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Generalization of one theorem of F. Riesz to some other spaces
It is known from the analysis course that in order a function to serve as an undefined integral of a summable
function, it is necessary and sufficient that it be absolutely continuous. Therefore, it is natural to raise the
question of the characteristic of a function which is an undefined integral of the function included in
Lp, p > 1 . The answer is well known theorem of F.Riesz concerning the conditions of representability
of a given function in the form of an integral with variable upper limit on the functions of Lebesgue
spaces. In the one-dimensional and multi-dimensional case, many mathematicians have generalized this
theorem for Lebesgue and Orlicz spaces. In this work we will prove theorem of F.Riesz for other functional
spaces. Generalization of the theorem of F.Riesz to the case when subintegral function from the weighted
Lebesgue spaces is obtained. Also, we prove a necessary condition for the above representation of a function
f ∈ Lpϕ(Lp).

Keywords: function, functional spaces, integral, theorem of F.Riesz, weighted Lebesgue space.

1 Introduction

In the theory of functions, the following theorem of F.Riesz is known (see, for example, [1], page
225): for the function F (x) (a ≤ x ≤ b) to be representable as

F (x) = C +

x∫
a

f(t)dt,

where f(t) ∈ Lp(p > 1), it is necessary and sufficient that for every subdivision [a; b] by points
a = x0 < x1 < < ... < xn = b the inequality was executed

n−1∑
i=1

|F (xi+1)− F (xi)|p

(xi+1 − xi)p−1 ≤ K <∞,

where K does not depend on the way [a; b] is subdivided.
In the future, a number of authors have proposed various generalizations of this theorem [2–5]. We

will prove this theorem for spaces, which are defined below.
LetW (x) is a non-negative function. Through Lp,W [a; b] we will designate the space of all measurable

by Lebesgue on [a; b] functions f , for which

‖f‖p,W =

 b∫
a

|f(x)|pW (x)dx


1
p

< +∞, 1 ≤ p < +∞.

We assume that the function W (x) satisfies Ap-condition [6] (or W ∈ Ap), if

sup
I⊂[a;b]

 1

|I|

∫
I

W (x)dx

 1
p

·

 1

|I|

∫
I

(W (x))
− 1
p−1dx

 1
p′

< +∞, 1

p
+

1

p′
= 1.

Let the function ϕ(t) satisfies the following conditions [7]:
a) ϕ(t) is an even, non-negative, non-decreasing on [0,+∞);
b) ϕ(t2) ≤ Cϕ(t), t ∈ [0,∞), C ≥ 1;
c) ϕ(t)

tε ↓ on (0,+∞) for some ε > 0.
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Measurable on [a; b] function f ∈ Lpϕ(Lp), if

b∫
a

|f(x)|p · ϕ (|f(x)|p) dx < +∞.

2 The results and their proofs

We proved the following theorem.
Theorem 1. For the function F (x)(a ≤ x ≤ b) to be representable as:

F (x) = C +

x∫
a

f(t)dt, (1)

where f(t) ∈ Lp,W [a; b](p > 1), it is necessary and sufficient that for every subdivision [a; b] by
points a = x0 < x1 < ... < xn = b the inequality was executed

n−1∑
k=0

|F (xk+1)− F (xk)|p(
xk+1∫
xk

W
−p′
p (t)dt

)p−1 ≤ K, (2)

where K does not depend on the way [a; b] is subdivided.
Proof. Let’s prove the necessity of theorem. Suppose inequality (1) holds. Then by Holder’s inequality:

|F (xk+1)− F (xk)| =

∣∣∣∣∣∣
xk+1∫
xk

f(t)dt

∣∣∣∣∣∣ =

∣∣∣∣∣∣
xk+1∫
xk

f(t)W
1
p (t)W

−1
p (t)dt

∣∣∣∣∣∣ ≤

≤

 xk+1∫
xk

|f(t)|pW (t)dt


1
p
 xk+1∫

xk

W
−p′
p (t)dt


1
p′

, ∀k = 0, ..., n− 1,

where p′ = p
p−1 .

We obtain:
|F (xk+1)− F (xk)|p(
xk+1∫
xk

W
−p′
p (t)dt

)p−1 ≤
xk+1∫
xk

|f(t)|pW (t)dt, k = 0, ..., n− 1.

Therefore, folding of these inequalities, we will get:

n−1∑
k=0

|F (xk+1)− F (xk)|p(
xk+1∫
xk

W
−p′
p (t)dt

)p−1 ≤
b∫
a

|f(t)|pW (t)dt = K.

The necessity of condition (2) is proved.
Now we prove sufficiency of the conditions (2). First of all, note that inequality (2) can only increase

if we discard some components of its left part. Therefore, for any finite system of mutually not impose
intervals (ak, bk), (k = 1, 2, ..., n) contained in [a, b] will be

n∑
k=1

|F (bk)− F (ak)|p(
bk∫
ak

W
−p′
p (t)dt

)p−1 ≤ K.
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But because of the Holder’s inequality holds:

n∑
k=1

|F (bk)− F (ak)| =
n∑
k=1

|F (bk)− F (ak)|(
bk∫
ak

W
−p′
p (t)dt

) p−1
p

·

 bk∫
ak

W
−p′
p (t)dt


p−1
p

≤

≤


n∑
k=1

|F (bk)− F (ak)|p(
bk∫
ak

W
−p′
p (t)dt

)p−1



1
p

·

 n∑
k=1

bk∫
ak

W
−p′
p (t)dt


1
p′

≤ p
√
K ·

 b∫
a

W
−p′
p (t)dt


1
p′

.

From the last inequality implies absolute continuity of the function F (x). Then this function is
representable in the form (1), where f is some summable function. It remains to prove that f(x) ∈
Lp,W [a; b].

With this goal in expanding the segment [a; b] into equal parts by the points x(n)
k = a+ k

n(b−a), k =
0, 1, ..., n let us introduce the function fn(t), believing:

fn(t) =
F (x

(n)
k+1)− F (x

(n)
k )

x
(n)
k+1 − x

(n)
k

· χk(t),

where χk(t) - a characteristic function of the interval
(
x

(n)
k , x

(n)
k+1

)
.

At the division points we believe fn
(
x

(n)
k

)
= 0, k = 0, 1, ..., n.

It is easy to see that almost everywhere will be:

lim
n→∞

|fn(t)|pW (t) = |f(t)|pW (t).

Hence, by Fatou’s theorem:

b∫
a

|f(t)|pW (t)dt ≤ sup
n


b∫
a

|fn(t)|pW (t)dt

 .

For fn(t), since W ∈ Ap we get the following inequality:

b∫
a

|fn(t)|pW (t)dt =

n−1∑
k=0

x
(n)
k+1∫

xk(n)

∣∣∣F (x
(n)
k+1)− F (x

(n)
k )
∣∣∣p(

x
(n)
k+1 − x

(n)
k

)p ·W (t)dt =

=
n−1∑
k=0

∣∣∣F (x
(n)
k+1)− F (x

(n)
k )
∣∣∣p(

x
(n)
k+1 − x

(n)
k

)p ·

x
(n)
k+1∫

xk(n)

W (t)dt ≤

≤ C ·
n−1∑
k=0

∣∣∣F (x
(n)
k+1)− F (x

(n)
k )
∣∣∣p(

x
(n)
k+1 − x

(n)
k

)p ·

(
x

(n)
k+1 − x

(n)
k

)p
 x

(n)
k+1∫

xk(n)
W
−p′
p (t)dt


p
p′

=
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= C ·
n−1∑
k=0

∣∣∣F (x
(n)
k+1)− F (x

(n)
k )
∣∣∣p x

(n)
k+1∫

xk(n)
W
−p′
p (t)dt

p−1 ≤ C ·K.

And it became,
b∫
a

|f(t)|p ·W (t)dt < +∞,

i.e. f(t) ∈ Lp,W [a; b].
The theorem is proved.
Remark. In the case of W (t) ≡ 1, the theorem of F.Riesz follows from the proved theorem.
Now we will prove the necessary condition of representation (1), from the function of Lpϕ(Lp)

space.
Theorem 2. If F (x) can be represented as

F (x) = C +

x∫
a

f(t)dt,

where f ∈ Lpϕ(Lp), then for every subdivision of [a; b] by points a = x0 < x1 < ... < xn = b the
following inequality holds:

n−1∑
k=0

|F (xk+1)− F (xk)|p(
xk+1∫
xk

ϕ
−1
p−1 (|f(t)|p) dt

)p−1 ≤ K.

Proof. Let F (x) represented as

F (x) = C +

x∫
a

f(t)dt.

Then by Holder’s inequality we get:

|F (xk+1)− F (xk)| =

∣∣∣∣∣∣
xk+1∫
xk

f(t)dt

∣∣∣∣∣∣ =

∣∣∣∣∣∣
xk+1∫
xk

f(t)ϕ
1
p (|f(t)|p)ϕ

−1
p (|f(t)|p) dt

∣∣∣∣∣∣ ≤

≤

 xk+1∫
xk

|f(t)|pϕ (|f(t)|p) dt


1
p
 xk+1∫

xk

ϕ
−1
p−1 (|f(t)|p) dt


p−1
p

,∀k = 0, ..., n− 1.

Hence, for all k = 0, ..., n− 1 we obtain

|F (xk+1)− F (xk)|p(
xk+1∫
xk

ϕ
−1
p−1 (|f(t)|p) dt

)p−1 ≤
xk+1∫
xk

ϕ
−1
p−1 (|f(t)|p) dt.

Now adding up these inequalities, because f ∈ Lpϕ(Lp) we get

n−1∑
k=0

|F (xk+1)− F (xk)|p(
xk+1∫
xk

ϕ
−1
p−1 (|f(t)|p) dt

)p−1 ≤ K.
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Remark. In the case of ϕ(t) ≡ 1, the necessary part of the theorem of F.Riesz follows from the
proved theorem.
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С. Битимхан, Д.Т. Алибиева

Ф. Рисстiң бiр теоремасын кейбiр басқа
кеңiстiктерге жалпылау

Функцияның қосындыланатын функциядан анықталмаған интеграл түрiнде болуы үшiн оның абсо-
люттi үзiлiссiз болуы қажеттi және жеткiлiктi екенi анализ курсынан белгiлi. Осыған байланысты
Lp, p > 1 кеңiстiгiне кiретiн функцияның анықталмаған интегралы болатын функцияның сипаттама-
лық белгiсi туралы сұрақ қойылуы заңды. Жауабы Ф.Рисстiң берiлген функцияның Лебег кеңiстiгi
функциясынан алынған жоғарғы шегi айнымалы интеграл арқылы жазылу шартына қатысты тео-
ремасында. Бiрөлшемдi және көпөлшемдi жағдайларда көптеген математиктер бұл теореманы Лебег
және Орлич кеңiстiктерiнде талдады. Осы жұмыста авторлар Ф. Рисс теоремасын басқа функционал-
дық кеңiстiктер үшiн дәлелдеген. Ф.Рисс теоремасының жалпыламасы интеграл астындағы функция
салмақты Лебег кеңiстiгiнен болған жағдайға алынды. Сонымен бiрге, жоғарыдағы интегралдық жа-
зылудың қажеттi шарты f ∈ Lpϕ(Lp) функциясы үшiн дәлелдендi.

Кiлт сөздер: функция, функциялық кеңiстiктер, интеграл, Ф. Рисс теоремасы, салмақты Лебег
кеңiстiгi.
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С. Битимхан, Д.Т. Алибиева

Обобщение одной теоремы Ф. Рисса
на некоторые другие пространства

Из курса анализа известно, что для того чтобы функция служила неопределенным интегралом сум-
мируемой функции, необходимо и достаточно, чтобы она была абсолютно непрерывна. В связи с этим
естественно поставить вопрос о характеристическом признаке функции, являющейся неопределенным
интегралом функции, входящей в Lp, p > 1. Ответом служит известная теорема Ф.Рисса, касающая-
ся условий представимости заданной функции в виде интеграла с переменным верхним пределом от
функции пространства Лебега. В одномерном и многомерном случаях многие математики обобщили
эту теорему для пространств Лебега и Орлича. В настоящей работе авторами предпринята попытка
доказать теорему Ф.Рисса для других функциональных пространств. Получено обобщение теоремы
Ф.Рисса на случай, когда подынтегральная функция из весового пространства Лебега. Также дока-
зано необходимое условие сказанного выше представления от функции f ∈ Lpϕ(Lp).

Ключевые слова: функция, функциональные пространства, интеграл, теорема Ф.Рисса, весовое про-
странство Лебега.
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