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Generalization of the Hardy-Littlewood theorem on Fourier series
In the theory of one-dimensional trigonometric series, the Hardy-Littlewood theorem on Fourier series
with monotone Fourier coefficients is of great importance. Multidimensional versions of this theorem
have been extensively studied for the Lebesgue space. Significant differences of the multidimensional
variants in comparison with the one-dimensional case are revealed and the strengthening of this theorem is
obtained. The Hardy-Littlewood theorem is also generalized for various function spaces and various types
of monotonicity of the series coefficients. Some of these generalizations can be seen in works of M.F. Timan,
M.I. Dyachenko, E.D. Nursultanov, S. Tikhonov. In this paper, a generalization of the Hardy-Littlewood
theorem for double Fourier series of a function in the space Lqϕ(Lq)(0, 2π]

2 is obtained.

Keywords: trigonometric series, Fourier series, Lebesgue space, Hardy-Littlewood theorem, Fourier coefficients.

Let Lq(0, 2π]2, 1 ≤ q < +∞ be the space of all 2π- periodic for each variable, measurable by Lebesgue
functions f(x, y), for which

‖f‖q =

(∫ 2π

0

∫ 2π

0

|f(x, y)|q dxdy
) 1
q

< +∞.

In this article, we study the condition of belonging to the space Lqϕ(Lq)(0, 2π]2 for a function of two
variables. Let us recall the definition of the space Lqϕ(Lq)(0, 2π]2. Let the function ϕ(t) satisfy the following
conditions [1]:

a) ϕ(t) is even, non-negative, non-decreasing on [0,+∞);
b) ϕ(t2) ≤ C · ϕ(t), t ∈ [0,+∞), C ≥ 1;
c) ϕ(t)

tε ↓ on (0,+∞) with some ε > 0.
Measurable 2π- periodic function for each variable f(x, y) ∈ Lqϕ(Lq)(0, 2π]2 if

2π∫
0

2π∫
0

|f(x, y)|q · ϕ (|f(x, y)|q) dxdy < +∞.

In particular, when ϕ(t) ≡ 1 the space Lqϕ(Lq)(0, 2π]2 coincides with the Lebesgue space Lq(0, 2π]2.
We give the following well-known theorem of Hardy-Littlewood.
Theorem (Hardy-Littlewood). Let an ↓ 0, n→ +∞. For the trigonometric series

+∞∑
n=1

an cosnx

to be the Fourier series of some functions f(x) ∈ Lq, 1 < q < +∞, it is necessary and sufficient that

+∞∑
n=1

nq−2 · aqn < +∞.

The Hardy-Littlewood theorem is generalized for various function spaces and various types of monotonicity
of the series coefficients. Some of these generalizations can be seen, for example, in works [1–9]. Our main goal
is to prove the Hardy-Littlewood theorem for the double Fourier series of a function f(x, y) ∈ Lqϕ(Lq)(0, 2π]2.
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To obtain the main result, we need the following Lemma.
Lemma A. Let the function Φ(u) be even, non-negative, non-decreasing on [0,+∞). If Φ(u2) ≤ C · Φ(u)

at some constant C ≥ 1 and u ∈ [0,+∞), then for any nonnegative function ψ(x, y) measurable on [0, 1)2 and
satisfying the condition

B ≡
1∫

0

1∫
0

ψ(x, y) · Φ(ψ(x, y))dxdy < +∞, (1)

the following inequality holds

A ≡
1∫

0

1∫
0

ψ(x, y) · Φ
(

1

xy

)
dxdy < +∞. (2)

Proof. In [10], it was proved that if α ≥ 0 and β ≥ 0, then

αΦ(β) ≤ C · α · Φ(α) +
√
β · Φ(β). (3)

Let x > 0, y > 0. Let in (3) α = ψ(x, y) and β = 1
xy . By integrating we get

A =

1∫
0

1∫
0

ψ(x, y) · Φ
(

1

xy

)
dxdy ≤ C ·

1∫
0

1∫
0

ψ(x, y) · Φ(ψ(x, y))dxdy+

+

1∫
0

1∫
0

1
√
xy
· Φ
(

1

xy

)
dxdy. (4)

However, a non-decreasing function Φ(u) ≥ 0 satisfies the condition Φ(u2) ≤ C · Φ(u) and therefore

Φ(uv) ≤ Φ(4) ·
[
(log2(2 + u))log2 C + (log2(2 + v))log2 C

]
, (5)

at 0 ≤ u < +∞, 0 ≤ v < +∞.
In fact, at 0 ≤ uv ≤ 4 inequality (5) is obvious. If uv ≥ 4, then put k = [log2 log2(uv)], where [a] means the

integer part of a, and then

Φ(uv) ≤ C · Φ((uv)
1
2 ) ≤ C2 · Φ((uv)

1
22 ) ≤ ... ≤ Ck · Φ((uv)

1

2k ) ≤

≤ C log2 log2(uv) · Φ
(

(uv)
2

log2(uv)

)
= k(log2(uv))log2 C · Φ(4) ≤

≤ Φ(4) ·
{

(log2(u+ 2))log2 C + (log2(v + 2))log2 C
}
,

that is, inequality (5) is true when uv > 4. From condition (1), inequalities (4) and (5) follows, that (2). The
Lemma A is proved.

Theorem. Let the function ϕ(t) satisfies conditions a) - c) and f(x, y) ∈ L1(0, 2π]2, is an even function with
Fourier series

+∞∑
n1=1

+∞∑
n2=1

an1,n2 · cosn1x · cosn2y, (6)

where
ak,l ≥ 0, ak,l − ak+1,l − ak,l+1 + ak+1,l+1 ≥ 0, ak,l ≥ ak+1,l, ak,l ≥ ak,l+1, k, l ∈ N.

Then in order for some q ∈ (1,+∞) function f ∈ Lqϕ(Lq)(0, 2π]2, it is necessary and sufficient that

+∞∑
n1=2

+∞∑
n2=2

(n1n2)q−2ϕ(n1n2) · aqn1,n2
< +∞. (7)

Proof. Sufficiency. Since with every ε ∈ (0, 1) the inequality is fulfilled

+∞∑
n1=1

+∞∑
n2=1

(n1n2)q−2ϕ(n1n2) · aqn1,n2
=
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=

+∞∑
n1=1

nq−2
1

+∞∑
n2=1

{
an1,n2

· n−
ε
q

2 · ϕ
1
q (n1n2)n2

}q
· n−(2−ε)

2 ,

then using the inequality (see. [11; 308]):

+∞∑
n=1

n−c

(
n∑
ν=1

aν

)l
≤M(c, l) ·

+∞∑
n=1

n−c(n · an)l, (c > 1, l > 1, aν ≥ 0)

and using properties of the function ϕ(t) we get:

+∞∑
n1=1

+∞∑
n2=1

(n1n2)q−2ϕ(n1n2) · aqn1,n2
≥

≥ C
+∞∑
n1=1

nq−2
1 ·

+∞∑
n2=1

n
−(2−ε)
2

{
n2∑
ν2=1

an1,ν2 · ϕ
1
q (n1ν2)ν

− εq
2

}q
=

= C ·
+∞∑
n1=1

nq−2+ε
1 ·

+∞∑
n2=1

n
−(2−ε)
2

{
n2∑
ν2=1

an1,ν2 ·
(
ϕ(n1ν2)

nε1ν
ε
2

) 1
q

}q
≥

≥ C ·
+∞∑
n1=1

nq−2+ε
1 ·

+∞∑
n2=1

n
−(2−ε)
2

ϕ(n1n2)

nε1n
ε
2

{
n2∑
ν2=1

an1,ν2

}q
=

= C ·
+∞∑
n2=1

n−2
2 ·

+∞∑
n1=1

nq−2
1 · ϕ(n1n2)

{
n2∑
ν2=1

an1,ν2

}q
=

= C ·
+∞∑
n2=1

n−2
2 ·

+∞∑
n1=1

{(
n2∑
ν2=1

an1,ν2

)
n1 · ϕ

1
q (n1n2) · n−

ε
p

1

}q
· n−(2−ε)

1 ≥

≥
+∞∑
n2=1

n−2
2

+∞∑
n1=1

n
−(2−ε)
1 ·

{
n1∑
ν1=1

n2∑
ν2=1

aν1,ν2 · ϕ
1
q (ν1n2) · ν−

ε
q

1

}q
≥

≥ C ·
+∞∑
n1=1

+∞∑
n2=1

(n1n2)−2 · ϕ(n1n2)

{
n1∑
ν1=1

n2∑
ν2=1

aν1,ν2

}q
≡ S(q, ϕ).

Since

J(q, ϕ) =

π∫
0

π∫
0

|f(x, y)|q · ϕ [|f(x, y)|q] dxdy =

=

+∞∑
n1=1

+∞∑
n2=1

π
n1∫
π

n1+1

π
n2∫
π

n2+1

|f(x, y)|q · ϕ [|f(x, y)|q] dxdy,

and for π
n1+1 ≤ x ≤

π
n1
, π

n2+1 ≤ y ≤
π
n2

|f(x, y)| ≤
n1∑
ν1=1

n2∑
ν2=1

aν1,ν2 +

∣∣∣∣∣
n1∑
ν1=1

+∞∑
ν2=n2+1

aν1,ν2 · cos ν1x · cos ν2y

∣∣∣∣∣+
+

∣∣∣∣∣
+∞∑

ν1=n1+1

n2∑
ν2=1

aν1,ν2 · cos ν1x · cos ν2y

∣∣∣∣∣+

∣∣∣∣∣
+∞∑

ν1=n1+1

+∞∑
ν2=n2+1

aν1,ν2 · cos ν1x · cos ν2y

∣∣∣∣∣ ≤
≤ 9 ·

n1∑
ν1=1

n2∑
ν2=1

aν1,ν2 ,
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then

J(q, ϕ) ≤ 9qπ2 ·
+∞∑
n1=1

+∞∑
n2=1

(n1n2)−2 ·

{
·
n1∑
ν1=1

n2∑
ν2=1

aν1,ν2

}q
ϕ

({
9 ·

n1∑
ν1=1

n2∑
ν2=1

aν1,ν2

}q)
≤

≤ 9qπ2 ·
+∞∑
n1=1

+∞∑
n2=1

(n1n2)−2 ·

{
·
n1∑
ν1=1

n2∑
ν2=1

aν1,ν2

}q
ϕ
(
9q · aq1,1 · (n1n2)

)
.

From the condition (7) it follows the finiteness of value S(p, ϕ), and by virtue of the properties of the function
ϕ(t) it follows the finiteness of value J(p, ϕ), that is (6).

Now, let us prove the necessity. First, we prove that if condition (6) is satisfied, then there exists a number
q0 such that 1 < q0 < q and f(x, y) ∈ Lq0 [0, π]2.

Indeed, applying Holder’s inequality at θ = q
q0
, we obtain:

π∫
0

π∫
0

|f(x, y)|q0dxdy =

π∫
0

π∫
0

|f(x, y)|q0 · ϕ
q0
q

(
1

xy

)
· ϕ−

q0
q

(
1

xy

)
dxdy ≤

≤


π∫

0

π∫
0

|f(x, y)|q · ϕ
(

1

xy

)
dxdy


q0
q

·


π∫

0

π∫
0

ϕ−
q0
q ·θ
′
(

1

xy

)
dxdy


1
θ′

,

where 1
θ + 1

θ′ = 1. Hence, by virtue of Lemma A and the monotony of the function ϕ(t) we obtain f(x, y) ∈ Lp0 .
Now, we show that the following series converges

+∞∑
n1=1

+∞∑
n2=1

an1,n2

n1n2
.

Indeed, applying the Hausdorff-Young’s theorem, we get:

+∞∑
n1=1

+∞∑
n2=1

an1,n2

n1n2
≤

≤

(
+∞∑

n1,n2=1

(an1,n2
)max(p0,2)

) 1
max(p0,2)

·

(
+∞∑

n1,n2=1

(n1n2)−min(q0,2)

) 1
min(q0,2)

≤ +∞,

where 1
q0

+ 1
p0

= 1.
Then by Lemma 1 of work [2]

an1,n2 ≤

π
n1∫

0

π
n2∫

0

|f(t, τ)|dtdτ.

Now, let us estimate the sum:

C(f, ϕ, q) =

+∞∑
n1=2

+∞∑
n2=2

(n1n2)q−2ϕ(n1n2) · aqn1,n2
≤

≤
+∞∑
n1=2

+∞∑
n2=2

(n1n2)q−2ϕ(n1n2) ·


π
n1∫

0

π
n2∫

0

|f(t, τ)|dtdτ


q

≤

≤ C ·
+∞∑
n1=2

+∞∑
n2=2

π
n1−1∫
π
n1

π
n2−1∫
π
n2

[ϕ(n1n2)]
1
q · n1n2 ·

π
n1∫

0

π
n2∫

0

|f(t, τ)|dtdτ


q

dxdy ≤
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≤ C ·
+∞∑
n1=2

+∞∑
n2=2

π
n1−1∫
π
n1

π
n2−1∫
π
n2

 1

xy
·
x∫

0

y∫
0

|f(t, τ)| ·
[
ϕ

(
1

tτ

)] 1
q

dtdτ


q

dxdy =

= C ·
π∫

0

π∫
0

 1

xy
·
x∫

0

y∫
0

|f(t, τ)| ·
[
ϕ

(
1

tτ

)] 1
q

dtdτ


q

dxdy.

Hence, by virtue of Lemma 2 of [2] and Lemma A we obtain:

C(f, ϕ, q) ≤ C ·
π∫

0

π∫
0

|f(t, τ)|q · ϕ
(

1

tτ

)
dtdτ < +∞.

The theorem is proved.
Remark. This theorem for a function of one variable is proved by M. F. Timan [1].
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Академик Е.А. Бөкетов атындағы Қарағанды университетi, Қарағанды, Қазақстан

Фурье қатары туралы Харди-Литтлвуд теоремасының
жалпыламасы

Бiр өлшемдi тригонометриялық қатарлар теориясында Фурье коэффициентi бiрсарынды болатын
Фурье қатары туралы Харди-Литтлвуд теоремасы маңызды орын иеленедi. Бұл теореманың көп өл-
шемдi нұсқалары Лебег кеңiстiгi үшiн кеңiнен зерттелген. Көп өлшемдi нұсқаларының бiр өлшемдi
жағдайдан айтарлықтай айырмашылықтары бар екенi анықталған және бұл теореманың күшейтiлу-
лерi алынған болатын. Харди-Литтлвуд теоремасы сонымен қатар әртүрлi функциялық кеңiстiктер
үшiн және қатар коэффициентiнiң бiркелкiлiгi түрлерi үшiн жалпыланған болатын. Осы жалпылау-
лардың кейбiрiн М.Ф. Тиман, М.И. Дьяченко, Е.Д. Нурсултанов, С. Тихонов жұмыстарынан көруге
болады. Осы жұмыста Харди-Литтлвуд теоремасының Lqϕ(Lq)(0, 2π]

2 кеңiстiгiнен алынған функци-
яның екi еселi Фурье қатары үшiн жалпыламасы алынған.

Кiлт сөздер: тригонометриялық қатар, Фурье қатары, Лебег кеңiстiгi, Харди-Литтлвуд теоремасы,
Фурье коэффициенттерi.

С. Битимхан

Карагандинский университет имени академика Е.А. Букетова, Караганда, Казахстан

Обобщение теоремы Харди-Литтлвуда о рядах Фурье
В теории одномерных тригонометрических рядов важное значение имеет теорема Харди-Литтлвуда
о рядах Фурье с монотонными коэффициентами Фурье. Многомерные варианты этой теоремы широ-
ко исследованы для пространства Лебега. Выявлены существенные отличия многомерных вариантов
по сравнению с одномерным случаем и получено усиление этой теоремы. Теорема Харди-Литтлвуда
также обобщена для различных функциональных пространств и видов монотонности коэффициентов
ряда. Некоторые из этих обобщений встречается в работах М.Ф. Тимана, М.И. Дьяченко, Е.Д. Нур-
султанова и С. Тихонова. В настоящей работе получено обобщение теоремы Харди-Литтлвуда для
двойных рядов Фурье функции из пространства Lqϕ(Lq)(0, 2π]

2.

Ключевые слова: тригонометрический ряд, ряд Фурье, пространство Лебега, теорема Харди-Литтлвуда,
коэффициенты Фурье.

References

1 Timan, M.F. (1982). Nekotorye dopolnenia k teoremam vlozhenia P.L. Ulianova [Some additions to the
embedding theorems of P.L.Ulyanov]. Deponirovana — Deposited. Dnepropetrovsk [in Russian].

2 Dyachenko, M.I. (1986). O skhodimosti dvoinykh trigonometricheskikh riadov i riadov Fure s monotonnymi
koeffitsientami [On the convergence of double trigonometric series and Fourier series with monotone
coefficients]. Matematicheskii sbornik — Mathematical collection, 129 (171), 1, 55–72 [in Russian].

3 Nursultanov, E.D. (1999). Setevye prostranstva i ikh prilozheniia v garmonicheskom analize [Network
spaces and their applications in harmonic analysis]. Doctor’s thesis [in Russian].

4 Tikhonov, S. (2007). Trigonometric series with general monotone coefficients.J. Math. Anal. Appl., 326,
721–735.

5 Bitimkhan, S. (2013). Ob usloviiakh integriruemosti trigonometricheskikh riadov s koeffitsientami iz klassa
RBSVS [On the conditions of integrability of trigonometric series with coefficients from the RBSVS
class]. Nauka i obrazovanie. 2013-2014: materialy X Mezhdunarodnoi nauchno-prakticheskoi konferentsii
— Science and Education 2013-2014: Materials of the 10th Int. scientific and practical conferences, Prague,
3–6 [in Russian].

54 Bulletin of the Karaganda University



Generalization of the Hardy-Littlewood ...

6 Bitimkhan, S. & Akishev, G.A. (2014). Teorema Khardi-Littlvuda dlia riadov Fure s koeffitsientami iz
klassa RBSVS [Hardy-Littlewood theorem for Fourier series with coefficients from the class RBSVS].
Teoreticheskie i prikladnye problemy matematiki, mekhaniki i informatiki: materialy Mezhdunarodnoi
konferentsii — Theoretical and applied problems of mathematics, mechanics and computer science: mate-
rials Int. conf. Karaganda, 4, 5 [in Russian].

7 Bitimkhan, S., & Akishev, G.A. (2014). Usloviia prinadlezhnosti trigonometricheskikh riadov s polozhitel-
nymi koeffitsientami v vesovym prostranstvam [Conditions for membership of trigonometric series with
positive coefficients in weighted spaces]. Vestnik Karagandinskogo universiteta. Seriia Matematika —
Bulletin of the Karaganda University. Series of Mathematics, 4 (76), 4–11 [in Russian].

8 Bitimkhan, S. (2018). Hardy-Littlewood theorem for series with general monotone coefficients. Vestnik
Karagandinskogo universiteta. Seriia Matematika — Bulletin of the Karaganda University. Series of
Mathematics, 2 (90), 43–49.

9 Bitimkhan, S.(2018). O teoreme Khardi-Littlvuda dlia riadov Fure s obobshchenno-monotonnymi koeffi-
tsientami [On the Hardy-Littlewood theorem for Fourier series with generalized monotone coefficients].
Riady Fure i ikh prilozheniia: materialy X Mezhdunarodnogo simpoziuma — Fourier series and their
applications: materials of 10th int. symposium, 41–42 [in Russian].

10 Ulianov, P.L. (1968). Vlozhenie nekotorykh klassov funktsii Hω
p [Embedding some classes of functions

Hω
p ]. Izvestiia AN SSSR — Bulletin of the Academy of Sciences of USSR, 32, 649–686 [in Russian].

11 Khardi, G.G., Littlivud, D.E., & Polia, G. (1948). Neravenstva [Inequalities]. Moscow [in Russian].

Mathematics series. № 4(104)/2021 55


