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A conjugation problem for the heat equation in the field
where the boundary moves in linear order

Boundary-value problems for parabolic equations in domains with moving boundaries are fundamentally
different from the classical parabolic equations. Due to the dependence of the region size on time, the
methods of separation of variables and integral transformations are not applicable to this type of problems
in general case, since remaining within the framework of classical methods of mathematical physics, it is
not possible to coordinate the solution of the heat conduction equation with the motion of the boundary
of the heat transfer region. The solution of this problem has been the subject of research of many domestic
and foreign mathematicians [1–8]. A large number of works are devoted to boundary-value problems in
non-degenerate domains; they considered the existence of classical solutions by the method of thermal
potentials for both the heat conduction equation and for more general parabolic equations. But if the
region degenerates at the initial moment of time, then the method of successive approximations for solving
integral equations cannot be applied. Since at the degeneration of the domain integral operators become
special, that is, when they affect the constant and the upper limit tends to zero, they do not tend to zero.
Integral equations of this kind were obtained in [8] in the study of the thermal field of liquid contact bridges
and an asymptotic solution was found that can be used to solve practical problems. This paper is devoted
to the study of the first boundary value problem for the heat conduction equation with a discontinuous
coefficient in the domain that degenerates at the initial moment of time when the boundary moves by
linear law. An explicit form of the solution of this problem is obtained, afterwards that can be applied for
a numerical approximations.

Keywords: parabolic equations, first boundary value problem, thermal potential method, Jacobi polynomials.

Formulation of the problem: formulation of the problem: it is required to find the function u1(x, t), u2(x, t)
satisfying following equations:

∂u1

∂t
=
∂2u1

∂x2
, ((x, t) ∈ D−(−α1t < x < 0, t > 0)), (1)

∂u2

∂t
=
∂2u2

∂x2
, ((x, t) ∈ D+(0 < x < α2t, t > 0)) (2)

boundary conditions:
u1(−α1t, t) = ϕ1(t), u2(α2t, t) = ϕ2(t), (3)

and conjugation conditions:

u1

∣∣∣
x=−0

= u2

∣∣∣
x=+0

, k1
∂u1

∂x

∣∣∣
x=−0

= k2
∂u2

∂x

∣∣∣
x=+0

, (4)

where αi > 0, ki > 0, (i = 1, 2).

With the help of a suitable substitute [9]: ui(x, t) = vi(x1, t1) e
− x

2

4t√
t
, where x1 = x

t , t1 = − 1
t the problem

(1)–(4) reduces to the problem without initial conditions in the area with a fixed boundary: required to find
functions v1(x1, t1), v2(x1, t1) satisfying following equations

∂v1

∂t1
=
∂2v1

∂x2
1

, ((x1, t1) ∈ G−(−α1 < x1 < 0, −∞ < t1 < −
1

T
)), (5)
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∂v2

∂t1
=
∂2v2

∂x2
1

, ((x1, t1) ∈ G+(0 < x1 < α2, −∞ < t1 < −
1

T
)) (6)

boundary conditions:
v1(−α1, t1) = ψ1(t1), v2(α2, t1) = ψ2(t1), (7)

and conjugation conditions:

v1

∣∣∣
x1=−0

= v2

∣∣∣
x1=+0

, k1
∂v1

∂x1

∣∣∣
x1=−0

= k2
∂v2

∂x1

∣∣∣
x1=+0

, (8)

where ψi(t1) = ϕi

(
− 1
t1

)
e
−
α2
i

4t1√
−t1

, (i = 1, 2).

A problem without initial conditions (5)–(8) can be solved as follows [10]: required to find functions
w1(x1, t1), w2(x1, t1) satisfying equations

∂w1

∂t1
=
∂2w1

∂x2
1

, ((x1, t1) ∈ G−(−α1 < x1 < 0, t0 < t1 < −
1

T
)) (9)

∂w2

∂t1
=
∂2w2

∂x2
1

, ((x1, t1) ∈ G+(0 < x1 < α2, t0 < t1 < −
1

T
)) (10)

initial conditions:
w1(x1, t0) = f1(x1, t0), w2(x1, t0) = f2(x1, t0) (11)

boundary conditions:
w1(−α1, t1) = ψ1(t1), w2(α2, t1) = ψ2(t1), (12)

and conjugation conditions:

w1

∣∣∣
x1=−0

= w2

∣∣∣
x1=+0

, k1
∂w1

∂x1

∣∣∣
x1=−0

= k2
∂w2

∂x1

∣∣∣
x1=+0

, (13)

where −∞ < t0 < − 1
T < 0.

Explicit solution of the problem (9)–(13) found in the [7]:

w1(x1, t1) =

∫ 0

−α1

G11(x1, ξ, t1 − t0)f1(ξ, t0)dξ +

∫ α2

0

G12(x1, ξ, t1 − t0)f2(ξ, t0)dξ+

+

t1∫
t0

∂G11(x1,−α1, t1 − τ1)

∂ξ
ψ1(τ1)dτ1 −

∫ t1

t0

∂G12(x1, α2, t1 − τ1)

∂ξ
ψ2(τ1)dτ1,

w2(x1, t1) =

∫ 0

−α1

G21(x1, ξ, t1 − t0)f1(ξ, t0)dξ +

∫ α2

0

G22(x1, ξ, t1 − t0)f2(ξ, t0)dξ+

+

∫ t1

t0

∂G21(x1,−α1, t1 − τ1)

∂ξ
ψ1(τ1)dτ1 −

∫ t1

t0

∂G22(x1, α2, t1 − τ1)

∂ξ
ψ2(τ1)dτ1,

where

G11(x1, ξ, t1) = G(x1 − ξ, t1)−G(2α1 + x1 + ξ, t1)+

+

∞∑
n=1

n∑
k=1

α
(n)
k (G(2(n− k + 1)α1 + 2(k − 1)α2 + x1 − ξ, t1)+

+G(2(n− k + 1)α1 + 2(k − 1)α2 − x1 + ξ, t1)−

−G(2(n− k + 2)α1 + 2(k − 1)α2 + x1 + ξ, t1)−G(2(n− k)α1 + 2(k − 1)α2 − x1 − ξ, t1)

G12(x1, ξ, t1) = µ2

∞∑
n=1

n∑
k=1

β
(n)
k (G(2(n− k + 1)α1 + 2kα2 + x1 − ξ, t1)+
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+G(2(n− k)α1 + 2(k − 1)α2 − x1 + ξ, t1)−G(2(n− k + 1)α1 + 2(k − 1)α2 + x1 + ξ, t1)−

−G(2(n− k)α1 + 2kα2 − x1 − ξ, t1))

G21(x1, ξ, t1) = µ1

∞∑
n=1

n∑
k=1

γ
(n)
k (G(2(n− k)α1 + 2(k − 1)α2 + x1 − ξ, t1)+

+G(2(n− k + 1)α1 + 2kα2 − x1 + ξ, t1)−

−G(2(n− k + 1)α1 + 2(k − 1)α2 + x1 + ξ, t1)−G(2(n− k)α1 + 2kα2 − x1 − ξ, t1))

G22(x1, ξ, t1) = G(x1 − ξ, t1)−G(2l2 − x1 − ξ, t1)+

+

∞∑
n=1

n∑
k=1

δ
(n)
k (G(2(n− k)α1 + 2kα2 + x1 − ξ, t1) +G(2(n− k)α1 + 2kα2 − x1 + ξ, t1)+

−G(2(n− k)α1 + 2(k − 1)α2 + x1 + ξ, t1)−G(2(n− k)α1 + 2(k + 1)α2 − x1 − ξ, t1))

α
(n)
k =

{
(−λ)n, k = 1, n ≥ 1

(−1)n+k
∑M
m=0(−1)mCm+1

n−k+1C
m
k−2λ

n−2m−2µ2m+2, 2 ≤ k ≤ n,

M = min(k − 2, n− k)

β
(n)
k = γ

(n)
k = (−1)n+k

K∑
m=0

(−1)mCmk−1C
m
n−kλ

n−2m−1µ2m, 1 ≤ k ≤ n

K = min(k − 1, n− k)

δ
(n)
k =

{
λn, k = n, n ≥ 1

(−1)n+k+1
∑N−1
m=0(−1)mCmn−k−1C

m+1
k λn−2m−2µ2m+2, 1 ≤ k ≤ n− 1,

N = min(k, n− k)

µ2 = µ1µ2, µi =
2ki

k1 + k2
, (i = 1, 2), λ =

k1 − k2

k1 + k2
; G(y, τ) =

1

2
√
πτ
e−

y2

4τ

By the definition of Jacobi polynomials [11]:

Pk(θ;α, β) =

k∑
m=0

Cmα+kC
k−m
β+k

(
θ − 1

2

)k−m(
θ + 1

2

)m
,

then the coefficients α(n)
k , β

(n)
k , γ

(n)
k , δ

(n)
k can be expressed in terms of Jacobi polynomials. If we introduce the

following notation µ2 − λ2 = θ and by virtue of the fact µ2 + λ2 = 1, then we have

α
(n)
k =


(−1)n

(
1−θ

2

)n−2k+1
2 , k = 1, n ≥ 1,

(−1)n n−k+1
k−1

(
1+θ

2

) (
1−θ

2

)n−2k+2
2 Pk−2(θ;n− 2k + 2, 1), k − 2 ≤ n− k,(

1+θ
2

) (
1−θ

2

) 2k−n−2
2 Pn−k(θ; 2k − n− 2, 1), k − 2 > n− k,

(14)

δ
(n)
k =


(

1−θ
2

)n
2 , k = n, n ≥ 1,

k
n−k

(
1+θ

2

) (
1−θ

2

) 2k−n
2 Pn−k−1(θ; 2k − n, 1), k − 1 > n− k − 1,

(−1)n
(

1+θ
2

) (
1−θ

2

)n−2k
2 Pk−1(θ;n− 2k, 1), k − 1 ≤ n− k − 1,

(15)

β
(n)
k = γ

(n)
k =

{ (
1−θ

2

) 2k−n−1
2 Pn−k(θ; 2k − n− 1, 0), k − 1 > n− k,

(−1)n+1
(

1−θ
2

)n−2k+1
2 Pk−1(θ;n− 2k + 1, 0), k − 1 ≤ n− k

(16)

Now we state some auxiliary result from [12].
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Lemma. Let h(θ) =
(

1−θ
2

)α
be a weight function defined on the interval [−1, 1], α > −1. If Pk(θ;α, 0) is a

sequence of the corresponding orthogonal Jacobi polynomials, then the function
(

1−θ
2

)α
2 |Pk(θ;α, 0)| attains its

maximum in [−1, 1] at the point θ = −1.

By lemma and formulas (14) - (16), we obtain the following estimates

{|β(n)
k |, |γ

(n)
k |} < 1, {|α(n)

k |, |δ
(n)
k |} < 2.

By applying the last estimates it is easy to verify that

lim
t0→−∞

∫ 0

−α1

Gi1(x1, ξ, t1 − t0)f1(ξ, t0)dξ = 0, lim
t0→−∞

∫ α2

0

Gi2(x1, ξ, t1 − t0)f2(ξ, t0)dξ = 0, i = 1, 2.

Further, when τ0 → −∞ the solution of the problem without initial conditions (5)–(8) is obtained [10].

v1(x1, t1) =
∫ t1
−∞

∂G11(x1,−α1,t1−τ1)
∂ξ ψ1(τ1)dτ1 −

∫ t1
−∞

∂G12(x1,α2,t1−τ1)
∂ξ ψ2(τ1)dτ1,

v2(x1, t1) =
∫ t1
−∞

∂G21(x1,−α1,t1−τ1)
∂ξ ψ1(τ1)dτ1 −

∫ t1
−∞

∂G22(x1,α2,t1−τ1)
∂ξ ψ2(τ1)dτ1.

Going back to the original variables we obtain an explicit solution to the problem (1)–(4):

u1(x, t) =

∫ t

0

g11(x, t− τ)ϕ1(τ)dτ +

∫ t

0

g12(x, t− τ)ϕ2(τ)dτ,

u2(x, t) =

∫ t

0

g21(x, t− τ)ϕ1(τ)dτ +

∫ t

0

g22(x, t− τ)ϕ2(τ)dτ,

where

g11(x, t− τ) = −2
∂G(x+ α1t, t− τ)

∂x
e
α1(α1t+α1τ+2x)

4 −

−2

∞∑
n=1

n∑
k=1

α
(n)
k

(
∂G((2n− 2k + 3)α1t+ 2(k − 1)α2t+ x, t− τ)

∂x
·

e
((2n−2k+3)α1+2(k−1)α2)2t+α2

1τ+2(2n−2k+3)α1x+4(k−1)α2x

4 +
∂G((2n− 2k + 1)α1t+ 2(k − 1)α2t− x, t− τ)

∂x
·

e
((2n−2k+1)α1+2(k−1)α2)2t+α2

1τ−2(2n−2k+1)α1x−4(k−1)α2x

4

)

g12(x, t− τ) = 2µ2

∞∑
n=1

n∑
k=1

β
(n)
k

(
∂G(2(n− k + 1)α1t+ (2k − 1)α2t+ x, t− τ)

∂x
·

e
(2(n−k+1)α1+(2k−1)α2)2t+α2

2τ+4(n−k+1)α1x+2(2k−1)α2x

4 +
∂G(2(n− k)α1t+ (2k − 1)α2t− x, t− τ)

∂x
·

e
(2(n−k)α1+(2k−1)α2)2t+α2

2τ−4(n−k)α1x−2(2k−1)α2x

4

)

g21(x, t− τ) = −2µ1

∞∑
n=1

n∑
k=1

γ
(n)
k

(
∂G((2n− 2k + 1)α1t+ 2(k − 1)α2t+ x, t− τ)

∂x
·

e
((2n−2k+1)α1+2(k−1)α2)2t+α2

1τ+2(2n−2k+1)α1x+4(k−1)α2x

4 +
∂G((2n− 2k + 1)α1t+ 2kα2t− x, t− τ)

∂x
·

e
((2n−2k+1)α1+2kα2)2t+α2

1τ−2(2n−2k+1)α1x−4kα2x

4

)
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g22(x, t− τ) = 2
∂G(α2t− x, t− τ)

∂x
e
α2(α2t+α2τ−2x)

4 −

−2

∞∑
n=1

n∑
k=1

δ
(n)
k

(
∂G(2(n− k)α1t+ (2k − 1)α2t+ x, t− τ)

∂x
·

e
(2(n−k)α1+(2k−1)α2)2t+α2

2τ+4(n−k)α1x+2(2k−1)α2x

4 +
∂G(2(n− k)α1t+ (2k + 1)α2t− x, t− τ)

∂x
·

e
(2(n−k)α1+(2k+1)α2)2t+α2

2τ−4(n−k)α1x−2(2k+1)α2x

4

)
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Ү.Қ. Қойлышов, К.А. Бейсенбаева

Шекарасы сызықты заңмен қозғалатын облыста
жылуөткiзгiштiк теңдеу үшiн бiр түйiндес есеп

Шeкaрacы қoзғaлмaлы oблыcтaғы пaрaбoлaлық типтi тeңдeулeр үшiн шeкaрaлық eceптeр әдeттeгi
клaccикaлық eceптeрдeн aйтaрлықтaй eрeкшeлeнeдi. Облыcтың өлшeмi уaқытқa тәуeлдi болғандық-
тан, бұл типтeгi eceптeргe жaлпы жaғдaйдa Фурьeнiң aйнымaлылaрды жiктeу жәнe интeгрaлдық
түрлeндiру әдicтeрiн қoлдaнуғa болмайды, ceбeбi мaтeмaтикaлық физикaның клaccикaлық әдicтeрiн
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қoлдaнcaқ, жылуөткiзгiш тeңдeудiң шeшiмi жылутacымaлдaу oблыcының шeкaрacының қoзғaлыcы-
мeн кeлicпeйдi. Бұл мәceлeнiң шeшiмi көптeгeн oтaндық жәнe шeтeлдiк мaтeмaтиктeрдiң зeрттeу oбъ-
eктici бoлып тaбылды [1–8]. Шeкaрacы қoзғaлмaлы oблыcтaғы жылуөткiзгiш eceптeр көптeгeн aвтoр-
лaрдың жұмыcтaрындa қaрacтырылғaн. Көптeгeн жұмыcтaр aзғындaлмaғaн oблыcтaғы шeкaрaлық
eceптeргe aрнaлғaн, oлaрдa жылуөткiзгiш тeңдeу үшiн жылу пoтeнциaлдaр әдici aрқылы клaccи-
кaлық шeшiмнiң бaр бoлу cұрaғы зерттелген. Облыc aзғындaлғaн жaғдaйдa тiзбeктеп жуықтау әдici
интeгрaлдық тeңдeудiң шeшiмiн тaбуғa жaрaмaйды. Мұндaй типтeгi интeгрaлдық тeңдeу cұйық кoн-
тaктiлi жылу өрicтeрiн зeрттeу бaрыcындa [8] жұмыста aлынғaн және онда прaктикaлық eceптeрдiң
шeшiмi рeтiндe қaрacтыруғa бoлaтын acимптoтикaлық шeшiмi тaбылғaн. Берiлген жұмыс шекарасы
сызықты заң бойынша қозғалатын, бастапқы уақыт сәтiнде азғындалатын облыста жылуөткiзгiш-
тiк теңдеу үшiн бiр түйiндес есептiң шешiмiн зерттеуге арналған. Қойылған есептiң сандық әдiспен
шешуге қолдануға болатын айқын шешiмi алынған.

Кiлт сөздер: жылуөткiзгiш тeңдeу, түйiндес есеп, қозғалмалы шекара, азғындалатын облыс, айқын
шешiм.

У.К. Койлышов, К.А. Бейсенбаева

Об одной задаче сопряжения для уравнения теплопроводности
в области при движении границы по линейному закону

Краевые задачи для уравнений теплопроводности в областях с движущейся границей принципиаль-
но отличны от классических. Вследствие зависимости размера области от времени, к этому типу
задач в общем случае не применимы методы разделения переменных и интегральных преобразова-
ний, так как, оставаясь в рамках классических методов математической физики, не удается согла-
совать решение уравнения теплопроводности с движением границы области теплопереноса. Решение
этой проблемы являлось предметом исследования многих отечественных и зарубежных математи-
ков [1–8]. Большое число работ посвящены краевым задачам в невырождающихся областях, в них
рассматривались вопросы существования классических решений методом тепловых потенциалов для
уравнений параболического типа. Когда область вырождается в начальный момент времени, то метод
последовательных приближений решения интегральных уравнений невозможно применить. Так как
при вырождении области интегральные операторы становятся особыми, т.е. при их воздействии на по-
стоянную и стремлении верхнего предела к нулю, они не стремятся к нулю. Интегральные уравнения
такого рода были получены в работе [8], при изучении теплового поля жидких контактных мостиков,
и найдено асимптотическое решение, которое можно использовать для решения практических задач.
Данная работа посвящена исследованию одной задачи сопряжения для уравнения теплопроводности
в области, вырождающейся в начальный момент времени, когда граница движется по линейному за-
кону. Получен явный вид решения данной задачи, который впоследствии можно применять и для
численного решения.

Ключевые слова: уравнения теплопроводности, задача сопряжения, подвижная граница, вырождаю-
щаяся область, явное решение.
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