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Existence and uniqueness of solutions for
the system of integro-differential equations with three-point
and nonlinear integral boundary conditions

The paper examines a system of nonlinear integro-differential equations with three-point and nonlinear
integral boundary conditions. The original problem demonstrated to be equivalent to integral equations
by using Green function. Theorems on the existence and uniqueness of a solution to the boundary value
problems for the first order nonlinear system of integro- differential equations with three-point and nonlinear
integral boundary conditions are proved. A proof of uniqueness theorem of the solution is obtained by
Banach fixed point principle, and the existence theorem then follows from Schaefer’s theorem.

Keywords: three-point boundary conditions, nonlinear integral boundary value problems, existence and
uniqueness of solutions, fixed point theorems.

Introduction

Multipoint boundary value problems for ordinary differential equations play a crucial role in various
applications. It is epitomized the fact that, given a dynamical system with n degrees of freedom,
there may exist exactly n states detected at n different times. A mathematical description of such
a system results in an n-point boundary value problem. Another source of multipoint problems is
the discretization of certain boundary value problems for partial differential equations over irregular
domains with the method of lines. Multipoint problems for ordinary differential equations are a
particular class of interface problems, and hence solvable with different techniques [1-4].

Integro-differential equations are encountered in many engineering and scientific disciplines, the
problems can be represented as continuum phenomena and can be described approximately to partial
differential equations. Many forms of these equations are possible. Some of the applications are unsteady
aerodynamics and aeroelastic phenomena, viscoelasticity, viscoelastic panel in supersonic gas flow, fluid
dynamics, electrodynamics of complex medium, many models of population growth, polymer rheology,
neural network modeling, sandwich system identification, materials with fading memory, mathematical
modeling of the diffusion of discrete particles in a turbulent fluid, heat conduction in materials with
memory, theory of lossless transmission lines, theory of population dynamics, compartmental systems,
nuclear reactors, and mathematical modeling of a hereditary phenomenon. For details, see [5-7| and
the references therein. Integral boundary conditions have various applications in applied fields such
as blood flow problems, chemical engineering, thermos-elasticity, underground water flow, population
dynamics, and so forth. For a detailed description of the integral boundary conditions, we refer the
reader to a recent paper [8]. For more details of nonlocal and integral boundary conditions, see [9-16]
and references therein.

In the last few decades, the study of differential equations with nonlocal boundary conditions has
been an interesting subject of mathematics, that has recently received the most significant attention
of researchers; the reader is referred to [17-27]. It has been proposed by several authors that existence
results for boundary value problems may be useful in real world problems. (see e.g., [28-30] and the
references therein)
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Problem statement and preliminaries

In this section, we set up problem statement and lemmas which are used throughout this paper.
We denote by C([0,7], R") the Banach space of all continuous functions from [0, 7] into R™ with the
norm ||z|| = max {|z(¢)| : t € [0,T]}, where |-| is the norm in space R".

We consider the existence, uniqueness of the system of nonlinear differential equations of the type

o(t) = f(t,x(t), (xx) (), te [0,T], (1)
subject to three-point and nonlinear integral boundary conditions

T

Az(0) + Ba(t) + Ca(T) = / ¢ (x (1)) dt, @)
0

where A, B,C are constant square matrices of order n such that det N # 0, N = A+ B + C;
f:0,T]xR"xR*"—- R"q: R"— R", g:1[0,T] x [0,T] x R" — R" are given functions, t; satisfies

the condition 0 < t; < T and (yz) ( fg (t,s,x(s))ds.

For simplicity, the problem can be 1nterpreted as solving the following problem:
Lemma 1. Suppose p € C([0,T], R™) and det N # 0. Then the unique solution of the following problem

o(t) = p(t), tel0,T] (3)

with three-point boundary conditions

T
Az(0) + Bz(ty) + Cx(T /n (4)
0
is given by
T
x(t) =d+ G(t,7)u(r)dr, (5)
0
where t.7) [ |
| Gt T), t e 0,11,
Gt = { Golt,7),  te (T
such that
N—'A, 0<7<t
Gi(t,7) = N-YB+0) t <1<ty
—N*lC, tih<7T<T
and
N_IA, 0<7<ty,
Ga(t,7) =< N7YA+ B), t <1<t
—N~tC, t<t<T
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where z is an arbitrary constant vector. Now we define x( so that, the function in equality (6) satisfies
the condition (4)

t1 T
mzd—N*B/y@ﬁ—N*C/u@ﬁ. (7)
0 0

Now we put the value zy determined from the equality (7) in (6) and obtain

~—

t1 T t
ﬂw:d-N*B/M@ﬁ—N*c/u@ﬁ+/pumm (8
0 0 0

Assume that, ¢t € [0,¢;]. Then we can write the equality (8) as follows:

t1 t1

z(t)=d— N7'B /t,u(T)dT—f—/,u(T)dT - N"!C /tu(T)dT—i—/u(T)dT
0 0

t t

T t
N*C/p®ﬁ+/ﬁﬁMr )
t1 0

We get (9) combining similar terms, and using the common technique for simplifying:

z(t)=d+ (E—N'B-N"'C) /,u(T)dT — (N"'B+N7'C) /M(T)dT
0 t

T ¢
—N_IC/u(t)dt:d—i—N_lA/,u(T)dT
t1 0

t1 T
_N'WB+C0/MuMT—Nlc/p@mu (10)

where E is an identity matrix.
Define new function as follows:

N4, 0<7<Ht,
Gl(t,T): —N_l(B+C), t <71 <y,
—-N~1C, ti<7t<T.

Equality (10) can be rewritten as integral equation below:

T
x(t) = d—l—/o Gi(t,m)u(r)dr.

Now assume that, ¢ € (t1,7]. Then we can write the equality (8) as follows:

t T

x(t) :d—N‘IB/,u(t)dt—N_lC/,u(t)dt—N_IC /M(T)d7+/y(7)d7
0 0

t1 t
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t1 t1

+/u(t)dt - /,U,(T)dT =d+ (E-N'B-N"'C) /u(t)dt +(E-N"'0) /M(T)dT

0 0
t T
—N~ 10/ dr—d+N1A/ t)dt + N1 (A + B) /u dT—NIC/u
t1 t
We establish a new function as follows:
N_lA, 0 S T S t17
Go(t,7) =4 N HA+B), t<r<t,
—-N—1c, t<71<T.

Hence, if ¢t € (t1,T], then we can write the equality (8) as follows:

T
xz(t) =d+ /Gg(t,T),u(T)dT.
0

Thus, the solution of the boundary value problem (3)-(4) can be shown as follows:

T
:d—l-/G(tT
0

We showed that the argument given above is valid (5). Proof is completed.
Lemma 2. Assume that f : [0,7] x R" x R® — R", ¢ : R" — R" are given functions. Then the
function x(t) is a solution of the boundary value problem (1)-(2) if and only if x(¢) is a solution of the

integral equation
T

x(t) =D+ / G(t,7)f(r,z(7), (xz) (1))dT, (11)

0

D=N"1 [ qz(t))dt
/

Proof. Let z(t) be a solution of the boundary value problem (1)-(2).Proving statements similar to
Lemmas 1 this lemma can be derived. By checking directly we identify the solution of integral equation
(11) satisfies the boundary value problem (1)-(2). Lemma 2 is proved.

where

FExistence results

Let P be an operator such that, P : C(]0,T], R") — C([0,T], R") as

T
(Pz) (t) = N- 1/q dt+/Gt N (), () (7))dr
0

It is evident that, the problem (1)-(2) is equivalent to the fixed point problem z = Pz. Thus, the
problem (1)-(2) has a solution if and only if the operator P has a fixed point.

In Lemma 1, we use the most basic fixed point theorem named the contraction mapping principle and
it uses the assumptions:
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H1) There exist constants M, My such that

|f(t, x1,22) — f(t,y1,92)| < My |21 — y1| + M2 [ze — yo

for each ¢t € [0,T] and all 1, x9,y1,y2 € R™.
H2) There exists a constant M3 such that

lg (t,s,2) —g(t,s,y)| < Ms|z—y

for each ¢,s € [0,7] and all z,y € R".
H3) There exists a constant My such that

g () —q(y)| < My|z —y|

for all z,y € R™.
Theorem 1. Assume that, the assumptions H1)-H3) hold, and

M2M3T2>
2

L= [S (MlT + + MyT HN‘lﬂ] <1, (12)

then the boundary-value problem (1)-(2) has a unique solution on [0, 7], where

S= max |Gt T1)].
[0,T]x[0,T]

MyTS+mgT||N~1|
1-L

Proof. Setting I[n%g}( |f(t,0,0)] = My, I[n%ﬂx l¢ (0)] = mg and choosing r > we show
0, 0

that PB, C B, where ’
B, = {x € C([0,TIR") : ||z|| <}

For x € B,., we have

I(Po) @) < | N [ (e ®) - a )] +la ) dt
0

T
+ / Gt (1 (ra(r), (x2) (7)) — (70,0 + |£(r,0,0)]) dr
0

2

||| + ST My

2
< [M4T IV + S <M1T + MQAfTﬂ r+STM;+mT|[N7| <.

Now for any x,y € B, we have

(Pa) (1) - "

T

+ N‘lof(q (z (1) —q(y (1)) dt

- (fmm, J ot .2 () ds) — Fry(r), g (5.5 () ds)
0 0

T t t
<5 [ {110~y O1+ Mo (s, () ds = o s as| b
0 0 0
T
+M4HN_1HOf\:c(t) (t) dt < [ (M1T+%3T2) +M4THN—1M |l — yl|,
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or
[Pz — Pyl < Lz —yl.

It is seen that, P is contraction by condition (12). So, the boundary-value problem (1)-(2) has a unique
solution.

Theorem 2 ( Schafer’s fized point theorem). Let X be a Banach space. Assume that, G : X — X is
a completely continuous operator and the set p = {z € X|z = Gz, 0 < 5 < 1} is bounded. Then G
has a fixed point in X.

Now we apply Schafer’s fixed point theorem and it uses the following assumption:
Theorem 3. Assume that the functions f : [0,7] x R™ x R™ — R™ and ¢ : R™ — R"™ are continuous
and there exist functions p, A € C ([0, T], R") such that |f(¢,z(t), (xz) (t))| < p(t), |g(z ()] < X (1),
vVt € 0,71, z € C(]0,T], R™) and with sup |p(t)| = ||pl|, sup |A(¢)] = ||A|l. Then the boundary value
te[0,T7] t€[0,T

problem (1)-(2) has at least one solution on [0, 7).

Proof. Let P be the operator defined in (12). We use Schaefer’s fixed point theorem to prove that P
has a fixed point. The proof will be given in several steps.

Step 1: Here we prove that P is continuous. Let {x,} be a sequence such that z,, — = in C ([0,7]; R").
Then, for each t € [0, 7]

[(Pz) (t) = (Pn) (1)

T T
N Of (¢ (z (1) = q(zn (1)) dt + E)fG(lt,T) (f (ryz (7)), (xx) (7)) = [ (7,20 (7) , (xn) (7)) dT

My MsT?

< [S <M1T+ 5 ) +M4THN1||] |z (t) — 2 ()] < L||z — ]| -

From here we get ||(Pz)(t) — (Pzy)(t)]] — 0 as n — oo, which implies that the operator P is
continuous.

Step 2: P maps bounded sets into bounded sets in C ([0, 7] ; R™). Indeed, it is enough to show that for
any 1 > 0 there exists a positive constant w such that for each € B, = {z € C'([0,T]; R") : ||z| < n}
we have || P (z)|| < w. We have for each ¢ € [0,T]

|(Pz) ()] < T [|NTHHIM + TS |l -

This implies that
[(Pz) @) < T[N+ TS ol -

Step 3.The operator P maps bounded sets into equicontinuous sets of C' ([0,7], R"). Let
71,72 € [0,T], 71 < T2, B, be a bounded set of C ([0,7]; R") as in Step 2, and let z € B, .
Case 1. Let be 71,7 € [0,t1]. Then,

(Px) (m) — (Px) (m) = N~'A / f oz (r), (xa) () dr
0
~NYB+C) / f(r.x(r), (xz) (7)) dr — N1 4 / f(r.x(7), (xz) (7)) dr
T2 0

NTL(B+0) / £ (rz (r) , (xe) (7)) dr = / f(rz(7), (xz) () dr.
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Case 2: Let be 71 € [0,¢1] and 72 € (t1,T]. Then

(Pz)(12) — (Px) (1) = N_lA/f(Tjw(T%(Xfr) (1)) dr
0

‘1(A+B)/f(ﬂw(7)( 2) (7)) dr — N lo/fm (xz) (7)) dr

N4 / f(ra(r), () (7)) dr + N7L(B + C) / f(rz(7), (x) () dr

T1

+N10/f(r,a:(r),(xx) (T))dTZ/f(TafC(T)a(Xl’) (7)) dr.

Apparently, in both cases

[(Pz) (2) — (Pz) (n)] < /|f(7',:13(7'),(xx) ()] dr.

T1

As 7 — 7, the right hand side of the preceding inequality tends to zero. Taking into account
that the mapping P is continuous and equivalently continuous, we conclude that the mapping
P:C([0,T],R") — C(]0,T], R"™) is completely continuous by Arzela-Ascoli theorem.

Step 4. We show that a set Q@ = {z € C([0,T],R") : x = AP(x), for some 0 < A < 1} is bounded.
Assume that, z = AP (z) for some 0 < A < 1. Then for each t € [0,T], we can write

T T
x(t) = )\N_l/q dtJr)\/G (1), (xx) (7))dr.
0 0

From here we get
lzll < T | NTHIA -+ TS [lp]l -

Therefore, the set € is bounded. The conclusion of Theorem 2 applies and the operator P has at least
one fixed point. So, there exists at least one solution for the problem (1)-(2) on [0, 7.

Ezxample
Consider the following system of integro-differential equation

T = sin a x9,

2 = cos (5 fon j;gﬂdt> (4)

subject to
21(0) + 22(0) — z2(3) = 1,

—21(3) + 21(1) + 22(1) = Oflcos dxa (t) dt.
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Evidently,

For t € [0, %], we obtain

11
<7<
<O 0), 0< 1<,
1
Gi(t,7) = <8 _1), t<r<3,
0 0 1
= <
(_1 _1>, 5 <7<,
and for t € (%, 1]
11 1
<7< =
<0 o)’ Os7<3
1
GQ(t77—): <_1 8)7 %<T§t7
0 O
<1.
<_1 _1),t<7'1

Obviously, My = |al, My = |8, My = y|, My = 3] and ||S]| < 2. 16 L = 2 (Jaf + ZPL) + 18] < 1,

then boundary value problem (A)-(B) has a unique solution.
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M.I:x. Mapaanos, f.A. [Mlapudos, K.E. Ucmaiiniosa

Y11 HyKTeJl >KoHe MHTEerpaJiablK MIeTTIiK IMapTTapbIMeH
OepijireH ChI3BIKTHI eMeC MHTerpaJiabl-anddepeHnnanabIk,
TeHaeyJiep »KylieciHiH, nrentiMiiH, 6ap 00Jybl »KoHE KAJIFBI3IbIFBI

MakaJjaga yII HYKTeJIi >KoHe WHTErPAaJIJIbIK, IEKapaJIblK MapTTapbIMeH OepijireH ChI3BIKTBI eMeC WHTerpaJi-
JIbl-auddepeHnualIIbIK TEHIEYIEp Kyiieci 3eprrenred. bacrankpeiaa, I'puH GyHKIMSICH apKbLIbI SKBHUBa-
JIEHTTI MHTErPAJIIBIK TEHEYTe AJIbIN KeJimi. KeilinneH, KO3raJIMalThIH HYKTEIEP TYPAJIbl TEOPEMAHBI KOJI-
JaHa OTBIPBII, IETTIK eCeITiH, MeniMiHiH 6ap 00Jybl YKoHE KAJFBI3AbIFBIHBIH, YKETKIJIKTI IMAaPThI AJIbIHIbI.
ITemriMiziH 2KaIFBI3IBIFB TEOPEMACHIHBIH, JT9JIEJIAEMECI KO3FaIMANTBIH HYKTe TypaJjbl Banax npuHum 6oii-
BIHITIA AJBIHBI, COMaH Keifin 6ap 6oiybl Teopemach Llledep TeopemachiHAH IITBIFAIHL.

Kiam cesdep: yIm HYKTeJI MEKAPAJIBLIK, MAPTTAP, CHI3BIKTHI eMeC MHTErPAJIIABIK, IIETTIK eCcernTep, MeiMiHiH
bap 6OJIybI YKOHE YKaJIFbI3JIbIFBI, KO3FAJIMANTBIH HYKTE TYPAJIbl TEOPEMA.

M.I:x. Mapaanos, 4.A. [lapudos, K.E. Ucmaiinmosa

Cy1iecTBoBaHEe U € IMHCTBEHHOCTDh PEIeHUl AJIsi CUCTEM
nHTerpo-anddepeHImaabHbIX YPABHEHNN C TPEXTOUYEYHBIMA U
HeJINHEWHbIMU WHTETrPaJIbHbIMIA KPA€BbIMHU YCJIOBUSMU

B crarbe nccnenoBana cucrema HeJIMHEHHBIX MHTErpo-Iud depeHINalbHBIX YPABHEHUI C TPEXTOYEIHBIMA
¥ MHTErPaJIbHBIMUA FPAHUYIHBIMEU ycaoBusaMmu. CHatgas a ¢ MoMoIpio GyHKIuN ['prna oHa IpuBeJeHa K K-
BUBAJIEHTHOMY MHTerpaJIbHOMY ypaBHeHMIO. /lajiee, ¢ MCIIOIb30BaHNEM TEOPEMBI O HETIOIBHKHBIX TOYKAX,
IIOJIyYeHBI JIOCTATOYHBIE YCJIOBUS CYIIECTBOBAHHS U €IWHCTBEHHOCTH DeIlleHus] KpaeBoil 3anaun. Jlokaza-
TEJILCTBO TEOPEMBI €IMHCTBEHHOCTH PEIIEeHNUsI [IOJIyIeHO 10 NpuHnniy BaHaxa o HEIIOIBUKHOI TOUKE, & 3a-
TeM TeopeMa CyIIeCcTBOBaHU: ciemyeT u3 TeopeMsbl [Iledepa.

Karouesvie crosa: TpexTouedHble TPAHUYHbIE YCJIOBUS, HEJTUHEHbIE HHTErPAJIbHbIE KPAeBble 3aJat4, CyIIe-
CTBOBAaHME U €IUHCTBEHHOCTDb PEIIEHU, TEOPEMBI O HENIOJABUKHOI TOYKE.
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