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On One Initial Boundary Value Problem for
the Burgers Equation in a Rectangular Domain

We consider some initial boundary value problems for the Burgers equation in a rectangular domain, which
in a sense can be taken as a model one. The fact is that such a problem often arises when studying the
Burgers equation in domains with moving boundaries. Using the methods of functional analysis, priori
estimates, and Faedo-Galerkin in Sobolev spaces and in a rectangular domain, we show the correctness of
the initial boundary value problem for the Burgers equation with nonlinear boundary conditions of the
Neumann type.
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Introduction

The study of the Burgers equation has a long history, some of which is given in [1–4], as well as in monographs
[5] and [6].

In works [1] and [2] in Sobolev spaces, the correctness of the boundary value problem for the Burgers equation
was established. In this case, the domain of independent variables degenerated according to a nonlinear law,
and homogeneous Dirichlet conditions were set on the boundary.

The infiltration of the wetting front into a porous medium is a classical problem with a free boundary.
Historically, the first example is the Green-Ampt model for water flow in soils [7]. There is a huge variety of
situations (chemically reacting media, deformable media, capillarity effects, mass transfer, mixture flows, media
with a complex structure, pollution, reclamation, soil freezing, production of composite materials, brewing, etc.).

Nonlinear Burgers equations and their modifications are also suitable models of fluid motion in porous media
[8–13].

The range of application of boundary value problems for parabolic equations in a domain with a boundary
that changes over time is quite wide. Such problems arise in the study of thermal processes in electrical
contacts [14], the processes of ecology and medicine [15], in solving some problems of hydromechanics [16],
thermomechanics in thermal shock [17], and so on.

In this paper, in Sobolev classes, we study the solvability of the initial boundary value problem for the
Burgers equation in a rectangular domain with nonlinear boundary conditions of the Neumann type.

In Section 1, the statement of the boundary value problem under study is given, and the main result of the
work is formulated. We study the questions of unique solvability of two auxiliary boundary value problems for
the Burgers equation in rectangular and non-rectangular domains, which are used in the proof of the main results
of the work. Sections 2–5 are devoted to the first auxiliary problem. In these sections, the correctness of this
problem in Sobolev classes is established by the methods of a priori estimates and Faedo-Galerkin. In sections
4–5, Theorem 1.1, the main result of the work is proved. The work is completed by a brief conclusion.
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1 Problem statement and main result

In the domain Qyt = {y, t| y ∈ (0, 1), t ∈ (0, T )}, we consider the following initial boundary value problem:

∂tw + α(t)w∂yw − β(t)∂2
yw + γ(y, t)∂yw = g, (1.1)[

α(t)

3
w2 − β(t)∂yw

] ∣∣
y=0

= 0,

[
α(t)

3
w2 − β(t)∂yw

] ∣∣
y=1

= 0, 0 < t < T, (1.2)

w(y, 0) = 0, 0 < y < 1. (1.3)

where the given continuous functions α(t), β(t), γ(y, t) satisfy the following conditions

α′(t) ≤ 0, β′(t) ≤ 0, α1 ≤ α(t) ≤ α2, β1 ≤ β(t) ≤ β2, |γ(y, t)| ≤ γ1, |∂yγ(y, t)| ≤ γ1, ∀ t ∈ [0, T ], (1.4)

with given positive constants

αi, βi, i = 1, 2, γ1; α(t), β(t) ∈ C1([0, T ]), ∂yγ(y, t) ∈ C(Q̄yt). (1.5)

Theorem 1.1 (Main result). Let g ∈ L2(Qyt) and conditions (1.4)–(1.5) be satisfied. Then boundary value
problem (1.1)–(1.3) has a unique solution

w ∈ H2,1(Qyt) ≡ L2(0, T ;H2(0, 1)) ∩H1(0, T ;L2(0, 1)).

To apply the Faedo-Galerkin method, we need to solve the following spectral problem:

−Y ′′(y) = λ2Y (y), y ∈ (0, 1), (1.6)

Y ′(0) + λ2Y (0) = 0, (1.7)

Y ′(1)− λ2Y (1) = 0, (1.8)

obtained by applying the variable separation method (u(y, t) = F (t)Y (y)) from the following problem

∂tu− ∂2
yu = 0, y ∈ (0, 1), t ∈ (0, T ),

∂tu− ∂xu
∣∣
y=0

= 0, ∂tu+ ∂xu
∣∣
y=1

= 0,

u(y, 0) = u0(y).

2 Solving spectral problem (1.6)-(1.8)

We seek the general solution to equation (1.6) in the form

Y (y) = C1 exp{iλy}+ C2 exp{−iλy}, i =
√
−1. (2.1)

Satisfying (2.1) to boundary conditions (1.7)–(1.8), we obtain

Y01(y) = 1, λ01 = 0, tan
λ01

2
= −λ01,

Y2n−1(y) = cos
λ2n−1(1− 2y)

2
, λ2n−1 = (2n− 1)π + ε2n−1, tan

λ2n−1

2
= −λ2n−1, n ∈ N, (2.2)

Y02(y) = sin
λ02(1− 2y)

2
, λ02 ≈

2π

5
, cot

λ02

2
= λ02,

Y2n(y) = sin
λ2n(1− 2y)

2
, λ2n = 2nπ + ε2n, cot

λ2n

2
= λ2n, n ∈ N. (2.3)

It is easy to see that the solutions of equations

tan
λ2n−1

2
= −λ2n−1, n ∈ N, and cot

λ2n

2
= λ2n, n ∈ N,
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are, respectively, close to points (2n− 1)π and 2nπ, n ∈ N, and with the growth of n they approach arbitrarily
close from the right to the corresponding specified points (2n − 1)π and 2nπ, n ∈ N, i.e. εn → 0+ at n → ∞
(see Figure 2.1–2.2). If we introduce the notation 2x = (1− 2y)π, then we get: x ∈ (−π/2, π/2).

By the Paley-Wiener theorem ([18], chapter V, 86, example), the system of functions (2.2) and (2.3) is
complete in L2(0, 1), since the system of functions:

√
2 cosx√
π

,

√
2 sin 2x√
π

,

√
2 cos 3x√

π
,

√
2 sin 4x√
π

, ...,

which is complete in L2(−π/2, π/2), will differ little from it. For the latter system, it is sufficient to make the
replacement x1 = x+ π/2. We get the system of sines:

√
2 sinx1√
π

,

√
2 sin 2x1√

π
,

√
2 sin 3x1√

π
,

√
2 sin 4x1√

π
, ...,

which is complete in L2(0, π).

Note that the system of functions (2.2) and (2.3) is not orthogonal in L2(0, 1).

Figure 2.1. Graphs of functions z = −λ, z = tan λ
2

Remark 2.1. The applicability of the Paley-Wiener theorem ([18], chapter V, 86, example) follows from the
relations:

λ1 ≈ 3.673, λ1 − π ≈ 0.533, Mπ = |λ1 − π| < 0.54 < ln 2 ≈ 0.693, θ = exp{Mπ} − 1 < 1.

76 Bulletin of the Karaganda University



On One Initial ...

Figure 2.2. Graphs of functions z = λ, z = cot λ2

3 Setting and solving the approximate problem

We multiply equation (1.1) scalarly in L2(0, 1) by function v ∈ H1(0, 1). As a result, taking into account
initial (1.3) and boundary conditions (1.2) we will have a weak statement of problem (1.1)–(1.3):

1∫
0

∂twvdy + α(t)

1∫
0

w∂ywvdy + β(t)

1∫
0

∂yw∂yvdy +

1∫
0

γ(y, t)∂ywvdy−

−α(t)

3
w2(1, t)v(1, t) +

α(t)

3
w2(0, t)v(0, t) =

1∫
0

gvdy, ∀ v ∈ H1(0, 1), (3.1)

w(y, 0) = 0, y ∈ (0, 1). (3.2)

We introduce the following approximate solution

wn(y, t) =

n∑
j=1

cj(t)Yj(y), wn(y, 0) =

n∑
j=1

cj(0)Yj(y). (3.3)

Next, we will satisfy this solution to an approximate version of problem (3.1)–(3.2):

1∫
0

∂twnYjdy + α(t)

1∫
0

wn∂ywnYjdy + β(t)

1∫
0

∂ywn∂yYjdy +

1∫
0

γ(y, t)∂ywnYjdy−

−α(t)

3
w2
n(1, t)Yj(1) +

α(t)

3
w2
n(0, t)Yj(0) =

1∫
0

gYjdy, (3.4)
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wn(y, 0) = 0, y ∈ (0, 1), (3.5)

for all j = 0, 1, ..., n, and t ∈ [0, T ].
Lemma 3.1. Problem (3.4)–(3.5) has a unique solution wn(y, t).
Proof. Since the system of functions Y1(y), Y2(y), ... is a basis in L2(0, 1), we have

det{Wn} = ‖(Yk(y), Yj(y))‖nk,j=1 6= 0, ∀ finite n;

Wn is a Gram matrix, (·, ·) is the scalar product in L2(0, 1), An = (∂yYk(y), ∂yYj(y))
n
k,j=1 ,

w2
n(1, t)Yj(1, t)− w2

n(0, t)Yj(0, t) = [

n∑
k=1

ck(t)Yk(1)]2Yj(1)− [

n∑
k=1

ck(t)Yk(0)]2Yj(0).

Further, if we introduce the notation

Gn(t) = {g0(t), ..., gn(t)}, Pn(t) = {p0(t), ..., pn(t)}, Hn(t) = {h0(t), ..., hn(t)},

Cn(t) = {c1(t), ..., cn(t)},

where

gj(t) =

1∫
0

gYj(y)dy, pj(t) = −α(t)

1∫
0

wn∂ywnYj(y)dy −
1∫

0

γ(y, t)∂ywn(y, t)Yj(y)dy,

hj(t) =
α(t)

3
[

n∑
k=1

ck(t)Yk(1)]2Yj(1)− [

n∑
k=1

ck(t)Yk(0)]2Yj(0),

for all j = 0, 1, ..., n, then problem (3.4)–(3.5) is equivalent to the following Cauchy problem for a finite system
of nonlinear ordinary differential equations

C ′n(t) = W−1
n [−β(t)Anc(t) + Pn(t) +Hn(t) +Gn(t)] , Cn(0) = 0. (3.6)

Note that functions pj(t), hj(t) are well-defined, and function gj(t) is square integrable (by virtue of g ∈ L2(Q)).
Theorefore, the Cauchy problem (3.6) is uniquely solvable on some interval [0, T ′], where T ′ ≤ T. However,
according to the priori estimates established below, we find that this solution Cn(t) continues to a finite time T.

Thus, we find the functions Cn(t) = {cj(t), j = 0, 1, ..., n} as a solution to the Cauchy problem (3.6) for each
fixed finite n, and together with them the only approximate solution wn(y, t) to problem (3.4)–(3.5). Lemma
3.1 is completely proved.

4 A priori estimates

Lemma 4.1. There exists a positive constant K1 independent of n, such that for all t ∈ [0, T ] the following
estimate takes place

‖wn(y, t)‖2L2(0,1) + β1

t∫
0

‖∂ywn(y, τ)‖2L2(0,1)dτ ≤ K1.

Proof. Multiplying (3.4) by cj(t), summing the result over j from 1 to n and using the equality

1∫
0

wn(y, t)∂ywn(y, t)wn(y, t)dy =
1

3
w3
n(1, t)− 1

3
w3
n(0, t),

we obtain

1

2

d

dt

1∫
0

|wn(y, t)|2dy + β(t)

1∫
0

|∂ywn(y, t)|2dy =
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= −
1∫

0

γ(y, t)∂ywn(y, t)wn(y, t)dy +

1∫
0

g(y, t)wn(y, t)dy. (4.1)

Now, by integrating (4.1) with respect to t from 0 to t and using Cauchy’s inequality

−
1∫

0

γ(y, t)∂ywn(y, t)wn(y, t)dy ≤ β1

2
‖∂ywn(y, t)‖2L2(0,1) +

γ2
1

2β1
‖wn(y, t)‖2L2(0,1),

1∫
0

g(y, t)wn(y, t)dy ≤ 1

2
‖g(y, t)‖2L2(0,1) +

1

2
‖wn(y, t)‖2L2(0,1),

we get

‖wn(y, t)‖2L2(0,1) + β1

t∫
0

‖∂ywn(y, τ)‖2L1(0,1)dτ ≤

≤
(
γ2

1

β1
+ 1

) t∫
0

‖wn(y, τ)‖2L2(0,1)dτ +

T∫
0

‖g(y, τ)‖2L2(0,1)dτ. (4.2)

From (4.2) follows

‖wn(y, t)‖2L2(0,1) ≤
(
γ2

1

β1
+ 1

) t∫
0

‖wn(y, τ)‖2L2(0,1)dτ +

T∫
0

‖g(y, τ)‖2L2(0,1)dτ.

By applying the Gronwall’s inequality, we obtain the estimate for ‖wn(y, t)‖2L2(0,1). By using this estimate in
(4.2), we establish the required estimate for Lemma 4.1.

Embedding H1(0, 1) ↪→ C([0, 1]) from Lemma 4.1 we directly obtain:
Corollary 4.1. There exists a positive constant K ′1 independent of n, such that for all t ∈ [0, T ] the following

inequality holds
t∫

0

|wn(0, τ)|2dτ +

t∫
0

|wn(1, τ)|2dτ ≤ 2B

t∫
0

‖wn(y, t)‖2H1(0,1) ≤ K
′
1,

where B is a constant of the embedding H1(0, 1) ↪→ C([0, 1]).
Lemma 4.2. For a positive constant K2 independent of n, for all t ∈ (0, T ] the following inequality takes

place:

‖∂ywn(y, t)‖2L2(0,1) + β1

t∫
0

‖∂2
ywn(y, τ)‖2L2(0,1)dτ ≤ K2. (4.3)

Proof. Taking into account equality

n∑
j=1

cjλ
2
jYj(y) = −

n∑
j=1

cj∂
2
yYj(y) = −∂2

ywn(y, t),

which follows from (1.6) and (3.3), and multiplying equality (3.4) by cjλ2
j and summing over j from 1 to n, we

obtain
1

2

d

d t
‖∂ywn(y, t)‖2L2(0,1) + β(t)‖∂2

ywn(y, t)‖2L2(0,1) =

= α(t)
(
wn(y, t)∂ywn(y, t), ∂2

ywn(y, t)
)

+
(
γ(y, t)∂ywn(y, t), ∂2

ywn(y, t)
)
−

−
(
g(y, t), ∂2

ywn(y, t)
)

+ ∂twn(y, t)∂ywn(y, t)
∣∣∣y=1

y=0
=
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= α(t)
(
wn(y, t)∂ywn(y, t), ∂2

ywn(y, t)
)

+
(
γ(y, t)∂ywn(y, t), ∂2

ywn(y, t)
)
−

−
(
g(y, t), ∂2

ywn(y, t)
)

+
α(t)

9β(t)
∂t[wn(y, t)]3

∣∣∣y=1

y=0
. (4.4)

We will use the relations (similar ones are true for the term with wn(0, t))

t∫
0

α(t)

9β(t)
∂t[wn(1, t)]3 dt =

α(t)

9β(t)
[wn(1, t)]3 −

t∫
0

α′(t)β(t)− α(t)β′(t)

9[β(t)]2
[wn(1, t)]3 dt ≤

≤ α2

9β1
|wn(1, t)|3 + C1

t∫
0

|wn(1, t)|3 dt, where 9C1β
2
1 = max

0≤t≤T
|α′(t)β(t)− α(t)β′(t)| .

Let us establish the following estimate

α2

9β1
|wn(1, t)|3 ≤ ‖wn(y, t)‖3L∞(0,1) ≤

α2

9β1
‖wn(y, t)‖3/2H1(0,1)‖wn(y, t)‖3/2L2(0,1) =

=
α2

9β1
‖wn(y, t)‖3/2H1(0,1)‖wn(y, t)‖1/2L2(0,1)‖wn(y, t)‖L2(0,1).

In the previous relation, we used the interpolation inequality from ([19], Theorems 5.8–5.9, p.140–141). Now,
applying Young’s inequality (p−1 + q−1 = 1) :

|AB| =
∣∣∣∣(a1/pA

)(
a1/qB

a

)∣∣∣∣ ≤ a

p
|A|p +

a

qaq
|B|q , (4.5)

where

A = ‖wn(y, t)‖3/2H1(0,1) , B =
α2

9β1
‖wn(y, t)‖L2(0,1) ‖wn(y, t)‖1/2L2(0,1) , a =

1

6
, p =

4

3
, q = 4,

from here, we get

α2

9β1
|wn(1, t)|3 ≤ 1

8
‖∂ywn(y, t)‖2L2(0,1) +

[
1

8
+

2α4
2

35β4
1

‖wn(y, t)‖4L2(0,1)

]
‖wn(y, t)‖2L2(0,1) ≤

≤ 1

8
‖∂ywn(y, t)‖2L2(0,1) +D1, (4.6)

where the constant D1 is determined according to the estimates of Lemma 4.1 and Corollary 4.1.
Similarly to the previous one, we obtain

α2

9β1
|wn(0, t)|3 ≤ 1

8
‖∂ywn(y, t)‖2L2(0,1) +

[
1

8
+

2α4
2

35β4
1

‖wn(y, t)‖4L2(0,1)

]
‖wn(y, t)‖2L2(0,1) ≤

≤ 1

8
‖∂ywn(y, t)‖2L2(0,1) +D0, (4.7)

where the constant D0 is determined according to the estimates of Lemma 4.1 and Corollary 4.1.
First of all, we consider the estimates of the nonlinear summands from 4.4. To begin with, we have∣∣∣(wn(y, t)∂ywn(y, t), ∂2

ywn(y, t)
)∣∣∣ ≤ ‖wn(y, t)‖L4(0,1)‖∂ywn(y, t)‖H1(0,1)‖∂ywn(y, t)‖L4(0,1) ≤

≤ ‖wn(y, t)‖L4(0,1)‖∂ywn(y, t)‖H1(0,1)‖∂ywn(y, t)‖L∞(0,1). (4.8)

Further, consifeing the interpolation inequality from ([19], Theorems 5.8–5.9, p.140–141)

α2‖∂ywn(y, t)‖L4(0,1) ≤ C‖∂ywn(y, t)‖1/2H1(0,1)‖∂ywn(y, t)‖1/2L2(0,1), ∀ ∂ywn(y, t) ∈ H1(0, 1),
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from (4.8), we obtain
α2

∣∣∣(wn(y, t)∂ywn(y, t), ∂2
ywn(y, t)

)∣∣∣ ≤
≤ C‖wn(y, t)‖L4(0,1)‖∂ywn(y, t)‖3/2H1(0,1)‖∂ywn(y, t)‖1/2L2(0,1) ≤

≤ β1

8
‖∂2
ywn(y, t)‖2L2(0,1) +

[
β1

8
+ C2‖wn(y, t)‖4L4(0,1)

]
‖∂ywn(y, t)‖2L2(0,1). (4.9)

Here, we have used Young’s inequality (4.5), where

A = ‖∂ywn(y, t)‖3/2H1(0,1) , B = C ‖wn(y, t)‖L4(0,1) ‖∂ywn(y, t)‖1/2L2(0,1) , a =
β1

6
, p =

4

3
, q = 4.

Further, for the last two summands from (4.4) we will have:

γ1

∣∣∣(∂ywn(y, t), ∂2
ywn(y, t)

)∣∣∣ ≤ β1

8
‖∂2
ywn(y, t)‖2L2(0,1) + C3‖∂ywn(y, t)‖2L2(0,1), (4.10)

∣∣(g(y, t), ∂2
ywn(y, t)

)∣∣ ≤ β1

4
‖∂2
ywn(y, t)‖2L2(0,1) + C4‖g(y, t)‖2L2(0,1). (4.11)

Taking into account inequalities (4.6)–(4.11), integrating (4.4) from 0 to t, we get

‖∂ywn(y, t)‖2L2(0,1) + β1

t∫
0

‖∂2
ywn(y, τ)‖2L2(0,1)dτ ≤ A4‖g(y, t)‖2L2(Q)+

+

t∫
0

A5(τ)‖∂ywn(y, τ)‖2L2(0,1)dτ + 2C0

t∫
0

|wn(0, t)|3 dt+ 2C1

t∫
0

|wn(1, t)|3 dt+ 2(D0 +D1), (4.12)

where
A4 = 2C4, A5(t) =

1

2
+
β1

4
+ 2C2‖wn(y, t)‖4L4(0,1) + 2C3.

Let us estimate the last two integral summands from (4.12). By (4.6)–(4.7), we have

2C0

t∫
0

|wn(0, t)|3 dt ≤ C0

4

t∫
0

‖∂ywn(y, t)‖2L2(0,1) dt+ 2D0T,

2C1

t∫
0

|wn(0, t)|3 dt ≤ C1

4

t∫
0

‖∂ywn(y, t)‖2L2(0,1) dt+ 2D1T,

Thus, (4.12) takes the form:

‖∂ywn(y, t)‖2L2(0,1) + β1

t∫
0

‖∂2
ywn(y, τ)‖2L2(0,1)dτ ≤ A4‖g(y, t)‖2L2(Q)+

+

t∫
0

[
A5(τ) +

C0 + C1

4

]
‖∂ywn(y, τ)‖2L2(0,1)dτ + 2(D0 +D1)(1 + T ), (4.13)

From inequality (4.13) in the same way as in the proof of Lemma 4.1, we obtain the desired estimate (4.3).
Lemma 4.2 is completely proved.

Lemma 4.3. For positive a constant K3 independent of n, at all t ∈ (0, T ] the following inequality holds:

‖∂twn(y, t)‖2L2(Qyt)
≤ K3. (4.14)

Mathematics series. № 4(104)/2021 81



M.T. Jenaliyev, M.G. Yergaliyev, et al.

Proof. Let us write down equation (1.1) for the approximate solution wn(y, t):

∂twn + α(t)wn∂ywn − β(t)∂2
ywn + γ(y, t)∂ywn = g. (4.15)

From equation (4.15), we obtain

‖∂twn‖L2(Qyt) ≤ α2‖wn∂ywn‖L2(Qyt) + β2‖∂2
ywn‖L2(Qyt) + γ1‖∂ywn‖L2(Qyt) + ‖g‖L2(Qyt). (4.16)

According to embedding H1(0, 1) ↪→ L∞(0, 1) inequality ‖wn‖L∞(0,1) ≤ B‖wn‖H1(0,1) holds. Hence, consi-
dering Lemmas 4.1 and 4.2, we obtain

‖wn∂ywn‖2L2(Qyt)
≤

T∫
0

‖wn(y, t)‖2L∞(0,1)‖∂ywn(y, t)‖2L2(0,1) dt ≤

≤ B‖∂ywn(y, t)‖2L∞(0,T ;L2(0,1))

T∫
0

‖wn(y, t)‖2H1(0,1) dt ≤ BK2K1(1 + T ), (4.17)

where B is a constant of embedding H1(0, 1) ↪→ L∞(0, 1), K1 and K2 are constants from Lemmas 4.1 and 4.2,
respectively.

Estimate (4.14) follows from (4.16), (4.17) and from the statement of Lemmas 4.1 and 4.2, Lemma 4.3 is
completely proved.

5 Unique solvability of initial boundary value problem (1.1)–(1.3)

Lemmas 4.1–4.3 show that the sequence of Galerkin approximations {wn(y, t), n = 1, 2, 3, ...} is bounded
in space L∞(0, T ;H1(0, 1)) ∩ L2(0, T ;H2(0, 1)), and the sequence {∂twn(y, t), n = 1, 2, 3, ...} is bounded in
L2(0, T ;L2(0, 1)).

Thus, we can extract a weakly convergent subsequence (we preserve the notation of the index n for the
subsequence):

wn(y, t)→ w(y, t) weakly in L2(0, T ;H2(0, 1)) ∩H1(0, T ;L2(0, 1)), (5.1)

wn(y, t)→ w(y, t) strongly in L2(0, T ;L2(0, 1)) and almost everywhere in Qyt, (5.2)

Lemma 5.1. Let conditions (1.4)–(1.5) be satisfied and g ∈ L2(Qyt). Then initial boundary value problem
(1.1)–(1.3) has a weak solution in space H2,1(Qyt).

Proof. Let ϕ(t) ∈ D((0, T )), i.e. from the class of infinitely differentiable finite functions. We introduce
the notation vj(y, t) = ϕ(t)Yj(y), where Yj(y) ∈ H1(0, 1). Now, by multiplying integral identity (3.4) by the
function ϕ(t) ∈ D((0, T )) and integrating the result obtained with respect to t from 0 to T , we obtain

T∫
0

1∫
0

[
∂twn + α(t)wn∂ywn − β(t)∂2

ywn + γ(y, t)∂ywn
]
vj dy dt+

+

T∫
0

[
β(t)∂ywn(1, t)− α(t)

3
w2
n(1, t)

]
vj(1, t) dt+

+

T∫
0

[
−β(t)∂ywn(0, t) +

α(t)

3
w2
n(0, t)

]
vj(0, t) dt =

=

T∫
0

1∫
0

gvj dy dt, ∀ϕ(t) ∈ D((0, T )), ∀ j = 1, ..., n. (5.3)
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Since D((0, T );H1(0, 1)) is dense in L2(0, T ;H1(0, 1)), then integral identity (5.3) can be rewritten as

T∫
0

1∫
0

[
∂twn + α(t)wn∂ywn − β(t)∂2

ywn + γ(y, t)∂ywn
]
v dy dt+

+

T∫
0

[
β(t)∂ywn(1, t)− α(t)

3
w2
n(1, t)

]
v(1, t) dt+

+

T∫
0

[
−β(t)∂ywn(0, t) +

α(t)

3
w2
n(0, t)

]
v(0, t) dt =

=

T∫
0

1∫
0

gv dy dt, ∀ v(y, t) ∈ L2(0, T ;H1(0, 1)). (5.4)

In integral identity (5.4), we pass to the limit as n → ∞. In the expressions corresponding to the linear
summands of equation (1.1) and boundary conditions (1.2), passing to the limit is carried out according to
relation (5.1). As for the nonlinear summands, here, we have the following:

T∫
0

1∫
0

α(t)wn(y, t)∂ywn(y, t)v(y, t) dy dt =

T∫
0

α(t)

1∫
0

[wn(y, t)− w(y, t)]∂ywn(y, t)v(y, t) dy dt+

+

T∫
0

α(t)

1∫
0

w(y, t)∂ywn(y, t)v(y, t) dy dt→
T∫

0

α(t)

1∫
0

w(y, t)∂yw(y, t)v(y, t) dy dt, (5.5)

since according to (5.2) and (5.1) the following limit relation holds

T∫
0

α(t)

1∫
0

[wn(y, t)− w(y, t)]∂ywn(y, t)v(y, t) dy dt→ 0.

Further, according to (5.4) and (5.2) similarly to the previous one, we will have

T∫
0

wn(1, t)wn(1, t)v(1, t) dt =

T∫
0

[wn(1, t)− w(1, t)]wn(1, t)v(1, t) dt+

+

T∫
0

w(1, t)wn(1, t)v(1, t)dt→
T∫

0

w2(1, t)v(1, t) dt, (5.6)

T∫
0

wn(0, t)wn(0, t)v(0, t)dt =

T∫
0

[wn(0, t)− w(0, t)]wn(0, t)v(0, t) dt+

+

T∫
0

w(0, t)wn(0, t)v(0, t)dt→
T∫

0

w2(0, t)v(0, t) dt. (5.7)

So, by passing to the limit at n→∞ in integral identity (5.4), taking into account limit relations (5.5)–(5.7),
as well as in initial condition (3.3), we get

T∫
0

1∫
0

[
∂tw + α(t)w∂yw − β(t)∂2

yw + γ(y, t)∂yw
]
v dy dt+
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+

T∫
0

[
β(t)∂yw(1, t)− α(t)

3
w2(1, t)

]
v(1, t) dt+

+

T∫
0

[
−β(t)∂yw(0, t) +

α(t)

3
w2(0, t)

]
v(0, t) dt =

=

T∫
0

1∫
0

gv dy dt, ∀ v(y, t) ∈ L2(0, T ;H1(0, 1)). (5.8)

1∫
0

w(y, 0)ψ(y) dy = 0, ∀ψ ∈ L2(0, 1). (5.9)

Note that integral identity (5.8) is also valid for any test function v(y, t) ∈ L2(0, T ;H1
0 (0, 1)) ⊂ L2(0, T ;H1(0, 1)),

i.e. we have

T∫
0

1∫
0

[
∂tw + α(t)w∂yw − β(t)∂2

yw + γ(y, t)∂yw − g
]
v dy dt = 0, ∀ v(y, t) ∈ L2(0, T ;H1

0 (0, 1)). (5.10)

Further, returning to (5.8) and taking into account that traces v(1, t) and v(0, t) from L2(0, T ) of test function
v ∈ L2(0, T ;H1(0, 1)) are independent of each other and are arbitrary, in this case the following identities

T∫
0

[
β(t)∂yw(1, t)− α(t)

3
w2(1, t)

]
ψ1(t) dt = 0, ∀ψ1(t) ∈ L2(0, T ), (5.11)

T∫
0

[
−β(t)∂yw(0, t) +

α(t)

3
w2(0, t)

]
ψ0(t) dt = 0, ∀ψ0(t) ∈ L2(0, T ), (5.12)

follow from (5.8), that is, the integrands in square brackets from (5.10)–(5-12) define zero functionals over spaces
L2(0, T ;H1

0 (0, 1)) and L2(0, T ), and belong to spaces 0 ∈ L2(0, T ;H−1(0, 1)) ⊂ D′(Qyt) and 0 ∈ L2(0, T ) ⊂
D′((0, T )). Thus, from (5.10)–(5.12) we obtain that the weak limit function w(y, t) satisfies equation (1.1) and
boundary conditions (1.2), and from (5.9), it follows that it satisfies initial condition (1.3). This completes the
proof of Lemma 5.1.

Lemma 5.2. Under the conditions of Lemma 5.1 the solution w ∈ H2,1(Qyt) of initial boundary value
problem (1.1)–(1.3) is unique.

Proof. Let initial boundary value problem (1.1)–(1.3) have two different solutions w(1)(y, t) and w(2)(y, t).
Then their difference w(y, t) = w(1)(y, t)− w(2)(y, t) will satisfy the following homogeneous problem:

∂ tw + α(t)w∂yw
(1) + α(t)w(2)∂yw − β(t)∂2

yw = 0, (5.13)[
α(t)

3
w
(
w(1) + w(2)

)
− β(t)∂yw

] ∣∣
y=0

= 0, (5.14)[
α(t)

3
w
(
w(1) + w(2)

)
− β(t)∂yw

] ∣∣
y=1

= 0. (5.15)

According to Lemmas 4.1 and 4.2 we have

w(i)(y, t) ∈ L∞(0, T ;H1(0, 1)) ∩ L2(0, T ;H2(0, 1)), i = 1, 2. (5.16)

Multiplying equation (5.13) by function w(y, t) scalarly in L2(0, 1) and taking into account (5.14)–(5.16), we
obtain

1

2

d

d t
‖w(y, t)‖2L2(0,1) + β1 ‖∂yw(y, t)‖2L2(0,1) ≤

α(t)

3
|w(1, t)|2

[
w(1)(1, t) + w(2)(1, t)

]
+
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+
α(t)

3
|w(0, t)|2

[
w(1)(0, t) + w(2)(0, t)

]
− α(t)

1∫
0

[
w∂yw

(1) + w(2)∂yw
]
dy. (5.17)

Now, we estimate the right-hand side of (5.17). According to (5.16) and by Lemma 4.1, we have:

α(t)

3

[
w(1)(1, t) + w(2)(1, t)

]
|w(1, t)|2 ≤

≤ α2

3

[
‖w(1)(1, t)‖L∞(0,T ) + ‖w(2)(1, t)‖L∞(0,T )

]
|w(1, t)|2 ≤ C1|w(1, t)|2, (5.18)

α(t)

3

[
w(1)(0, t) + w(2)(0, t)

]
|w(0, t)|2 ≤

≤ α2

3

[
‖w(1)(0, t)‖L∞(0,T ) + ‖w(2)(0, t)‖L∞(0,T )

]
|w(0, t)|2 ≤ C2|w(0, t)|2, (5.19)

Further, we have

α(t)

1∫
0

[
w2∂yw

(1) + w(2)w∂yw
]
dy = α(t)

[
|w(1, t)|2w(1)(1, t)− |w(0, t)|2w(1)(0, t)

]
+

+α(t)

1∫
0

[
−2w(1)w∂yw + w(2)w∂yw

]
dy ≤ C3|w(1, t)|2 + C4|w(0, t)|2+

+
α2

2

β1

[
2‖w(1)‖L∞(Qyt) + ‖w(2)‖L∞(Qyt)

]2
‖w‖2L2(0,1) +

β1

4
‖∂yw‖2L2(0,1) ≤

≤ C3|w(1, t)|2 + C4|w(0, t)|2 + C5‖w(y, t)‖2L2(0,1) +
β1

4
‖∂yw‖2L2(0,1). (5.20)

We need the following estimates

(C1 + C3)|w(1, t)|2 ≤ (C1 + C3)‖w(y, t)‖2L∞(0,1) ≤

≤ (C1 + C3)B‖w(y, t)‖H1(0,1)‖w(y, t)‖L2(0,1) ≤

≤ β1

8
‖∂yw(y, t)‖2L2(0,1) +

[
β1

8
+

2(C1 + C3)2B2

β1

]
‖w(y, t)‖2L2(0,1), (5.21)

(C2 + C4)|w(0, t)|2 ≤ (C2 + C4)‖w(y, t)‖2L∞(0,1) ≤
≤ (C2 + C4)B‖w(y, t)‖H1(0,1)‖w(y, t)‖L2(0,1) ≤

≤ β1

8
‖∂yw(y, t)‖2L2(0,1) +

[
β1

8
+

2(C2 + C4)2B2

β1

]
‖w(y, t)‖2L2(0,1), (5.22)

where B is the norm of the embedding operator H1(0, 1) ↪→ L∞(0, 1).
Based on relations (5.17)–(5.22) we establish

d

d t
‖w(y, t)‖2L2(0,1) + β1 ‖∂yw(y, t)‖2L2(0,1) ≤

≤
[
β1

2
+

4B2

β1

(
(C1 + C3)2 + (C2 + C4)2

)
+ 2C5

]
‖w(y, t)‖2L2(0,1), ∀ t ∈ (0, T ].

Hence, applying Gronwall’s inequality, we obtain:

‖w(y, t)‖2L2(0,1) ≡ 0, ∀ t ∈ (0, T ].

This means that w(1)(y, t) ≡ w(2)(y, t) in L2(Qyt), i.e. the solution to initial boundary value problem (1.1)–
(1.3) can be only one. Lemma 5.2 is completely proved.

From the statements of Lemmas 5.1 and 5.2 follows the validity of Theorem 1.1.
Thus, we have proved the main result of our work — Theorem 1.1.
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Conclusion

In this paper, we have established a theorem on the unique solvability in Sobolev classes of a Neumann-type
boundary value problem for the Burgers equation in a rectangular domain. The established results can be useful
in the problems of modeling (a) nonlinear thermal fields in high voltage contact devices, (b) nonlinear processes
of diffusion and propagation of foreign inclusions in the flows of water and atmospheric areas, etc.
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1Математика және математикалық модельдеу институты, Алматы, Қазақстан;
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Тiкбұрышты облыстағы Бюргерс теңдеуi үшiн
бiр бастапқы шекаралық есеп туралы

Тiкбұрышты облыстағы Бюргерс теңдеуiнiң кейбiр бастапқы шекаралық есептерi қарастырылған, бiр
мағынада оны моделдi ретiнде қабылдауға болады.Шындығында, мұндай мәселе көбiнесе қозғалатын
шекаралары бар облыстардағы Бюргерс теңдеулерiн зерттеу кезiнде туындайды. Айтылғанды растау
үшiн, мыналарға жүгiнуге болады: [1] және [2] жұмыстарға. Функционалдық талдау әдiстерiн, Фаэдо-
Галеркин және априорлық бағалау әдiстерiн қолдана отырып, Соболев кеңiстiгiнде және тiкбұрышты
облыста Нейманн типiндегi сызықтық емес шекаралық шарттармен берiлген Бюргерс теңдеуi үшiн
бастапқы шекаралық есептiң дұрыс қойылғандығы көрсетiлген.

Кiлт сөздер: Бюргерс теңдеуi, шекаралық есеп, Соболевтiк кеңiстiк, тiкбұрышты облыс, Галеркин
әдiсi, априорлық бағалаулар.

М.Т. Дженалиев1, М.Г. Ергалиев1, А.А. Асетов2, А.К. Калибекова1

1Институт математики и математического моделирования, Алматы, Казахстан;
2 Карагандинский университет имени академика Е.А. Букетова, Караганда, Казахстан

Об одной начальной граничной задаче для уравнения
Бюргерса в прямоугольной области

В статье рассмотрена некоторая начально-граничная задача для уравнения Бюргерса в прямоуголь-
ной области, которую в известном смысле можно принять за модельную. Дело в том, что такая
проблема часто возникает при изучении уравнения Бюргерса в областях с движущимися границами.
В подтверждение сказанного можно сослаться на работы [1 и 2]. С помощью методов функциональ-
ного анализа, априорных оценок и Фаэдо–Галеркина в пространствах Соболева и в прямоугольной
области авторами показа на корректность начально-граничной задачи для уравнения Бюргерса с
нелинейными граничными условиями типа Неймана.

Ключевые слова: уравнение Бюргерса, граничная задача, пространство Соболева, прямоугольная об-
ласть, метод Галеркина, априорные оценки.
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