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On the Correctness of Boundary Value Problems for the
Two-Dimensional Loaded Parabolic Equation

The paper studies the problems of the correctness of setting boundary value problems for a loaded parabolic
equation. The feature of the problems is that the order of the derivative in the loaded term is less than or
equal to the order of the differential part of the equation, and the load point moves according to a nonlinear
law. At the same time, the distinctive characteristic is that the line, on which the loaded term is set is at
the zero point. On the basis of the study the authors proved the theorems about correctness of the studied
boundary value problems.
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Introduction

The steadily growing interest in the study of loaded differential equations is explained by the
expanding scope of their applications and the fact that loaded equations constitute a special class of
equations with their own specific problems. The main questions that arise in the theory of boundary
value problems for partial differential equations remain the same for boundary value problems for
loaded equations. However, the presence of a loaded operator does not always allow one to apply the
well-known theory of boundary value problems for loaded equations without changes. For example, the
question of the functional spaces correct choice for solving problems is relevant.

Loaded differential equations are differential equations containing values of the unknown function
and its derivatives at some fixed points of the domain or on some manifolds of nonzero measure.
General boundary value problems consisting of general boundary conditions and so-called differential
boundary equations (loaded differential equations) were studied by many researchers in the last century,
for example, the review article by Kraal [1] and the literature cited therein. Recently, there has been
renewed interest in the study of these kinds of problems, for instance, [2–6]. Because of their complexity,
numerical methods and, in particular, finite difference methods are mainly used to solve these general
boundary value problems [7–10].

Loaded differential equations also arise in applied mathematics, where mathematical problems are
modeled by simpler ones that are easier to solve. As such an example, let us mention the case of
the Fredholm integro-differential equations, where the integral term is replaced by an approximate
quadrature rule, leading to loaded differential equations [11]. Then these equations are solved directly
or, in most cases, they are discretized using various difference schemes for the derivatives, leading
to loaded difference equations or systems of loaded difference equations. This procedure has recently
been implemented to solve linear boundary value problems for first order integro-differential Fredholm
equations [12].

Boundary value problems for loaded differential equations, in some cases, are correct in natural
classes of functions, that is, in this case, the loaded term is interpreted as a weak perturbation. If
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the uniqueness of the solution of the boundary value problem is violated, then the loading can be
interpreted as a strong perturbation. It turns out here that the character of the load is a perturbation
(weak or strong perturbation) [13–20].

1 Problem setting

In the domain
Ω = {(r, t) , r > 0, t > 0}

consider the following problem:
∂u

∂t
=
∂2u

∂r2
+

1− 2β

r

∂u

∂r
− λ

∂ku

∂rk

∣∣∣∣
r=tα

+ f(r, t) (1)

u(r, 0) = 0;u(0, t) = 0, (2)

where 0 < β < 1, λ ∈ R is a spectral parameter, f(r, t) ∈M(Ω) is a given function,

fk(t) =

(
∂k

∂rk

∫ t

0

∫ ∞
0

[
rβξ1−β

2(t− τ)
exp

[
− r2 + ξ2

4(t− τ)

]
Iβ

(
rξ

2(t− τ)

)]
· f(ξ, τ)dξdτ)

)∣∣∣∣
r=tα

∈M(0,∞)

M(Ω) = L∞(Ω) ∩ C(Ω),M(0,∞) = L∞(0,∞) ∩ C(0,∞).

The purpose is to determine for which integer values k = 0, 1, 2 and for which values α > 0, 0 < β < 1
the problem (1)–(2) will be correct in other words have a unique solution.

2 Main part

Remark 1. Obviously, this problem at λ = 0 has a unique solution due to the lack of a loaded term

u(r, t) =

∫ t

0

∫ ∞
0

[
rβξ1−β

2(t− τ)
exp

[
− r2 + ξ2

4(t− τ)

]
Iβ

(
rξ

2(t− τ)

)]
· f(ξ, τ)dξdτ).

By means of this solution, we invert the differentiated part of the problem. In order to invert it, we
transfer the loaded term λ∂

ku
∂rk

∣∣∣
r=tα

to the right-hand side and consider it temporarily known, we obtain

u(r, t) = λ

∫ t

0

∂ku

∂ξk

∣∣∣∣
ξ=τα

dτ

∫ ∞
0

[
rβξ1−β

2(t− τ)
exp

[
− r2 + ξ2

4(t− τ)

]
Iβ

(
rξ

2(t− τ)

)]
dξ + f0(r, t), (3)

where

f0(r, t) =

∫ t

0

∫ ∞
0

[
rβξ1−β

2(t− τ)
exp

[
− r2 + ξ2

4(t− τ)

]
Iβ

(
rξ

2(t− τ)

)]
· f(ξ, τ)dξdτ).

In equality (3) we calculate the inner integral:

Q(r, t− τ) =

∫ ∞
0

[
rβξ1−β

2(t− τ)
exp

[
− r2 + ξ2

4(t− τ)

]
Iβ

(
rξ
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dξ =

=
rβ

2(t− τ)
exp

[
− r2

4(t− τ)

] ∫ ∞
0

ξ1−β exp

[
− ξ2

4(t− τ)

]
.

Using the following substitution

r

2(t− τ)
ξ = η; ξ =

2(t− τ)

r
η; dξ =

2(t− τ)

r
dη
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we obtain

Q(r, t− τ) =
rβ

2(t− τ)
exp
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4(t− τ)

] ∫ ∞
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= exp
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exp
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= exp

[
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· exp

[
r2

4(t− τ)

]
2β−1(t− τ)β−1

Γ(β)r2β−2
· γ
(
β,

r2
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)
=

=
1

Γ(β)
· γ
(
β,

r2

4(t− τ)
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where γ(β, z) is an incomplete gamma function.
Therefore, we are able to express Q(r, t− τ) in the following way:

Q(r, t− τ) =
1

Γ(β)
· γ
(
β,

r2

4(t− τ)

)
.

Then the integral representation of solution (3) takes the form

u(r, t) = λ

∫ t

0

1

Γ(β)
· γ
(
β,

r2

4(t− τ)

)
· ∂

ku

∂ξk

∣∣∣∣
ξ=τα

dτ + f0(r, t) (4)

it is apparent from (4) that in order to find a solution to problem (1)–(2), it is sufficient to find the
value of the loaded term ∂ku

∂rk

∣∣∣
r=tα

.

I. Let k = 0 then relation (4) takes the following form

u(r, t) = λ

∫ t

0

1

Γ(β)
· γ
(
β,

r2

4(t− τ)

)
· u(ξ, τ)|ξ=τα dτ + f0(r, t). (5)

Assuming r = tα in both parts of the equality (5) and introducing the notation µ0(t) = u(r, t)|r=tα we
obtain the following integral equation with respect to the unknown function:

µ0(t) = λ

∫ t

0
K0(t, τ) · µ0(τ)dτ + f0(t),

where

K0(t, τ) =
1

Γ(β)
· γ
(
β,

r2

4(t− τ)

)
, f0(t) = f0(r, t)|r=tα ,

which solution ∀λ ∈ R, ∀α > 0, ∀f0(t) ∈ M(0,∞) can be found by the method of successive
approximations. Here we take into account that K0(t, τ) ≤ 1, and is continuous ∀(t, τ), 0 < τ < t.
This implies that problem (1)–(2) has a unique solution.

Theorem 1. For k = 0 and ∀λ ∈ R, ∀α > 0, ∀f0(t) ∈M(0,∞) the boundary value problem (1)–(2)
has a unique solution.

II. Let us assume that k = 1. Then (5) takes the following form:

u(r, t) = λ

∫ t

0

1

Γ(β)
· γ
(
β,

r2

4(t− τ)

)
· ∂u
∂ξ

∣∣∣∣
ξ=τα

dτ + f1(r, t).
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In order to determine the loaded term ∂u
∂ξ

∣∣∣
ξ=τα

considering it is possible, we differentiate both parts of

this equality by the variable r and take following consideration r = tα. Yet it would be convenient to
calculate beforehand following:

∂

∂r
γ

(
β,

r2

4(t− τ)

)∣∣∣∣
r=tα

=
1

Γ(β)
·
[

r2

4(t− τ)

]β−1
· r

2(t− τ)
exp

[
− r2

4(t− τ)

]∣∣∣∣∣
r=tα

=

=
1

Γ(β)

1

22β−1
· t

(2β−1)α

(t− τ)β
· exp

[
− t2α

4(t− τ)

]
.

By denoting µ1(t) = ∂u
∂r

∣∣
r

= tα, we obtain the following integral equation with respect to the unknown
function µ1(t)

µ1(t) = λ

∫ t

0
K1(t, τ) · µ1(τ) + f1(t), (6)

where

K1(t, τ) =
1

Γ(β)

1

22β−1
· t

(2β−1)α

(t− τ)β
· exp

[
− t2α

4(t− τ)

]
,

f1(t) =
∂

∂r
f1(r, t)|r=tα .

If 0 < β ≤ 1/2, then the kernel K1(t, τ) has a weak singularity ∀α > 0, yet if 1/2 < β < 1, then in
order to have a unique solution the condition must be satisfied for the integral equation (6):

0 < α <
2− β
1− 2β

.

Consequently, the theorem is valid.
Theorem 2. If k = 1, then for 0 < β ≤ 1/2 and ∀λ ∈ R, ∀α > 0, ∀f1(t) ∈ M(0,∞) the boundary

value problem (1)–(2) has a unique solution u(r, t) ∈ M(Ω). As for 1/2 < β < 1 in order for the
boundary value problem (1)–(2) to have a unique solution u(r, t) ∈M(Ω) the following condition must
be satisfied:

0 < α <
2− β
1− 2β

.

Remark 2. Thus, for k = 0 and for k = 1 under the conditions of Theorem 2 the loaded term
∂u
∂ξ

∣∣∣
ξ=τα

in equation (1) of problem (1)–(2) can be interpreted as weak perturbation.

III. Let us assume that k = 2. Then (5) takes the following form:

u(r, t) = λ

∫ t

0

1

Γ(β)
· γ
(
β,

r2

4(t− τ)

)
· ∂

2u

∂ξ2

∣∣∣∣
ξ=τα

dτ + f2(r, t). (7)

In order to determine the loaded term ∂2u
∂ξ2

∣∣∣
ξ=τα

let us differentiate both parts of equality (7) twice

with respect to the variable r and take following consideration r = tα. Yet it would be convenient to
calculate beforehand next expression:

∂2

∂r2
γ
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β,

r2

4(t− τ)

)∣∣∣∣
r=tα

=
2β − 1

22β−1Γ(β)
· r2β−2

(t− τ)β
· exp

[
− r2

4(t− τ)

]∣∣∣∣
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−

− 1

22βΓβ
· r2β

(t− τ)β+1
exp

[
− r2

4(t− τ)
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r=tα

=

=
1

Γ(β)

{
2β − 1

22β−1
· 1

22α(1−β)(t− τ)β+1
− 1
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· exp
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− t2α

4(t− τ)

]
.
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By denoting

µ1(t) =
∂2u

∂r2

∣∣∣∣
r

= tα,

we obtain the following integral equation with respect to the unknown function µ2(t):

µ2(t)− λ
∫ t

0
K2(t, τ) · µ2(τ) = f2(t), (8)

where

K2(t, τ) =
1

Γ(β)

{
1

22β
· t2αβ

(t− τ)β+1
− 2β − 1

22β−1
· 1

22α(1−β)(t− τ)β+1

}
· exp

[
− t2α

4(t− τ)

]
.

f2(t) =
∂2

∂r2
f0(r, t)

∣∣∣∣
r=tα

.

Let us study the kernel K2(t, τ) of this equation. Initially, we calculate the following integral:

∫ t

0
K2(t, τ) =

1

Γ(β)
Γ

(
β,
t2α−1

4

)
− 2β − 1

2Γ(β)
Γ

(
β − 1,

t2α−1

4

)
. (9)

Further, using the following equality:

Γ(α+ 1, x) = αΓ(α, x) + xαe−x,

we obtain

Γ

(
β − 1,

t2α−1

4

)
= − 1

1− β
Γ

(
β,
t2α−1

4

)
+

1

1− β
41−βt1−β

t2α(1−β)
· exp

[
− t

2α−1

4

]
.

Hence it follows that∫ t

0
K2(t, τ) =

1

Γ(β)
Γ

(
β,
t2α−1

4

)
+

+
2β − 1

2Γ(β)

1

1− β
Γ

(
β,
t2α−1

4

)
−

− 2β − 1

2Γ(β)

41−β

1− β
· t(1−2α)(1−β) · exp

[
− t

2α−1

4

]
=

=
Γ
(
β, t

2α−1

4

)
Γ(β)

[
1 +

2β − 1

2(1− β)

]
− 2β − 1

22β−2(1− β)

1

Γ(β)
· t(1−2α)(1−β) exp

[
− t

2α−1

4

]
.

(10)

This implies that the inhomogeneous integral equation (8) has a unique solution ∀β ∈ (0, 1) if the
condition α ∈

(
0, 12
)
is satisfied.

Theorem 3. If k = 2, then for the condition 0 < α < 1/2 the boundary value problem (1)–(2) has
a unique solution u(r, t) ∈M(Ω) for ∀λ ∈ R, ∀β ∈ (0, 1), ∀f2(t) ∈M(0,∞).
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3 Conclusion

From (9)–(10) it follows that for β = 1/2, α > 1/2 we have the following equality:

lim
t→0

∫ t

0
K2(t, τ)dτ = 1.

In summation, this implies that the Volterra type integral equation of the second kind (8) cannot be
solved by the method of successive approximations. Moreover, the corresponding homogeneous integral
equation for λ ≥ 1 will have nonzero solutions, thus the inhomogeneous integral equation has a non-
unique solution. Then from relation (3) it will follow that the boundary value problem (1)–(2) will be
incorrect, since it has a non-unique solution.

As noted in [21–24], the corresponding boundary problems may turn out to be Noetherians with
both positive and negative indices. Further investigations of boundary problems of type (1)–(2) for
different laws of motion of the load point will be continued.
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Екi өлшемдi жүктелген параболалық теңдеу үшiн шекаралық
есептердiң дұрыс қойылуы

Мақалада жүктелген параболалық теңдеу үшiн шекаралық есептердi дұрыс қоюдың сұрақтары зерт-
телген. Есептердiң ерекшелiгi - жүктелген мүшедегi туындының ретi теңдеудiң дифференциалдық
бөлiгiнiң ретiнен кiшi және оған тең, ал жүктеме нүктесi сызықты емес заң бойынша қозғалады. Бұл
жағдайда ерекшеленетiн белгi — жүктелген термин көрсетiлген қарастырылатын сызық нөлдiк нүк-
теде орналасқан. Зерттеу негiзiнде авторлар зерттелетiн шекаралық есептердiң дұрыс қойылғандығы
туралы теоремаларды дәлелдедi.

Кiлт сөздер: жүктелген дифференциалдық теңдеулер, параболалық типтi теңдеулер, бiрегейлiк, бар
болу, шекаралық есеп, жүктеме, ауытқу.
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О корректности краевых задач для двумерного нагруженного
параболического уравнения

В статье исследованы вопросы корректности постановок краевых задач для нагруженного парабо-
лического уравнения. Особенностью задач является то, что порядок производной в нагруженном
слагаемом меньше и равен порядку дифференциальной части уравнения, и при этом точка нагрузки
движется по нелинейному закону. Кроме того, отличительной чертой является то, что рассматри-
ваемая линия, на которой задается нагруженное слагаемое, расположена в точке нуль. На основе
исследования авторы доказали теоремы о корректности исследуемых краевых задач.

Ключевые слова: нагруженные дифференциальные уравнения, уравнения параболического типа, един-
ственность, существование, граничная задача, нагрузка, возмущение.
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