x) and f(x, y) be such that
they have properties (7)—(9) and let

a(z) <0, d'(z) <0 Vz€0,r], (40)

s () = e (2)] [az(2) + mau(x)] # 0 Va € [0,7]. (41)

Then there exists a unique regular solution to Problem 2 in €.
In the case when a(x) = a = const the solution to problem (33)-(34) is written out explicitly
according to

—a(r—z)° r—a/:
T(z) = o [Eﬁ [Earﬁ]) ]¢1 (0)+ Eﬁ “ar?] /E,g atﬁ Fy (t) dt— /Eﬁ a(r—x) } Fy (t) dt,

Eg [—arﬁ} # 0. (42)

As follows from conditions (40)-(41) Theorem 2, inequality (42) will be satisfied, for example, for all
a <0.

References

1 Cmupuos M.M. Vpasuaenus cmemannoro tuna / M.M. Cmupnos. — M.: Hayka, 1970. — 296 c.

2 Protter M.H. The Cauchy problem for a hyperbolic second-order equation with data on the
parabolic line / M.H. Protter // Canad. J. of Math. — 1954. — 6. — P. 542-553.

3 Bunasaze A.B. Ypasuenusi cmemannoro tuna / A.B. Bunanze. — M.: Usn-so AH CCCP, 1959.
— 164 c.

4 JIbikos A.B. Ilpumenenue mMeTo/0B TEPMOIMHAMUKI HEOOPATUMBIX IIPOIECCOB K UCCIIEI0BAHUIO
rerio- u Maccooomena / A.B. JIbikos // Umxk.-dus. xypu. — 1955. — 93. — Ne 3. — C. 287-304.

5 Haxymes A.M. Ypasuenust maremarndeckoii 6nosornn / A.M. Haxymes. — M.: Hayka, 1995. —
301 c.

6 Gellerstedt S. Sur un probleme aux limites pour une equation lineare aux derivees partielles du
second ordre de type mixte: Thesis doct. Uppsala, 1935. — 240 p.

7 Haxymes A.M. JIpo6uoe ucuucienune u ero npumenenne / A.M. Haxymes. — M.: @usmariur,
2003. — 272 c.

8 Bepc JI. Maremarndeckue BOIPOCHI JO3BYKOBOIi U OKOJIO3BYKOBOIi rasosoii junamuku / JI. Bepe.
— M.: Unocrpannas autepatypa, 1961. — 208 c.

9 O®pankias O.J. Usbpamusie Tpyabl o raszosoit qunamuke /| @.J. Opankis. — M.: Hayka, 1973.
— 771 c.

10 Tpuxomu @. Jleknuu 1o ypaBHeHHSM B 9acTHBIX Tpon3BoAubix /| @. Tpukomu. — M.: Mnocrpan-
Hag jguTeparypa, 1957. — 444 c.

Mathematics series. No.4(112)/2023 49



Zh.A. Balkizov

11 Camko C.I. MuTerpassl u mpou3BOAHBIE JAPOOHOrO TOPsIKA M HEKOTOPbIE UX MPUJIOXKEHUS |
C.I. Camko, A.A. Kunbac, O.1. Mapuues. — Munck: Hayka u Texauka, 1987. — 688 c.

12 Kampmenos T.III. Kpurepuit eguacrBennocT perenust 3aa4qu JlapOy Jiisi 0JIHOTO BBIPOXKIAI0-
mierocs runepoosndeckoro ypasaenusi / T.III. Kanpmenos // dudd. ypasaenus. — 1971, — 7.
— Ne 1. — C. 178-181.

13 Bankuzop 2K.A. KpaeBast 3amada [Jisi BBIPOXKIAOIIETOCS BHYTPU OOJIACTH THIIEPOOJMIECKOTO
ypasuenust / 2K.A. Bankuzos // W3s. Beicir. yueb. 3asen. Ces-Kaskas. per. Cep. Ecrecrennbie
Hayku. — 2016. — Ne 1(189). — C. 5-10.

14 Bankuzos 2K.A. IlepBasi kpaeBasi 3ajia4da Jijisl BLIPOXKJIAIONIENOCS BHYTPU ODJIACTU TUIEPOOJIN-

vqeckoro ypasuenus / 2K.A. Bankusos // Brnaankaskas. matr. xypu. — 2016. — 18. — Ne 2. —
C. 19-30.

15 Kywmbikosa C.K. O6 ojHoil Kpaesoii 3ajade Jjisi IUIepOOJINIECKOr0 YPABHEHUsI, BHIPOXK IAIOIIE-
rocst BayTpu obsactu / C.K. Kymbikosa, @.B. Haxymesa // dudd. ypaBuenus. — 1978. — 14.
— Ne 1. — C. 50-65.

16 Bankwmzos 2K.A. Kpaesble 3ajaun ¢ JQHHBIMU Ha MTPOTUBOIIOJOXKHBIX XapAKTEPUCTUKAX st
CMEIIAHHO-TUIEPOOJINIECKOro ypasHenus: Broporo nopsijaka /| 2K.A. Bankuzos // Hoka. Ajpir-
ckoii (Hepkecckoii) MexxyHap. akai. Hayk. — 2020.— 20. — Ne 3. — C. 6-13.

17 Bankuzos 7K.A. Kpaesble 3a1aun jisi cMmeranno-rurepbosmueckoro ypasaenusi /| 2K.A. Basi-
kn30B // Becrn. Jarecramn. roc. yu-ta. Cep. 1: Ecrecrennble naykn. — 36. — Ne 1. — 2021. —
C. 7-14.

18 2Keranos B.I. Kpaepag 3ama4a [y ypaBHEHHA CMEIIAHHOI'O THUIA C PAHUYHBLIM YCJIOBHEM Ha
00enx XapaKTepUCTUKAX ¢ paspbiBamu Ha nepexoanoil muaun / B.. ZKeranos // V4. zan. Kazan.

roc. ya-ta um. B.W. Jlenuna. — 1962. — 122. — Ne 3. — C. 3-16.

19 Haxymes A.M. HoBas kpaeBast 3a1a49a JIJIsT OJHOTO BBIPOXK JAOIIETOCS THIEPOOJIIMIECKOTO YPaB-
nenusi / A.M. Haxymes // Hokia. AH CCCP. — 1969. — 187. — Ne 4. — C. 736-739.

20 Haxymres A.M. O HEKOTOPBIX KPAeBbIX 3a[a4ax JJIsI TUIEPOOTNIECKUX YPaBHEHWI W yPaBHEHH
cmerannoro tuna / A.M. Haxymes // dudd. ypaBuenus. — 1969. — 5. — Ne 1. — C. 44-59.

21 Canaxurgunos M.C. O HEKOTOPBIX KpaeBbIX 3ajadax JJid THIEPOOTMYECKOr0 YPaBHEHUs!, Bbi-
poxpatorerocst BHyTpu obsact / M.C. Canaxurnusos, M. Mupcabypos // dudd. ypasuenusi.
— 1981. — 17. — Ne 1. — C. 129-136.

22 Canaxurauaos M.C. O aByX HeJIOKAJbHBIX KPaeBBbIX 3aJa4aX JJI BBIPOXKIAIOMIErocs IuIepbo-
mnuaeckoro ypasuerusi / M.C. Canaxuraunos, M. Mupcabypos // Hudd. ypasrenus. — 1982.
—17. — Ne 1. — C. 116-127.

23 Edumosa C.B. Samaua ¢ HeIOKAIBHBIMU YCJIOBUSIMEA Ha XapPaKTEPUCTUKAX JIJIS YPABHEHUST BJIa-
ronieperoca / C.B. Edumosa, O.A. Perun // Hudd. ypaBmenuns. — 2004. — 40. — Ne 10. —
C. 1419-1422.

24 Pemmu O.A. O zamade ¢ oneparopamu M. Caiiro Ha XapakKTepUCTHKaX JJIs BBHIPOXKIAIOIIETOCS
BHyTpH obsactu runepboimdeckoro ypasaenusi / O.A. Permn // Becrn. Camap. roc. TexH. yH-
ta. Cep. Pu3z.-mar. nayku. — 2006. — Ne 43. — C. 10-14.

25 Bankmszos 2K.A. 3amada co cMmemreHneM sl BBIPOXKIAIOMIETOCS MUIEPOOTNIECKOTO YPABHEHUS
nepsoro poja / ZK.A. Bankuzos // Becrn. Camap. roc. rex. yu-ta. Cep. ®usz.-mar. Hayku. —
2021. — 25. — Ne 1. — C. 21-34.

26 Balkizov Zh.A. The first with displacement problem for a third-order parabolic-hyperbolic equation
and the effect of inequality of characteristics as data carriers of the Tricomi problem / Zh.A. Balkizov,
Z.Kh. Guchaeva, A.Kh. Kodzokov // Bulletin of the Karaganda University. Mathematics Series.

— 2020. — No.2(98). — P. 24-39.

50 Bulletin of the Karaganda University



Boundary value problems with displacement ...

27

28

29

30

31

32

33

34

35

36

37

38

39

Balkizov Zh.A. Inner boundary value problem with displacement for a second order mixed
parabolic-hyperbolic equation / Zh.A. Balkizov, Z.Kh. Guchaeva, A.Kh. Kodzokov // Bulletin
of the Karaganda University. Mathematics Series. — 2022. — No.2(106). — P. 59-71.
Canaxurauaos M.C. Ypasuenus cmemanno-cocrasaoro tuna / M.C. Canaxuraunos. — Tar-
keHT: @aH, 1974. — 165 c.

Penun O.A. KpaeBble 3a1a4m co CMeleHneM JJisl YPaBHEHUH MUIEPOOIMIECKOTO U CMEITaHHOTO
tunioB / O.A. Penun. — Camapa: Uzji-so dunmana Caparos. yu-ra B r. Camape, 1992. — 162 c.
Kamsmenos T.II. KpaeBble 3a/1aun Jijid JUHEHHBIX YPABHEHUN B YACTHBIX MPOU3BOJHBIX TUTIEP-
6ommaeckoro tuna / T.III. Kanbmenos. — IlIsivkent: I'butast, 1993. — 328 c.

Castaxutmaos M.C. KpaeBbie 3ajiaum Jijisi ypaBHEHUN CMEIIAHHOTO TUIA CO CIEKTPAJBHBIM T1a-
pamerpom / M.C. Canaxuraunos, A.K. Ypunos. — Tamkent: @an, 1997. — 165 c.

Haxymes A.M. Bajgaun co cMmerieHneM Jijisi ypaBHeHuil B 9acTHbIX npousBoaabix / A.M. Haxy-
meB. — M.: Hayka, 2006. — 287 c.

Haxymesa 3.A. HejtokabHBIE KpaeBble 3aJIa9n JIjIsi OCHOBHBIX M CMEIIAHHOIO TUTIOB JiuddepeH-
muasibubix ypasaennit / 3.A. Haxymesa. — Hanpuuk: KBHI] PAH, 2011. — 196 c.

Caburos K.B. K Teopun ypasuennit cmemannoro tumna / K.B. Caburos. — M.: @usmaraut, 2014.
— 304 c.

CwmuproB M.M. Beipoxgatomuecs: runepbosmiaeckue ypasaerusi /| M.M. CmupHoB. — MuHck:
By, mk., 1977. — 160 c.

CwmuproB M.M. Vpasuenusi cmemanuoro tuna / M.M. Cmupuos. — M.: Beicmn. mk., 1985. —
304 c.

Tuxonos A.H. Ypasuenust maremaruueckoit dpusuku / A.H. Tuxonos, A.A. Camapckuit. — M.:
MI'Y, 2004. — 798 c.

Jlxxpbaman M.M. Unrerpasibibie npeodpa3oBaHus U IpeAcTaB/enns (PyHKIUH B KOMILJIEKCHOM
mockoctu / M.M. JIxpbamsin. — M.: Hayka, 1966. — 672 c.

Bankuzor 2K.A. Ilepsas kpaepast 3aJia1a IJIs1 ypaBHEHHUS IapabOI0-TUIePOOJIMIeCKOr0 THUIIA TPe-
THEro MOPsJIKA ¢ BHIPOXKJIEHUEM THIIA U HOPsijika B obsactu rutepbosmunoctu / 2K.A. Bankuzos

// ¥Ydum. mat. xypa. — 2017. — 9. — Ne 2. — C. 25-39.

7K. A. Bankuzos

Koadanbarv, mamemamura sicone asmomamuka uHcmumymo, — Peceti Fouavim axademuacoimviry
Kabapdur-Barkap evinvimu opmanvieviioity, uauansv,, Harvuuk, Pecet

Ekimmi perrti apajac-runep0oJiabiK TeHJeY YIIMiH BIFbICYbI 0ap
HIETTIK ecernrTep

MakaJtazia 06sIbICTBIH, 6ip OeJIiriHIe TONKBIH/BIK TEHIACY/ICH YKoHe eKIHIM OeJtirine 6ipiHi TumTi rumepoo-
JIAJIBIK, TEHJIEyIeH TYPATBIH EKIiHI peTTi rumepboJIasIbIK TUITI €Ki TeHJAEY/IH TYHiHAeCyiHIe BIFBICYBI 6ap
eki GeityIoKasI bl ecell 3epTTe/ireH. 3ePTTEJINeH ecenTepieri 6eiyIoKaIbl MEeTTIK MapT PeTiHe CHuIaTTaMa-
JIap/IbIH, OipiH/Ie >KoHEe THUIITI 63repTy ChI3bIFBIHA KayKeT (DYHKIUAHBIH OIpiHII pETTI TYBIHIBI KoHE OOJIIeK
perTi Tybraab (Puman-JInyBrus MaFBIHACBIHIA ) MOHIEPIHIH, affHBIMATBI KO3 PuImenTTepi 6ap ChI3LIKTHIK
KOMOMHanusChl 6epinren. MHTErpa/ bk TeHIEYIep 9ICiH KOJIJaHa OTHIPbIN, OipiHiI ecenTiy menmiMiri-
ri eKiHII TeKTi 9JICi3 CHHIYJIPJIBLIFEI Oap BoJsibTeppa MHTErpasIblK TeHEYiHIH menriMaiIirine, aag exinmi
€CEIITiH, IMIENTIeTIHAIrT TypaJjbl Macesie 9JICI3 CHHTY/ISIPJIBIFBI 6ap eKkiumr TekTi PpearosbM WHTErPasIIbIK,
TeHJIeyiHIH menriMaririne kemmeai. Bipinmn ecen yinin ekinm TekTi BoJsibTeppa MHTErpasiblK TeHIEYiHIH
HOTHUKECIH/E AJIBIHFAH SIPOHBIH, PE30JIbBEHTACHIHA OIPKAJIBINTHl YKUHAKTHIIBIFBIH YKOHE OHBIH, IIENNMi Ka-
JKETTi KJIACKA YKATATBHIHBI JoJejiaeHred. KKIHI ecern VIMH TaJamn eTiIeTiH KJIACTaH 9JICIi3 epeKIIesiKIIeH
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ekinmmi TekTi @pearosibM UHTErPAJIILIK, TEHIEYIHIH KAJIFBI3 MIENiMiHiH 00/IybIH KAMTAMACHI3 eTeTiH Oepi-
red yHKIMsUIAp YIIIH »KeTKigikTi maprrap Tabbuiasl. Keiibip epekime »xaraiiap yIniH ecenTep/iy Iie-
nriMaepi aHbIK *Ka3bIJIFaH.

Kiam ce3dep: TONKBIHABIK, TeHJEY, OIpiHITI TEKTi e3relesieHreH rumnepOoIaibIK TeHIey, Bosbpreppa uH-

TerpasiblK TeHeyi, @pearosbM UHTErpabIK TeHgeyi, TpukoMu 9ici, MHTErpaJIblK TeHJIEYJIep 9JIici,
GOJIIIIEKT] ecenTey TEOPUSICHIHBIH 9/IicTepi.

7K. A. Bankuzos
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Poccutickoti axademuu nayx, Harvuuxr, Poccus

KpaeBble 3a/1a4m co cMeIeHneM AJIsi OJJHOTO
CMeNIaHHO-TUIEepPO0JIMIeCKOTO0 YPaBHEHNSI BTOPOTO ITOPSAIKa

B crarbe wucciieioBaHbl JiBe HEJIOKAJIbHBIE 3aJa9l CO CMEIEHUEM Ha COIpsiKEHWE JIBYX ypaBHEHUH Iiu-
epOOIMIECKOTO THUIIA BTOPOTO IMOPSI/IKA, COCTOSIINEr0 U3 BOJTHOBOTO yPABHEHUs B OJHOM YacTH OOJIACTH U
BBIPOXK/IAIOIIErOCs TUIEPOOJIMIEeCKOT0 ypaBHEHNs [IEPBOrO pojia — B JPyroil. B kadecTBe HEIOKAJILHOTO
IPAHUYHOTO YCJIOBUsI B UCCJIEYEMBIX 3ajladaxX 3a/aHa JIMHeHash KOMOUHAIMS C TIepEMEHHBIMU KO DuUIm-
€HTaMU 3HAYEHUI TPOM3BOHON MIEPBOTO TOPSIKA U MTPOM3BOHBIX JIPOOHOrO (B cMbIciae Puvana—JInysuis)
[OPsIJIKA OT UCKOMOM (DYyHKITMY HA OJIHOM U3 XapAKTEPUCTHK U Ha JMHUK u3MeHeHus Tura. C UCrosib30Ba-
HUEM MeTOJa MHTErPAJIbHBIX YPaBHEHUI BOIPOC Pa3permMOCTH MIEPBOii 3a]a4n SKBUBAJEHTHBIM 00Pa3oM
peyIupoBaH K BOIPOCY Pa3pelmMOCTH WHTErPAJIHHOTO ypaBHeHusi BosibTeppa BTOpOro poma co ciaboit
0COGEHHOCTDIO, & BOIIPOC PA3PEIINMOCTH BTOPOH 331491 — K BOIIPOCY Pa3PEeIINMOCTHA UHTEIPAJIHLHOIO yPaB-
venust Ppesrosapma BTOPOro pojia co ciiaboit ocobennocrnio. 1o mepBoil 3amade moka3aHbl paBHOMEPHAs
CXOIMMOCTDb PE30JIbBEHTHI sSIpa IOJTyYaIOIIEerocsi NHTErPAJILHOTO YpaBHeHusT Boabreppa BTOPOro poma u
[IPUHA/JIE’KHOCTH €r0 pelleHust TpebyemoMy kjiaccy. I1o Bropoii 3ajiate HaiiIeHbl I0CTATOYHbBIE YCJIOBUSI HA
3aJjaHHble (DYHKIMH, 0O6ECIIeYNBAOIINEe CYyIeCTBOBAHNE €IMHCTBEHHOI'O PEIEHNsI MHTErPAJIHLHOTO ypaBHe-
Hust PpearosibMa BTOPOro Pojia €O ¢raboit 0COOEHHOCTRHIO M3 TpeOyeMoro Kjacca. B HEKOTOPBIX YaCTHBIX
CJlydasiX pellleHusl 3a/1a49 BbIIUCAHBI B sIBHOM BHJIE.

Karouesvie caro6a: BOTHOBOE ypaBHEHNE, BHIPOXKIAIOIIEECS TUIEPOOINTIECKOe YPAaBHEHNE [IEPBOrO POJIa, MH-
TerpaJjbHoe ypaBHeHune Bosibreppa, narerpajibHoe ypaBuenne Dpejirosbma, Meros TpuKoMu, METO, MHTE-
rPaJbHBIX YPABHEHUHN, METOMBI TEOPUU JTPOOHOTO UCUUCTICHUS.
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