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Boundary value problem for a system of partial differential equations
with the Dzhrbashyan–Nersesyan fractional differentiation operators

A boundary value problem in a rectangular domain for a system of partial differential equations with the
Dzhrbashyan–Nersesyan fractional differentiation operators with constant coefficients is studied in the case
when the matrix coefficients of the system have complex eigenvalues. Existence and uniqueness theorems for
the solution to the boundary value problem under study are proved. The solution is constructed explicitly
in terms of the Wright function of the matrix argument.
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Introduction

Consider the system of differential equations

Lu(x, y) ≡ D{α0,α1,...,αk}
0x u(x, y) +AD

{β0,β1,...,βm}
0y u(x, y) = Bu(x, y) + f(x, y), (1)

in the domain Ω = {(x, y) : 0 < x < a, 0 < y < b}, a, b < ∞, where D{α0,α1,...,αk}
0x and D{β0,β1,...,βm}0y

are the Dzhrbashyan–Nersesyan fractional differentiation operators [1] of orders α =
k∑
i=0

αi−1 > 0 and

β =
m∑
i=0

βi − 1 > 0, respectivly, αi, βj ∈ (0, 1], (i = 0, k, j = 0,m); f(x, y) = ||f1(x, y), ..., fn(x, y)||

and u(x, y) = ||u1(x, y), ..., un(x, y)|| are given and desired n-dimensional vectors, respectively, A and
B are given constant real square matrices of order n.

The Dzhrbashyan–Nersesyan fractional differentiation operator D
{γ0,γ1,...,γk}
0t of the order γ =

k∑
i=0

γi − 1 > 0, γi ∈ (0, 1], (i = 0, k), associated with the sequence {γ0, γ1, ..., γk}, is determined by the

relation [1]
D
{γ0,γ1,...,γk}
0t v(t) = Dγk−1

0t D
γk−1

0t ...Dγ1
0tD

γ0
0t v(t),

where Dγ
0t is the Riemann–Liouville fractional integro-differentiation operator [2; 9].

The operator D{γ0,γ1,...,γk}0t was introduced in [1], where the form of the initial conditions for the
ordinary differential equations with such an operator, and the Cauchy problem was studied. The
Dzhrbashyan-Nersesyan operator generalizes a number of definitions of fractional derivatives, including
the Riemann–Liouville and Gerasimov–Caputo derivatives.

A review of works related to the study of the equation (1) with Riemann–Liouville and Gerasimov–
Caputo derivatives, including in the scalar case n = 1, can be found in [3] and [4].

Equations of the order not higher than one containing operators of the formD
{γ0,γ1,...,γk}
0t are studied

in [5–10]. In [5], for a linear partial differential equation of fractional order with many independent
variables a fundamental solution is constructed and a boundary problem is solved.
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In papers [6], [7], boundary value problems in a rectangular domain for first-order partial differential
equations with variable coefficients are studied. In papers [8] and [9], a boundary value problem with an
integral condition and a boundary value problem in a rectangle, respectively, are studied for equations
with constant coefficients. The study [10] considers an equation containing the Dzhrbashyan–Nersesyan
operators in two independent variables, and in one of the variables the equation includes a linear
combination of two Dzhrbashyan–Nersesyan operators, the orders of which are associated with the
sequences {α, β} and {γ, δ}. The question of the influence of the distribution of the values of these
parameters on the setting of the initial conditions is studied.

We also note the papers [11, 12] where the unique solvability of initial problems for some classes of
linear equations with operator coefficients in the Banach spaces are studied.

In papers [3], [4], [13–15], boundary value problems in rectangular domains and the Cauchy problem
for systems with sign-definite eigenvalues of matrix coefficients in the main part, with Riemann–
Liouville partial derivatives whose the order does not exceed one, are considered. For these systems, the
situation with the formulation of boundary value problems is similar to the case of a single equation. In
this paper, we extend the class of such systems to include systems with eigenvalues of the coefficients
of the main part lying in some corner of the complex plane, and with more general Dzhrbashyan–
Nersesyan operators of fractional differentiation.

1 Auxiliary assertions

The Riemann-Liouville fractional integro-differentiation operatorDν
ay of order ν is defined as follows

[2; 9]:

Dν
ayg(y) =

sign(y − a)

Γ(−ν)

y∫
a

g(s)ds

|y − s|ν+1
, ν < 0,

for ν ≥ 0 the operator Dν
ay can be determined by recursive relation

Dν
ayg(y) = sign(y − a)

d

dy
Dν−1
ay g(y), ν ≥ 0.

The following series

φ(ρ, µ; z) =
∞∑
k=0

zk

k!Γ(ρk + µ)
, ρ > −1, µ ∈ C

defines the Wright function [16], [17] which depends on two parameters ρ and µ.
The following relation holds [4]

φ(ρ, µ; z)
∣∣
z=0

=
1

Γ(µ)
. (2)

If β ∈ (0, 1), µ ∈ R, then the following estimate is valid [18]

|φ(−β, µ;−z)| ≤ C exp
(
−σ|z|

1
1−β
)
, (3)

where C = C(β, µ, σ) and

σ < (1− β)β
β

1−β cos
arg z

1− β
, 0 ≤ | arg z| < 1− β

2
π.

Under the condition
β ∈ (0, 1), 0 ≤ | arg λ| < 1− β

2
π, (4)
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the inequality
|yµ−1φ(−β, µ;−λxy−β)| ≤ Cx−θyµ+βθ−1, x > 0, y > 0, (5)

holds [18], where C = C(µ, β, θ, λ), θ ≥ 0 for µ 6= 0,−1,−2, ..., and θ ≥ −1 for µ = 0,−1,−2, ....
The following differentiation formula is valid [17]:

d

dz
φ(ρ, µ; z) = φ(ρ, µ+ ρ; z), ρ > −1. (6)

Let β ∈ (0, 1), µ, ν ∈ R, and the inequality (4) holds, then the formula [18]

Dν
0yy

µ−1φ(−β, µ;−λy−β) = yµ−ν−1φ(−β, µ− ν;−λy−β) (7)

is true. By (7), we have

D
{γ0,...,γj}
0y yµ−1φ(−β, µ;−λy−β) = yµ−µjφ(−β, µ− µj + 1;−λy−β), (8)

where µj =
j∑
i=0

γi.

Formulas (6)–(8) give the equality(
∂

∂x
+ λD

{γ0,...,γj}
0y

)
yµ−1φ(−β, µ;−λxy−β) = 0, β =

j∑
i=0

γi − 1 < 1. (9)

Using the integration by parts formula and the relations (2) and (3), one can show that the equality

∞∫
0

tnφ(−β, µ;−λt)dt =
n!

λn+1Γ(µ+ (n+ 1)β)
, n = 0, 1, .... (10)

holds under the condition (4).
For λ = 1, the equality (10) was obtained in [19].

2 Special solutions
2.1 Wright matrix function

In papers [3], [4] the Wright matrix function was defined

φ(ρ, µ;A) =

∞∑
k=0

Ak

k!Γ(ρk + µ)
, ρ > −1, µ ∈ C

and its following properties were established.
1. Let the matrix A be reduced with the help of the matrix H to the Jordan normal form J(λ), i.e.

A = HJ(λ)H−1,

where J(λ) = diag[J1(λ1), ..., Jp(λp)] is the quasidiagonal matrix with cells of the form

Jk ≡ Jk(λk) =

∥∥∥∥∥∥∥∥∥
λk 1 . . . 0

λk . . . 0

0
. . .

...
λk

∥∥∥∥∥∥∥∥∥ , k = 1, ..., p,
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λ1, ..., λp are the eigenvalues of the matrix A, Jk(λk) are the square matrices of order rk + 1,
p∑

k=1

rk + p = n. Then the function φ(ρ, µ;Az) can be represented as

φ(ρ, µ;Az) = Hφ(ρ, µ; J(λ)z)H−1, (11)

where
φ(ρ, µ; J(λ)z) = diag[φ(ρ, µ; J1(λ1)z), ..., φ(ρ, µ; Jp(λp)z)],

φ(ρ, µ; Jk(λk)z) =

∥∥∥∥∥∥∥∥∥
φ0
ρ,µ(λkz) φ1

ρ,µ(λkz) . . . φrkρ,µ(λkz)

φ0
ρ,µ(λkz) . . . φrk−1

ρ,µ (λiz)

0
. . .

...
φ0
ρ,µ(λkz)

∥∥∥∥∥∥∥∥∥ ,

φmρ,µ(λz) =
1

m!

∂m

∂λm
φ(ρ, µ;λz) =

zm

m!
φ(ρ, µ+ ρm;λz).

2. Using the representation (11) and equality (2), we obtain

φ(ρ, µ;Az)
∣∣
z=0

=
1

Γ(µ)
I, (12)

where I is the identity matrix of order n.
3. The following differentiation formula is valid

d

dz
φ(ρ, µ;Az) = Aφ(ρ, ρ+ µ;Az). (13)

Further, we assume that all eigenvalues λ1, ..., λp of the matrix A satisfy the condition

0 ≤ | arg λi| <
1− β

2
π, i = 1, p. (14)

Due to the relations (2), (3), (5), (6), (7), (10), the following properties proved in [3], [4] remain
valid under the condition (14).

4. Due to (7) and (11), for β ∈ (0, 1), µ, ν ∈ R, we have

Dν
0yy

µ−1φ(−β, µ;−Aτy−β) = yµ−ν−1φ(−β, µ− ν;−Aτy−β). (15)

From (15) it follows

D
{γ0,...,γj}
0y yµ−1φ(−β, µ;−Aτy−β) = yµ−µjφ(−β, µ− µj + 1;−Aτy−β), µj =

j∑
i=0

γi. (16)

5. The equalities (13), (15) and (16) imply the equality(
∂

∂τ
+AD

{γ0,...,γj}
0y

)
yµ−1φ(−β, µ;−Aτy−β) = 0, β =

j∑
i=0

γi − 1 < 1. (17)

6. By virtue of (10) and (11) it follows

∞∫
0

φ(−β, µ;−Az)dz =
1

Γ(µ+ β)
A−1. (18)
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7. Let A(x, y) be the matrix with entries aij(x, y). By |A(x, y)|∗ we denote a scalar function taking
the maximum absolute value of entries of the matrix A(x, y) for each (x, y), i.e., |A(x, y)|∗ =
max
i,j
|aij(x, y)|. Likewise, for a vector b(x, y) with components bi(x, y), we set |b(x, y)|∗ = max

i
|bi(x, y)|.

From the estimate (5) it follows that

|yν−1φ(−β, ν;−Aτy−β)|∗ ≤ Cτ−θyν+βθ−1, τ > 0, y > 0, (19)

where β ∈ (0, 1) and θ ≥ 0 for ν 6= 0,−1,−2, ...; and θ ≥ −1 for ν = 0,−1,−2, ... .

8. Formulas (3) and (11) yields the estimate

|φ(−δ, ε;−Az)|∗ ≤ C exp
(
−σ|z|

1
1−δ
)
, z ≥ 0, (20)

where δ ∈ (0, 1), ε ∈ R, σ < (1 − δ)δ
1

1−δλ
δ

1−δ
0 , λ0 = min

1≤i≤p
{|λi|}, λ1, ..., λp are the eigenvalues of the

matrix A.

2.2 Properties of the function Φµ,ν
α,β(x, y)

In [3], the following function is defined

Φµ,ν
α,β(x, y) ≡

∞∫
0

eBτxµ−1φ(−α, µ;−τx−α)yν−1φ(−β, ν;−Aτy−β)dτ. (21)

The estimates (3) and (5) imply the convergence of the integral (21) for any µ, ν ∈ R, and x2 + y2 6= 0.

The following assertions are true.
Lemma 2.1. For all µ, ν ∈ R the following equalities hold:

Dε
0xΦµ,ν

α,β(x, y) = Φµ−ε,ν
α,β (x, y), α+ µ > 0, (22)

Dδ
0yΦ

µ,ν
α,β(x, y) = Φµ,ν−δ

α,β (x, y), β + ν > 0. (23)

Lemma 2.1 follows from the formulas (7), (15), (21).
Lemma 2.1 implies the equalities

D
{ε0,...,εj}
0x Φµ,ν

α,β(x, y) = Φ
µ−µj+1,ν
α,β (x, y), α+ µi > 0, µj =

j∑
i=0

εi, (24)

D
{δ0,...,δj}
0y Φµ,ν

α,β(x, y) = Φ
µ,ν−νj+1
α,β (x, y), β + νj > 0, νj =

j∑
i=0

δi. (25)

Lemma 2.2. The estimate∣∣∣Φµ,ν
α,β(x, y)

∣∣∣
∗
≤ Cxα+µ−αθ−1yν+βθ−1, θ ∈ [θ1, θ2) (26)

holds for all x ∈ [0;x0], where θ1 =

{
0, −ν /∈ N0,
−1, −ν ∈ N0,

θ2 =

{
1, µ 6= 0,
2, µ = 0,

N0 = {0, 1, 2, ...}, and the

constant C depends on x0.
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The validity of Lemma 2.2, under the condition (14), follows from the formulas (3) and (19),
similarly to the case when all eigenvalues of the matrix A are positive [3].

Lemma 2.3. Let AB = BA,
k1∑
i=0

εi = α+ 1,
m1∑
i=0

δi = β + 1, then the following equality holds:

(
D
{ε0,...,εk1}
0x +AD

{δ0,...,δm1}
0y −B

)
Φµ,ν
α,β(x, y) =

xµ−1yν−1

Γ(µ)Γ(ν)
I. (27)

Proof. Let us denote

hµα(x, τ) = xµ−1φ(−α, µ;−τx−α), hνβ(y, τ) = yν−1φ(−β, ν;−Aτy−β).

Using the fact that due to (9)(
D
{ε0,...,εk1}
0x +

∂

∂τ
−B

)
eBτhµα(x, τ) = 0,

the integration by parts formula and relations (2), (3), (12) and (20), we obtain

D
{ε0,...,εk1}
0x Φµ,ν

α,β(x, y) =

∞∫
0

eBτD
{ε0,...,εk1}
0x hµα(x, τ)hνβ(y, τ)dτ =

=
xµ−1yν−1

Γ(µ)Γ(ν)
I +BΦµ,ν

α,β(x, y) +

∞∫
0

eBτhµα(x, τ)
∂

∂τ
hνβ(y, τ)dτ. (28)

By virtue of (25), we get

D
{δ0,...,δm1}
0y Φµ,ν

α,β(x, y) =

∞∫
0

eBτhµα(x, τ)D
{δ0,...,δm1}
0y hνβ(y, τ)dτ. (29)

By (28) and (29), taking into account the equality(
AD

{δ0,...,δm1}
0y +

∂

∂τ
−B

)
eBτhνβ(y, τ) = 0,

which follows from (17), we get (27). Lemma 2.3 is proven.

3 Problem statement and main theorem

Let all eigenvalues λ1, ..., λp of the matrix A satisfy the condition (14). We formulate a boundary
value problem for the system (1).

Problem 3.1. Find a solution u(x, y) of system (1) with the boundary conditions

lim
x→0

D
{α0,α2,...,αi}
0x u = ϕi(y), 0 ≤ i ≤ k − 1, 0 < y < b, (30)

lim
y→0

D
{β0,β1,...,βj}
0y u = ψj(x), 0 ≤ j ≤ m− 1, 0 < x < a, (31)

where ϕi(y) and ψj(x) are given n-vectors functions.
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A regular solution of system (1) in the domain Ω is defined as a vector function u(x, y) satisfying
at all points (x, y) ∈ Ω the system (1) and the inclusions

D
{α0,...,αk}
0x u,D

{β0,...,βm}
0y u ∈ C(Ω); (32)

D
{α0,...,αi}
0x u ∈ C(Ω ∪ {x = 0}), D

{β0,...,βj}
0y u ∈ C(Ω ∪ {y = 0}),

∂
∂xD

{α0,...,αi}
0x u, ∂∂yD

{β0,...,βj}
0y u ∈ C(Ω) ∩ L(Ω), (i = 0, k − 1, j = 0,m− 1);

(33)

x1−εy1−δu(x, y) ∈ C(Ω), for some ε > 0 and δ > 0.
We accept the following notation:

µj =

j∑
p=0

αp, µ̄j =
k∑
p=j

αp, µij =
i∑

p=j

αp; νi =
i∑

p=0

βp, ν̄i =
m∑
p=i

βp, νji =

j∑
p=i

βp.

Theorem 3.1. Let AB = BA, all eigenvalues λ1, ..., λp of the matrix A satisfy the condition (14),
α0 + αk > 1, β0 + βm > 1,

ϕj(y) = D
−ρj
0y ϕ∗j (y), y1−ηjϕ∗j (y), y1−νϕk−1(y) ∈ C[0, b],

ηj > 0, ρj > max
{
µk−1
j+1

β
α , 1− βm

}
, j = 0, k − 2;

(34)

ψi(y) = D−σi0x ψ∗i (x), x1−ξiψ∗i (x), x1−µψm−1(x) ∈ C[0, a],

ξi > 0, σi > max
{
νm−1
i+1

α
β , 1− αk

}
, i = 0,m− 2;

(35)

f(x, y) = D−σ0x D
−ρ
0y f

∗(x, y), x1−ξy1−ηf∗(x, y) ∈ C(Ω),

σ > 1− αk, ρ > 1− βm, ξ > 0, η > 0;
(36)

whereinto ε < min{α0, σi + ξi, σ + ξ, µ}, δ < min{β0, ρi + ηi, ρ + η, ν}. Then there exists a unique
regular solution to problem (1), (30), (31) in Ω. The solution has the form

u(x, y) =

k−1∑
j=0

y∫
0

D
{αk,αk−1,...,αj+1}
0x G(x, y − s)ϕj(s)ds+

+
m−1∑
i=0

x∫
0

D
{βm,βm−1,...,βi+1}
0y G(x− t, y)Aψi(t)dt+

y∫
0

x∫
0

G(x− t, y − s)f(t, s)dtds, (37)

where
G(x, y) = Φ0,0

α,β(x, y).

Remark 3.1. If we put

σi = σ = µ = α0, ρj = ρ = ν = β0, ξi = ηj = ξ = η = 1,

then ε < α0, δ < β0, and the conditions (34)–(36) will take the form

ϕj(y) = D−β00y ϕ∗j (y), ϕ∗j (y), y1−β0ϕk−1(y) ∈ C[0, b],

β0 > max
{
β − α0+αk−1

α β, 1− βm
}
, j = 0, k − 2;

(38)

ψi(y) = D−α0
0x ψ∗i (x), ψ∗i (x), x1−α0ψm−1(x) ∈ C[0, a],

α0 > max
{
α− β0+βm−1

β α, 1− αk
}
, i = 0,m− 2;

(39)
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f(x, y) = D−α0
0x D−β00y f∗(x, y), f∗(x, y) ∈ C(Ω). (40)

Remark 3.2. In the case of a system with Riemann–Liouville derivatives, i.e., when k = m = 1,

D
{α0,1}
0x = Dα0

0x , D
{β0,1}
0y = Dβ0

0y , the conditions (38)–(40) will take the form

y1−β0ϕ0(y) ∈ C[0, b], x1−α0ψ0(x) ∈ C[0, a], f(x, y) = D−α0
0x D−β00y f∗(x, y), f∗(x, y) ∈ C(Ω).

The solution has the form

u(x, y) =

y∫
0

G(x, y − s)ϕ0(s)ds+

x∫
0

G(x− t, y)Aψ0(t)dt+

+

y∫
0

x∫
0

G(x− t, y − s)f(t, s)dtds.

Remark 3.3. In the case of a system with Gerasimov–Caputo derivatives, i.e., when k = m = 1,

D
{1,α1}
0x = ∂α1

0x , D
{1,β1}
0y = ∂β10y , the conditions (38)–(40) will take the form

ϕ0(y) ∈ C[0, b], ψ0(x) ∈ C[0, a], f(x, y) = D−1
0xD

−1
0y f

∗(x, y), f∗(x, y) ∈ C(Ω).

The solution has the form

u(x, y) =

y∫
0

Dα1−1
0x G(x, y − s)ϕ0(s)ds+

x∫
0

Dβ1−1
0y G(x− t, y)Aψ0(t)dt+

+

y∫
0

x∫
0

G(x− t, y − s)f(t, s)dtds.

In what follows, for brevity, we will denote

uϕj (x, y) =

y∫
0

D
{αk,...,αj+1}
0x G(x, y − s)ϕj(s)ds,

uψi(x, y) =

x∫
0

D
{βm,...,βi+1}
0y G(x− t, y)Aψi(t)dt,

uf (x, y) =

x∫
0

y∫
0

G(x− t, y − s)f(t, s)dsdt.

3.1 Representation of solutions

Lemma 3.1. Every regular solution u(x, y) to problem (1), (30), (31) in Ω can be represented in
the form (37).

Proof. Let u(x, y) be a solution to problem (1), (30), (31), and matrix V ≡ V (x − t, y − s) be a
solution to the equation

L∗V ≡ D{αk,αk−1,...,α0}
xt V +D{βm,βm−1,...,β0}

ys V A = V B + I, (41)

150 Bulletin of the Karaganda University



Boundary value problem for a system ...

satisfying the conditions
lim
t→x

D
{αk,αk−1,...,αi}
xt V = 0, 1 ≤ i ≤ k, (42)

lim
s→y

D
{βm,βm−1,...,βj}
ys V = 0, 1 ≤ j ≤ m, (43)

where I is the identity matrix.
Lemmas 2.2 and 2.3 show that V (x − t, y − s) = Φ1,1

α,β(x − t, y − s) is the solution to the problem
(41)–(43). From (22) and (23) we see that

Vxy(x, y) = G(x, y). (44)

We have the following formula [20]

x∫
0

[
h(x, t)D

{α0,α1,...,αm}
0t g(t)−D{αm,αm−1,...,α0}

xt h(x, t) · g(t)
]
dt =

=

m∑
i=1

D
{αm,αm−1,...,αm+1−i}
xt h(x, t) ·D{α0,α1,...,αm−i}

0t g(t)
∣∣t=x
t=0

. (45)

By (1) and (41) we get

V (x− t, y − s)Lu(t, s)− L∗V (x− t, y − s) · u(t, s) = V (x− t, y − s)f(t, s)− u(t, s),

or (
V D

{α0,...,αk}
0t u−D{αk,...,α0}

xt V · u
)

+
(
V AD

{β0,...,βm}
0s u−D{βm,...,β0}ys V A · u

)
= V f − u.

Integrating the last equality, taking into account the formula (45), we obtain

x∫
0

y∫
0

u(t, s)dsdt =

x∫
0

y∫
0

V (x− t, y − s)u(t, s)dsdt−

−
k∑
i=1

y∫
0

D
{αk,αk−1,...,αk+1−i}
xt V (x, y − s)D{α0,α1,...,αk−i}

0t u(t, s)
∣∣∣t=x
t=0

ds−

−
m∑
j=1

x∫
0

D
{βm,βm−1,...,βm+1−j}
ys V (x− t, y)AD

{β0,β1,...,βm−j}
0s u(t, s)

∣∣∣s=y
s=0

dt. (46)

Therefore, differentiating (46) with respect to x and with respect to y, taking into account (30), (31),
(42), (43) and (44), and then changing the order of summation, we get (37). Lemma 3.1 is proved.

3.2 Properties of the fundamental solution

Lemma 3.2. [3] Let AB = BA, then the equality(
Dα

0x +ADβ
0y −B

)
G(x, y) = 0 (47)

holds.
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Lemma 3.3. Let the vectors ψi(x) (i = 0, k − 1), and ϕj(y) (j = 0,m− 1), satisfy the conditions
of Theorem 3.1, then the relations

lim
x→0

D
{α0,...,αi}
0x uϕj (x, y) =

{
0, i 6= j,
ϕj(y), i = j,

, y > ε > 0, (48)

lim
y→0

D
{β0,...,βj}
0y uψj (x, y) =

{
0, i 6= j,
ψi(y), i = j,

, x > ε > 0, (49)

lim
y→0

D
{β0,...,βj}
0y uϕj (x, y) = 0, x > ε > 0, (50)

lim
x→0

D
{α0,...,αi}
0x uψj (x, y) = 0, y > ε > 0, (51)

hold, where the limits (48) and (51) are uniform on any closed subset (0; b), and the limits (49) and
(50) on any closed subset (0; a).

Proof. Using (22), we write

uϕj (x, y) =

y∫
0

Φ
1−µ̄j+1,0
α,β (x, y − s)ϕj(s)ds.

By virtue of the formula (24) and the estimate (26), we obtain

D
{α0,...,αi}
0x Φ

1−µ̄j+1,0
α,β (x, y) = Φ

1−µ̄j+1+1−µi,0
α,β (x, y),∣∣∣Φ1−µ̄j+1+1−µi,0

α,β (x, y)
∣∣∣
∗
≤ Cx1+α−µ̄j+1−µi−αθyβθ−1, θ ∈ [−1, 1].

Let i < j, then, taking into account the fact that
j∑

s=i+1
αs < α for α0 +αk > 1, we get that there exists

θ ∈ (0, 1), such that

1 + α− µ̄j+1 − µi − αθ =
k∑
s=0

αs −
i∑

s=0

αs −
k∑

s=j+1

αs − αθ =

j∑
s=i+1

αs − αθ > 0.

By virtue of the last relations, for i < j, we obtain

D
{α0,...,αi}
0x uϕj (x, y) =

y∫
0

Φ
1−µ̄j+1+1−µi,0
α,β (x, y − s)ϕj(s)ds ∈ C(Ω ∪ {x = 0}), (52)

lim
x→0

D
{α0,...,αi}
0x uϕj (x, y) = 0. (53)

Consider now the case i = j. Taking into account that 1− µ̄j+1 + 1− µj = 1− α we obtain

D
{α0,...,αj}
0x uϕj (x, y) =

y∫
0

Φ
1−µ̄j+1+1−µj ,0
α,β (x, y − s)ϕj(s)ds =

y∫
0

Φ1−α,0
α,β (x, y − s)ϕj(s)ds.

Hence, in view of the equality [3]

lim
x→0

y∫
0

Φ1−α,0
α,β (x, y − s)q(s)ds = q(y),
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which under condition (14) is proved using equality (18), we get

lim
x→0

D
{α0,...,αj}
0x uϕj (x, y) = ϕj(y). (54)

For i > j, i.e. 1 ≤ i ≤ k − 1, and 0 ≤ j ≤ k − 2, due to (24) and equality (47) we obtain

D
{α0,...,αi}
0x uϕj (x, y) = D

{αj+1,...,αi}
0x

y∫
0

Dα
0xG(x, y − s)ϕj(s)ds =

= D
{αj+1,...,αi}
0x

y∫
0

(
B −ADβ

ys

)
G(x, y − s)ϕj(s)ds = I1(x, y)− I2(x, y). (55)

It follows from the relation α > αj + 1 + ... + αi that there exists θ ∈ (0, 1), such that
α(1− θ) > αj + 1 + ...+ αi. Therefore, by the estimate∣∣∣∣Φ1−µij+1,0

α,β (x, y − s)
∣∣∣∣
∗
≤ Cxα−αθ−µ

i
j+1yβθ−1, θ ∈ [−1, 1),

we get the relations

I1(x, y) = B

y∫
0

Φ
1−µij+1,0

α,β (x, y − s)ϕj(s)ds ∈ C(Ω ∪ {x = 0}), (56)

lim
x→0

I1(x, y) = 0. (57)

Let us consider the second term

I2(x, y) = A

y∫
0

D
µij+1−1

0x Dβ
ysG(x, y − s)D−ρj0s ϕj(s)ds = A

y∫
0

Φ
1−µij+1,ρj−β
α,β (x, y − s)ϕ∗j (s)ds.

In view of the estimate∣∣∣∣Φ1−µij+1,ρj−β
α,β (x, y)

∣∣∣∣
∗
≤ Cxα−αθ−µ

i
j+1yρj−β+βθ−1, θ ∈ [0, 1),

we get that the integral I2(x, y) converges under the condition
{
α− αθ − µij+1 > 0,

ρj − β + βθ > 0,
i.e., when θ

satisfies the condition
µij+1

α < 1− θ < ρj
β , at that

lim
x→0

I2(x, y) = 0. (58)

By (53), (54), (55), (57) and (58) we get (48).
The relation (49) is proved similarly.
Let us prove the relation (50). Formulas (25) and (26) give the equalities

∂s

∂ys
D
{β0,...,βi}
0y Φ

1−µ̄j+1,ρj
α,β (x, y) = Φ

1−µ̄j+1,ρj−νi+1−s
α,β (x, y), s = 0, 1,

and ∣∣∣Φ1−µ̄j+1,ρj−νi+1−s
α,β (x, y)

∣∣∣
∗
≤ Cxα−αθ−µ̄j+1yρj−νi+βθ−s, s = 0, 1, θ ∈ [0, 1).
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By the last estimate, taking into account that due to ρj > 1 − βm > 1 − ν̄i+1 one can choose θ
sufficiently close to 1, so that ρj − νi + βθ = ρj + ν̄i+1 − 1 + β(θ − 1) > 0, we get

D
{β0,...,βi}
0y uϕj (x, y) =

y∫
0

Φ
1−µ̄j+1,ρj+1−νi
α,β (x, y − s)ϕ∗j (s)ds ∈ C(Ω ∪ {y = 0}), (59)

∂

∂y
D
{β0,...,βi}
0y uϕj (x, y) =

y∫
0

Φ
1−µ̄j+1,ρj−νi
α,β (x, y − s)ϕ∗j (s)ds ∈ C(Ω) ∪ L(Ω), (60)

and
lim
y→0

D
{β0,...,βi}
0y uϕj (x, y) = 0, 0 ≤ i ≤ m− 1.

The relation (51) is proved similarly. Lemma 3.3 is proved.
Lemma 3.4. The function (37) is a solution (1) satisfying the inclusions (32) and (33).
Proof. Using estimates∣∣∣∣Φ−µk−1

j+1 ,0

α,β (x, y)

∣∣∣∣
∗
≤ Cxα−αθ−µ

k−1
j+1−1yβθ−1, θ ∈ [0, 1),

∣∣∣∣Φ−µk−1
j+1 ,ρj−β

α,β (x, y)

∣∣∣∣
∗
≤ Cxα−αθ−µ

k−1
j+1−1yρj−β+βθ−1, θ ∈ [0, 1),

and inequalities α− αθ − µk−1
j+1 > 0, ρj − β + βθ > 0, by (55) with i = k − 1 we get

∂

∂x
D
{α0,...,αk−1}
0x uϕj (x, y) = B

y∫
0

Φ
−µk−1

j+1 ,0

α,β (x, y − s)ϕj(s)ds−

−A
y∫

0

Φ
−µk−1

j+1 ,ρj−β
α,β (x, y − s)ϕ∗j (s)ds ∈ C(Ω) ∩ L(Ω). (61)

By (61) it follows that

D
{α0,...,αk}
0x uϕj (x, y) = B

y∫
0

Φ
1−µ̄j+1,0
α,β (x, y − s)ϕj(s)ds−

−A
y∫

0

Φ
1−µ̄j+1,ρj−β
α,β (x, y − s)ϕ∗j (s)ds ∈ C(Ω ∪ {x = 0}). (62)

Due to the estimate∣∣∣Φ1−µ̄j+1,ρj−νi
α,β (x, y)

∣∣∣
∗
≤ Cxα−αθ−µ̄j+1yρj−νi+βθ−1, θ ∈ [0, 1),

and the inequality ρj + βm > 1, one can always choose θ sufficiently close to 1, so that

ρj − νi + βθ > βi+1 + ...+ βm−1 + (θ − 1)β > 0,

so
∂

∂y
D
{β0,...,βi}
0y uϕj (x, y) =

y∫
0

Φ
1−µ̄j+1,ρj−νi
α,β (x, y − s)ϕ∗j (s)ds ∈ C(Ω) ∩ L(Ω). (63)
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From (63) for i = m− 1 it follows that

D
{β0,...,βm}
0y uϕj (x, y) =

y∫
0

Φ
1−µ̄j+1,ρj−β
α,β (x, y − s)ϕ∗j (s)ds ∈ C(Ω). (64)

It can be seen from (62) and (64) that uϕj (x, y) are solutions of the homogeneous system

D
{α0,...,αk}
0x uϕj (x, y) +AD

{β0,...,βm}
0y uϕj (x, y) = Buϕj (x, y).

The proof for uψi(x, y) is similar.
Let us show that

uf (x, y) =

x∫
0

y∫
0

Φσ,ρ
α,β(x− t, y − s)f∗(t, s)dsdt

system solution (1). In view of∣∣∣Φσ−µj+1,ρ
α,β (x, y)

∣∣∣
∗
≤ Cxµ̄j+1−αθ+σ−1yρ+βθ−1,

we get ∣∣∣D{α0,...,αj}
0x uf (x, y)

∣∣∣
∗
≤ Cxσ+ξ−(1−µ̄j+1)−αθyρ+η+βθ−1.

The inequality σ + ξ > 1− αk, implies σ + ξ − (1− µ̄j+1)− αθ > 0 and the relations

D
{α0,...,αj}
0x uf (x, y) =

x∫
0

y∫
0

Φ
σ−µj+1,ρ
α,β (x− t, y − s)f∗(t, s)dsdt ∈ C(Ω ∪ {x = 0}), (65)

lim
x→0

D
{α0,...,αj}
0x uf (x, y) = 0, 0 ≤ j ≤ k − 1. (66)

It follows from (48)–(51) and (66) that the boundary conditions (30) and (31) hold.
By the estimate ∣∣∣Φσ−µj ,ρ

α,β (x, y)
∣∣∣
∗
≤ Cxα−µj−αθ+σ−1yρ+βθ−1,

and inequalities α−µj −αθ+σ = µ̄j+1 +σ− 1−αθ > 0, which follow from the inequality σ > 1−αk,
we get

∂

∂x
D
{α0,...,αj}
0x uf (x, y) =

x∫
0

y∫
0

Φ
σ−µj ,ρ
α,β (x− t, y − s)f∗(t, s)dsdt. (67)

By (67), estimate ∣∣∣∣ ∂∂xD{α0,...,αj}
0x uf (x, y)

∣∣∣∣
∗
≤ Cxσ+ξ+µ̄j+1−1−αθyρ+η+βθ−1,

due to the inequality σ > 1− αk, we obtain

∂

∂x
D
{α0,...,αj}
0x uf (x, y) ∈ C(Ω) ∩ L(Ω), 0 ≤ j ≤ k − 1. (68)

Therefore

D
{α0,...,αk}
0x uf (x, y) =

x∫
0

y∫
0

Φσ−α,ρ
α,β (x− t, y − s)f∗(t, s)dsdt ∈ C(Ω). (69)
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Similarly, we get

D
{β0,...,βm}
0x uf (x, y) =

x∫
0

y∫
0

Φσ,ρ−β
α,β (x− t, y − s)f∗(t, s)dsdt ∈ C(Ω). (70)

By (69) and (70), taking into account Lemma 2.3, we obtain(
D
{α0,...,αk}
0x +AD

{β0,...,βm}
0x −B

)
uf (x, y) =

=

x∫
0

y∫
0

(
D
{α0,...,αk}
0x +AD

{β0,...,βm}
0x −B

)
Φσ,ρ
α,β(x− t, y − s)f∗(t, s)dsdt =

=

x∫
0

y∫
0

(x− t)σ−1(y − s)ρ−1

Γ(σ)Γ(ρ)
f∗(t, s)dsdt = D−σ0x D

−ρ
0y f

∗(t, s) = f(t, s).

From (52), (56), (59)–(65), (68)–(70), it follows that (37) satisfies the inclusions (32), (33). Lemma 3.4
is proved.

3.3 Proof of the main theorem

Using the estimate (26) and the conditions of Theorem 3.1 on the functions ψi(x), ϕj(y) and f(x, y),
we obtain the estimates

x1−εy1−δ|uϕj (x, y)|∗ ≤ Cxα−αθ−µ̄j+1+1−εyρj+ηj+βθ−δ, θ ∈ (0, 1), (71)

x1−εy1−δ|uψi(x, y)|∗ ≤ Cxα−αθ+σi+ξi−εyβθ−ν̄i+1+1−δ, θ ∈ (0, 1), (72)

x1−εy1−δ|uf (x, y)|∗ ≤ Cxα−αθ+σ+ξ−εyβθ+ρ+η−δ, θ ∈ (0; 1). (73)

Considering that α + 1 − µ̄j+1 = µj > ε, due to α0 > ε, and the fact that ρj + ηj > ε, by (71)
we get x1−εy1−δuϕj ∈ C(Ω). Taking into account the inequalities σi + ξi > ε, and the fact that
βθ − ν̄i+1 + 1 = β(θ − 1) + νi > δ, due to β0 > δ, by (72) we get x1−εy1−δuψi ∈ C(Ω). It follows from
(73) and the inequalities σ + ξ > ε and ρ+ η > δ that the inclusion x1−εy1−δuf ∈ C(Ω).

The above together with Lemmas 3.2, 3.3, and 3.4 proves the existence of a regular solution to the
problem (1), (30), (31). The uniqueness of the solution to the problem follows by Lemma 3.1. Theorem
3.1 is proved.
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РҒА КБҒО Қолданбалы математика және автоматтандыру институты, Нальчик, Ресей

Джрбашян–Нерсесян бөлшек дифференциалдау операторы бар
дербес туындылы теңдеулер жүйесiне арналған шеттiк есеп
Тiкбұрышты облыста жүйенiң матрицалық коэффициенттерi күрделi меншiктi мәндерге ие болған
жағдайда тұрақты коэффициенттерi бар Джрбашян-Нерсесян бөлшек дифференциалдау операторы
бар дербес туындылы теңдеулер жүйесiне арналған шеттiк есеп зерттелдi. Зерттелетiн шеттiк есептер-
дiң шешiмiнiң бар болуы және жалғыздық теоремалары дәлелдендi. Шешiм матрицалық аргументтiң
Райт функциясы тұрғысынан анық түрде құрастырылған.

Кiлт сөздер: дербес туындылы теңдеулер жүйесi, бөлшек реттi туынды, Джрбашян-Нерсесян опера-
торы, шеттiк есеп, iргелi шешiм, матрицалық аргументтiң Райт фукнциясы.

М.О. Мамчуев

Институт прикладной математики и автоматизации КБНЦ РАН, Нальчик, Россия

Краевая задача для системы уравнений в частных производных
с операторами дробного дифференцирования

Джрбашяна–Нерсесяна
Исследована краевая задача в прямоугольной области для линейной системы уравнений с частными
операторами дробного дифференцирования Джрбашяна–Нерсесяна с постоянными коэффициента-
ми в случае, когда матричные коэффициенты системы имеют комплексные собственные значения.
Доказаны теоремы существования и единственности решения исследуемой краевой задачи. Решение
построено в явном виде в терминах функции Райта матричного аргумента.

Ключевые слова: система уравнений с частными производными, производные дробного порядка, опе-
ратор Джрбашяна–Нерсесяна, краевая задача, фундаментальное решение, функция Райта матрич-
ного аргумента.
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