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Unconditional basicity of eigenfunctions’ system of Sturm-Liouville
operator with an involutional perturbation

In this paper the question on unconditional basicity of the system of eigenfunctions of the involutive
perturbed Sturm-Liouville operator is investigated. The Green’s function of the operator under consideration
in the case of constant coefficients is constructed. The estimates of the Green’s functions are obtained. The
existence of the Green’s function is shown in the case when the operator under consideration has a variable
coefficient. The theorem on the equiconvergence of expansions with respect to the eigenfunctions of the
indicated operators is proved with the help of the Green’s function. The basicity of the eigenfunctions of
the operator under consideration in the class L2 (−1, 1) is proved. It is established that the basis from the
eigenfunctions of the involutive perturbed Sturm-Liouville operator is the unconditional basis.
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Introduction

In the present paper we study a spectral problem of the form

Lu = −u′′(x) + αu′′(−x) + q(x)u(x) = λu(x), −1 < x < 1, u(−1) = 0, u(1) = 0, (1)

where q(x) ∈ C[−1, 1] — is complex-valued function. The parameter α belongs to the interval (−1, 1). If q(x) ≡ 0,
then the spectral problem (1)

−u′′(x) + αu′′(−x) = λu(x), u(−1) = 0, u(1) = 0 (2)

is well-known [1], it has eigenvalues

λk1 = (1− α)

(
k +

1

2

)2

π2, λk2 = (1 + α)k2π2, k = 0,±1,±2, ... (3)

and eigenfunctions{
uk1(x) = cos

(
l +

1

2

)
πx, k1 = 0, 1, 2, ...; uk2(x) = sin kπx, k2 = 1, 2, ...

}
, (4)

which form a Riesz basis in L2(−1, 1).
We show that the eigenfunctions’ systems of the spectral problem (1) forms a basis in L2(−1, 1).
Results on the spectral properties of one-dimensional differential operators with involution (we use the

simplest one, that is, with reflection v(x) = −x on [−1, 1]) are actively applied in research of PDE. The recent
papers by Aleorov, Kirane, and Malik [2], Kirane and Al-Sati [3] give natural examples. Various applications of
differential operators with involutions can be found in [4].

Spectral theory of differential operators with involution forms a specific niche in the study of ODE.
Eigenfunction expansions for the first-order differential operators with involution are considered in [5–7]. An
example of second-order differential operators with involution are discussed in [8–10]. A specific example of
a boundary-value problem for the second-order differential operator with involution that produces an infinite
number of associated functions is given in [11, 12]. We also note valuable results on the Green’s function for
the boundary value problems related to functional-differential operators with involution (see Cabada and Tojo
[13, 14]) and new types of non-classical Sturm-Liouville problems (see Aidemir, Mukhtarov et al. [15, 16]).
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Green’s function of the boundary value problem with involution

Along with the boundary value problem (2), we consider the non-homogeneous boundary value problem

−u′′ (x) + αu′′ (−x) = λu (x) + f (x) , −1 < x < 1;

u (−1) = 0, u (1) = 0, (5)

where −1 < α < 1, with the arbitrary continuous function f (x). We note that equation in (5) contains an
involution and corresponds to the homogeneous boundary value problem (2). It is clear that the functions

u1 (x) = cos (α0ρx) , u2 (x) = sin (α1ρx) , ρ =
√
λ;

α0 =

√
1

1− α
, α1 =

√
1

1 + α
,

give linearly independent solutions to the homogeneous equation (2).
As usual, the Green’s function G (x, t, λ) of the boundary value problem (2) is the kernel of the integral

u (x) =

1∫
−1

G (x, t, λ) f (t) dt

that provides a solution to the problem (5).
Theorem 1. If λ is not an eigenvalue of the problem (2), then the non-homogeneous boundary value problem

(5) is solvable for any continuous function f (x) and its solution can be represented in the form

u (x) =
1

2

α0

ρ

sinα0ρ

cosα0ρ
cos (α0ρx)

1∫
−1

cos (α0ρt) f (t) dt−

−1

2

α1

ρ

cosα1ρ

sinα1ρ
sin (α1ρx)

1∫
−1

sin (α1ρt) f (t) dt+

+
1

2ρ


−x∫
−1

[α0 cos (α0ρx) sin (α0ρt)− α1 sin (α1ρx) cos (α1ρt)] f (t) dt−

−
x∫
−x

[α0 cos (α0ρt) sin (α0ρx)− α1 sin (α1ρt) cos (α1ρx)] f (t) dt−

−
1∫
x

[α0 cos (α0ρx) sin (α0ρt)− α1 sin (α1ρx) cos (α1ρt)] f (t) dt

 .

Proof. Since the functions cos (α0ρx), sin (α1ρx) are solutions to the homogeneous equation in (2), it is
sufficient to show that the function

g0 (x) ≡ 1

2

1∫
−1

g (x, t, λ) f (t) dt =

=
1

2ρ

−x∫
−1

[α0 cos (α0ρx) sin (α0ρt)− α1 sin (α1ρx) cos (α1ρt)] f (t) dt+

+
1

2ρ

x∫
−x

[−α0 cos (α0ρt) sin (α0ρx) + α1 sin (α1ρt) cos (α1ρx)] f (t) dt+
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+
1

2ρ

1∫
x

[−α0 cos (α0ρx) sin (α0ρt) + α1 sin (α1ρx) cos (α1ρt)] f (t) dt

satisfies the equation in (1). The direct calculation of its first derivative

g′0 (x) =
1

2ρ

−x∫
−1

[
α0(cos (α0ρx))

′
sin (α0ρt)− α1(sin (α1ρx))

′
cos (α1ρt)

]
f (t) dt+

+
1

2ρ

x∫
−x

[
−α0 cos (α0ρt) (sin (α0ρx))

′
+ α1 sin (α1ρt) (cos (α1ρx))

′]
f (t) dt+

+
1

2ρ

1∫
x

[
−α0(cos (α0ρx))

′
sin (α0ρt) + α1(sin (α1ρx))

′
cos (α1ρt)

]
f (t) dt.

and its second derivative
g′′0 (x) = −f (x) + αf (−x)

1− α2
+

+
1

2ρ

−x∫
−1

[
α0(cos (α0ρx))

′′
sin (α0ρt)− α1(sin (α1ρx))

′′
cos (α1ρt)

]
f (t) dt+

+
1

2ρ

x∫
−x

[
−α0 cos (α0ρt) (sin (α0ρx))

′′
+ α1 sin (α1ρt) (cos (α1ρx))

′′]
f (t) dt+

+
1

2ρ

1∫
x

[
−α0(cos (α0ρx))

′′
sin (α0ρt) + α1(sin (α1ρx))

′′
cos (α1ρt)

]
f (t) dt

verify the equality in (5). The boundary conditions in (5) can be checked directly. The theorem is proved.
The theorem implies the following corollary.
Corollary 1. The Green’s function of the boundary value problem (2) has the form

G (x, t, λ) =
1

2

α0

2ρ

sinα0ρ

cosα0ρ
(cosα0ρx) (cosα0ρt)−

−1

2

α1

2ρ

cosα1ρ

sinα1ρ
(sinα1ρx) (sinα1ρt) +

+
1

2ρ


α0 (cosα0ρx) (sinα0ρt)− α1 (sinα1ρx) (cosα1ρt) , t ≤ −x;

−α0 (cosα0ρt) (sinα0ρx) + α1 (sinα1ρt) (cosα1ρx) , −x ≤ t ≤ x;

−α0 (cosα0ρx) (sinα0ρt) + α1 (sinα1ρx) (cosα1ρt) , t ≥ x.
Using the explicit form of the Green function one can write down the expansion of an arbitrary function

f (x) from L1(−1, 1) in the eigenfunctions of the spectral problem (2). The poles of the Green’s function are
the zeros of the functions cosα0ρ, sinα1ρ:

ρk1 =
√
λk1 =

√
(1− α)

(
k +

1

2

)
π, k = 0, 1, 2, ...;

ρk2 =
√
λk2 =

√
(1 + α)kπ, k = 1, 2, ...

If the number
√

1−α
1+α is not even, then all eigenvalues are single. On the complex ρ-plane we consider the

circles Pk1, k = 0, 1, 2, ...; Pk2, k = 1, 2, ..., with a common center at the origin and respective radius:

Pk1 : |ρ| =
√

1− α
(
k +

1

2

)
π +

1

8
; Pk2 : |ρ| =

√
1 + αkπ +

1

8
.
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These circles do not overlap and do not pass through the points ρk1 and ρk2. When λ = ρ2 the circles Pk1,
Pk2 turn into the circles

P̃k1 : |λ| =
(√

1− α
(
k +

1

2

)
π +

1

8

)2

; P̃k2 : |λ| =
(√

1 + αkπ +
1

8

)2

in the λ-plane, respectively. For any function f (x) ∈ L1 (−1.1), the partial sums of the eigenfunctions’s
expansions for the spectral problem (2) can be written as [17]

σm (f) = − 1

2πi

∫
P̃m

 1∫
−1

G (x, t, λ) f (t) dt

 dλ =− 1

2πi

∫
Pm

 1∫
−1

G
(
x, t, ρ2

)
f (t) dt

 2ρdρ,

where Pm — is the circle with the radius ρm = max
{
ρk1 + 1

8 , ρk2 + 1
8

}
.

Further, changing the order of integration and using the residue theorem, we calculate the integral over the
circle Pm

σm (f) = − 1

2πi

1∫
−1

∫
Pm

G (x, t, λ) 2ρdρ

 f (t) dt =

=

1∫
−1

m∑
k=0

cos

(
k +

1

2

)
πx cos

(
k +

1

2

)
πt f (t) dt+

+

1∫
−1

m∑
k=1

sin kπx sin kπt f (t) dt =

m∑
k=0

 1∫
−1

f (t) cos

(
k +

1

2

)
πtdt

 cos

(
k +

1

2

)
πx+

+

m∑
k=1

 1∫
−1

f (t) sin kπtdt

 sin kπx.

Thus, the partial sums of the eigenfunction expansions for the spectral problem (2) of the arbitrary integrable
function f(x) has the form

σm (f) =
m∑
k=0

ak cos

(
k +

1

2

)
πx+

m∑
k=1

bk sin kπx, (6)

where

ak =

1∫
−1

f (t) cos

(
k +

1

2

)
πtdt, bk =

1∫
−1

f (t) sin kπtdt.

Note that the system
{

sin kπx, cos
(
n+ 1

2

)
πx
}
, k = 1, 2, ..., n = 0, 1, 2..., is a complete orthogonal system in

L2(−1, 1). Therefore, for all f (x) ∈ L2 (−1, 1) the partial sums σm (f) of the form (6) converge to the function
f(x) with respect to the norm of the space L2 (−1, 1) .

Further we need an estimate of the Green’s function.
Let ρ = <ρ+ i=ρ and denote ρ0 = =ρ.
Let Oε (ρk) = {ρ : |ρ− ρki| < ε, i = 1, 2} be a circle of sufficiently small radius ε.
Lemma 2. If ρ /∈ Oε (ρk), then the Green’s function G (x, t, λ) of the boundary value problem (2) satisfies

the following uniform estimate
|G (x, t, λ)| ≤ C|ρ|−1

r (x, t, ρ)

with −1 ≤ x, t ≤ 1, where

r (x, t, ρ) =
(
e−α2|ρ0|(2−|x|−|t|) + e−α2|ρ0|(||x|−|t||)

)
, α2 = min {α1, α0} .
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Proof. In the case when t ≥ x the Green’s function can be rewritten in the form

G (x, t, λ) =
α0

4iρ

{
− e−iα0ρ

eiα0ρ + e−iα0ρ

[
eiα0ρ(x+t) + eiα0ρ(t−x)

]
+

+
eiα0ρ

eiα0ρ + e−iα0ρ

[
eiα0ρ(x−t) + eiα0ρ(−x−t)

]}
+

+
α1

4iρ

{
− e−iα1ρ

eiα1ρ − e−iα1ρ

[
eiα1ρ(x+t) − eiα1ρ(t−x)

]
−

− eiα1ρ

eiα1ρ − e−iα1ρ

[
−eiα1ρ(x−t) + eiα1ρ(−x−t)

]}
.

For sufficiently large |ρ| the Green’s function satisfies the following inequality

|G (x, t, λ)| ≤ α0

4 |ρ|

{
−eα0ρ0

|e−α0ρ0 − eα0ρ0 |

[
e−α0ρ0(x+t) + e−α0ρ0(t−x)

]
+

+
e−α0ρ0

|e−α0ρ0 − eα0ρ0 |

[
e−α0ρ0(x−t) + e−α0ρ0(−x−t)

]}
+

+
α1

4 |ρ|

{
eα1ρ0

|e−α1ρ0 − eα1ρ0 |

[
e−α1ρ0(x+t) + e−α1ρ0(t−x)

]
+

+
e−α1ρ0

|e−α1ρ0 − eα1ρ0 |

[
e−α1ρ0(x−t) + e−α1ρ0(−x−t)

]}
.

Since t > x > 0, one has t+ x > t− x, x− t > −x− t. Therefore,

|G (x, t, λ)| ≤ α0

4 |ρ|

[
e−α0ρ0(2−x−t) + e−α0ρ0(t−x)

]
+

α1

4 |ρ|

[
e−α1ρ0(2−x−t) + e−α1ρ0(t−x)

]
if ρ0 > 0 and

|G (x, t, λ)| ≤ α0

4 |ρ|

[
eα0ρ0(2−x−t) + eα0ρ0(t−x)

]
+

α1

4 |ρ|

[
eα1ρ0(2−x−t) + eα1ρ0(t−x)

]
if ρ0 < 0.

Thus, for t > x > 0 the Green’s function satisfies the following estimate

|G (x, t, λ)| ≤ c1
|ρ|

(
e−α2|ρ0|(2−x−t) + e−α2|ρ0|(t−x)

)
, α2 = min {α0, α1} .

In the case of −x < t < x the proof of lemma is similar to the previous case while the estimate of the Green’s
functions takes the form

|G (x, t, λ)| ≤ c2
|ρ|

[
e−α2|ρ0|(2−x−|t|) + e−α2|ρ0|(x−|t|)

]
.

In the case of t < −x the estimate transforms into the following inequality

|G (x, t, λ)| ≤ c3
|ρ|

[
e−α2|ρ0|(2−|t|−x) + e−α2|ρ0|(|t|−x)

]
.

The last three inequalities provide the desired estimate

|G (x, t, λ)| ≤ C

|ρ|

[
e−α2|ρ0|(2−|x|−|t|) + e−α2|ρ0|||x|−|t||

]
.

Lemma is proved.
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Theorems on the basis property of the eigenfunctions of the spectral problem (1)

We are interested in the possibility of expanding the arbitrary function f(x) ∈ L2 (−1, 1) in converging
series related to the spectral problem (1) in the case when the complex-valued coefficient q (x) is continuous
over the interval (−1, 1) .

We assume that there exists the Green’s function Gq (x, t, λ) of the boundary value problem (1). Let
G (x, t, λ) be the Green’s function of the problem (2). Since almost everywhere on the interval (−1, 1) we
have the relations:

−∂
2G (x, t, λ)

∂x2
+ α

∂2G (−x, t, λ)

∂x2
= λG (x, t, λ) ;

−∂
2Gq (x, t, λ)

∂x2
+ α

∂2Gq (−x, t, λ)

∂x2
+ q (x)Gq (x, t, λ) = λGq (x, t, λ)

then

−∂
2 (Gq (x, t, λ)−G (x, t, λ))

∂x2
+ α

∂2(Gq (x, t, λ)−G (x, t, λ))x=−x
∂x2

−

−λ (Gq (x, t, λ)−G (x, t, λ)) = −q (x)Gq (x, t, λ) .

The difference Gq (x, t, λ) − G (x, t, λ) clearly satisfies the boundary condition (1). Therefore outside the poles
of the function G (x, t, λ) the Green’s function Gq (x, t, λ) satisfies the equality

Gq (x, t, λ)−G (x, t, λ) = −
1∫
−1

G (x, s, λ) q (s)Gq (s, t, λ) ds. (7)

Existence of the Green’s function for the boundary value problem (1) is equivalent to the existence of a solution
to the integral equation (7). We come to the following theorem.

Theorem 3. If the number
√

1−α
1+α is not even, then for all sufficiently large ρ, ρ /∈ Oε (ρk), then there exists

a solution to the integral equation (7).
Proof. Let Gq0 (x, t, λ) ≡ 0 and

Gq,p+1 (x, t, λ) = G (x, t, λ)−
1∫
−1

G (x, s, λ) q (s)Gq (s, t, λ) ds (8)

for all sufficiently large |ρ|.
For the Green’s function G (x, t, λ) of the problem (2) the estimate holds

|G (x, t, λ)| ≤ C

|ρ|
r (x, t) ,

where
r (x, t) = e−α2|ρ0|||x|−|t|| + e−α2|ρ0|(2−||x|−|t||).

Relation (8) with p = 0 yields the estimate

|Gq1 (x, t, λ)| = |G (x, t, λ)| ≤ C

|ρ|
r (x, t) .

For brevity, we introduce the notation

max |Gq1 (x, t, λ)| |ρ| r−1 (x, t) = C0;

max |Gqp+1 (x, t, λ)−Gqp (x, t, λ)| |ρ| r−1 (x, t) = Cp,
(9)

where the maximum is taken with respect to x ∈ [−1, 1], for fixed t and sufficiently large |ρ| laying outside the
poles of the function G (x, t, λ).
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Let us show that
Cj ≤

C

2j
, j = 0, 1, 2, ...p. (10)

For j = 0 estimate (10) follows from the first estimate (9). Let us assume that estimate (10) holds in the
case j = 1, 2, ...p and prove it for j = p+ 1. Taking into account the notation in (9), we get the inequality

Cp+1 ≤ C · Cp|ρ|−1
max

1∫
−1

r (x, s) r (s, t) r−1 (x, t) |q (s)| ds. (11)

Here we have the relation

r (x, s) · r (s, t) =
(
e−α0|ρ0|(2−|x|−|s|) + e−α0|ρ0|||x|−|s||

)
×

×
(
e−α0|ρ0|(2−|s|−|t|) + e−α0|ρ0|||s|−|t||

)
=

= e−α0|ρ0|(4−|x|−2|s|−|t|) + e−α0|ρ0|(2−|x|−|s|+||s|−|t||)+

+e−α0|ρ0|(2−|s|−|t|+||x|−|s||) + e−α0|ρ0|(||x|−|s||+||s|−|t||).

The triangle inequality yields
||x| − |t|| ≤ ||x| − |s||+ ||s| − |t|| .

The inequality
|t| = |t|+ |s| − |s| ≥ |s| − ||t| − |s||

implies
|x|+ |t| ≥ |x|+ |s| − ||t| − |s|| ;

and the inequality
|x| ≥ |s| − ||x| − |s|| ;

implies
|x|+ |t| ≥ |t|+ |s| − ||x| − |s|| .

Therefore

||x| − |t|| = ||x| − 1 + 1− |t|| < 1− |x|+ 1− |t| < 1− |x|+ 1− |t|+ 2− 2 |s| = 4− |x| − |t| − 2 |s| .

Hence
r(x, s) · r(s, t) ≤ 2r(x, t).

This inequality and the inequality (11) imply

Cp+1 ≤ 2CCp|ρ|−1

1∫
−1

|q (s)| ds.

For sufficiently large |ρ|, the inequality

2C|ρ|−1

1∫
−1

|q (s)| ds ≤ 1

2

holds true.
Consequently, Cp+1 ≤ Cp

2 for any p and hence the desired inequality (10) is verified.
It follows from the inequality (10) that the series

∞∑
1

(Gq,p+1 (x, t, λ)−Gqp (x, t, λ))
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uniformly converges and hence its partial sum

Sn (x) = Gq,p+n (x, t, λ)−Gq1 (x, t, λ)

converges also.
Therefore the sequence Gqp (x, t, λ) uniformly converges to its limit Gq (x, t, λ) which satisfies the equa-

tion (2). The theorem is proved.
Let

σm (f) = − 1

2πi

1∫
−1

∫
Pm

G(x, t, λ)2ρdρ

f(t) dt

be the partial sum of eigenfunction expansions related to the spectral problem (2), where f(x) ∈ L1(−1, 1).
Denote by

Sm (f) = − 1

2πi

1∫
−1

∫
Pm

Gq(x, t, λ)2ρdρ

f(t) dt

the partial sum of the eigenfunction expansion related to the spectral problem (1).
The sequence Sm (f) is said to be equiconvergent with the sequence σm (f) on an interval −1 ≤ x ≤ 1 if the

difference Sm − σm vanishes uniformly on the interval as m→∞.
Theorem 4. If the number

√
1−α
1+α is not even, then for any function f (x) ∈ L1 (−1, 1) sequence Sm (f)

equiconverges with the sequence σm (f) on the interval −1 ≤ x ≤ 1.
Proof. Consider the relation

Sm (f)− σm (f) = − 1

2πi

∫
Pm


1∫
−1

[Gq (x, t, λ)−G (x, t, λ)] f (t) dt

 2ρdρ. (12)

It follows from the proof of Theorem 2 that

|Gq (x, t, λ)| ≤ 2C

|ρ|
r (x, t) .

This estimate and the equality (7) yield that

|Gq (x, t, λ)−G (x, t, λ)| ≤ 42 |ρ|−2
r (x, t)

1∫
−1

|q (s)| ds.

Then the equality (12) gives the estimate

|Sm (f)− σm (f)| ≤ 2C2

π

∫
Pm

 1∫
−1

r (x, t) |f (t)| dt

 2 |ρ|
|ρ|2

dρ ·
1∫
−1

|q (s)| ds =

=
4C2

π

1∫
−1

|q (s)| ds
∫
Pm

 1∫
−1

r (x, t) |f (t)| dt

 ∣∣∣∣dρρ
∣∣∣∣ .

If we use the notation

C1 =
4C2

π

1∫
−1

|q (s)| ds,

then

|Sm (f)− σm (f)| ≤ C1

∫
Pm

 1∫
−1

r (x, t) |f (t)| dt

 ∣∣∣∣dρρ
∣∣∣∣ .
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Let us divide the interval (0, 1) = ∆1 + ∆2 into two parts:

∆1 = (−1 + δ,−x− δ) ∪ (−x+ δ, x− δ) ∪ (x+ δ, 1− δ) ;

∆2 = (−1,−1 + δ) ∪ (−x− δ,−x+ δ) ∪ (x− δ, x+ δ) ∪ (1− δ, 1)

with a sufficiently small positive value of δ > 0. Then

|Sm (f)− σm (f)| ≤ C1

∫
Pm

∫
∆1

(
e−α0|ρ0|||x|−|t|| + e−α0|ρ0|(2−||x|−|t||)

)
×

× |f (t)| dt
∣∣∣∣dρρ

∣∣∣∣+ 2C1π

∫
∆2

|f (t)| dt. (13)

Since ∫
∆2

|f (t)| dt =

−1+δ∫
−1

|f (t)| dt+

−x+δ∫
−x−δ

|f (t)| dt+

x+δ∫
x−δ

|f (t)| dt+

1∫
1−δ

|f (t)| dt,

the choice of δ can make the second term in (13) less than ε
2 .

If ρm is the radius of the circle Pm, then the partition of the integral

∫
Pm

e−α0|ρ0|δ
∣∣∣∣dρρ

∣∣∣∣ =

π
4∫

0

e−α0δρm|sin t|dt+

3π
4∫

π
4

e−α0δρm|cos t|dt+

+

5π
4∫

3π
4

e−α0δρm|sin t|dt+

7π
4∫

5π
4

e−α0δρm|cos t|dt+

2π∫
7π
4

e−α0δρm|sin t|dt

provides the estimate ∫
Pm

e−α0|ρ0|δ
∣∣∣∣dρρ

∣∣∣∣ < C2

|ρm| δ
.

With sufficiently large value of m, the first term in (13) can be made less than ε
2 .

The theorem is proved.
Remark. In [18, 19] the boundary value problem

−u′′ (−x) + q (x)u (x) = λu (x) ;

u (−1) = u (1) , u′ (−1) = u′ (1)

is considered and the theorems similar to Theorems 2 and 3 are obtained.
Theorem 5. If the number

√
1−α
1+α is not even, then the system of eigenfunctions of the spectral problem (1)

forms the basis in L2(−1, 1).
Proof. Let ‖·‖2 denote the norm in L2 (−1, 1). Then for any function f (x) ∈ L2 (−1, 1), one obtains the

estimate
‖f − Sm‖2 ≤ ‖f − σm‖2 + ‖σm − Sm‖2 < ε

as the first term is less than ε
2 by virtue of the basis property of the eigenfunctions of the spectral problem (2),

and the second term is less than ε
2 by virtue of the equiconvergence Theorem 3. Theorem 4 is proved.

Unconditional basicity of the system of eigenfunctions of the spectral problem (1) does not follow from
Theorem 4. By Theorem 4 the system of eigenfunctions of the spectral problem (1) forms a basis in L2(−1, 1).
It is well-known that for any basis uk in a Hilbert space L2(−1, 1) the estimate

‖uk‖L2(−1,1)‖vk‖L2(−1,1) ≤ C
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holds [20], where vk is biortogonally adjoint system to uk. Since the system of eigenfunctions of the spectral
problem (1) forms a basis in L2(−1, 1), then by Theorems of L.V. Kritskov and A.M. Sarsenbi [21] this basis is
an unconditional basis in the same space. Thus, we get the following result

Theorem 6. Let all the conditions of Theorem 4 be satisfied. Then the system of eigenfunctions of the spectral
problem (1) forms an unconditional basis in L2(−1, 1).

This work was supported by the Committee of Science of the Ministry of Education and Science of the
Republic Kazakhstan, project no. AP0531225.
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Ә.Ә. Сәрсенбi

Инволютивтi толқытылған Штурм-Лиувилл операторының
меншiктi функцияларының шартсыз базис болуы

Мақалада шеттiк шарттары Дирихле түрiнде болатын инволюциясы бар Штурм-Лиувилл операторы
меншiктi функциялар жүйесiнiң базис болуы туралы мәселе зерттелген. Коэффициенттерi тұрақты
инволюциясы бар Штурм-Лиувилл операторының Грин функциясы құрылып, Грин функциясы үшiн
бағалаулар алынған. Коэффициенттерi айнымалы инволюциясы бар Штурм-Лиувилл операторының
да Грин функциясының бар болуы туралы теорема дәлелденген. Осы нәтижелердiң көмегiмен ай-
тылып отырған екi оператордың меншiктi функциялары бойынша жiктеулерi бiрқалыпты қабаттаса
жинақталатындығы көрсетiлген. Коэффициентi айнымалы инволюциясы барШтурм-Лиувилл опера-
торы меншiктi функцияларының жүйесi L2(−1, 1) кеңiстiгiнде базис болатындығы көрсетiлген. Және
мұндай базистiң шартсыз базис болатындығы дәлелденген.

Кiлт сөздер: инволюция, меншiктi функциялар, меншiктi мәндер, базис, Грин функциясы.

А.А. Сарсенби

Безусловная базисность собственных функций инволютивно
возмущенного оператора Штурма-Лиувилля

В статье исследован вопрос о безусловной базисности системы собственных функций инволютив-
но возмущенного оператора Штурма-Лиувилля. Построена функция Грина изучаемого оператора в
случае постоянных коэффициентов. Получены оценки функций Грина. При наличии переменного ко-
эффициента у изучаемого оператора показано существование функции Грина. Доказаны теорема о
равносходимости разложений по собственным функциям указанных операторов с помощью функции
Грина, а также базисность собственных функций в классе L2 (−1, 1) изучаемого оператора. Установ-
лено, что базис из собственных функций инволютивно возмущенного оператора Штурма-Лиувилля
является безусловным базисом.

Ключевые слова: инволюция, собственная функция, собственные значения, базис, функция Грина.
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