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On closed mappings uniform spaces

Uniform spaces are an important class of spaces in general topology. The purpose of the study is to prove new
theorems concerning the properties of uniform spaces. The # — continuous, # — closed, z, — closed, u — per-

fect mappings have been determined and their some properties have been established. The importance of the-
se mappings classes is caused by that u — closed mappings are a subclass of the closed mappings class, and
the closed mappings class is a subclass of the z, — closed mappings.
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1. Introduction

Z. Frolik [1] introduced z — closed mappings, which are a natural generalization of the closed map-
pings ([2])

Definition 1.1 [1]. A continuous mapping f: X — Y a topological space X into a topological space Y is
called z — closed, if the image f(F) of any functionally closed (= zero set) F'in X is a closed set in Y.

Below the uniform analogues of closed and z — closed mappings have been determined. Everywhere
necessary information and denotations are taken from books [3—6].

Every uniform space be uX, where u be a uniformity in a uniform coverings terms, [ :uX —vY be a
mapping of uniform space w.X into uniform space vY and if f(F)=7Y, then the mapping f'is subjective. We

denote C'(uX) to be a ring of all bounded uniformly continuous functions on X,
3uX) = { £0): feC (uX )} be a set of all uniformly zero-sets (= uniformly closed sets [5]), of the uni-

form space uX.

Let u,R be a set of real numbers R with natural uniformity u,, generated by the metrics
p(x,y) = |x - y| for any x,y € R, and u,/ be a segment / =[0,1] with uniformity u,, induced by the uni-
formity

Definition 1.2 [5]. A mapping f : uX - ¢V is called u— continuous, if the inverse image f~*(F) €
3X)(f1(U) € L(uX)) forany F € 3(uY)(U € L(uY)).

Remark 1.1. Every uniformly continuous mapping f : uX — vY is u — continuous. If U, and V, — are
fine uniformities of Tychonoff spaces X and Y respectively, then for mapping f : u;X — v;Y. u; — continui-
ty is equivalent to the continuity of mapping f : X —» Y. There are u —continuous mappings f : uX —
vY, which are not uniformly continuous. Uy

Theorem 1.1 [5]. Let g71(0) = F; € 3(uX) and g5;'(0) = F, € 3(uX), where g,,g, € C*(uX) and F; n
F, = @. Then the function f: uX - u;I, determined as f(x) = |g;(X)|/ (|g. ()| + |g.(x)|) foranyx € X, isau
— function.

Example 1.1. Let X = [-1;0) U (0; 1] and uniformity U on X is induced by the uniformity Uy of R. The
sets [—1;0) and (0; 1] are no uniformly separated, hence, there is no uniformly continuous function on the
uniform space uX, which is separates these sets. Functions g;:uX - ugR, i = 1,2, determined as g,(x) =
p(x,[-1;0)) and g,(x) = p(x,(0;1]) are uniformly continuous. Then the function f(x) = g,(x)/(g,(x) +
g2(x)) is an example of the u — continuous function, which is not uniformly continuous.

2. Main results

Example 2.1. Let € > 0 and R* = (0; +0). A uniformity Uy of real numbers R is generated by the basis
B, consisting of uniform coverings a, = {0.(x):x € R}, where 0.(x) = (x —&,x + ¢) is open interval with
center at point x of length 2¢. Let P(R) be a set of all finite subsets of R and R*. For any ¢ € R* any 4 €
P(R) suppose a., = {0:(x)\A : x € R\A} U {{a}:a € A}. A family B’ = {a.,:c € R*,A € P(R)} is a basis of
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some uniformity U’ on R, more strong, than uniformity Ug. Really, a,, 4, N A, 4, = @ea,0a, Where e =
min {&, &,} and the covering a; 4 is starry inscribed to the covering, a., where § = 2 We note, that Uy c U’

and U’ generates discrete topology on the R.

Proposition 2.1. A set of rational numbers Q is not uniformly zero-set in the uniform space u'R, i.e.
Q& 3W'R).

Proof. We suppose, that Q € 3(u'R), i.e. there is such uniformly continuous function f € C*(u'R), that
Q = f7%(0). Then for any n € N there exist ¢, > 0 and 4, € P(R) such that the family f(a., , ) is inscribed

to the covering a1, i.e. for any y € O,, (x) the formula |f(x) — f(y)| < % is provided forall x e R. Letx ¢ A =

Us=; 4, in force of everywhere density of Q in R, there is such y € Q\A that |x — y| < ¢, hence for all x € R
for all such x ¢ 4 and |x — y| < &, we have |f(x)| <% for any n € N, i.e. f(x) = 0 for any x € R\A. Thus,

R\A = f~1(0), i.e. R = Q U 4 is contradiction, since Q and A are countable sets, and R is uncountable.

The proposition is proved.

We consider the function h: u'R - ugR, determined as g(x) = 0, if x € Q and g(x) = 1, if x € R\Q. Then
h is continuous function, which is not u’— continuous function, since g~*(0) = Q ¢ 3(u'R). By means of ex-
ample 2.1, it is naturally to determine a special closed mapping of uniform spaces.

Definition 2.1. A mapping f : uX - vY is called u— closed if f is a u — continuous and for any closed
set F in X the image f(F) is closed in Y.

Definition 2.2. A mapping f : uX — vY is called z, — closed, if f is a u — continuous and for any uni-
formly closed set F € 3(uX) the image f(F) is closed in Y.

Obviously, every u — closed mapping is z, — closed. It takes place the next simple

Proposition 2.2. Every u — closed mapping f : uX - vY is z, — closed.

Theorem 2.1. A mapping f : uX - vY is z, — closed if and only if for every point y € Y and every
cozero-set U € L(uX), containing f~(y), i.e. f~1(y) c U, there is such open neighborhood V of point y € Y,
that f~1(V) c U.

Proof. Necessity. Let the mapping f : uX — vY be a z, — closed and y € Y be an arbitrary point and
uniformly cozero-set U € L(uX), containing f~1(y), i.e. f~1(y) c U. Then X\U € 3(uX) is uniformly zero-set
and f(X\ U)isclosedinY. Set V = Y\f(X\U) isopeninY and y € V, i.e. V is open neighborhood of point y.
The next calculations: f~1(V) = f1(Y\f(X\U)) = X\f1(f(X\U)) € X\(X\U) = U are provided, i.e.
frwycu.

Sufficiency. Conversely, let the condition of theorem is provided F € 3(uX) be an arbitrary uniformly
zero-set. The set U = X\F € L(uX) is uniformly cozero-set and for any y € Y\f(F) we have f~'(y) c
X\f (f‘l(f(F))) c X\F = U. Then there is an open neighborhood ¥, of point y € Y\f(F) such, that f~*(},) c
U. Suppose V =U {V,:y € Y\f(F)}. Then V is open Y and Y\f(F) cV and f~'(V) c U, ie. fX(V)NF = 0.
ThenV n f(F) = @,i.e. V c Y\f(F). Consequently, f(F) = Y\V, i.c. the set f(F) is closed.

The theorem is proved completely.

The next theorem demonstrates, when z, — closed of mappings implies u— closeness.

Theorem 2.2. If a mapping f : uX - vY is closed and f~!(y) is Lindelof for any point y € Y, then the
mapping f is u — closed.

Proof. Let y € Y be an arbitrary point, f~*(y) be a Lindelof and U be an arbitrary open set, containing
fr(y),1i.e. f~1(y) c U. Family £L(uX) is a basis of topology of the uniform space uX [5], hence for any point
x € f~1(y) c U there exists such uniformly cozero-set V, € L(uX), which is the open neighborhood of x, then
x €V, ¢ U. Then the family {V,: x € f~1(y)} is open covering of Lindelof space f~1(y). Let {v,,neN}bea
countable sub covering. Since V, € L(uX) for all n € N, then V' =u {qu: n € N} is uniformly cozero-set [5]
and f~'(y) c U’ c U. By z,— closeness of mapping f : uX — vY, there is such open neighborhood V of point
y €Y, that f~*(V) c U’ c U. Then, on one of the closed mappings criterion [3], it follows, that the mapping
f: uX - vYisu— closed.

The theorem is proved.

Corollary 2.1. Let f : uX - vY be a bicompact u — continuous mapping, i.e. f~*(y) is bicompact for
any. y € Y. Then the next conditions are equivalent:

1) fruX - vYisz,— closed.

2) fruX - vYisu— closed

Proof. 1)=2). It follows immediately from the Theorem 2.2.
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2)=1). It follows from the Proposition 2.2.

Corollary 2.1. allows to define a special perfect mapping.

Definition 2.3. A mapping f : uX - vY is called u— perfect, if it is u— closed and bicompact.

Remark 2.1. Obviously, every uniformly perfect mapping ([1]) f:uX - vY is u-perfect, and every
u-perfect mapping f:uX — vY is perfect.

(squ, S’Uf) (Su X, sUy),

Example 2.2. Let X be a locally bicompact Tychonoff space and aX its one-point Alexandroff
bicompactification. Let U, be a fine uniformity on X, and U, be a minimal precompact uniformity on X (see
[3, 7], Ex. 10) then U, © U; and U, # U, as for the Samuel bicompactifications (su X suf) and (s, X, sUy),
we have s, X = BX is Stone-Cech bicompactification and s, X = aX is the Aleksandroff bicompactification.
Obviously, BX # aX (it is suppose that there is more than one uniformity on X). A identical mapping
1t UgX — UsX is a topological homeomorphism, it is not u — continuous mapping. Thus, the class of
perfect and closed mappings more wider than the class of u-perfect and u — closed mappings.

The next properties of u— continuous mapping of the uniform spaces are take please.

Proposition 2.3. A composition g o f : uX - wZ of u— continuous mappings f : uX — vY and g: v¥ - wZ
is u — continuous mapping.

Proof. Immediately follows from the definition of u — continuous mapping (Definition 1.2).

Theorem 2.3. If a composition g o f: uX > wZ of u— continuous mappings f: uX - vY and
g:vY - wZ is z,—closed mapping, then restriction glsx) : v'f(X) » wZ, where V' =VAf(X), is
z,,— closed mapping.

Proof. Let N € 3(v'f (X)), i.e. N is a uniformly closed in f(X). Then from the properties of the uniform-
ly closed sets [3] it is follows there such N’ € 3(vY) exists, that N = N' n f(X). Then f~*(N") € 3(uX) and
g ° f:uX->wZis z,— closed mapping by the condition of the theorem. We have g|su)(N) = gls(N' N
fOO) =g(N'nf0)) = (g°NHUF(N) and gz (N) is closed in Z.

The theorem is proved.

Corollary 2.2. If a composition g o f: uX - wZ of u— continuous mappings f : uX - vY and
g:vY - wZ is u—closed mapping, then restriction glsx): v'f(X) » wZ, where V' =V Af(X), is
u— closed mapping.

Proof. Proof follows from the z,-closeness of any u — closed mapping (Proposition 2.5.).

Proposition 2.4. Let f : uX — v be u-continuous mapping and u'X’ be a uniform subspace of uX. Then
restriction f|yr : u'X’ - v'f(X'), where V' =V A f(X'), is u — continuous mapping too.

Proof. Let F be a uniformly closed in f(X'), ie. F € 3(v'f(X")). Then there such function f €
C*(v'f(X")) exists, that F = g~1(0). By the Katetov Theorem [7], there such function h € C*(vY) exists, that
hlrxy=9. Then a function h o f: uX — ugR is u — continuous and (h o )|, = g o f|. Hence we have
(o flx)™H0) = (ho )y = fH (M) NX = f(g7"(0)) € 3(w'X"), where and f7*(g7"(0)) N X' =
fH(Rh7(0)).

The proposition is proved.

Proposition 2.5. Let f : uX - vY be z, — closed mapping and v'Y’ be uniform subspace of v¥, where

V'=VAY' and Y' cY. Then a mapping of restriction f|-1yry: u'f~*(Y) » v'Y’, where U =UA
f1(Y"), is z, — closed mapping too.

Proof. 1t follows from the equality flf—1(y1)(Nﬂf‘1(Y’)) = f(N)NY’ for any N € 3(X).

The proposition is proved.

Proposition 2.6. Let f : uX — uY be u — closed mapping and u'X’ be closed uniform subspace of uX.
Then a constriction f|,: u'X’ - v'f(X"), where U’ = U A f(X), is a u — closed mapping too.

Proof. 1t follows from Proposition 2.13 and definitions of u — closed mappings.

Theorem 2.4. Let f : uX - vY and g: uX — wZ be a subjective u — continuous mapping of the uni-
form spaces uX, vY,wZ and f is a u — closed mapping. Then diagonal product fA g: uX - vxwY X Z,
where V x W is the product of the uniformities V and W, is u — closed mapping.

Proof. For a diagonal mapping fAg:uX - vxwY xZ, by the definition, we have (fAg)(x) =
(f(x),g(x)) Let iy : uX - uX and i, : wZ - wZ be identical uniform homeomorphisms. Suppose f X iy :
UXWYXXZ->vXWY XZ,ixAg :uX > uxwX xZ, where (f xiz): (x,z) = (f(x),z) and (ixAg)(x) =
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(x,g(x))foranyx e Xandz € Z . If M c Z and F c X are closed sets, then f(F) x M is closed subset of Y x Z,
hence, (f X i,)(F,M) = f(F) x M and f x iy is u — closed mapping. The mapping iy A g:X - X X Z is uni-
form homeomorphism of the space uX and I, = {(x,g(x)): x € X} is a graph of a mapping g it is a closed
subspace of u x wX x Z. The closeness of the graph I in X x Z follows from the uX and wZ are Hausdorf
spaces. Then mapping f A g is a composition of the mappings ix A g : uX - uxwX XZ and f X gz :
v'ly - v xwY x Z,where V' =V x W AT and mapping f X iz|r, is u — closed as a restriction of the closed
mapping f X i, onto the closed subspace I c X x Z, and f X z|r, : v'[y is a uniform homeomorphism.
Thus, f A g = (f X4z)|, ° (ix A g) is a u— closed mapping. We have a diagram.
The theorem is proved.

X iXAg;l—\g (.inZ)|F, ;YXZ
fag

Theorem 2.5. Letf : uX — vY and g: uX — wZ are a subjective u — continuous mappings of the uni-
form spaces uX, vY,wZ and a composition is go f : uX —» wZ is u — closed mapping. Then the mapping
f +X = vYisu—closed too.

Proof. By the condition of theorem go f : uX - wZ is u — closed and f : uX - vY is a u — continu-
ous mapping, according to the Theorem 2.4., f A(gof): uX —» uxwX xZ is a u — closed mapping. By
the surjectivity of mappings f and g o f we have (f A (g ° f))(x) = (f(x), (g ° f)(x)) for any x € X. Then
{(f@,goNW) :xex}t={f(0,9(f@):xeX}={(r.g0): yeY} =1,

Obviously, that (fA(g ° f))(x) = {f(x),g(f(x)):x € X} ={(v,9(»)):y € Y} = I. The graph I is closed
subspace Y x Z and the mapping ylr, = V' > Y, where my : v XwY X Z > vY and V' =V x W A I, is uni-
form homeomorphism mapping. Then f = 7y| © (f A (geof)):uX - vY is u — closed mapping as a com-
position of the uniform homeomorphism 7y | r, Vg =2y, and u — closed mapping f A(gof): uX - ux
wX x Z. The next diagram takes place. We note, that the closeness of graph I; in Y x Z is essential, as soon as
for any

Closed F c X,(f A (gof))(F) = F'is closed in Y X Z and its image mylr, (F") is closed in Y. It means, that
f(F) =nylr, (F) and f(F) isclosed in Y, i.e. f is u — closed.
The theorem is proved.
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A.N.Yanbaesa

BipKaabInThl KEHICTIKTEPAiH TYHBIK OeiiHesieyJiepi Typajibl

BipKanbInTel KEHICTIKTEp JKaNbl TOMOJOTHsNA KEHICTIKTepAiH MaHBI3ABI KJIAackl OOJNBIT TaOBUIAMBL.
3epTTeyaiH MakcaThl — OipKaJbINTHl KCHICTIKTEPIiH KaCHETTEPiHE KATHICTHI KaHa TeopeMallap bl JQJIEIICY.
Maxkamana z,-TyHbIK OelHeneydepiHiH CcHIIATTaMachl KOWBUIFAH. Z,—TYHBIKTAIybl >KOHE OHOKOMIIAKT
OeiiHeneynepi KiIacTarbl u-TYHBIKTANybl TEMe-TeHIIHT1 ToJesaeni, u-TyHbIK OeiiHeneynepi YIIiH Herisri
KacueTTepi Oenrinexai.

A.M.YanOaeBa

0] 3AMKHYTBIX OTOﬁpa)l(eHl/IﬂX PAaBHOMEPHBLIX IIPOCTPAHCTB

PaBHOMepHBIE POCTPAHCTBA SIBIAIOTCS BaYKHBIM KJIACCOM MPOCTPAHCTB B o61ieit Tononoruu. Lens uccneno-
BaHUS COCTOUT B JI0Ka3aTEIbCTBE HOBBIX TEOPEM, KAaCAIOIIUXCsl CBOMCTB paBHOMEPHBIX IMPOCTPAaHCTB. B cra-

Th€ YCTAHOBJIEHA XapaKTEPHUCTUKA Z,— 3aMKHYTBIX OTOOPa)KEHHH, JOKa3aHa PaBHOCHIIBHOCTD Zy— 3aMKHYTO-

CTH U U- 3aMKHYTOCTH B KJIacCe OMKOMITAKTHBIX OTO6pa)KeHI/II7L Taxoke ms U-3aMKHYTBIX OTO6pa)KeHHﬁ yc-
TaHOBJICHBI X OCHOBHBIC CBOMCTRBA.
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