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On a boundary problem for the fourth order equation with the third
derivative with respect to time

In this paper, we consider a boundary value problem in a rectangular domain for a fourth-order homogeneous
partial differential equation containing the third derivative with respect to time. The uniqueness of the
solution of the stated problem is proved by the method of energy integrals. Using the method of separation
of variables, the solution of the considered problem is sought as a multiplication of two functions X ()
and Y (y). To determine X (z),we obtain a fourth-order ordinary differential equation with four boundary
conditions at the segment boundary [0,p], and for a Y (y) — third-order ordinary differential equation
with three boundary conditions at the boundary of the segment [0, ¢]. Imposing conditions on the given
functions, we prove the existence theorem for a regular solution of the problem. The solution of the problem
is constructed in the form of an infinite series, and the possibility of term-by-term differentiation of the
series with respect to all variables is substantiated. When substantiating the uniform convergence, it is
shown that the “small denominator” is different from zero.

Keywords: Initial boundary problem, Fourier method, uniqueness, existence, eigenvalue, eigenfunction,
functional series, absolute and uniform convergence.

Introduction

Problems about the vibrations of rods, beams and plates, which are of great importance in structural
mechanics, lead to differential equations with a higher order than the string equation.

The study of many problems of gas dynamics, the theory of elasticity, the theory of plates and
shells comes to the consideration of differential equations with higher order partial derivatives. From
the point of view of physical applications, the fourth order differential equations are also of great
interest (see [1-6]).

In the field of modern science and technology, initial-boundary value problems for fourth-order
equations are of great importance. For example, aircraft wings, bridge slabs, floor systems, and window
panes are modeled as plates with various types of end supports, which are successfully described in
terms of fourth-order equations [7-9].

The monograph by T.D. Dzhuraev, A. Sopuev [10] is devoted to the classification of differential
equations with partial derivatives of the fourth order, the formulation and solution of boundary value
problems for such equations.

In the paper [11], a problem with boundary conditions for a non-homogeneous fourth-order equation
with multiple characteristics and one lower term was considered.

In [12], a boundary value problem for a fourth-order equation of the form

Uggry — Utt = f (.%’, t)

was investigated.
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In [13], a problem was solved with initial and boundary conditions for the beam oscillation equation
of the form
a2uzxmc +up = 07

in which a beam of length [ is clamped with ends in a massive vise.

In [14], a boundary value problem for a degenerate higher order equation with lower terms was
studied.

In [15-19], the boundary value problems for a third-order equation with multiple characteristics
containing second derivatives with respect to time were discussed.

The boundary value problems for fourth-order equations with the third derivative in time have
been little studied [20,21].

1 Formulation of the problem

In the domain D = {(z,y) : 0 < x < p,0 < y < ¢} we consider the equation

otu  u
Lu=-——-5==0 1
[u] Ozt ay3 ’ ( )
where p,q € R.
Problem A. Find a solution to equation (1) in the domain D from the class u (z,y) € Cay (D) N
C;Z’;f, (E) such that satisfies the following boundary conditions:

u(0,9) = u(p,y) = ez (0,y) = uea (p,y) =0, 0<y <y, (2)
Uy (2,0) =1 (x),  uyy (2,0) =2 (2),  uyy(z,q) =3(x), 0<z<p, (3)

where 1; (z), i = 1,3 are the given sufficiently smooth functions, and
L0 =di(p) =1 () =4 (p)=0,  ¥i(0)=¢i(p) =0, i=23. (4)

2 The uniqueness of the solution to the problem A

Theorem 1. If the problem A has a solution, then it is unique.

Proof. Let the problem A have two solutions u; (z,y) and ug (z,y). Then the function u (z,y) =
ui (x,y) — ug (z,y) satisfies equation (1) and the uniform boundary conditions. Let us prove that
u(z,y) =0in D.

In the domain D the following identity is valid:

0 0 1
ul [u] = % (qu;p;p - Uzuzx) - 87@/ (uuyy - 2ug2J> + u?}x =0.

Integrating the identity over the domain D, we have

[u (p, y) Uzzx (p, y) —u (07 y) Uzzx (07 y)]dy_

=

[ua: (p7 y) Uz (p, Y) — Uy (07 y) Uzz (07 y)]dy_

Ct—
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Taking the homogeneous boundary conditions into consideration we obtain

. p P q
2/u§ (x,q) d:l:—l—//uixdxdy:().
0 00

From the second term we obtain

Uz =0 = wu(z,y)=z-fi(y)+rf2(y), (z,y)€D.

Assuming x = 0 we get
u(0,y)=fa(y) =0 = faly) =0,

and supposing x = p we attain

u(p,y)=p-fily) =0 = fi(y)=0.

Hence, u (z,y) = 0, (z,y) € D.
Theorem 1 is proved.

3 Existence of a solution to the problem A

In order to prove the existence of the solution of the problem A, we will first consider the following
auxiliary problem: find a nontrivial solution of equation (1) such that satisfies conditions (2) and can
be represented as

u(z,y) =X (z) Y(y). (5)

Substituting (5) into equation (1) and separating the variables, we find the following ordinary
differential equations with respect to the functions X (z) and Y (y):

XW (2) = MNX (z) =0, (6)

Y® (y) = XY (y) =0, (7)

where \* is the split parameter.
Considering the boundary conditions (2), we generate the following problem for equation (6):

{ XW _\1x =, ®)
X0)=X({p =X"(0)=X"(p)=0.

A nontrivial solution to problem (8) exists if and only if

4
P <m>  n=1,2,3,...
p

These numbers are the eigenvalues of problem (8), and their corresponding eigenfunctions have the

following form:
2 ™
X, (z) = \/7 sin —u. 9
() =4/ 55 9)
A general solution (7) has the form

Y, (y) = Crefnv + e~ zkny <C’2 cos (?k,ﬁ) + C3sin (égk‘ny)) , (10)
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4/3 -
where k, = {/\4 = (7;7") ,m € N and Cj, ¢ = 1,3 are unknown constants for now.
According to (9) and (10), it follows from equation (5) that the functions

2
Uun (2,y) = \/; (C’lek"y + e—%k‘ny (Cz cos (?km;) + C3sin (?k,ﬂ))) sin %x

are the particular solutions of equation (1), which satisfy homogeneous conditions (2).
Due to the linearity and homogeneity of (1), the sum of the particular solutions can also be the
solution of equation (1). Taking this into account we will seek the solution of problem A in the form

u(z,y) = \/zz <C’lekny 4 e~ zhny (Cg cos (?lﬂﬁ/) + C3sin (?k,ﬂ) )) sin %m (11)
n=1

Assuming temporarily that the series in (11) and its derivatives converge uniformly and requiring
the function defined by the series (11) to satisfy the boundary conditions (3) we obtain

Uy (2,0 \/>Zzb1nsma:
P n=1

Uyy (2,0) \/; Z oy, Sin —a:
Uyy (z,q) = Y3 () = Engl Y3 sin ?%

where
( knCi — %knCQ + \fkan = Y1p,
k:C, — %k%CQ — \231@2103 = Yoy, (12)
1 1
kiek”qcl + kie_ﬁknq cos (?knq — 237r> Cy + k,%e_iknq sin <\g§knq 27T> C3 = Y3,.
\

We can see from (12) that the numbers 1, are the Fourier coefficients of the function v; (x) when
they are expanded into the Fourier series in terms of sines on the interval (0,p) , i.e

p
Yo = ﬁ 0/ oi(€sin Tede, i=T3

Let us calculate the determinant of the system (12), i.e

1
kn **k;n ékn
2 %[
1 3
3 2 3 2
k2ekna kzgef%k"q cos \2[14: q-— ;) k%efék”q sin \ka q— ;)

_ _ 1 3
= VBkeln A, A= o ¢~ 2knd gin (*gknq - W) .

Mathematics series. No.4(112)/2023 33



Yu.P. Apakov, D.M. Meliquzieva

Lemma. For an arbitrary positive g, the inequality A > 0 holds .
Proof. Write the determinant in the form

- - 1
A = VB3 IA(z,), Alx,) = 3 4 e V3o gip (:cn — —) ,

3 3
where, z, = \kanq = \gi’/ Atg>0,n€eN.
Find the minimum value of A(x,). To do this, calculate the first order derivative

dA
di‘zn) — 9¢~V3%n gin (g — xn) )
1) When 0 < z, < % , we have A’(z,) > 0 .This means that A(z,) increases at finite discrete

values of x,, , but it does not reach its maximum value. Then the function A(x,) takes its minimum
value at n = 1 and we have the estimation

1 3y T
A(xn)2§+e ‘/glsm(xl—g> =01> 0,

where 77 = ?\3/ Aq.

_ 4
2) If z, > g, then the function A(x,) takes its first minimum when the argument is ?ﬂ and we

achieve 1
> _ —4/\/§7r _
A (xy) 5 (1 e ) =09 > 0.

3) For sufficiently large values of x , it is obvious that the function A(z) tends to % . From here we
find B
A>H= min{51;52} > 0.

Considering the above considerations we conclude that A, > 0 . The lemma is proved.
Hence, the system of equations (12) has a unique solution.
Below, we determine all unkown numbers C;, i = 1, 3:

1

Cl:Z

7#1”]{:;%67%]%‘1 sin (?knq> - ’(/}2,”,1{;%67%]671(1 CcOs <\g§knq + 7T> \/g

“a nk3 9
6t 3 n]

2
1 A —lkng . V3 ™ V3 kng
Cy = A [¢1nkn (e 2" sin (2 knq + 3 €

- ankg <eéknq sin (?knq + 7;) + \ggeknq> + \/ngnkz] ’

_ l 4 knq 1_ *éknq @ E 3 knq *éknq é E _1
C3 = A ll/anne (2 e 2" cog 5 kng + 3 + Yan ke e 2" cos 5 kng + 3 5 .

In what follows, the maximum value of all found positive known numbers in estimates will be
denoted by M .

Taking account condition (4), we integrate ¢ () by parts four times, and 1; (z), i = 2,3 by parts
two times we get the following estimates:

‘\I’ln|
n4

\I’in .
’ ’¢Z| §M| |7 7’:2)37 (13)

n2

l1] < M
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where
P

P
U, = / o9 (€) X, (6) de. / (6 X, (€)de, i=2,3.
0

0

For C;, i = 1,3 we can write the following estimations:

n| —= n| —= n \Iln \Pn \Iln
’C’enq<M<W1’ k”q—i-hi;’e knq_i_‘wfﬂ ’)<M<‘ 1 \+] ?4!_1_] ;134|>’

n 3 ns ns3

n TL

n n _3 3 n| _ ‘Ifn \Ifn \Iln

k2 2 k‘2 n 3 ns ns

1 1 \\ 14
= o (1 <2 ) Lo (2 )) o (0] o)
n n n3 n 3

Theorem 2. If 1 (z) € C*[0,p], i (z) € C?[0,p], i = 2,3 and the corresponding conditions (4) are
satisfied, then the solution of the problem A exists and it is represented by the series (11).

Proof. If the series (11) and its derivatives Uzzzz, Uyyy converge uniformly in the region D, then
the function u (x,y) defined by this series will be the solution of the problem A.

From (11) we have

<> (IG5 + [Col + |G ) | X (@), (14)
n=1

Then, taking account of (13) it is obtained from (14) that

|u(w,y)|§M<Z |‘1f1n| ZI\Ifznl Z‘%n)

n=1 n=1 T3 1 N3

This implies that the series (11) converges absolutely and uniformly.

Now let us prove that the partial derivatives of the series (11) with respect to both variables included
in the equation also converge absolutely and uniformly in the region D. Calculating the derivatives
with respect to y, it follows from (11) we obtain

Fu 3 V3 V3
9 nz:lk: Crebn¥ 4 e~ 2hny (C’gcos (k;ny> —i—C’gSlD( 5 kny Xn (x). (15)

From (15) we determine the estimation

Zk3 (IC1] 57 + |Cal + 1Cal) 1 X, (&)] < M (Z Wil 5~ Mol 5 "“:‘) . (1)

Using the Cauchy-Bunyakovsky and Bessel inequality we attain

<M(21j;"'+\/zr%nr \/zwsn\ zlng)

Vin
<M<z' i A2 H,/zngﬂwgnu zng><oo,

83
' oy?

n=1 n3 n=1 n=1
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where
2

\pn2<H (4):17’ : xpm2<’
nz:l! n|” < %()L?[O;p] ;| ” <

Therefore, the series (16) converges absolutely and uniformly. The absolute and uniform convergence
o o3
of the partial derivative of the fourth order in x series (11) follows from the equality 8—1: = 8—1; .
x y

2
e (x)’ i=23.

Lo [O’Zﬂ ’

Theorem 2 is proved.

Conclusion

The article considers an initial boundary value problem for a fourth-order equation containing the
third time derivative with multiple characteristics. Uniqueness theorems are proved using the method
of energy integrals. The existence of a solution is shown with the help of conditions imposed on given
functions constructed as a series by the Fourier method and a regular solution of this series.
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IO.I1. Anakos!?, JI.M. Meukysuesa?

L @s6excman Pecnybaukacss Fouivim axademuacoiony
B.U. Pomanosckuti amwirdazv, Mamemamuxa uncmumymoi, Tawxenm, ©36excman;
2 Hamanean unotcenepair Ky poavce unemumymo, Hamarean, Osbexcmarn

YakbIT OOUMBIHIIA YIMIHIMNI TYBIH/IBICHI Oap TOPTIHIMNI PeTTi TeHAeY YIIIiH
MIEKaPAaJIbIK €Cell >KANbIH/Ia

MakaJjajga yakbIT OOMBIHINA VIIIHIN TYBIHIBICE 6ap OipTekTi TepTiHII perTTi Jepbec TybIHIBLILI audde-
PEHIMAJIIBIK TEHIEY YIIH TiKOYPBIITHI OOJIBICTAFBI IIEKAPAJIBIK eCcell KapacThIPHLIALI. Koiiblran ecentTiy
MIENTIMIHIH YKAJIFBI3/IBIFBl SHEPrUsl MHTErPasgapbl oficiMeH osesjienred. AHbIMaabLIapabl 6oty 9icin
Kosanbl, ecentiy mermimi X (z) xone Y (y) exi dynkuusansig kebehringici Typinge i3necripineni. X ()
anbikTay yuiiH [0, p] KeciHiciHiH meKapachlHZa TOPT MIEKAPAJIbIK IAPTHL 6ap TOPTIHII peTTi Kapamaibim
nuddepenimanapk Teraeyin, an Y (y) ambikray ymin [0, ¢] xecingiciniy ImekapachlHZa YII IMIEKAPAJIbIK,
mapTel 6ap ymnHIm perTi KapamaibiM auddepeHuaiblK, TeHIeyal ajlaMbi3. bepiiren dyHKIustapra
mIapTTapbl KOIO apKbLIbl €CeNTiH TYPaKThl IIENIiMiHiH 0ap eKeHiri TypaJbl Teopema Jpiesenei. Koii-
BLIFAH €CENTiH IIelriMi MIEeKCi3 KaTap TYPiHie KypPBLIbI, KATAPALIH OapJ/blK, afHBIMAJILLIAPF KATHICThI
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KaTapabl Mytiesien puddepeHimaiay MyMKIHIIN aHbBIKTaJIFaH. BipKaJIbIIThI XKUHAKTAJIYAbI TaOy Ke3iHe
«KiIi OeJIriiry HeJre TeH eMeC eKeHi aHBIKTAJIIbI.

Kiam cesdep: bacrankbl-eTTiK ecen, Pypbe oici, IMIEMIMHIE *KaJFbI3AbIFbl, 6ap OOJIybI, MEHITIKTI MOH,
MeHImKTI GyHKIMs, OYHKITHOHAIBIK KaTap, aOCOMIOTTI KoHe OIPKAJIBINTEI KIHAKTATY.

IO.I1. Anaxos!?, JI.M. Menukysuesa?

! Hnemumym mamemamuru umenu B.H. Pomanoscrozo Axademuu nayr Pecnybrurwu Ysbexucman, Tawmenm,
Vaberxucman;
2 o .
Hamanezarcruil unorcenepro-cmpoumenoroil uncmumym, Hamanean, Ysbexucmar

O rpasmyHOIi 3a7a49e AJisd yPaBHEHUsI Y€eTBEPTOrO MOPsIKa,
coiep>Kalllero TPeThio MPON3BO/IHYIO MO BPEMEHM

B crarbe paccmoTpena kpaeBast 3a/1a4a B IPSMOYTOIBHOM 00JIACTH /1151 OMHOPOAHOTO AU DEPEHITNATHEHOTO
YPaBHEHUsI B YaCTHBIX IIPOU3BOJHBIX YETBEPTOIO MOPsIJIKA, COLEPIKAIIEr0 TPETHIO IPOU3BO/HYIO 110 BPEMe-
HU. EIMHCTBEHHOCTD pellleHns: TOCTABIEHHON 3a/1a9M TOKA3aHa METOJOM WHTErpajioB 3Heprun. Vcmoib3yst
METOJ Pa3/IeIeHus] IePEMEHHDIX, PEIlleHre 3a/a49u UINEeTCs B BUJE NpousBeeHus asyx dyukuuit X (z) n
Y (y). Jna onpenenenus X () noiydaeM OObLIKHOBEHHOE auddepeHnnaabHoe yPaBHEeHNEe YeTBEPTOrO I0-
psiZiKa C YeTHIPbMsi IDAHUYHBIME YCJIOBUsIMM Ha rpaHuiie cermerra [0,p], a mist Y (y) — OOBIKHOBEHHOE
nuddepeHnpraIbHOe yPpABHEHHE TPETHErO MOPSIJIKA ¢ TPEMsl TPAHUYHBIMU YCJIOBUSIMU Ha IPAHUIE CETMEHTA
[0, ¢]. Hanarasi onpeesieHHble yCJIoBUsI Ha 3aJaHHble (DYHKIUM, JOKA3aHA TeopeMa CyIeCTBOBAHUS Pery-
JISIDHOTO DEeIIeHusI 3a/1a49u. Pelerne MOCTaBICHHOM 3a/adu IIOCTPOEHO B BUE OECKOHEYHOIO psifia, 060cC-
HOBAHA BO3MOXKHOCTD IIOYJIEHHOTO JinddepeHnupoBanusl psijia o BCeM IepeMeHHbIM. [Ipu joKa3areibcTBe
PaBHOMEPHOI CXOAMMOCTH YCTAHOBJIEHA OTJIUIHOCTH OT HYJIS «MAJIOTO 3HAMEHATEJIS».

Karouesvie crosa: HagapHO-KpaeBast 3aja4a, Mmetos Pypbe, eIMHCTBEHHOCTD, CYIIECTBOBAHNE, COOCTBEHHOE
3HaveHne, cOOCTBEeHHAsT PYHKIWS, (DYHKIIMOHAIBHBIN psifl, aOCOIOTHASI U PABHOMEPHAST CXOIUMOCTb.
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