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Coefficients of multiple Fourier-Haar series and variational modulus
of continuity

In this paper, we introduce the concept of a variational modulus of continuity for functions of several
variables, give an estimate for the sum of the coefficients of a multiple Fourier-Haar series in terms of the
variational modulus of continuity, and prove theorems of absolute convergence of series composed of the
coefficients of multiple Fourier-Haar series. In this paper, we study the issue of the absolute convergence
for multiple series composed of the Fourier-Haar coefficients of functions of several variables of bounded
p-variation. We estimate the coefficients of a multiple Fourier-Haar series in terms of the variational
modulus of continuity and prove the sufficiency theorem for the condition for the absolute convergence
of series composed of the Fourier-Haar coefficients of the considered function class. This paper researches
the question: under what conditions, imposed on the variational modulus of continuity of the fractional
order of several variables functions, there is the absolute convergence for series composed of the coefficients
of multiple Fourier-Haar series.
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Introduction

It is known that the definition of p-variation functions for one variable was introduced by Wiener [1],
for functions of two variables this definition was given by Clarkson and Adams [2|. Similar questions for
trigonometric and multiplicative systems were considered in the works [3,4]. Let us give the necessary
definitions.

Let f(x1,...x,) be defined on the set [0,1]Y and p = p1 x p2 X ... X py, here p; = {0 = :17? < x} <
.. <zj=1}s; > 1, j=1,..,N is an arbitrary partition of a set [0, 1]V, Variational sum of order p
of the function f(z1,...x,) with respect to the partitions p is called the quantity (1 < p < o0)

S1 1/2’

SN
RO(F) = D D A faf 2 TR RO )

ri=1 ry=1

here
Al(f7 X1,y TN, h17 ceey hN) = 27171:0 Z%n:O(_l)nl—‘rm—‘ran(xl + nlhla o TN + nNhN)a

(z1,...,zN) €0, 1]N,h]~ > O,h;j =gl — gt

J j 77’]':1,2,...8]',‘]':1’2’_”7”'

Variational modulus of continity w;_y/,(f,d1,...,0n) of an order 1 — % of the function f(x1,...xz,) is
called the value

wl—l/p(f7517“'>5]\7) = sup Ng(f)’ (1)
lps1<d;
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T o
here [p;| = 13;?2{53(% x] 1)
We say that f € V,[0,1]V, 1 < p < oo, if Vj, (f,
C’p[O, 1]N, 1< p< oo, if (Slimowlfl/p(f, 51,...,(5]\[) =
i
continuity was studied by A.P. Terekhin (see [5,6]).
Modulus of continuity w(f, d1, ...,dn) for function f(z1,...zy) is called the value

[0,1]Y) = w;y_ 1p(f;1,..,1) < oo, and if f €
0.. The properties of a variational modulus of

w(f, o1, ...,5N) = Sup(S ‘f(.%'l 4+ hi,..,eN + hN) - f(xl, v, i + hy, ...,:rN) — ...t f({L‘l, ...,IL‘N)’.
0<h;<d;
The functions of the Haar system on the semi-open interval [0, 1) is defined by ho(z) = 1ifz € [0, 1);

ifn=2"4j, ke P=NU{0},0<j<2"and A¥ = [;—;,%),then

ok/2 3 A(kH)
hy(z) =< —2K2 g ¢ Agjﬁ) )
0,2 € 0,1)\ AW

(see [7]).
Then the multiplicative Haar system is defined as follows:

P (B0 oy T) = iy (1) P, (20),

(1, ..., xn) € [0, l)N

The Fourier-Haar coefficients for functions of several variables are determined by the equality:
any,..nn () = fo ) fo (1, oo, N ) Bny (1) By (N )dzy . dXy, N, .oyny € N

This paper researches the questlon: under what conditions, imposed on the variational modulus of
continuity of the fractional order of several variables functions, does the series converge?

where ay,, .. ny (f) are the Fourier-Haar coefficients of the function f. For the case of functions of one
variable, such questions were considered by S.S. Volosivets [8].

1 Formulas and theorems

Theorem 1. Let f € Cp[0,1], 1 < p < oo and ay,(f fo x)dx, n € N. The following
inequality is valid
2k+171 )
P LY -k
Yoo laHP ] <wiiay Figr)22
i=2k

You can see the proof of Theorem 1 in [8].
Further, we are considering the functions of several variables. We need the following auxiliary
statements.

Lemma 1. Let f € V,[0,1]V, 1 < p < oou 0 <, < 1. The following inequality is valid

1 1
W(f, 517 ) 5N)Lp < wlfl/p(fv 517 EREX) 6N)51p§]1<7
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This lemma is an analogue of the corresponding lemma from the work [5], it is proved for the case
of functions of one variable, for functions of several variables, the proof is proved similarly to the one
variable case.

The following theorem gives an estimate for the Fourier-Haar coefficients of two variables functions
in terms of the variational modulus of continuity of the order (1 — 1/p).

Theorem 2. Let f € C,[0,1]V, 1 < p < oo and

ny .y (

1 1
1) :/ / f(@1, e, zN)hn, (21). by (zN)dzy . dey, 1, ...,ny € N,
0 0

the following inequality is valid

hmri-1 2Nl % 1 1 kyt...+k
hypfethy
Z Z |air.in (PP ] Swiigp <f7 BT 2kN> 2 2 g (2)
i=2F1 in=2FN

Proof of Theorem 2. We present the proof for the two variables case [9,10]. In many variables it
is proved in a similar way. Using the definition of the Haar function hy, n,(x,y) = hn, (z) hp, (z) if
ny = 2k 4+ mi,ng = ok2 4 Mo, we have

1 1
ﬂzAAfMWm@%MWWZ

Qny,na (

mq+1

E E
2k1 2k2
= f($, y)hnl (.T)th (y)dmdy =
my m2
2k1 2k2
2mq+1 2mo+1 mq+1 2mo+1
kq+ko NIES! eS| Skl SFkot1
=22 f(z,y)dedy — f(z,y)dedy—
my mg 2mq+1 2mo+1
oF1 oo SF1 1 ko
27]:,1:-11 m2k+1 m%+l m%c-‘—l
271 272 271 2Kk2
— z,y)dxd x,y)dxd
/m1 /Qm2+1 fz,y) y+/ml+1 pgs 1 (@ Y)dzdy |
ok1 oko+1 ok1+1 oko+1

then, replacing the variables taking the shift of the arguments, we get

mq+1 2mo+1
k1+k2 2k1+1 2k2+1 2k1 oko+1 kr—1
_ K —
Anyna (f) ( / (z,y)dxdy — | flz+2 y)dwdy—
mq+1 2mo+1
ok1+1 2k2

2mq+1

ok1+1
mi

ok1

m2+1
2k2

sy S0y 27 dady+
SR +1

m1+1 m2+1
2k1 ok2 L I A
flz427F=t gy 497k 1)dxdy> =

2mq+1 2mo+1

ok +1 ok +1
2mq+1 2mo+1

kq+ko okl +1 ko F1 —ki—1
=22</ / Fa,y) — fla 27870 )

my m2
2k1 oka

—f(ry+27R Y ¢ fla+ 27y 4 2*’“2*1))da:dy> .
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Now, based on Holder and Lemma 1, we have (here 1% + % =1)

< 2@ 2—k1—1
Qny,ng (f) = (k1 +1) (ko+1) |(f(l',y) - f(CL' + ’y)_
Ale A2777,2

kg ke kg v 1 a
—flmy+27 )+ fa+ 27y 4 27R 1))|pd$d3/)p <2k1+k2+2> <

1

P

< 2" u / / o(f,x,y, b1, he)|Pdzd L e <
= 2 S p y Ly Y, N1, 112 Yy k >
ki+1 ko+1 1+k2+2
ms g - ﬁgﬂh ) A< 2 ) 2
h2<211€2_‘_1

k1+kg m; mp+1 mo mo + 1
SQ 2 ‘/p<f7 |:2]€17 2k1 :|7|:2]€27 2k:2 :|>X

1\ 1 \»

X<2k1+k2+2> <2k:1+k:2+2) -
g o5 27 225 ()
o[ ] ) ()

P - ) m; mp+1 mo mo + 1
=2 2 va <f7 |:2k:1’ 2k1 :| ) |:2k27 2k:2 :|> .

Therefore

_r _ m; mp+1 mo mo + 1 p
any iy (F)[P < 2750 HED 720 (Vp (f, Lk 0 } 7 [Qk ka | @
We take ¢ > 0 such that m; =0,1,...,251 —1 and mg = 0,1, ..., 22 — 1 and find partition Em, and 1m,
squares [m ml“} and [M mﬁl} (look (1)) such that

le 9 2k1 2k2 9 2k2
P mp my+1 mo mo + 1 p 5
P 14 B _Z _
(mewmz (f )) = <Vp (f’ [% ok } ’ [2’“2 » k2 ])) 2k1—he
Combining all these partitions of the square [0, 1]? with a diameter no more 2%1, 2%2 accordingly and,

summing inequalities (3), we get

2k1+171 2k2+171 1
k1+ko
. P D _ ——5p—2p
S P <l (fgm g o) 2
i=2k1  =2k2
and since £ we can be made arbitrarily small, then inequality (2) is proved. Theorem 2 is proved.
In the case of one variable functions, a similar estimate for the Fourier-Haar coeflicients was obtained
in [8].
The following theorem gives sufficient conditions for the convergence of double series, composed of
Fourier-Haar coefficients.
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Theorem 3. Let f € C,[0,1]V, 1 < p < oo and

am’m’nN(f):/ / f(@1, oo, zN)hn, (1) By (2N)dxy . dey, 1, ...,ny € N.
0 0

1) Let 8> 0, p > . Then, under the condition of convergence for the series
B_B 1 1
—5-2 5
27 p — ey —
> e Y () F Rl ()
the following series converges

Z Z ’am-..mv (f) p

ni=1 ny=1

2) Let >0,p>03,v> % + %, ~v € R. Then, under the condition of convergence for the series

the following series converges

Z Z )|,y ()] < 0.

7’L11 an

Proof of Theorem 3. We present the proof for the two variables case [9,10]. In many variables it is
proved in a similar way. Consider the case 1).
Using Holder’s inequality and Theorem 2, we have

2kl _q2l+1_1 2k+1_q0l+l_g v 2kl _q i+l 5
)OS ISR IRCGTL B I DED DY B
m=2k n=2! m=2k n=2! m=2k n=21

< @

2kt _q il 7

= (2k2l)1—% Z Z ’amn (f) ’B% < <2k+l)1—;2( —2)B 118 1p (f’ i 1> —

k9l

m=2k n=2! 282
_ okt (1-2-8 1
=2 ( P 2) (fa2k72l

Summing up both sides of the resulting inequality, we have

ok+1_19l+1_1

YUY S a0 <

k=0 =0 m=2k n=21

E+)(1-2_8 1 1 S
<o > 20D (155 ) S e (P <
k=0 1=0 k=1 =l
e (k+)(1-2-8 8 1 1 S 8.8 3 11 .
SCZZQ ( 2)w1_1/p <f’2k’2l (mn) 2 pwl_l/p fvavﬁ -
k=0 =0 m=1n=1
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o0 o0 —(ntm _E_ﬁ B ]_ 1 n+m _
2 ZZQ ( )2 : pwlfl/p (f727n72n 2( )_

m=0n=0
Therefore o o
_B_8 11
S5 mnE R, (1 L) <o
m=1n=1
oo oo
SN Jamn ()17 < 00
m=1n=1
Now we consider the case 2)
2k+1_1 2l+1_1 2k+1_1 2l+1_1 % 27€+1_1 2l+1_1 %
oD ) ama (DP < D0 D0 lamn (HIP YooY (mn)| <
m=2k n=21 m=2k n=21 m=2k n=2!

2’“’ 2!

_ oy—2okH) (v i3 LY ksl
= 27749 ( q 2) wy_ 1/p<f’2k’2l 2 2,

1

Summing up both sides

Theorem 3 is proved.
Theorem 3 is an extension to the two-dimensional case of the corresponding theorem from the

work [8].
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YILH. Tymunes amvmdazo, Eypasus yammowk yrusepcumemi, Acmana, Kaszaxcman;
) ol ol
2 Aprunemondaen, Texac ynusepcumemi, Apaunemon, AKIII

Eceni ®ypre-Xaap KaTapblHBIH KOO PUINEHTTEPI KIHE
BapUaNUAIbIK Y31JTiCCI3TiK MOyl

MakaJsrazia ke afHbIMaJIbl DYHKIMSIAD VIIIH BapUAlMSAIbIK Y31IICCI3IIK MOIYJIHIH YFBIMBI €HIi3iareH,
Oypne-Xaap K03DDUIMEHTTEPIHEH KYPBIJIFaH ecesli KaTapJap/Ibl BApHalAsIbIK, Y3lIicci3 ik Moyt apKpl-
Jbt HGarasay koHe Dypbe-Xaap KOIDOUITMEHTTEPIHEH KYPBUIFAH €Cesli KaTapIapablH a0COTIOTTI KUHAKTA-
JIyBIHBIH TeopeMaJiapbl jpuieiienred. Aspropiap @ypoe-Xaap koadduimeHTTepiHeH KYPbUIFaH ecesi Ka-
TapJIapAblH BApUANUIIBIK, V31IicCi3MiK MOyl apKbIIbl OarajlaHybIH YKoHE KapaCThIPBLIBII OTBIPFaH (DYHK-
nustap KiackiHaH aabiaraH Pypre-Xaap KodbUIMEHTTEpIHEH KYPBUIFAH ecesli KaTapapabiH, abCOTIOTTI
JKHHAKTAJIybIHbIH YKETKUIIKT] mapTsiH pasengered. Kem aitabivans! dyukuusuiapapy (1 —1/p) perri Bapu-
aIuUsIIBIK, Y3LTiCCi3 ik Moy TiHe KaHaai maprrap koiranaa, Oypre-Xaap koadpuimeHTTepiHeH KyphLIFaH
ecesti KaTapsap/IblH a0COTIOTT] KUHAKTAJY JIET€H MOCEJIE 3€PTTEJITeH.

Kiam cesdep: @ypbe-Xaap Karapbl, BapUaIlUsJIbIK, y3liiccizmik momyii, eceni @ypoe-Xaap koaddunment-
Tepi.
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! Bepasutickuti nayuonaavhod yrusepcumem umeny JI.H. Dymusesa, Acmana, Kasaxeman;
2 .
Texaccxuti ynusepcumem 6 Apaurnemone, Apaunemon, CIIIA

Kosdduimuentsr kpaTtHoro psjga @Pypbe—Xaapa m BapualMmOHHBIN
MO/1yJIb HENPEPbIBHOCTU

B crarpe BBemeHO MOHSTHE BAPHAIIMOHHOTO MOJYJIsI HEMPEPBIBHOCTHU It (DYHKIMI MHOTHX MEPEMEHHBIX,
MIPUBEJIEHBI OllEHKAa CYMMbI K03 duimeHToB KpaTHoro psija Pypre—Xaapa depe3 BapUaIllMOHHBIA MOJLY/Ib
HEIPEPBIBHOCTH, U JIOKA3AHBI TEOPEMBI 00 aDCOJTFOTHOM CXOMMOCTHU PsJIOB, COCTABJIEHHBIX U3 KO huIineH-
TOB KpaTHbIX psifoB Pypbe—Xaapa. ABropaMu MCCae0BaH BONPOC 06 abCOMIOTHON CXOMUMOCTH KPATHBIX
psi/1oB, cocTaBjieHHbIX U3 Ko3dddumuenToB @ypre—Xaapa GYHKIMIA MHOTHX TEPEMEHHBIX OTPAHUYEHHON
p-Bapuaruu. [IpuBenena onenka KoadduimeHToB KpaTHoro psina Pypre—Xaapa depe3 BapUAIMOHHBINA MO-
Jy7Ib HEIPEPBIBHOCTU, U JIOKA3aHA TEOPEMA JTOCTATOYHOCTH YCJIOBHS AOCOJIFOTHOM CXOMMMOCTH PSIOB, CO-
craBjieHHbIX 13 Kodddurmenros Pypre—Xaapa paccMaTrpuBaeMoro KJiacca pyHKIMI. 31eCh U3y 9eH BOIIPOC:
«IIpr KakuMX yCIOBHSIX, HaKJIAIbIBAEMBIX Ha BapPHUAIMOHHBIA MOJY/Ib HENPEPBIBHOCTH JIPOOHOrO MOPSIIKA
GYHKIU MHOTUX TEPEMEHHBIX, TMEET MEeCTO abCOIOTHAST CXOIMMOCTh KPATHBIX PS0OB, COCTABJIEHHBIX U3
ko3 PpurmenToB Pypre—Xaapa?»

Kmouesvie crosa: psaasl Pypbe—Xaapa, BAPUAIMOHHBIN MOIY/Ib HETPEPBIBHOCTH, KOI(MMUIIMEHTHI KPATHOTO
psana Pypoe—Xaapa.
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