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On a stability of a solution of the loaded heat equation

Steadily growing interest in study of loaded differential equations is explained by the range of their
applications and a circumstance that loaded equations make a special class of functional-differential equa-
tions with specific problems. These equations have applications in study of inverse problems of differential
equations with important applied interests. In this paper solvability questions of stabilization problems
with a boundary for the loaded heat equation are studied in the given bounded domain Ω ≡ (−π/2, π/2).
The task is to choose boundary conditions (controls), that the solution of the obtained mixed boundary
value problem tends to a given stationary solution with the prescribed speed exp(−σ0t) as t→∞. At this
the control is required to be a feedback control, i.e. that it reacted to the unintended fluctuations of the
system, suppressing the results of their impact on the stabilized solution. Stabilization problems have a
direct connection with controllability problems. The paper proposes a mathematical formalization of the
concept of feedback, and with its help it solves the problem of stabilizability of a loaded heat equation by
dint of feedback control given on the part of the boundary is solved.

Keywords: stability, feedback control, loaded heat equation, boundary value problem, inverse problem,
Green function, eigenvalue, eigenfunction.

Introduction. In recent years, an increasing interest in studying loaded differential equations is manifested.
In this both the steadily extending field of their applications and the fact, that the loaded equations are a special
class of equations with specific problems, played a role.

In this paper, the statement of the inverse problem on the stabilization of solutions for the loaded heat
conduction equation using the boundary conditions is given. The theorem on the solvability of the inverse
problem is proved and an algorithm for approximate constructing boundary controls in the form of synthesis
is developed. The numerical calculations have been carried out, that show the effectiveness of the proposed
algorithm (Fig. 1-3).

Figure 1. Graphic of u1(t) Figure 2. Graphic of u2(t)
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Figure 3. Graphics of 1− ‖y(x, t)‖L2(−π/2,π/2);
2− C0 · exp{−σ0t}, where C0 ≈ 2, 6808 ·

√
π; α = 5, σ0 = 4, 5

Statement of the boundary value problem. Search for such boundary controls u1(t), u2(t) ∈ L2(0,∞), that
the solution y(x, t) of the boundary value problem

yt(x, t)− yxx(x, t) + α · y(0, t) = 0, {x, t} ∈ Q; (1)

y(−π/2, t) = u1(t), y(π/2, t) = u2(t), y(x, 0) = y0(x), (2)

as t→∞ approach zero as follows:

‖y(x, t)‖L2(−π/2,π/2) ≤ C0e
−σ0t, (3)

where Q = {x, t| −π2 < x < π
2 , t > 0}, α ∈ C, σ0 is the given positive number, y0(x) ∈ L2(−π2 , π2 ) is the given

function.
Equation (1) is called the loaded equation [1–3]. We note that the vast literature is devoted to the inverse

problems of the differential equations. Among them, we want to acknowledge the recently published textbook
for university students [4], which is apparently the first textbook dedicated to the inverse and ill-posed problems,
and in which there is fairly detailed overview of statements current problems and unsolved problems.

On the solvability of the boundary value problem (1)–(2). We write the problem (1)–(2) in the operator
form:

Ly = {y0, u1, u2},

where
L : L2(Q)→ E ≡ L2(−π/2, π/2)× L2(0,∞)× L2(0,∞),

and we give the definition of a strong solution.
Definition 1. The function y(x, t) ∈ L2(Q) is called a strong solution of the boundary value problem (1)–(2),

if there exists a sequence
{ys(x, t)}∞s=1 ⊂ C

2,1
x,t (Q) ∩ C(Q),

such that
ys(x, t)→ y(x, t) in L2(Q), Lys → {y0, u1, u2} in E at s→∞.

The following theorem holds
Theorem. For any given controls u1(t), u2(t) ∈ L2(0,∞) and any initial function y0(x) ∈ L2(−π2 , π2 ) of

boundary value problem (1)–(2) has the unique strong solution y(x, t) ∈ L2(Q), and y(x, t) ∈W (0,∞), where

W (0,∞) = {v| v ∈ L2(0,∞;W 1
2 (−π/2, π/2)), vt ∈ L2(0,∞;W−1

2 (−π/2, π/2))}.

Серия «Математика». № 2(90)/2018 57



M.T. Jenaliyev, M.M. Amangaliyeva et al.

Proof. We transform boundary value problem (1)–(2) to the following loaded integral equation

y(x, t) =

π/2∫
−π/2

y0(ξ)G(x, ξ, t)dξ − α
t∫

0

y(0, τ)

π/2∫
−π/2

G(x, ξ, t− τ)dξ dτ+

+

t∫
0

u1(τ)H1(x, t− τ)dτ −
t∫

0

u2(τ)H2(x, t− τ)dτ, (4)

where the Green function G has the form

G(x, ξ, t) =
2

π

∞∑
n=1

sinn(x+ π/2) sinn(ξ + π/2) exp{−n2t},

and the functions H1 and H2 are expressed in terms the Green function by the formulas:

H1(x, t) =
∂

∂ξ
G(x, ξ, t)|ξ=−π/2, H2(x, t) =

∂

∂ξ
G(x, ξ, t)|ξ=π/2.

In turn, from (4) for the unknown function µ(t) = y(0, t) we obtain the following integral equation

µ(t) + α

t∫
0

K(t− τ)µ(τ)dτ = F (t), t > 0, (5)

where the kernel of the integral operator has the form

K(t) =
4

π

∞∑
n=1

(−1)n−1

2n− 1
exp{−(2n− 1)2t}, (6)

the right-hand side of the equation represents the sum F (t) = F0(t) + F1(t) + F2(t),
where

F0(t) =
2

π

∞∑
n=1

(−1)n−1 exp{−(2n− 1)2t}
π/2∫
−π/2

y0(ξ) sin(2n− 1)(ξ + π/2)dξ, (7)

Fj(t) =

t∫
0

A(t− τ)uj(τ)dτ, j = 1, 2, (8)

the kernel A(t) is determined by the formula:

A(t) =
2

π

∞∑
n=1

(−1)n−1(2n− 1) exp{−(2n− 1)2t}. (9)

We note that expressions (6) and (9) are called the Dirichlet series with real exponents [5; 111].
We show, that the function K(t) ∈ L1(0,∞), and the functions Fj(t), j = 0, 1, 2, belong to the space

L2(0,∞). Indeed, we have

∞∫
0

|K(t)|dt =
4

π

∞∑
n=1

∞∫
0

[
exp{−(4n− 3)2t}

(4n− 3)
− exp{−(4n− 1)2t}

(4n− 1)

]
dt < +∞

according to the formula 0.234.4 from [6; 9]:
∞∑
n=1

(−1)n−1/(2n− 1)3 = π3/32.
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We use the Cauchy inequality [7; 28]:( ∞∑
n=1

anbn

)2

≤
∞∑
n=1

a2
n

∞∑
n=1

b2n,

where

an =
2

π

π/2∫
−π/2

y0(ξ) sin(2n− 1)(ξ + π/2) dξ, bn = exp{−(2n− 1)2t},

and also the equality 0.234.2 from [6; 9]:
∞∑
n=1

1/(2n− 1)2 = π2/8,

∞∫
0

|F0(t)|2dt ≤ C2
0 ·

4

π2

∞∑
n=1

∞∫
0

exp{−2(2n− 1)2t}dt ≤ ‖y0‖20
4

< +∞,

where

C2
0 =

∞∑
n=1

 π/2∫
−π/2

y0(ξ) sin(2n− 1)(ξ + π/2) dξ


2

≤ ‖y0‖20.

Further, the functions F1, F2 are square-summable on the positive semiaxis, if the absolute value of functional
series (9) is integrable. To prove the latter we rewrite series (9) as the sum of the differences:

A(t) =
2

π

∞∑
n=1

[
(4n− 3) exp{−(4n− 3)2t} − (4n− 1) exp{−(4n− 1)2t}

]
.

We note that each of these differences

(4n− 3) exp{−(4n− 3)2t} − (4n− 1) exp{−(4n− 1)2t} (10)

represents a alternating function of the variable t, which changes sign once from negative to positive at the point
tn = [8(2n− 1)]−1 ln (4n− 1)/(4n− 3), and it is evident that t1 > t2 > ... > tn > ..., tn → 0 + at n→∞.

So, the integral of the absolute value of each difference (10) on the semiaxis is equal to:

In =

∞∫
0

∣∣(4n− 3) exp{−(4n− 3)2t} − (4n− 1) exp{−(4n− 1)2t}
∣∣ dt =

= 2

[
1

4n− 3
exp{−(4n− 3)2tn} −

1

4n− 1
exp{−(4n− 1)2tn}

]
−
[

1

4n− 3
− 1

4n− 1

]
. (11)

Note that, by simple analysis to the maximum, we have that the following equality holds:

1

4n− 3
exp{−(4n− 3)2tn} −

1

4n− 1
exp{−(4n− 1)2tn} =

= max
0≤t≤∞

[
1

4n− 3
exp{−(4n− 3)2t} − 1

4n− 1
exp{−(4n− 1)2t

]
.

We take the sum of the right hand side of (11) from 1 to ∞ and multiply the result by 2/π (see formula
(9). As a result, taking into account the well-known equality

π

4
=

∞∑
n=1

(−1)n−1 1

2n− 1
,
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we have
∞∫

0

|A(t)| dt ≤ 4

π

∞∑
n=1

(−1)n−1

2n− 1
exp{−(2n− 1)2tn} −

1

2
,

where for all odd n : tn = tn+1 = tn. The series on the right side of the last inequality converges by Leibnitz
Theorem for alternating series [8; 302]. A positivity of the right side follows from relation (7).

Now it remains to use the convolution property (8) to obtain the desired properties of functions
Fj(t) ∈ L2(0,∞) [9; 9].

The existence and uniqueness of strong solution. Assume that functions y0(x), uj(t), j = 1, 2, satisfy the
conditions of Theorem. And assume that problem (1)–(2) has two distinct solutions y1(x, t) and y2(x, t). Then
the difference ỹ(x, t) = y1(x, t)− y2(x, t) is the solution of the following homogeneous boundary value problem:{

ỹt(x, t)− ỹxx(x, t) + αỹ(0, t) = 0, x, t ∈ Q;

ỹ(x, 0) = 0, ỹ(−π/2, t) = ỹ(π/2, t) = 0.
(12)

By taking a inner product of (12) with ỹ(x, t) in L2(−π/2, π/2), we have

1

2

d

dt
‖ỹ(x, t)‖20 + ‖ỹx(x, t)‖20 ≤ |α|

√
π|ỹ(0, t)| · ‖ỹ(x, t)‖0. (13)

Here and further we denote by ‖ · ‖0 and (·, ·)0 the norm and the inner product in L2(−π/2, π/2), respectively.
Then, using the Friedrichs’, Hölder’s, Cauchy inequalities to the right side of (13), we have

d

dt
‖ỹ(x, t)‖20 + ‖ỹx(x, t)‖20 ≤ |α|2π2‖ỹ(x, t)‖20.

Hence, by Gronwall inequality [10], we have

ỹ(x, t) ≡ 0 ∈ L∞((0,∞);L2(−π/2, π/2)) ∩ L2((0,∞); W̊
1

2 (−π/2, π/2)),

i.e., the boundary value problem (1)–(2) has no more than one solution.
Hence it follows that the integral equation (5) has no more than one solution. Otherwise, if the integral

equation (5) has more than one solution, the boundary value problem (1)–(2) according to relation (4) would
also have more than one solution, which is impossible, as we have just proved. This means that integral equation
(5) in the class L2(0,∞) can have only one solution. The uniqueness is proved.

The foregoing proof of the uniqueness without changes holds for the homogeneous boundary value problem
adjoint to (12): 

−p̃t(x, t)− p̃xx(x, t) + α · δ(x)⊗
π/2∫
−π/2

p̃(ξ, t)dξ = 0, {x, t} ∈ Q;

p̃(x,∞) = 0, p̃(−π/2, t) = p̃(π/2, t) = 0.

(14)

We transform the boundary value problem (14) to the following loaded integral equation

p̃(x, t) = −α
∞∫
t

G(0, x, τ − t)
π/2∫
−π/2

p̃(ξ, t)dξ dτ, (15)

where the Green function G has the form:

G(ξ, x, t) =
2

π

∞∑
n=1

sinn(ξ + π/2) sinn(x+ π/2) exp{−n2t}.

Implies that (15) integral equation the corresponding to the boundary-value problem (14) adjoint to the
equation (5)

ν(t) + α

∞∫
t

K(τ − t)ν(τ)dτ = 0, t > 0, where ν(t) =

π/2∫
−π/2

p̃(ξ, t)dξ (16)
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and the kernel of the integral operator (in accordance with formula (6) has the form

K(t) =
4

π

∞∑
n=1

(−1)n−1

2n− 1
exp{−(2n− 1)2t}.

Since the uniqueness holds for the adjoint boundary value problem (14), then integral equation (16) in
L2(0,∞) can have only the trivial solution.

So, according to the theory of integral equations, in L2(0,∞) integral equation (5) has a unique solution
for all F (t) ∈ L2(0,∞). Consequently, it follows the existence of a unique strong solution of boundary value
problem (1)–(2). It remains to show that under the conditions of Theorem 1 the solution of problem (1)–(2),
represented by formula (4) belongs to the class L2(Q).

We write a detailed expression for solution (4):

y(x, t) =
2

π

∞∑
n=1

π/2∫
−π/2

y0(ξ) sinn(ξ + π/2)dξ · sinn(x+ π/2) exp{−n2t}−

−4α

π

∞∑
n=1

sin (2n− 1)(x+ π/2)

2n− 1

t∫
0

exp{−(2n− 1)2(t− τ)}y(0, τ) dτ+

+
2

π

∞∑
n=1

n · sinn(x+ π/2)

t∫
0

exp{−n2(t− τ)}u1(τ) dτ+

+
2

π

∞∑
n=1

(−1)n−1n · sinn(x+ π/2)

t∫
0

exp{−n2(t− τ)}u2(τ) dτ ≡
4∑
j=1

yj(x, t). (17)

Hence the required property of the solution follows. Indeed, the first summand is estimated as follows (using
Cauchy inequality):

|y1(x, t)| = 2

π

∣∣∣∣∣
∞∑
n=1

anbn

∣∣∣∣∣ ≤ 2

π

( ∞∑
n=1

a2
n

)1/2( ∞∑
n=1

b2n

)1/2

,

where

an =

π/2∫
−π/2

y0(ξ) · sinn(ξ + π/2) dξ,

∞∑
n=1

|an|2 ≤ ‖y0(x)‖20 <∞,

bn(x, t) = sinn(x+ π/2) exp{−n2t},
∞∑
n=1

‖bn(x, t)‖2L2(Q) =
π

4

∞∑
n=1

1

n2
=
π3

24
.

Thus, we obtain:
‖y1(x, t)‖L2(Q) <∞, i.e.y1(x, t) ∈ L2(Q).

For the second summand y2(x, t) we take:

an =
sin (2n− 1)(x+ π/2)

2n− 1
, bn =

t∫
0

exp{−(2n− 1)2(t− τ)}y(0, τ) dτ.

Taking into account the recent notations and applying the Cauchy inequality as in the case of the first
summand, as a result of simple calculations, we obtain:

‖y2(x, t)‖L2(Q) <∞, i.e. y2(x, t) ∈ L2(Q).
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We estimate the third summand. For this we rewrite it in the form:

y3(x, t) =
2

π

∞∑
n=1

sinn(x+ π/2)

t∫
0

n exp{−n2(t− τ)}u1(τ) dτ =

=
2

π

∞∑
m=1

sin 2mx · S1m(t) +
2

π

∞∑
m=1

cos (2m− 1)x · S2m(t), (18)

where

S1m(t) =

t∫
0

(−1)m2m exp{−4m2(t− τ)}u1(τ) dτ,

S2m(t) =

t∫
0

(−1)m−1(2m− 1) exp{−(2m− 1)2(t− τ)}u1(τ) dτ.

Further, for the first summand of the right part of (18) we have:

∞∑
m=1

S1m(t) =

∞∑
n=1

t∫
0

[
−2(2n− 1) exp{−4(2n− 1)2(t− τ)} +

+ 4n exp{−16n2(t− τ)}
]
u1(τ) dτ =

∞∑
n=1

S0
1n(t). (19)

We note that in the last representation each summand in the form of the integrand function enclosed in square
brackets changes sign from positive to negative only once, and the point of changing the sign is determined by
the formula:

tn =
1

4(4n− 1)
ln

2n

2n− 1
, t1 > t2 > . . . > tn → 0 at n→∞.

We estimate the norm of the first sum in (18) taking into account (19):

2

π

∥∥∥∥∥
∞∑
m=1

sin 2mx · S1m(t)

∥∥∥∥∥
L2(Q)

≤
√

2

π

∞∑
n=1

‖S0
1n(t)‖L2(0,∞). (20)

We now estimate each summand represented as a convolution S0
1n(t):

‖S0
1n(t)‖2L2(0,∞) ≤

∞∫
0

∣∣∣∣∣∣
t∫

0

[
−2(2n− 1) exp{−4(2n− 1)2(t− τ)} +

+ 4n exp{−16n2(t− τ)}
]
u1(τ) dτ

∣∣∣∣∣∣
2

dt ≤

≤ ‖u1(t)‖2L2(0,∞) ·

∣∣∣∣∣∣
∞∫

0

∣∣−2(2n− 1) exp{−4(2n− 1)2t} + 4n exp{−16n2t}
∣∣ dt
∣∣∣∣∣∣
2

.

Now we compute the second factor on the right hand side in the last inequality:

∞∫
0

∣∣−2(2n− 1) exp{−4(2n− 1)2(t− τ)}+ 4n exp{−16n2(t− τ)}
∣∣ dt =
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=

tn∫
0

[
−2(2n− 1) exp{−4(2n− 1)2(t− τ)}+ 4n exp{−16n2(t− τ)}

]
dt+

+

∞∫
tn

[
2(2n− 1) exp{−4(2n− 1)2(t− τ)} − 4n exp{−16n2(t− τ)}

]
dt =

=

[
exp{−4(2n− 1)2tn}

2n− 1
− exp{−16n2tn}

2n

]
−
[

1

2(2n− 1)
− 1

4n

]
> 0,

since a simple research to maximum of the function shows

ϕn(t) =
exp{−4(2n− 1)2t}

2(2n− 1)
− exp{−16n2t}

2 · 2n
, ϕn(tn) = max

0≤t≤∞
{ϕn(t)}.

Taking into account the calculations for the right hand side of (20), we obtain:

√
2/π

∞∑
n=1

‖S0
1n(t)‖L2(0,∞) ≤

√
2/π‖u1(t)‖L2(0,∞)×

×

{ ∞∑
n=1

[
exp{−4(2n− 1)2tn}

2n− 1
− exp{−16n2tn}

2n

]
<∞,

since the series on the right hand side converge (by the Leibnitz theorem as alternating series).
Analogous calculations (carried out for the first summand of the right part of (18) are valid for the second

summand of the right part of (18). Thus, we obtain the desired estimate for the third summand in (17)
‖y3(t)‖L2(Q) <∞.

Now we show, that y4(x, t) in (17) belongs to L2(Q). We have:

y4(x, t) =
2

π

∞∑
n=1

sinn(x+ π/2) · Sn(t),

where

Sn(t) =

t∫
0

(−1)n−1n exp{−n2(t− τ)}u2(τ) dτ.

Hence we obtain the following estimate:

‖y4(x, t)‖L2(Q) ≤
√

2/π

∞∑
n=1

‖Sn(t)‖L2(0,∞).

To obtain an estimate for the convolution Sn(t) we rewrite it in the form:

∞∑
n=1

Sn(t) =

∞∑
n=1

S0
n(t),

where

S0
n(t) =

t∫
0

[
(2n− 1) exp{−(2n− 1)2(t− τ)} − 2n exp{−4n2(t− τ)}

]
u2(τ) dτ.

By arguing as in the estimate of y3(x, t), we obtain the required estimate ‖y4(t)‖L2(Q) <∞.
Thus, the first assertion of Theorem is completely proved.
The next section is devoted to the proof of the second assertion of Theorem, that is to the establishment of

additional differential properties of the solution of problem (1)–(2).
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On additional smoothness of the solution. We note that according to the theorem on traces [11; 32–33,
265–269] for the given functions uj(t) ∈ L2(0,∞), j = 1, 2, there exists a function w(x, t) ∈W (0,∞), where

W (0,∞) = {v| v ∈ L2(0,∞;W 1
2 (−π/2, π/2)), vt ∈ L2(0,∞;W−1

2 (−π/2, π/2))},

such that
w(−π/2, t) = u1(t), w(π/2, t) = u2(t).

The boundary value problem (1)–(2) takes the form:{
(y − w)t(x, t)− (y − w)xx(x, t) + α(y − w)(0, t) = f1(x, t), {x, t} ∈ Q;

(y − w)(x, 0) = y1(x), (y − w)(−π/2, t) = (y − w)(π/2, t) = 0,
(21)

where {
f1 = −wt(x, t) + wxx(x, t)− αw(0, t) ∈ L2(0,∞;W−1

2 (−π/2, π/2));

y1 = y0(x)− w(x, 0) ∈ L2(−π/2, π/2).
(22)

Earlier, in [12] on the basis of a priori estimates established there and the application of Galerkin method it
was proven that boundary value problem (21) for any given functions f1(x, t) and y1(x), satisfying the conditions
(22), has a solution (y−w)(x, t) ∈W (0,∞), namely corresponding to (21) boundary value problem (1)–(2) has
a solution y(x, t) ∈W (0,∞).

Hence the second assertion of Theorem follows. Thus, the proof of Theorem is completed.
However, relation (3) requires the choice of boundary controls that would provide the decrease of L2-average

values of the solution not slower than some exponent by time. Fourier method provides this requirement by
choice of those exponents {exp{−λkt}, k ∈ Z} in the representation of solution through a series, where numbers
λk, are defined by positive eigenvalues of the corresponding spectral problem, and which are not less than the
exponent of decrease in the exponent of condition (3).

Thus inverse problem (1)–(2) will be solved, if we find a way of constructing the controls uj(t), j = 1, 2,
that provides the existence only the exponents of the form {exp{−λkt}, k ∈ Z} (where λk ≥ σ0 in (3)), in the
presentation for the solution in the form of a series.

The following section of work is devoted to constructing and justifying the algorithm of choice of the desired
boundary control functions uj(t), j = 1, 2, in the problem (1)–(2) and its numerical realization.

Solving the problem of stabilization by extension of domain for independent variables. We consider in the
domain Q1 = {x, t| − π < x < π, t > 0} the additional problem

zt(x, t)− zxx(x, t) + α · z(0, t) = 0, {x, t} ∈ Q1; (23)

z(−π, t) = z(π, t), zx(−π, t) = zx(π, t), z(x, t)|t=0 = z0(x), (24)

where z0(x) is a function that must be defined.
We will seek a solution of problem (23)–(24) in the form

z(x, t) =
∑
k∈Z

Zk(t)ϕk(x). (25)

where {ϕk(x), k ∈ Z} is the basis of the space L2(−π, π) and Z = {0,±1,±2, ...}.
For this, we consider the spectral problem corresponding to problem (23)–(24):

−ϕ′′(x) + α · ϕ(0) = λϕ(x); (26)

ϕ(−π) = ϕ(π), ϕ′(−π) = ϕ′(π). (27)

We introduce the following notation Z′ = Z\{0}. For problem (26)–(27) we consider the following two cases.
10. The case when there is no such k ∈ Z, that α = k2. The general solution of spectral problem (26)–(27)

has the form:
ϕk(x) = Ake

i
√
λkx +Dk (28)
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and substituting (28) into (26) we find Dk = αAk
λk−α , here we take Ak = 1. Then it is necessary to take λk = k2,

to satisfy conditions (27). Hence we can write the final form of the solution of equation (26)

ϕk(x) = eikx +
α

λk − α
, k ∈ Z′.

For k = 0 : ϕ0(x) = const, λ0 = α; that is for the eigenvalue λ0 = α it is possible to take the eigenfunction
ϕ0(x) = 1.

Thus, we have the following system of eigenfunctions and eigenvalues

{ϕk(x), λk; k ∈ Z} =

{
1, λ0 = α; eikx +

α

k2 − α
, λk = k2, k ∈ Z′

}
. (29)

We note that the obtained system of eigenfunctions (29) is complete in the space L2(−π, π), constitutes
a basis, but it is not orthogonal. Completeness of the system of eigenfunctions (29) follows from the known
theorem of Paley-Wiener [7; 224–227]. For (29) we will find a biorthogonal sequence in the following form

{ψk(x), k ∈ Z} =
{
f0(x), eikx, k ∈ Z′

}
,

where f0(x) is unknown function.
Using basis (29) we will seek the unknown function f0(x) in the form:

f0(x) = C0 +
∑
n∈Z′

Cn

(
einx +

α

n2 − α

)
,

from orthogonality conditions:

(1, f0(x)) = 1;

(
eikx +

α

k2 − α
, f0(x)

)
= 0, k ∈ Z′.

From these conditions, we have:

(1, f0(x)) =

π∫
−π

[
C0 +

∑
n∈Z′

Cn

(
einx +

α

n2 − α

)]
dx = 2π ·

[
C0 +

∑
n∈Z′

Cn ·
α

n2 − α

]
= 1.

Hence it follows C0 = 1
2π −

∑
n∈Z′ Cn ·

α
n2−α . Further(

eikx +
α

k2 − α
, C0 +

∑
n∈Z′

Cn

(
einx +

α

n2 − α

))
= 0, k ∈ Z′;

C0 ·
α

k2 − α
+ Ck +

α

k2 − α
·
(

1

2π
− C0

)
= 0, k ∈ Z′.

Here we find Ck : Ck = − 1
2π ·

α
k2−α , k ∈ Z′. Using the values Ck we rewrite C0 :

C0 =
1

2π
·

[
1 +

∑
n∈Z′

(
α

n2 − α

)2
]
.

Further, using the value C0 we write the desired function f0:

f0(x) =
1

2π
·

[
1−

∑
n∈Z′

α

n2 − α
· einx

]
= − 1

2π
·
∑
n∈Z

α

n2 − α
· einx.

Therefore, for basis (29) a biorthogonal sequence is the following sequence:

{ψk(x), k ∈ Z} =

{
− 1

2π

∑
n∈Z

α

n2 − α
· einx, eikx, k ∈ Z′

}
, (30)

which defines in the space L2(−π, π) a biorthogonal basis.
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20. The case when there exists such number k ∈ Z, that α = k2. Let us k0 be such number, namely α = k2
0.

The general solution of spectral problem (26)–(27) has the form:

ϕk(x) = Ake
i
√
λkx +Dk, (31)

and substituting (31) into (26) we find Dk = αAk
λk−α , here we take Ak = 1. Then it is necessary to take λk = k2,

to satisfy conditions (27). Hence we write the final form of the solution of equation (26)

ϕk(x) = eikx +
α

λk − α
; k ∈ Z′\{±k0}.

For k0 : ϕk0(x) = const, λk0 = α = k2
0; that is for the eigenvalue λk0 = α = k2

0 it is possible to take the
eigenfunction ϕk0(x) = 1. Further, the system of eigenfunctions and eigenvalues are complete, if we find the
associated functions that satisfy the following conditions

−ϕ′′k0(x) + α · ϕk0(0)− k2
0ϕk0(x) = k2

0; (32)

ϕk0(−π) = ϕk0(π), ϕ′k0(−π) = ϕ′k0(π). (33)

The general solution of spectral problem (32)–(33) has the form

ϕk0(x) = C +A1e
ik0x +A2e

−ik0x. (34)

Substituting the general solution (34) into (32) we find α(A1 + A2) = k2
0, here we take A1 + A2 = 1. The

associated functions are {e±ik0x}.
Thus, we have the eigenvalues and the corresponding eigenfunctions

{ϕk(x), λk; k ∈ Z\{±k0}} =

=

{
1, λ0 = k2

0; eikx +
α

k2 − α
, λk = k2, k ∈ Z′\{±k0}

}
(35)

and the associated functions
{ϕ±k0(x), λ0} =

{
e±ik0x, λ0 = k2

0 = α
}
. (36)

Here, the constant is an eigenfunction corresponding to the eigenvalue λ0 = k2
0 = α. Furthermore, we note

that zero is not an eigenvalue. In this case, the system of eigenfunctions is not complete and not orthogonal in
the space L2(−π, π).

Combining (35) and (36), we obtain the complete system [7; 224–227]:

{ϕk(x), λk; k ∈ Z} =

{
1, λ0 = k2

0; e±ik0x, λ0 = k2
0 = α;

eikx +
α

k2 − α
, λk = k2, k ∈ Z′\{±k0}

}
. (37)

For (37) the biorthogonal sequence is

{ψk(x); k ∈ Z} =
{
f0(x), eikx, k ∈ Z′

}
,

where it is necessary to find unknown function f0(x) by the following way:

f0(x) = C0 +
∑

n∈Z′\{±k0}

Cn

(
einx +

α

n2 − α

)
+ Ck0e

ik0x + C−k0e
−ik0x,

from orthogonality conditions

(1, f0(x)) = 1;

(
eikx +

α

k2 − α
, f0(x)

)
= 0, k ∈ Z′\{±k0};

(e±ik0x, f0(x)) = 0.
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From these conditions we find:

(1, f0(x)) = 2π ·

[
C0 +

∑
n∈Z′\{±k0}

Cn ·
α

n2 − α

]
= 1,

C0 =
1

2π
−

∑
n∈Z′\{±k0}

Cn ·
α

n2 − α
.

Further (
eikx +

α

k2 − α
, f0(x)

)
=

(
eikx +

α

k2 − α
, C0 +

∑
n∈Z′\{±k0}

Cn

(
einx +

α

n2 − α

))
= 0;

k ∈ Z′\{±k0}.

Hence it follows
C0 ·

α

k2 − α
+ Ck +

α

k2 − α
·
(

1

2π
− C0

)
= 0, k ∈ Z′\{±k0}.

Here we find Ck:
Ck = − 1

2π
· α

k2 − α
, k ∈ Z′\{±k0}.

Using the values Ck we rewrite C0:

C0 =
1

2π
·

1 +
∑

n∈Z′\{±k0}

(
α

n2 − α

)2
 .

Next, using the values C0 we write the desired function f0:

f0(x) = − 1

2π

∑
n∈Z

α

n2 − α
· einx.

So for (37) the biorthogonal system is

{ψk(x), k ∈ Z} =

{
− 1

2π

∑
n∈Z

α

n2 − α
· einx, eikx, k ∈ Z′

}
. (38)

This system also defines a biorthogonal basis in the space L2(−π, π).
To determine the Fourier coefficients of expansion (25) we have Cauchy problem:

Z ′k(t) + λkZk(t) = 0, Zk(0) = z0k, k ∈ Z, (39)

where z0k are the expansion coefficients of the function z0(x) on system {ϕk(x)}.
The solution of Cauchy problem (39) has the form: Zk(t) = z0ke

−λkt, k ∈ Z.
We will further assume that in the space L2(−π, π) we have:
– basis {ϕk(x), k ∈ Z}, composed of the system of eigenfunctions (29) or of the system of eigenfunctions

and associated functions (37);
– and the corresponding biorthogonal basis {ψk(x), k ∈ Z}, (30) or (38).
Then the solution of original initial-boundary value problem (23)–(24) can be written in form (25):

z(x, t) = z00e
−αtϕ0(x) +

∑
k∈Z′

z0ke
−k2tϕk(x), (40)

where

z0k =

π∫
−π

ψk(x)z0(x)dx, k ∈ Z,
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are Fourier coefficients z0(x), where ψk(x), k ∈ Z, are defined by the formulas (30) and (38). From (39) and
(40) it follows directly that if

z0k = 0 at k2 < σ0 (41)

and
z00 6= 0 at Reα ≥ σ0; z00 = 0 at Reα < σ0, (42)

then solution (40) of problem (23)–(24) will satisfy the inequality

‖z(x, t)‖L2(−π,π) ≤ Ce−σ0t.

We denote by Z0 (Z0 ⊂ Z) the set of indices k that satisfy conditions (41) and (42).
Now, with the restriction operator ζ−π/2 and ζπ/2 we find the desired controls

u1(t) = ζ−π/2{z(x, t)}, u2(t) = ζπ/2{z(x, t)}.

It remains to construct an extension operator of the function y0(x) up to the function z0(x), defined on the
interval (−π, π),

E : L2(−π/2, π/2)→ L2(−π, π), i.e. (ζ(−π/2,π/2)Ey0)(x) ≡ y0(x), (43)

so that the Fourier coefficients z0k of function z0 = Ey0 (43) would satisfy conditions (41) and (42). Here we
use the notation ζ(−π/2,π/2) for the restriction operator ζ(−π/2,π/2) : L2(−π, π)→ L2(−π/2, π/2).

By arguing as in the lemma of [13] we obtain the following lemma.
Lemma. For each σ0 > 0 there exists a continuous extension operator E in (43), that for all y0(x) ∈

∈ L2(−π/2, π/2) equality holds

π∫
−π

ψk(x)(Ey0)(x)dx = 0, ∀ k ∈ Z0 : |k| <
√
σ0. (44)

Proof. We define the operator E (43) by the formula

Ey0(x) =

{
y0(x), x ∈ (−π/2, π/2);

z1(x), x ∈ (−π,−π/2) ∪ (π/2, π),

where the function z1(x) to be determined. By virtue (44) z1(x) must satisfy the system of equations:∫
(−π,−π/2)∪(π/2,π)

ψk(x) · z1(x)dx = −
∫

(−π/2,π/2)

ψk(x) · y0(x)dx ≡ −ŷ0(k), k ∈ Z0. (45)

We seek the function z1(x) in the form:

z1(x) =
∑
j∈Z0

ẑ1(j)ψj(x). (46)

Substituting (46) into (45), we obtain a system of equations to determine ẑ1(j):∑
j∈Z0

akj ẑ1(j) = −ŷ0(k), k ∈ Z0, (47)

where ŷ0(k) is defined in (45), and the coefficients akj are determined by relations:

akj =

∫
(−π,−π/2)∪(π/2,π)

ψk(x) · ψj(x)dx, k, j ∈ Z0. (48)

The matrix A = ‖akj‖ is positive. Indeed, if

Ψ = {ψ̂k, k ∈ Z0} and ψ =
∑
k∈Z0

ψ̂k · ψk(x),
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then by virtue of (48)

(AΨ,Ψ) =
∑

k,j∈Z0

akj · ψ̂j · ψ̂k =
∑

k,j∈Z0

∫
(−π,−π/2)∪(π/2,π)

ψj(x) · ψk(x)dx · ψ̂j · ψ̂k =

=

∫
(−π,−π/2)∪(π/2,π)

∑
j∈Z0

ψj(x) · ψ̂j ·
∑
k∈Z0

ψ̂k · ψk(x)dx =

=

∫
(−π,−π/2)∪(π/2,π)

ψ(x) · ψ(x)dx =

∫
(−π,−π/2)∪(π/2,π)

|ψ(x)|2dx ≥ 0. (49)

If for some Ψ in (49) the equality holds, then

ψ(x) =
∑
k∈Z0

ψ̂kψk(x) ≡ 0 and hence ψ̂k = 0, ∀ k ∈ Z0.

Hence det ‖akj‖ 6= 0 and therefore system (47) and formula (46) uniquely determine operator (43), satisfying
all the conditions of Lemma.

An algorithm for solving the inverse problem. The results of the preceding sections allow us to implement
the following algorithms of approximate constructing the boundary control functions (and even in the form
of synthesis, processing their random perturbations), providing monotonic decrease in time, not slower than
the given exponent according to formula (4) in L2(−π/2, π/2)–norm of the solution. The latter is achieved by
fulfillment of requirements (41) and (42).

Step 1. According to original boundary value problem (1)–(2) at half-strip of the width π with non-
homogeneous Dirichlet boundary conditions and initial condition on the interval (−π/2, π/2), given by the
function y0(x), auxiliary boundary value problem (23)–(24) is posed on the extended half-strip of the width
which is equal to 2π, with periodicity conditions (instead of the Dirichlet conditions) and the initial function
z0(x) on the interval (−π, π). The function z0(x) will be defined as the continuation of the given function y0(x).

Thus, in auxiliary boundary problem (23)–(24) it is necessary to complete the definition of function z0(x)
on the interval (−π, π), so that for the solutions z(x, t) of problem (23)–(24) requirement (4) would be fulfilled.
In this case, condition (4) holds for its restriction y(x, t) and the required boundary controls u1(t) and u2(t)
will be determined as traces of the function z(x, t) when x = ±π/2.

Step 2. Constructing the complete biorthogonal systems of functions on the interval (−π, π) by solving the
corresponding spectral problems.

Step 3. We find the coefficients of the expansion of the required function z0(x) on the interval (−π, π) by
complete biorthogonal system that constructed in the preceding step, so that conditions (41) and (42) were hold.
We note that conditions (41) and (42) provide the fulfillment of requirement (4) to solve auxiliary boundary
value problem (23)–(24).

Step 4. According to solution z(x, t) that is obtined of auxiliary boundary value problem (23)–(24) we find
the solution y(x, t) of original boundary value problem (1)–(2), satisfying required condition (4). We find the
boundary controls u1(t) and u2(t) as traces of the solution z(x, t), that is

u1(t) = z(x, t)|x=−π/2, u2(t) = z(x, t)|x=π/2.

The main step of the algorithm is the third. The constructive realizability of step 3 is mathematically
justified by Lemma.

Conclusion. In this paper the statement of the inverse problem to stabilize the solution of the loaded heat
conduction equation using boundary conditions is given. Theorem on solvability of the stated inverse problem
is proved. An algorithm of approximate construction of boundary controls in the form of synthesis is developed.
Numerical calculations were carried out, that showed the effectiveness of the proposed algorithm. We note that
within this work the load is determined at the point x = 0. This unessential condition, the results can be easily
extended to the case of an arbitrary point in the interval (−π/2, π/2).
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М.Т. Жиенәлиев, М.М. Аманғалиева, Қ.Б. Иманбердиев, М.И. Рамазанов

Жүктелген жылуөткiзгiштiк теңдеуi шешiмiнiң
стабилизациясы туралы

Жүктелген дифференциалдық теңдеулердi зерттеуге үнемi артып келе жатқан қызығушылық жүк-
телген теңдеулер нақты есептерге қатысты функционалды-дифференциалдық теңдеулердiң арнайы
класын қалыптастыруы сынды қосымшалары мен жағдаяттарына байланысты түсiндiрiледi. Бұл
теңдеулер маңызды қолданбалы тартымдылығы бар дифференциалдық теңдеулердiң керi есептерiн
зерттеуге арналған қосымшаларға ие. Мақалада Ω ≡ (−π/2, π/2) шектелген облысында жүктелген
жылуөткiзгiштiк теңдеуi үшiн шекара арқылы стабилизациялау есептерiнiң шешiлетiндiгi мәселелерi
зерттелген. Мәселе шекаралық шарттарды (басқаруды) таңдау кезiнде алынған аралас шеттiк есептiң
шешiмi t→∞ болғанда берiлген exp(−σ0t) жылдамдықпен белгiлi стационар шешiмге ұмтылуында.
Сонымен қатар басқару керi байланысты болуы талап етiледi, яғни ол жүйенiң күтiлмеген флук-
туацияларына жауап бере отырып, олардың шешiмнiң стабилизациясына әсер етуi нәтижелерiн ба-
суы керек. Стабилизация есептерi басқарымдылық мәселелерiмен тiкелей байланысты. Авторлар керi
байланыс ұғымын математикалық формализациялауды ұсынады және де оның көмегiмен жүктелген
жылуөткiзгiштiк теңдеуi шекара аймағында берiлген керi байланысты басқару арқылы шешiледi.

Кiлт сөздер: стабилизация, жүктелген жылуөткiзгiштiк теңдеуi, меншiктi мән, меншiктi функция.
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О стабилизации решения нагруженного
уравнения теплопроводности

Постоянно растущий интерес к изучению нагруженных дифференциальных уравнений объясняет-
ся их приложением и тем обстоятельством, что нагруженные уравнения образуют особый класс
функционально-дифференциальных уравнений с конкретными задачами. Эти уравнения имеют при-
ложения для изучения обратных задач дифференциальных уравнений с важными прикладными ин-
тересами. В статье исследованы вопросы разрешимости задач стабилизации с границей для нагружен-
ного уравнения теплопроводности в заданной ограниченной области Ω ≡ (−π/2, π/2). Задача заклю-
чается в выборе граничных условий (управлений); решение полученной смешанной краевой задачи
стремится к заданному стационарному решению с заданной скоростью exp(−σ0t) при t → ∞. При
этом требуется, чтобы управление было с обратной связью, т.е. чтобы оно реагировало на непреду-
смотренные флуктуации системы, подавляя результаты их воздействия на стабилизируемое решение.
Задачи стабилизации имеют непосредственную связь с проблемами управляемости. В работе пред-
ложена математическая формализация понятия обратной связи, и с его помощью решается задача о
стабилизируемости нагруженного уравнения теплопроводности посредством управления с обратной
связью, заданного на части границы.

Ключевые слова: стабилизация, управление с обратной связью, нагруженное уравнение теплопровод-
ности, краевая задача, обратная задача, функция Грина, собственное значение, собственная функция.
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