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Criteria for the boundedness of a certain class of matrix operators
from lpv into lqu

One of the main aims in the theory of matrices is to find necessary and sufficient conditions for the elements
of any matrix so that the corresponding matrix operator maps continuously from one normed space into
another one. Thus, it is very important to find the norm of the matrix operator, at least, to find upper and
lower estimates of it. This problem in Lebesgue spaces of sequences in the general case is still open. This
paper deals with the problem of boundedness of matrix operators from lpv into lqu for 1 < q < p < ∞, and
we obtain necessary and sufficient conditions of this problem when matrix operators belong to the classes
O±2 satisfying weaker conditions than Oinarov’s condition.
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Introduction

Let 1 < p, q <∞, 1
p + 1

p′ = 1. Let u = {ui}, v = {vi} be sequences of positive numbers, which will
be called the weight sequences. Let lpv the space of all sequences f = {fi}∞i=1 of real numbers such

that ‖f‖pv =

( ∞∑
i=1
|vifi|p

) 1
p

, 1 ≤ p <∞.

We consider the problem of boundedness for the following matrix operators

(
A+f

)
i

=
i∑

j=1

aijfj , i ≥ 1, (1)

(
A−f

)
j

=

∞∑
i=j

aijfi, j ≥ 1 (2)

from lpv into lqu, where aij > 0, i ≥ j ≥ 1 , i.e. the vaidity of the inequality

‖A±f‖qu ≤ C‖f‖pv, ∀f ∈ lpv. (3)

The matrix operators (1), (2) were studied in many papers in different sequence spaces. The almost
complete collection of these results is presented in the work by M. Stieglitz and H. Tietz [1]. There the
mappings of matrix operators are considered in 11 sequence spaces except its mapping from lpv into
lqu. The remaining case is still an open problem.

When aij = 1, i ≥ j ≥ 1 operators (1), (2) coincide with the discrete Hardy operators, which have
been studied by many researchers, and main results were obtained in [2–7].

In the general case, the question is open on conditions on the entries of a matrix (aij) that giving
boundedness of operators (1) and (2). For several classes of matrices, criteria for boundedness of the
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operators (1), (2) are known. One of the first studied classes was the class of operators matrices of
which satisfy the following discrete Oinarov’s condition: there exists d ≥ 1 such that

1

d
(aik + akj) ≤ aij ≤ d (aik + akj)

for all i ≥ k ≥ j ≥ 1 (see [8], [9]).
In 2012 in paper [10] the wide classes O+

n , O−n , n ≥ 0 of matrices were presented, which defined by
conditions on a matrix (aij) that are weaker than Oinarov’s condition, and the necessary and sufficient
conditions for boundedness of these operators for 1 < p ≤ q <∞ were obtained, where their matrices
belonged to these classes. However, the problem of boundedness of operators (1) and (2) with matrix
from the classes O+

n , O−n , n > 1 for the case 1 < q < p <∞ is still open. But the first results for this
case - the criteria of boundedness for matrix operators from O±1 are found in [11], [12].

In the present paper, we find criteria of boundedness for operators (1), (2) from lpv into lqu, where
their matrices belong to the class O±2 when 1 < q < p <∞.

Convention: The symbol M << K means that M ≤ cK, where c > 0 is a constant depending only
on unessential parameters. If M << K << M , then we write M ≈ K.

We assume gi = 0 when i < 1 and ∆−gi = gi − gi−1,∆+gi = gi − gi+1.

1 Preliminaries

Let’s give the definition of classes O±1 , O
±
2 .

Definition 1. Let (aij) be a matrix which is non-negative and non-decreasing in the first index for
all i ≥ j ≥ 1. A matrix (aij) belongs to the class O+

1 , if there exist a non-negative matrix (a1,0ij ), a
number r1 ≥ 1 such that the estimates

1

r1

(
a1,0ik + akj

)
≤ aij ≤ r1

(
a1,0ik + akj

)
hold for all i ≥ k ≥ j ≥ 1.

Definition 2. Let (aij) be a matrix which is non-negative and non-increasing in the second index
for all i ≥ j ≥ 1. A matrix (aij) belongs to the class O−1 , if there exist a non-negative matrix (a0,1ij ), a
number r̄1 ≥ 1 such that the estimates

1

r̄1

(
aik + a0,1kj

)
≤ aij ≤ r̄1

(
aik + a0,1kj

)
hold for all i ≥ k ≥ j ≥ 1.

Definition 3. Let (aij) be a matrix which is non-negative and non-decreasing in the first index for
all i ≥ j ≥ 1. A matrix (aij) belongs to the class O+

2 , if there exist a non-negative matrices (a2,0ij ),

(a2,1ij ), (a
(1)
ij ), a number r2 ≥ 1 such that (a

(1)
ij ) ∈ O+

1 ,

1

r2

(
a2,0ik + a2,1ik a

(1)
kj + akj

)
≤ aij ≤ r2

(
a2,0ik + a2,1ik a

(1)
kj + akj

)
for all i ≥ k ≥ j ≥ 1.

Definition 4. Let (aij) be a matrix which is non-negative and non-increasing in the second index
for all i ≥ j ≥ 1. A matrix (aij) belongs to the class O−2 , if there exist non-negative matrices (a0,2ij ),

(a1,2ij ), (a
(1)
ij ) , a number r̄1 ≥ 1 such that (a

(1)
ij ) ∈ O−1 ,

1

r̄2

(
aik + a

(1)
ik a

1,2
kj + a0,2kj

)
≤ aij ≤ r̄2

(
aik + a

(1)
ik a

1,2
kj + a0,2kj

)
for all i ≥ k ≥ j ≥ 1.
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Let us consider some examples of matrices that belong to the classes O±1 and O±2 .

Example 1. Let α > 0. Let {ai}∞i=1 be a non-decreasing positive sequence and {bi}∞i=1 be an arbitrary
positive sequence, such that ai ≥ bj , i ≥ j ≥ 1. Then aij = a

(1)
ij :=

(
ln ai

bj

)α
∈ O+

1 , when i ≥ j ≥ 1.

Indeed, for all i ≥ k ≥ j ≥ 1

a
(1)
ij =

(
ln
ai
ak
· ak
bj

)α
≈
(

ln
ai
ak

)α
+

(
ln
ak
bj

)α
= a1,0ik + a

(1)
kj ,

where a1,0ik =
(

ln ai
ak

)α
.

Example 2. Let {ai}∞i=1 and {bi}∞i=1 satisfy the conditions from Example 1. Moreover, we assume

that {ωi}∞i=1 is a non-negative sequence. Then aij = a
(2)
ij :=

i∑
s=j

ωs

(
ln as

bj

)α
∈ O+

2 , i ≥ j ≥ 1.

Indeed, for all i ≥ k ≥ j ≥ 1 we have

a
(2)
ij =

i∑
s=j

ωs

(
ln
as
bj

)α
≈

k∑
s=j

ωs

(
ln
as
bj

)α
+

i∑
s=k

ωs

(
ln
as
bj

)α
≈

≈ a(2)kj +
i∑

s=k

ωs

(
ln
as
ak

)α
+

(
ln
ak
bj

)α i∑
s=k

ωs =

= a2,0ik + a2,1ik a
(1)
kj + a

(2)
kj ,

where a(1)kj =
(

ln ak
bj

)α
∈ O+

1 , a
2,0
ik =

i∑
s=k

ωs

(
ln as

ak

)α
, a2,1ik =

i∑
s=k

ωs, i ≥ k ≥ j ≥ 1.

In the same way, one can show that a(1)ij =
(

ln ai
bj

)α
∈ O−1 and a

(2)
ij :=

i∑
s=j

ωs

(
ln as

bj

)α
∈ O−2 ,

i ≥ j ≥ 1, if {ai}∞i=1 is an arbitrary positive sequence and {bi}∞i=1 is a non-decreasing positive sequence,
such that ai ≥ bj , i ≥ j ≥ 1.

Remark 1. As it is shown in [10] the matrices (a2,0ij ), (a2,1ij ), (a
(1)
ij ), (a0,2ij ), (a1,2ij ) can be considered

non-decreasing in i and non-increasing in j.

Lemma A. [9] Let γ > 0, 1 ≤ n < N ≤ ∞ and let {hk} be a non-negative sequence. Then(
N∑
k=n

hk

)γ
≈

N∑
k=n

(
k∑
i=n

hi

)γ−1
hk, (4)

(
N∑
k=n

hk

)γ
≈

N∑
k=n

(
N∑
i=k

hi

)γ−1
hk. (5)

Let us state the necessary assertions from [5], [11] in a convenient form.
Theorem A. Let 1 < q < p <∞. The inequality ∞∑

k=1

∣∣∣∣∣∣
k∑
j=1

fj

∣∣∣∣∣∣
q

uqk


1
q

≤ C

( ∞∑
k=1

|fkvk|p
) 1

p

,∀f ∈ lpv (6)
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holds if and only if

F =

 ∞∑
k=1

 ∞∑
j=k

uqj


p

p−q ( k∑
i=1

v−p
′

i

) p(q−1)
p−q

v−p
′

k


p−q
pq

<∞.

Moreover, F ≈ C, where C is the best constant in (6).
Theorem B. Let 1 < q < p < ∞ and the matrix (aij) belongs to the class O+

1 . Then inequality (3)
for operator (1) holds if and only if B = max{B0, B1} <∞, where

B0 =

 ∞∑
k=1

 ∞∑
j=k

(a1,0jk )quqj


p

p−q ( k∑
i=1

v−p
′

i

) p(q−1)
p−q

v−p
′

k


p−q
pq

,

B1 =

 ∞∑
k=1

 ∞∑
j=k

uqj


q

p−q ( k∑
i=1

ap
′

kiv
−p′
i

) q(p−1)
p−q

uqk


p−q
pq

.

Moreover, B ≈ C, where C is the best constant in (3).

2 Main results

Our main results read.
Theorem 1. Let 1 < q < p <∞ and (aij) ∈ O+

2 . Then operator (1) is bounded from lpv into lqu if
and only if M+ = max{M+

2,0,M
+
2,1,M

+
2,2}, where

M+
2,0 =

 ∞∑
i=1

( ∞∑
s=i

(a2,0si )quqs

) p
p−q

 i∑
j=1

v−p
′

j


p(q−1)
p−q

v−p
′

i


p−q
pq

,

M+
2,1 =

 ∞∑
i=1

( ∞∑
s=i

(
a2,1si

)q
uqs

) p
p−q

 i∑
j=1

(
a
(1)
ij

)p′
v−p

′

j


p(q−1)
p−q

∆−

 i∑
j=1

(
a
(1)
ij

)p′
v−p

′

j




p−q
pq

,

M+
2,2 =

 ∞∑
i=1

( ∞∑
s=i

uqs

) p
p−q

 i∑
j=1

ap
′

ijv
−p′
j


p(q−1)
p−q

∆−

 i∑
j=1

(aij)
p′v−p

′

j




p−q
pq

.

Moreover, ‖A+‖pv→qu ≈M+, where ‖A+‖pv→qu is the norm of operator A+ from lpv into lqu.
Our corresponding result for operator (2) reads as follows.
Theorem 2. Let 1 < q < p <∞ and (aij) ∈ O−2 . Then operator (2) is bounded from lpv into lqu if

and only ifM− = max{M−0,2,M
−
1,2,M

−
2,2}, where

M−0,2 =

 ∞∑
i=1

(
i∑

s=1

(a0,2is )quqs

) p
p−q

 ∞∑
j=1

v−p
′

j


p(q−1)
p−q

v−p
′

i


p−q
pq

,
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M−1,2 =

 ∞∑
i=1

(
i∑

s=1

(
a1,2is

)q
uqs

) p
p−q

 ∞∑
j=i

(
a
(1)
ji

)p′
v−p

′

j


p(q−1)
p−q

∆+

 ∞∑
j=i

(
a
(1)
ji

)p′
v−p

′

j




p−q
pq

,

M−2,2 =

 ∞∑
i=1

(
i∑

s=1

uqs

) p
p−q

 ∞∑
j=i

ap
′

jiv
−p′
j


p(q−1)
p−q

∆+

 ∞∑
j=i

(aji)
p′v−p

′

j




p−q
pq

.

Moreover, ‖A−‖pv→qu ≈M−, where ‖A−‖pv→qu is the norm of operator A− from lpv into lqu.
Using the conjugacy of operators (1) and (2) from Theorem 1 and Theorem 2 we obtain the following

results.
Theorem 3. Let 1 < q < p <∞ and (aij) ∈ O+

2 . Then operator (2) is bounded from lpv into lqu if
and only if M− = max{M−2,0,M

−
2,1,M

−
2,2}, where

M−2,0 =

 ∞∑
i=1

( ∞∑
s=i

(a2,0si )p
′
v−p

′
s

) q(p−1)
p−q

 i∑
j=1

uqj


q

p−q

uqi


p−q
pq

,

M−2,1 =

 ∞∑
i=1

( ∞∑
s=i

(a2,1si )p
′
v−p

′
s

) q(p−1)
p−q

 i∑
j=1

(a
(1)
ij )quqj


q

p−q

∆−

 i∑
j=1

(a
(1)
ij )quqj




p−q
pq

,

M−2,2 =

 ∞∑
i=1

( ∞∑
s=i

v−p
′

s

) q(p−1)
p−q

 i∑
j=1

aqiju
q
j


q

p−q

∆−

 i∑
j=1

aqiju
q
j




p−q
pq

.

Moreover, ‖A−‖pv→qu ≈M−, where ‖A−‖pv→qu is the norm of operator A− from lpv into lqu.
Theorem 4. Let 1 < q < p < ∞ and (aij) ∈ O−2 . Then operator (1) is bounded from lpv into lqu if

and only ifM+ = max{M+
0,2,M

+
1,2,M

+
2,2}, where

M+
0,2 =

 ∞∑
i=1

(
i∑

s=1

(a2,0is )p
′
v−p

′
s

) p
p−q

 ∞∑
j=i

uqj


p(q−1)
p−q

uqi


p−q
pq

,

M+
1,2 =

 ∞∑
i=1

(
i∑

s=1

(a1,2is )p
′
v−p

′
s

) p
p−q

 ∞∑
j=i

(a
(1)
ji )quqj


p(q−1)
p−q

∆+

 ∞∑
j=i

(a
(1)
ji )quqj




p−q
pq

,

M+
2,2 =

 ∞∑
i=1

(
i∑

s=1

v−p
′

s

) p
p−q

 ∞∑
j=i

aqjiu
q
j


p(q−1)
p−q

∆+

 ∞∑
j=i

aqjiu
q
j




p−q
pq

.

Moreover, ‖A+‖pv→qu ≈M+, where ‖A+‖pv→qu is the norm of operator A+ from lpv into lqu.
Since the proof of Theorem 2 is completely analogous to the proof of Theorem 1, we introduce the

proof of Theorem 1.
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Proof. Necessary. Let operator (1) be bounded from lpv into lqu, ‖A+‖pv→qu <∞, i.e. the following
inequality holds:  ∞∑

i=1

 i∑
j=1

aijfj

q

uqi


1
q

≤ ‖A+‖pv→qu

( ∞∑
i=1

fpi v
p
i

) 1
p

, (7)

for all non-negative sequences f ∈ lpv, in particular, for non-negative finite sequences f ∈ lpv. By
applying (4), a relation aik >> a2,0ij , i ≥ j ≥ k ≥ 1 from Definition 3 and using the Abel transform, we
obtain

∞∑
i=1

(aijfj)
q uqi ≈

∞∑
i=1

i∑
j=1

aijfj

(
j∑
s=1

aisfs

)q−1
uqi >>

>>
∞∑
i=1

i∑
j=1

(a2,0ij )qfj

(
j∑
s=1

fs

)q−1
uqi =

∞∑
j=1

fj

(
j∑
s=1

fs

)q−1 ∞∑
i=j

(a2,0ij )quqi =

=
∞∑
j=1

∆−

 j∑
n=1

fn

(
n∑
s=1

fs

)q−1 ∞∑
i=j

(a2,0ij )quqi =

=
∞∑
j=1

 j∑
n=1

fn

(
n∑
s=1

fs

)q−1∆+

 ∞∑
i=j

(a2,0ij )quqi

+ lim
N→∞

 N∑
n=1

fn

(
n∑
s=1

fs

)q−1 ∞∑
i=N+1

(a2,0iN+1)
quqi ≈

≈
∞∑
j=1

(
j∑
s=1

fs

)q
∆+

 ∞∑
i=j

(a2,0ij )quqi

+ lim
N→∞

 N∑
n=1

fn

(
n∑
s=1

fs

)q−1 ∞∑
i=N+1

(a2,0iN+1)
quqi .

Due to the finiteness of f and a2,0ij is non-increasing in j, we have

lim
N→∞

 N∑
n=1

fn

(
n∑
s=1

fs

)q−1 ∞∑
i=N+1

(a2,0iN+1)
quqi = 0.

Then
∞∑
i=1

 i∑
j=1

aijfj

q

uqi >>
∞∑
j=1

(
j∑
s=1

fs

)q
∆+

 ∞∑
i=j

(a2,0ij )quqi

 .

Hence and from (7) it follows that ∞∑
j=1

(
j∑
s=1

fs

)q
∆+

 ∞∑
i=j

(a2,0ij )quqi

 1
q

<< ‖A+‖pv→qu

( ∞∑
i=1

(fivi)
p

) 1
p

.

Then according to Theorem A, we get

∞ > ‖A+‖pv→qu >>

 ∞∑
k=1

 ∞∑
j=k

∆+

 ∞∑
i=j

(a2,0ij )quqi


p

p−q ( k∑
s=1

v−p
′

s

) p(q−1)
p−q

v−p
′

k


p−q
pq

=

=

 ∞∑
k=1

( ∞∑
i=k

(a2,0ik )quqi

) p
p−q
(

k∑
s=1

v−p
′

s

) p(q−1)
p−q

v−p
′

k


p−q
pq

= M+
2,0. (8)
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Inequality (7) holds if and only if the following dual inequality ∞∑
j=1

 ∞∑
i=j

aijgi

p′

v−p
′

j


1
p′

<< ‖A+‖pv→qu

( ∞∑
i=1

(giu
−1
i )q

′

) 1
q′

(9)

holds for all non-negative sequences g ∈ lq′,u−1 , in particular, for non-negative finite sequences g ∈
lq′,u−1 . Using (5), a relation aij << akj , k ≥ i from Definition 3 and applying the Abel transform, we
obtain

∞∑
j=1

 ∞∑
i=j

aijgi

p′

v−p
′

j ≈
∞∑
j=1

∞∑
i=j

aijgi

( ∞∑
s=i

asjgs

)p′−1
v−p

′

j >>

>>
∞∑
j=1

∞∑
i=j

ap
′

ijgi

( ∞∑
s=i

gs

)p′−1
v−p

′

j =
∞∑
i=1

gi

( ∞∑
s=i

gs

)p′−1 i∑
j=1

ap
′

ijv
−p′
j =

=
∞∑
i=1

∆+

 ∞∑
n=i

gn

( ∞∑
s=n

gs

)p′−1 i∑
j=1

ap
′

ijv
−p′
j =

=
∞∑
i=1

 ∞∑
n=i

gn

( ∞∑
s=n

gs

)p′−1∆−

 i∑
j=1

ap
′

ijv
−p′
j

+ lim
N→∞

 ∞∑
n=N+1

gn

( ∞∑
s=n

gs

)p′−1 N∑
j=1

ap
′

Njv
−p′
j ≈

≈
∞∑
i=1

( ∞∑
s=i

gs

)p′
∆−

 i∑
j=1

ap
′

ijv
−p′
j

+ lim
N→∞

 ∞∑
n=N+1

gn

( ∞∑
s=n

gs

)p′−1 N∑
j=1

ap
′

Njv
−p′
j .

Due to the finiteness of g we have, that

lim
N→∞

 ∞∑
n=N+1

gn

( ∞∑
s=n

gs

)p′−1 N∑
j=1

ap
′

Njv
−p′
j = 0.

Since ∆−(
∑i

j=1 a
p′

ijv
−p′
j ) ≥ 0, we assume ωi =

(
∆−(

∑i
j=1 a

p′

ijv
−p′
j )

) 1
p′ . Then

∞∑
j=1

 ∞∑
i=j

aijgi

p′

v−p
′

j >>
∞∑
i=1

( ∞∑
s=i

gs

)p′
ωp
′

i .

Hence and from (9) it follows ∞∑
i=1

( ∞∑
s=i

gs

)p′
ωp
′

i

 1
p′

<< ‖A+‖pv→qu

( ∞∑
i=1

(giu
−1
i )q

′

) 1
q′

. (10)

We pass to dual inequality (10), i.e. ∞∑
j=1

(
j∑
s=1

fs

)q
uqj

 1
q

<< ‖A+‖pv→qu

( ∞∑
i=1

(
fiω
−1
i

)p) 1
p

, 0 ≤ f ∈ lpv.
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Then by applying Theorem A, we obtain

∞ > ‖A+‖pv→qu >>

 ∞∑
k=1

 ∞∑
j=k

uqj


p

p−q ( k∑
s=1

ωp
′
s

) p(q−1)
p−q

ωp
′

k


p−q
pq

=

=

 ∞∑
k=1

 ∞∑
j=k

uqj


p

p−q
 k∑
i=1

∆−

 i∑
j=1

ap
′

ijv
−p′
j


p(q−1)
p−q

∆−

 k∑
j=1

ap
′

kjv
−p′
j




p−q
pq

=

=

 ∞∑
k=1

 ∞∑
j=k

uqj


p

p−q
 k∑
j=1

ap
′

kjv
−p′
j


p(q−1)
p−q

∆−

 k∑
j=1

ap
′

kjv
−p′
j




p−q
pq

= M+
2,2. (11)

From Definition 3 it follows, that aij >> a2,1ik a
(1)
kj , i ≥ k ≥ j ≥ 1. Then for i ≥ k ≥ j ≥ 1

aij >> a2,1ik a
(1)
kj = a2,1ik a

(1)
kj θk, (12)

where

θk =

{
1, j ≤ k ≤ i,
0, k > i, k < j.

Let ϕ = {ϕi}∞i=1 be a sequence of non-negative numbers such that
∑∞

i=1 ϕi = 1. Multiplying both parts
of (12) to ϕ and summing up by k ∈ N , we have

aij >>
i∑

k=j

a2,1ik a
(1)
kj ϕk. (13)

Then using (13) and changing the order of summation twice, we have

∞∑
i=1

uqi

 i∑
j=1

aijfj

q

=
∞∑
i=1

uqi

i∑
j=1

aijfj

(
i∑

s=1

aisfs

)q−1
≥

≥
∞∑
i=1

uqi

i∑
j=1

 i∑
k=j

a2,1ik a
(1)
kj ϕk

 fj

(
i∑

s=1

(
i∑

τ=s

a2,1iτ a
(1)
τs ϕτ

)
fs

)q−1
=

=
∞∑
i=1

uqi

i∑
k=1

ϕka
2,1
ik

k∑
j=1

a
(1)
kj fj

(
i∑

τ=1

ϕτa
2,1
iτ

τ∑
s=1

a(1)τs fs

)q−1
≥

≥
∞∑
k=1

ϕk

 k∑
j=1

a
(1)
kj fj

 ∞∑
i=k

uqia
2,1
ik

(
i∑

τ=k

ϕτa
2,1
iτ

τ∑
s=1

a(1)τs fs

)q−1
>>

>>

∞∑
k=1

 k∑
j=1

a
(1)
kj fj

q
∞∑
i=k

uqia
2,1
ik

(
i∑

τ=k

ϕτa
2,1
iτ

)q−1
ϕk =
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=
∞∑
k=1

 k∑
j=1

a
(1)
kj fj

q

hk, (14)

where hk =
∞∑
i=k

uqia
2,1
ik

(
i∑

τ=k

ϕτa
2,1
iτ

)q−1
ϕk. From (7) and (14) it follows

 ∞∑
k=1

 k∑
j=1

a
(1)
kj fj

q

hk


1
q

<< ‖A+‖pv→qu

( ∞∑
i=1

(fivi)
p

) 1
p

, 0 ≤ f ∈ lpv.

By applying Theorem B and taking into account (4), we get

‖A+‖pv→qu >> B1 :=

 ∞∑
k=1

 ∞∑
j=k

hj


q

p−q ( k∑
i=1

(a
(1)
ki )p

′
v−p

′

i

) q(p−1)
p−q

hk


p−q
pq

.

Using that B1 <∞ and
k∑
i=1

(a
(1)
ki )p

′
v−p

′

i is increasing in k, we have

0 = lim
N→∞

∞∑
k=N

hk

 ∞∑
j=k

hj


q

p−q ( k∑
i=1

(a
(1)
ki )p

′
v−p

′

i

) q(p−1)
p−q

≥

≥ lim
N→∞

∞∑
k=N

hk

 ∞∑
j=k

hj


q

p−q ( N∑
i=1

(a
(1)
Ni)

p′v−p
′

i

) q(p−1)
p−q

.

Further, using this relation to the Abel transform in B1, (5) and the following elementary estimate

bγ − aγ ≈ bγ−1(b− a), (15)

where b > a > 0, γ > 0, we obtain

‖A+‖pv→qu >> B1 ≈

 ∞∑
k=1

∆+

 ∞∑
j=k

hj

 ∞∑
s=j

hs


q

p−q

( k∑
i=1

(a
(1)
ki )p

′
v−p

′

i

) q(p−1)
p−q


p−q
pq

=

=

 ∞∑
k=1

 ∞∑
j=k

hj

 ∞∑
s=j

hs


q

p−q

∆−

(
k∑
i=1

(a
(1)
ki )p

′
v−p

′

i

) q(p−1)
p−q


p−q
pq

≈

≈

 ∞∑
k=1

 ∞∑
j=k

hj


p

p−q

∆−

(
k∑
i=1

(a
(1)
ki )p

′
v−p

′

i

) q(p−1)
p−q


p−q
pq

≥

≥

 ∞∑
k=1

 ∞∑
j=k

hj


p

p−q ( k∑
i=1

(a
(1)
ki )p

′
v−p

′

i

) p(q−1)
p−q

∆−

(
k∑
i=1

(a
(1)
ki )p

′
v−p

′

i

)
p−q
pq

,

130 Bulletin of the Karaganda University



Criteria for the boundedness ...

where

∞∑
j=k

hj =
∞∑
j=k

∞∑
i=j

uqia
(2,1)
ij

 i∑
τ=j

ϕτa
(2,1)
iτ

q−1

ϕj =
∞∑
i=k

uqi

i∑
j=k

a
(2,1)
ij ϕj

 i∑
τ=j

ϕτa
(2,1)
iτ

q−1

≈

≈
∞∑
i=k

uqi

 i∑
j=k

ϕja
(2,1)
ij

q

.

Therefore, due to ∀ϕ :
∞∑
k=1

ϕk = 1, we have

‖A+‖pv→qu >>

>> sup
ϕ

 ∞∑
k=1

 ∞∑
i=k

uqi

 i∑
j=k

ϕja
2,1
ij

q
p

p−q ( k∑
s=1

(a
(1)
ks )p

′
v−p

′
s

) p(q−1)
p−q

∆−

(
k∑
s=1

(a
(1)
ks )p

′
v−p

′
s

)
p−q
pq

.

Assume, that ϕj = δj(m),m ≥ 1, where

δj(m) =

{
1, j = m,

0, j 6= m.

Then taking into account that a2,1ij is non-increasing in j
‖A+‖pv→qu >>

>> sup
m≥1

 ∞∑
k=1

 ∞∑
i=k

uqi

 i∑
j=k

a2,1ij δj(m)

q
p

p−q ( k∑
s=1

(a
(1)
ks )p

′
v−p

′
s

) p(q−1)
p−q

∆−

(
k∑
s=1

(a
(1)
ks )p

′
v−p

′
s

)
p−q
pq

=

=

 ∞∑
k=1

( ∞∑
i=k

uqi (a
2,1
ik )q

) p
p−q
(

k∑
s=1

(a
(1)
ks )p

′
v−p

′
s

) p(q−1)
p−q

∆−

(
k∑
s=1

(a
(1)
ks )p

′
v−p

′
s

)
p−q)
pq

= M+
2,1. (16)

Thus, from (8), (11) and (16) it follows

M+ = max{M+
2,0,M

+
2,1,M

+
2,2} << ‖A

+‖pv→qu <∞. (17)

Sufficiency. Let M+ <∞ and 0 ≤ f ∈ lpv. Z is the set of integer numbers. Let’s assume
n∑
i=k

= 0 when

k > n and aij = 0 when i < j.
For all i ≥ 1 we define the following set of integer numbers:

Ti = {k ∈ Z : (r2 + 1)k ≤ (A+f)i},

where r2 is the constant from Definition 3 and we assume that ki = maxTi. Then

(r2 + 1)ki ≤ (A+f)i < (r2 + 1)ki+1,∀i ∈ N. (18)

Let m1 = 1 and M1 = {i ∈ N : ki = k1 = km1}. Suppose that m2 is such that supM1 + 1 = m2.
Obviouslym2 > m1 and if the setM1 is upper bounded, thenm2 <∞ andm2−1 = maxM1 = supM1.

Mathematics series. No. 3(111)/2023 131



A.M. Temirkhanova, A.T. Beszhanova

Suppose that we have found numbers 1 = m1 < m2 < ... < ms < ∞, s ≥ 1, then we define ms+1 by
ms+1 = supMs + 1, where Ms = {i ∈ N : ki = kms}.

Let N0 = {s ∈ N : ms <∞}. Further, we assume that kms = ns, s ∈ N0. From the definition of ms

and from (18) it follows that, for s ∈ N0

(r2 + 1)ns ≤ (A+f)i < (r2 + 1)ns+1,ms ≤ i ≤ ms+1 − 1 (19)

and N =
⋃
s∈N0

[ms,ms+1 − 1], where [ms,ms+1) ∩ [ml,ml+1) 6= 0.
By using (19), Definition 3 and ns−2 +1 ≤ ns−1, which follows from the inequality ns−2 < ns−1 <

ns, we can estimate the value (r2 + 1)ns−1:

(r2 + 1)ns−1 = (r2 + 1)ns − r2(r2 + 1)ns−1 ≤ (r2 + 1)ns − r2(r2 + 1)ns−2+1 ≤

≤ (A+f)ms − r2(A+f)ms−1−1 =

ms∑
i=1

amsifi − r2
ms−1−1∑
i=1

ams−1ifi =

=

ms∑
i=ms−1

amsifi +

ms−1−1∑
i=1

[amsi − r2ams−1−1i]fi <<

<<

ms∑
i=ms−1

amsifi +

ms−1−1∑
i=1

[r2a
2,0
msms−1−1 + r2a

2,1
msms−1−1a

(1)
ms−1−1i]fi <<

<<

ms∑
i=ms−1

amsifi + r2a
2,0
msms−1−1

ms−1−1∑
i=1

fi + r2a
2,1
msms−1−1

ms−1−1∑
i=1

a
(1)
ms−1−1ifi. (20)

Then taking into account (20), we get

‖A+f‖qqu =
∑
s∈N0

ms+1−1∑
i=ms

uqi (A
+f)qi <

∑
s∈N0

(r2 + 1)(ns+1)q

ms+1−1∑
i=ms

uqi ≤

≤ (r2+1)2q
∑
s∈N0

 ms∑
i=ms−1

amsifi + r2a
2,0
msms−1−1

ms−1−1∑
i=1

fi + r2a
2,1
msms−1−1

ms−1−1∑
i=1

a
(1)
ms−1−1ifi

q
ms+1−1∑
i=ms

uqi <<

<<
∑
s∈N0

 ms∑
i=ms−1

amsifi

q
ms+1−1∑
i=ms

uqi +
∑
s∈N0

(
a2,0msms−1−1

)q (ms−1−1∑
i=1

fi

)q ms+1−1∑
i=ms

uqi+

+
∑
s∈N0

(
a2,1msms−1−1

)q (ms−1−1∑
i=1

ams−1−1ifi

)q ms+1−1∑
i=ms

uqi =

= S2,2 + S2,0 + S2,1. (21)

By applying Hölder’s inequality twice and (5), we estimate S2,2.

S2,2 =
∑
s∈N0

 ms∑
i=ms−1

amsifiviv
−1
i

q
ms+1−1∑
i=ms

uqi ≤
∑
s∈N0

 ms∑
i=ms−1

(fivi)
p


q
p
 ms∑
i=ms−1

ap
′

msi
v−p

′

i


q
p′ ms+1−1∑

i=ms

uqi ≤
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≤

∑
s∈N0

ms∑
i=ms−1

(fivi)
p


q
p

∑
s∈N0

 ms∑
i=ms−1

ap
′

msi
v−p

′

i


q(p−1)
p−q (

ms+1−1∑
i=ms

uqi

) p
p−q


p−q
p

≤

≤ 2
q
p ‖f‖qpv

∑
s∈N0

 ms∑
i=ms−1

ap
′

msi
v−p

′

i


q(p−1)
p−q ms+1−1∑

i=ms

uqi

ms+1−1∑
j=i

uqj


q

p−q


p−q
p

≤

≤ ‖f‖qpv

 ∞∑
i=1

uqi

 ∞∑
j=i

uqj


q

p−q ( i∑
n=1

ap
′

inv
−p′
n

) q(p−1)
p−q


p−q
p

= ‖f‖qlpvM̃
q
2,2,

where

M̃
pq
p−q

2,2 =

∞∑
i=1

uqi

 ∞∑
j=i

uqj


q

p−q ( i∑
n=1

ap
′

inv
−p′
n

) q(p−1)
p−q

.

Using the Abel transform, (5) and (15), we have

M̃
pq
p−q

2,2 =
∞∑
i=1

∆+

 ∞∑
k=i

uqk

 ∞∑
j=k

uqj


q

p−q

( i∑
n=1

ap
′

inv
−p′
n

) q(p−1)
p−q

=

=

∞∑
i=1

 ∞∑
k=i

uqk

 ∞∑
j=k

uqj


q

p−q

∆−

(
i∑

n=1

ap
′

inv
−p′
n

) q(p−1)
p−q

≈

≈
∞∑
i=1

( ∞∑
k=i

uqk

) p
p−q
(

i∑
n=1

ap
′

inv
−p′
n

) p(q−1)
p−q

∆−

(
i∑

n=1

ap
′

inv
−p′
n

)
= M+

2,2 <∞.

Therefore
S2,2 << (M+

2,2)
q‖f‖qpv. (22)

To estimate S2,0, we assume

ηi(ms−1 − 1) =


∑
s∈N0

(
a2,0msms−1−1

)q ms+1−1∑
i=ms

uqi , i = ms−1 − 1,

0, i 6= ms−1 − 1.

and we use Theorem A.

S2,0 =
∑
s∈N0

(
a2,0msms−1−1

)q (ms−1−1∑
i=1

fi

)q ms+1−1∑
i=ms

uqi =

∞∑
n=1

(
n∑
i=1

fi

)q
ηn <<

<<

 ∞∑
n=1

( ∞∑
i=n

ηj

) p
p−q

 n∑
j=1

v−p
′

j


p(q−1)
p−q

v−p
′

n


p−q
p

‖f‖qpv. (23)
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Taking into account Remark 1, we estimate
∞∑
i=n

ηi:

∞∑
i=n

ηi =
∑

s:ms−1−1≥n

(
a2,0msms−1−1

)q ms+1−1∑
i=ms

uqi =
∑

s:ms−1−1≥n

ms+1−1∑
i=ms

(
a2,0msms−1−1

)q
uqi <<

∞∑
i=n

(
a2,0in

)q
uqi .

Hence and from (23), we have

S2,0 <<

 ∞∑
n=1

( ∞∑
i=n

(
a2,0in

)q
uqi

) p
p−q

 n∑
j=1

v−p
′

j


p(q−1)
p−q

v−p
′

n


p−q
pq

‖f‖qpv = (M+
2,0)

q‖f‖qpv. (24)

Now, by using Theorem B we estimate S2,1.

S2,1 =
∑
s∈N0

(
a2,1msms−1−1

)q (ms−1−1∑
i=1

a
(1)
ms−1−1ifi

)q ms+1−1∑
i=ms

uqi <<

<<
∑
s∈N0

(
ms−1−1∑
i=1

a
(1)
ms−1−1 ifi

)q ms+1−1∑
i=ms

(
a2,1ims−1−1

)q
uqi =

=
∞∑
k=1

(
k∑
i=1

a
(1)
ki fi

)q
θk ≤

(
max{B̃0, B̃1}

)q
‖f‖qlpv , (25)

where θk =
∑
s∈N0

ms+1−1∑
n=ms

(
a2,1nms−1−1

)q
uqn when k = ms−1 − 1 and θk = 0 when k 6= ms−1 − 1,

B̃0 =

 ∞∑
k=1

 ∞∑
j=k

(
a1,0jk

)q
θj


p

p−q ( k∑
i=1

v−p
′

i

) p(q−1)
p−q

v−p
′

k


p−q
pq

,

B̃1 =

 ∞∑
k=1

 ∞∑
j=k

θj


q

p−q ( k∑
i=1

(
a
(1)
ki

)p′
v−p

′

i

) q(p−1)
p−q

θk


p−q
pq

.

Let’s evaluate the expression
∞∑
j=k

(
a1,0jk

)q
θj in B̃0.

∞∑
j=k

(
a1,0jk

)q
θj =

∑
s:ms−1−1≥k

(
a1,0ms−1−1 k

)q ms+1−1∑
n=ms

(
a2,1nms−1−1

)q
uqn =

=
∑

s:ms−1−1≥k

ms+1−1∑
n=ms

(
a2,1nms−1−1

)q (
a1,0ms−1−1 k

)q
uqn.

In [10] it is shown that a2,1nms−1−1a
1,0
ms−1−1 k << a2,0nk when n ≥ ms−1 − 1 ≥ k ≥ 1. Then

∞∑
j=k

(
a1,0jk

)q
θj <<

∞∑
n=k

(
a2,0nk

)q
uqn.
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Thus

B̃0 <<

 ∞∑
k=1

( ∞∑
n=k

(
a2,0nk

)q
uqn

) p
p−q
(

k∑
i=1

v−p
′

i

) p(q−1)
p−q

v−p
′

k


p−q
pq

= M+
2,0 <∞. (26)

By using the Abel transform, (5) and (15) we estimate the value B̃1.

B̃
pq
p−q

1 =
∞∑
k=1

∆+

 ∞∑
i=k

θi

 ∞∑
j=i

θj


q

p−q

( k∑
i=1

(
a
(1)
ki

)p′
v−p

′

i

) q(p−1)
p−q

=

=
∞∑
k=1

 ∞∑
i=k

θi

 ∞∑
j=i

θj


q

p−q

∆−

(
k∑
i=1

(
a
(1)
ki

)p′
v−p

′

i

) q(p−1)
p−q

≈

≈
∞∑
k=1

( ∞∑
i=k

θi

) p
p−q
(

k∑
i=1

(
a
(1)
ki

)p′
v−p

′

i

) p(q−1)
p−q

∆−

(
k∑
i=1

(
a
(1)
ki

)p′
v−p

′

i

)
. (27)

Since
∞∑
i=k

θi =
∑

s:ms−1−1≥k

ms+1−1∑
n=ms

(
a2,1n,ms−1−1

)q
uqn ≤

∞∑
n=k

(
a2,1nk

)q
uqn,

hence and from (27), it follows

B̃1 <<

 ∞∑
k=1

( ∞∑
n=k

(
a2,1nk

)q
uqn

) p
p−q
(

k∑
i=1

(
a
(1)
ki

)p′
v−p

′

i

) p(q−1)
p−q

∆−

(
k∑
i=1

(
a
(1)
ki

)p′
v−p

′

i

)
p−q
pq

= M+
2,1.

(28)
Thus, from (25), (26) and (28), we obtain

S2,1 <<
(

max{M+
2,0,M

+
2,1}
)q
‖f‖qlpv .

Hence and from (21), (22), (24) we have

‖A+f‖qu << max{M+
2,0,M

+
2,1,M

+
2,2}‖f‖lpv = M+‖f‖lpv ,

i.e. the operator A+ is bounded from lpv into lqu and takes place for the norm ‖A+‖pv→qu << M+,
which with (17) gives us ‖A+‖pv→qu ≈M+.
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Л.Н. Гумилев атындағы Еуразия ұлттық университетi, Астана, Қазақстан

Матрицалық операторлар бiр класының lpv-дан lqu-ға шенелгендiк
критерийi

Матрицалар теориясының негiзгi мiндеттерiнiң бiрi матрицалық оператордың бiр нормалы кеңiстiк-
тен басқа нормалы кеңiстiкке үзiлiссiз өту үшiн матрицалар элементтерiне қажеттi және жеткiлiктi
шарттарын анықтау. Сонымен қатар матрицалық оператордың нормасын немесе оның дәл жоғарғы
және төменгi бағалауын табу маңызды. Бұл есеп жалпы жағдайда Лебег тiзбектер кеңiстiгiнде ашық
есеп. Берiлген мақалада матрицалық операторының lpv-дан lqu-ға 1 < q < p < ∞ болғанда шенелген-
дiгi қарастырылған және бұл есептiң қажеттi және жеткiлiктi шарттары алынды, мұндағы матрица
O±2 дискреттi Ойнаров класына тиiстi.

Кiлт сөздер: матрицалық оператор, түйiндес оператор, салмақты тiзбек, шенелгендiк, салмақты
теңсiздiктер, Лебег салмақты кеңiстiгi, Ойнаров шарты, Харди операторы, Харди теңсiздiгi, матрица.
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Критерий ограниченности некоторого класса матричных
операторов из lpv в lqu

Одной из основных задач теории матриц является нахождение необходимых и достаточных условий
для элементов матрицы, при которых матричный оператор непрерывно действует из одного нормиро-
ванного пространства в другое. При этом очень важно найти значение нормы матричного оператора,
в крайнем случае, зафиксировать точные верхние и нижние оценки. Эта задача в лебеговых про-
странствах последовательностей в общем случае остается открытой. В статье рассмотрена проблема
ограниченности матричных операторов из lpv в lqu при 1 < q < p < ∞ и получены необходимые и
достаточные условия этой задачи, когда матричные операторы принадлежат классам O±2 , удовлетво-
ряющим более слабым условиям, чем условие Ойнарова.

Ключевые слова: матричный оператор, сопряженный оператор, весовая последовательность, огра-
ниченность, весовые неравенства, весовое пространство Лебега, условие Ойнарова, оператор Харди,
неравенство Харди, матрица.
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