UDC 517.957; 517.946

G. Shaikhova!, G. Shaikhova?

! Karaganda State Technical University, Kazakhstan;
2L.N. Gumilyov Eurasian National University, Astana, Kazakhstan
(E-mail: g.shaikhova@gmail.com)

Traveling wave solutions for the two-dimensional
Zakharov-Kuznetsov-Burgers equation

In this paper, the two-dimensional Zakharov-Kuznetsov-Burgers (ZKB) equation is investigated. The basic
set of fluid equations is reduced to ZKB equation. This equation is a two-dimensional analog of the well-
known Korteweg-de Vries-Burgers equation, and also is typical example of so-called dispersive equations
which attract the considerable attention of both pure and applied mathematicians in the past decades.
We obtain traveling wave solutions for two-dimensional Zakharov-Kuznetsov-Burgers equation by modified
Kudryashov method which is a powerful method for obtaining exact solutions of integrable and non-
integrable nonlinear evolution equations. Graphical representation of obtained solutions is demonstrated.

Keywords: modified Kudryashov method, Zakharov-Kuznetsov-Burgers equation, kink, nonlinear equation,
traveling wave.

Introduction
The two-dimensional Zakharov-Kuznetsov-Burgers (ZKB) equation [1] in given by:
Ut + Uggz + Ugyy + Uz + 0 (Uze + Uyy) =0, (1)

where § = const > 0. The equation (1) is referred as Zakharov-Kuznetsov-Burgers equation because in case
of & = 0 it will be Zakharov-Kuznetsov equation. And also this equation is a two-dimensional analog of the
well-known Korteweg-de Vries-Burgers (KdV) equation which includes dissipation and dispersion and has been
studied by various researchers due to its applications in mechanics and physics [2]. The two-dimensional ZKB
equation on a strip was studied by [3]. The author had proved the existence and uniqueness results for regular
and weak solutions. In work [4] Lie symmetry analysis, nonlinear self-adjointness and conservation laws to the
extended two-dimensional ZKB equation were studied. Application of the ZKB equation in dusty plasma was
studied in [5].

The aim of the paper is to obtain new traveling wave solutions of the two-dimensional ZKB equation
by using the modified Kudryashov method. This method is a powerful method for obtaining exact solutions of
nonlinear evolution equations [6-8]. The modified Kudryashov method was applied to the generalized Kuramoto-
Sivashinsky equation [9], the Kudryashov-Sinelshchikov equation [10], the generalized Fisher equation [11].

The paper is organized as follows. In Section 2, the key idea of the method is described. In Section 3, the
proposed method is applied to the two-dimensional ZKB equation. We conclude this paper in Section 4.

The modified Kudryashov method

Let us present the algorithm of the modified Kudryashov method for finding exact solutions of nonliner
partial differential equation (NPDE). We consider the NPDE in the following form:

El(uauhuwvuyautt)uwl‘auyy7"') 207 (2)

where F; is a polynomial of u(x, y, t) and its partial derivatives in which the highest order derivatives and
nonlinear terms are involved. Using the traveling transformation

u(@,y,t) = u(f), &=kr+ry+uwt, 3)
where k,r, w are constants, the NPDE (2) is reduced to nonlinear ordinary differential equation (ODE)
By (u,wu/, k' ru, wu” k2 r2u” ) = 0, (4)

where prime denotes the derivation with respect to §&. We look for exact solutions of (4) in the following form:
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N
u(€) = a.Q(e)", (5)
n=0

where ag, a1, ag, as, ..., ay are unknown constants and Q(€) is the following function:

1

Q) =1

(6)
The function satisfies the first-order ordinary differential equation

Qe =Q* - Q. (7)

Equation (7) is necessary to calculate the derivatives of function u(£). We can calculate the necessary number
of derivatives of function u. For instance, we consider the general case when N is arbitrary. Differentiating (5)
with respect to £ and taking into account (7) we have

N
u = Z a,n@Q"(Q — 1); (8a)

n=0

N
W =3 am@M(Q — Dl(n+ 1Q - n: (8h)
n=0
N
" = Z annQ™(Q — 1)[(n® + 3n +2)Q* — (2n® + 3n + 1)Q + n?]. (8¢)
n=0

Next, substitute equations (8) in (4). Then we collect all terms with the same powers of function Q(¢) and
equate the resulting expressions to zero. Finally, we obtain algebraic system of equations. Solving this system,
we get values for the unknown parameters ag, a1, as,as, ...,an.

Traveling wave solutions for the Zakharov-Kuznetsov-Burgers equation

In this section, we will find the traveling wave solutions for the two-dimensional ZKB equation through
the modified Kudryashov method. Let us consider two-dimensional ZKB equation (1). Using the traveling wave
transformation of the form (3), equation (1) is converted into the following ordinary differential eqution

"

wu' + (B 4+ krP)” + kuu' + 5(k* + r*)u” = 0. 9)

Equation (9) is integrable, therefore, integrating once equation (9) with respect to £, we obtain
k
wu + (B + kr?)u” + §u2 +6(k* + 7' +C =0, (10)

where C is constant integration. Considering the homogeneous balance between the highest order derivatives
u and the nonlinear terms u? in the equation (10), we can get N = 2. Then the equation (5) reduces to

u=ag+a1Q + asQ?, (11)

where ag, a1, as are constants to be determined later. Now substituting (11) into (10), and setting coefficients
of the same power of Q™ equal to zero, we obtain these algebraic equations:

Q" : 6k(r? + k?)ag + %ka% =0; (12a)

Q° 1 (26 — 10k)(K* + r®)ag + 2k(k* + r*)a; + kajas = 0; (12b)

Q% : (k* —rH)(6 — 3k)ay + ((K* + r?)(4k — 20) + w)ay + %kaf + kagay = 0; (12¢)
Q" : (K +72)(k — 6) +w)ar + kagar = 0; (12d)

Q": Cy +wag + %ka% =0. (12¢)

Cepust «Maremarukas. Ne 4(92)/2018 95



G. Shaikhova, G. Shaikhova

Solving system of equations (12) with the aid of Maple, we obtain the following results:
Case A:

- 1 3 2 _ _ 12 2 2,
ag = 555 (66° 4+ 15007 125w), a3 =0,a9 = 255 12r%; (13)
p=? Cy = —L[(@'&?’ +15007%)% — (125w)?]. (14)
5’ 6250

Substituting (13)—(14) into (11) with (6), respectively, we obtain new traveling wave solution for ZKB
equation (1) as follows:
2
) (15)

where £ = kx + ry + wt. The graphical representation of obtained solution (15) is depicted on Figure 1.

1 12
ui(z,y,t) = 2—55(653 + 150072 — 125w) — (%52 + 12r2> (1 o

_

[
)!

|

|

Figure 1. Dynamics the solution of uj(z,y,t) for ZKB equation when § = 1,r = 1.1,w = 1.7

Case B: 1 2 192
= ——(68° + 150672 — 12 = 02 42472 ag = —— 62 — 1207, 1
a0 = — 55 (607 + 15007 — 125w), a1 = =07 +241% @ = — 0% 120, (16)
k= -2 0= L [(65 + 15051%)% — (125w)?] (17)
5 6250 '

Substituting (16)—(17) into (11) with (6), respectively, we obtain new traveling wave solution for ZKB
equation (1) as follows:

ug(x,y,t) = — ! (60° + 150072 — 125w) + 2452 + 2472 ! - 1252 + 1272 ! : (18)
ST 25 1+e£) \25 T+ef)

where ¢ = kz + ry + wt. We demonstrate solution (18) on Figure 2.

Figure 2. Dynamics the solution of us(z,y,t) for ZKB equation when 6 = 1,r = 1.1,w = 1.7
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Conclusion

In this work, we have demonstrated the efficiency of the modified Kudryashov method for finding exact
solutions of the two-dimensional Zakharov-Kuznetsov-Burgers equation. We have obtained new traveling wave
solution. Graphical representation of these exact solutions is presented. This method can be more successfully
applied to study nonlinear evolution equations, which frequently arise in nonlinear sciences.
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I'. [ITauxosa, I'. IITauxosa

Exiemmemai 3axapoB-Ky3nenoB-Broprepc Tenjeyini
KO3FaJIaThIH TOJIKBIHJIBIK IenriM/aepi

Makasana exiosmemai 3axapos-Kysueros-Biopreperin (3KB) Tenaeyi seprrenai. CyHbIKTBIK TeH ey Iepi-
HiH 6a3aJIbIK XKUHAFB! OchiFaH Kejtei. 3KB renpeyi 6emrini exiemmemai Kopreser-ne @pus-broprepc Tenie-
yine yKcac 60IbII TabbLIAIbI, COHBIMEH KATap COHFBI 2KBIJIIBIKTA iprei XKoHe KOJIIaHba bl MATEMATHKTED-
IiH eJieysi Ha3apbIH ayJapbll OTBIPFAH JUCIEPCUOHIBI TEHIEYJIEPiH 9/eTTeri MbIcasbl. KynpsaiioBTHIH
Mo UKAIMSIIBIK, 9/1ici apKbLIbl ekiemmemal 3axapos-Kysuenos-Bropreperiy Tenmeyi yimia Ko3rajgarTbiH
TOJIKBIH/IBIK, IIIETTIM/IED AJIBIH/IBI. ByJT 9/1ic MHTErpaIIaHaThIH KOHE NHTETPAIAIAHOANTHIH ChI3BIKTHI €MeC
9BOJIIOLUSIBIK, TEHIEYJIEP/IiH, HAKTHI IIeIIIMAEPIH ady VIIiH Y3/IiK 97ic 60161 TabbL1a bl. AJIBIHFAH IIeiM-
JEPpAiH CypeTTepi VCHIHBIIFaH.

Kiam cosdep: momuduranusiianran Kyapsimos oici, 3axapos-Kysnaeros-Broprepc Termeyi, KMHK, CHI3bIK-
TBHI €MeC TEHJIEY, KO3FaJaThIH TOJIKBIH.
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I'. [lTanxosa, I'. [TTanxoBa

IIepemertalormecsi BOJIHOBbBIE PENIEHUS JIBYMEPHOrO ypaBHEHMS
3axapoBa-Ky3HenoBa-Bioprepca

B crarpe nccnemosBano nBymepHOe ypaBHeHHe 3axapoBa-Kysmemosa-Broprepca (3KB). Basosbiii mnaGop
yPaBHEHUH >KUJIKOCTU cBonuTcs K ypasHenuio 3KB. D10 ypaBHeHue siBjsieTcsi JByMEPHBIM aHAJOTOM H3-
BecTHOTO ypaBHeHusi KopreBera-me @pusa-bBrooprepca, a Takke TUNUIHBIM ITPUMEPOM TaK HA3BIBAEMBIX
JUCIEPCUOHHBIX YPABHEHUN, KOTOPhIE IMPHUBJIEKAIOT 3HAYNTEIbHOEe BHUMAHNE KaK (DYHIAMEHTAJIbHBIX, TaK
¥ IIPUKJIAJIHBIX MATEMATHUKOB B IIOCJIEIHEE JecaTuyeTus. Iloydensl repeMernaroniuecss BOJIHOBBIE DeIlle-
HUS JJTsl JBYMEPHOTO ypaBHeHus 3axapoBa-KysHernosa-bBroprepca ¢ momMoipo MoanduIimpoBaHHOTO METO-
na Kympsimosa, KOTOPBIit SBJIsI€TCS MOITHBIM METOIOM JJIsI MOy I€HUsT TOYHBIX PEIIeHni NHTEIPUPYEMBIX
¥ HEMHTEIrPUPYEMBIX HEJIMHEIHBIX SBOJIIOIMOHHBIX ypaBHeHni. [lokazaHo rpadudeckoe mpejicraBiieHue 10-
JIyYEHHBIX PEeIIeHUH.

Kmoueswvie crosa: momuunmposanubiit Mmeron Kympsimosa, ypasaenust 3axaposa-Kysuenosa-Broprepca,
KUHK, HEeJINHEHHOE ypaBHEHUE, [IePEMEAONIAsiCs BOIHA.
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