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The properties of central types with respect to enrichment by
Jonsson set

The main results of the article are for a new class of theories, namely existential prime strongly convex
Jonsson theories. This class is quite broad in terms of algebra, for example it includes the class of all Abelian
groups and groups. This article examines the issues relating to the following subjects. The language on
considered a signature adds a new predicate symbol which reflects the presence of the Jonsson set. The
concept of Jonsson sets in Jonsson theory is a generalization of the concept of the dimension of the linear
space. T.G. Mustafin in due time, introduced and proved the basic properties of the syntactic and semantic
similarity. In this paper, in the extended language we have similare to the results for the considered theories.
In this direction, the main results of the work are the following results: The coincidence of P—stability for
the prototype and its central-type center. The equivalence of syntactic similarity of existentially EPSCJ
compleate theories and syntactical similarity of their centers was consedered. From this it can be seen a lot
of useful facts. In particular semantic similarity. As well as a list of semantic properties, which are stored
at the semantic similarity. For example, the semantic properties that invariant properties of the first order
applies Morley rank of the central type.

Keywords: Jonsson theory, Jonsson set, fragment of Jonsson sets, Existentially Prime Strongy Convex
Jonsson theories.

This work is associated with the concepts of convex theory in the class of existentially prime Jonsson theories.
We denote such theories as Existentially PrimeStrongyConvexJonsson(EPSCJ).

In [1] was defined the class of A — P.J theories. Such theories are generalized the concept of Jonson’s theories.
In this paper we investigate the corresponding concept in which the notion of P — A-stable (in sense [2]) and the
notion of syntactical similar in sense [3] are replaced in some equivalent style in the class of 3-complete perfect
EPSCJ theories. Moreover we are considered some enrichment of signatures of such theories and we defined
and considered the concept of central types of ones. This generalization led us to different questions of note of
stability in enrich signature, for example like in [2]. And finally we can to conclude that it is appropriate to
consider and to investigate the EPSCJ — analogues of some properties and notions from classical model theory
in frames of EPSCJ — theories.

Let L be a countable first-order language.

Definition 1. The inductive theory T called existential prime, if:

1. It has a algebraicslly prime model and the class of all algebraically prime models it is denoted by APr.

2. The class (FEr) of model theory T has nonempty intersection with an AP class, ie, Tap N E7 # (.

It is well known [1] that if Jonsson Theories T is perfect, then the class of its existentially closed models
Er is elementary and coincides with the ModT™, where T* its center. Otherwise, i.e. if the theory T is not
perfect, instead of ModT we are working with the class Erp, ie, it is assumed that all the allegations relate only
existentially closed models. Also, we assume in the case of an imperfect, that besides the existential closure of
all these models is algebraically prime.

We say that all V3 — corollary of the arbitrary theory form a Jonsson fragment of this theory, if the deductive
closure of these V4 — corollary is Jonsson Theories. Obtained in this case Jonsson theories will be called Jonsson
fragment (further fragment). Accordingly, it is determined by the fragment of Jonsson set. In both cases, we
can carry out research Jonsson fragments on the connection with an initial theory that the new formulation of
the problem research is Jonsson’s theory.

Let X Jonsson set in the theory T and M is existentially closed submodel of semantic model C, considered
Jonsson theory T" where dcl(X) = M. Then let Thys(M) = Fr(X) , Fr(X) is Jonsson fragment of Johnson
sets X.

Definition 2. The theory T is called convex if for any model 4 and any family {2;|i € I'} of its substructures,
which are models of the theory 7', the intersection (1,.;B; is a model theory T'. It is assumed that this
intersection is not empty. If this intersection is never empty, then the theory is called the strongly convex.
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We give the necessary definitions related to Jonsson theories in the enriched signature.

Let T is an arbitrary Jonsson theory in the language of the first order signature o. Let C' is a semantic
model of theory T. Let A C C is a Jonsson set of theory T'. Let op(A) = o U {cla € A} UT, T' = {P}U{c}.

Let T§ = TUThy3(C,a)acaAU{P(ca)|a € A}U{P(c)}u{"P C"} where {" P C"} is an infinite set of sentences
expressing the fact that the interpretation of symbol P is existentially closed submodel in the language of the
signatures or(A) and this model is a definable closure of the set A. It is understood that the consideration the
set of sentences is Jonsson theory and this theory generally is not complete.

Let T* is the center of the Jonsson theory T¢ and T* = Th(C") where C" is a semantic model of the theory
TY. By restriction theory T{ to signatures or(A)\{c} the theory T{ becomes a complete type. This type we
call a central type of the theory T relatively the Jonsson set A and denoted by PE.

Let T is an arbitrary EPSCJ theory in first order signature o. Let C' is a semantic model of T. A C C.
The requirement of existential closeness for a submodel is essential in that sense, that it should not be finite .
The theory TE is not necessary complete. Through Slﬁl denote a set of all 3 — completions of theory T g. Let A
is an arbitrary cardinal.

The EPSCJ theory is J — P — A-stable, if | S |< A for any subset A of C, such that |A] < \.

Lemma. If Fr(X) = Fr(A) is perfect EPSCJ theory, then T is perfect EPSC.J theory.

Proof. First of all we need to note that adding the symbols of constants and one—placed predicate P does
not spoiled of EPSCJ-ness of T' and T™. The proof of this ones standart cheking of definition of EP.SC J-ness.
For proof of perfection of Tf it is enough to show, that Tf has the semantic model which will be saturated
in its power.It is follows by definition T{. As the given model we take semantic model C' of the theory T, and
in depending on a subset A and interpretation one-placed predicate P in C is the model D = (C, M, a)qca
,where M is existentially closed submodel of C'. It is easy to see that D will be saturated in its power, since C
is existentially closed model itself, as semantic model of T'.

Theorem 1. Let T be a 3-complete perfect EPSCJ theory Fr(A). Then the following conditions equivalent:

1) theory T{ is P — A-stable (in sense [2]);

2) theory T* is J — P — A-stable.

Proof. We can now show that from 1) to 2) the proof is trivial, since if it is no more all completions than A,
then in particularly 3-completions no more than A. Let’s prove from 2) in 1). Let the theory T* — J — P-stable.
It is equivalent to that, that T in the signature op(A) = 0 U {c4Ja € A} UT is equivalent correspondingly to
the positive Kaiser’s hull T° of the theory T. By perfection of theory T" we have that 70 = T* and hence Tf
will be perfect EPSC.J theory. Let the theory T° has no more, than A 3-completions. The centre of the theory
T in the new signature will be equaled Th(C,a)aea U {P(cs)la € A} U{"P ="} U{P(c)}.Clear that T* = TC.
We should be shown, that T has no more then A completions. That means that T will be P — X - stable. Let’s
understand due to what 7™ it is not complete in the new signature. Addition of constants gives only inessential
expansions that will not change quantity types of existentially closed submodels C. The essential role is played
the realizations of a predicate P. In this case realization of a predicate P will be some elementary submodel M
of the model C. As C is the semantic model of T, this one is existentially closed and by sense of a predicate
P in C(M < C) follows, that M € Er. Let’s consider any completion 7" theories T* in the new signature. By
definition T™* there exist such model M from Er , such that 7" = Th(C, M, a)4ca, where M — interpretation
of a predicate P in semantic model C. T" = Th(C, M, a)q.ca is EPSCJ theory. In this case T’ is it positive
model complete theory. And we have by positive model completeness T that any formula in is equivalent to
some positive existential formula in 7" . Then by 3-completeness of the theory T such completions by above
mentioned are no more than A. So, the statement is proved.

Let T is arbitrary EPSCJ theory, then E(T) = U, ., En(T) , where E,(T) is the lattice of positive
existential formulas with exactly n free variables.

Let T1 and T, are EPSCJ theories.

We shall say that , 71 and are EPSCJ syntactically similar, if and only if there exist a bijection f : E(T}) —
— E(T3) such that:

1) the restriction of f up E,(T}) is isomorphism of the E,(T1) and E,(Ts) , n < w;

2) f(Fvnt1) = Font1 f(9), ¢ € En(T), n < w;

3) f(’l}l = ’1)2) = (1)1 = '02).
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Theorem 2. Let T; and Tb are 3 — complete perfect EPSCJ theories. Then the following conditions
equivalent:

1) T} and T3 are J — syntactically similar in sense [4].

2) TF and TS are syntactical similar in sense [3].

Proof. We can now show from 1) to 2).We have that for any n < w E,,(11) is isomorphic to E, (T%). Let this
isomorphism is making by f1,. Under conditions of theorem and perfection for any n < w E,(T1) and E,(T»)
are Boolean algebras. But with perfection of 77 and T» we have that 77 and T3 are positive model complete
and so for any n < w, ¢(T) € F,(TY) there exist ¢(Z) from E,(T7) that in T} = ¢ > 1. And in power of
T is complete for positive existential sentences and F,,(T1) C E,(T5) (in power of T3 C T7), we have that
E,(T1) = E,(T7). With the same argument we have that E, (T2) = E,(T5).For any n < w, ¢(T) € F,(T7)
we are defining the following map between F,, (T} and F,(T5 by next way fon(01(Z)) = fin(¢1(T)), where in
TF E 1 < ¢, for ¥ € E,(T1) It is easy to note that under properties of f1,, and above mentioned fs,
is a bijection which giving to us isomorphism between F, (T}) and F,,(Ty). Hence, T} and T35 - syntactically
similar in sense [3]. But from previously theorem 1 under consideration of central types of EPSCJ theory, since
T* =T, we have that 1)=-2) of theorem 2 is proved.

2)=1). It is trivial , since F, (1}) is isomorphic to F,(T5) for any n < w,and in power of conditions of
theorem this isomorphism is be able to go on to all subalgebras.

The following definitions led us to other kind of similarity, this one weaker than syntactical similarity. All
definitions are taken from [3].

(1) By a pure triple we mean (A,I'; M), where M is not empty set, I' is a permutation group on A, and M
is a family of subsets of A such that M € M = g(M) € M. For every g € T.

(2) If (A1,T1, M) and (Ay, Ty, Ms) are pure triples, and ¢ : A; — A2 is a bijection, then ¢ is an
isomorphism, if:

(i) Dy = {ypgy~t : g e I )5

(ii) My = {¢(F) : E € M, }.

The pure triple {(|C|,G,N) is called the semantically triple of T (abbreviated s.t.), where |C| is the
universe of C, G = Aut(C) and N is the class of all subsets of |C| which are universes of suitable elementary
submodels of C' .

Complete theories T7 and T are semantically similar is and only if their semantic triples are isomorphic.

Very interesting one can to consider this result with the following:

Proposition 1 [3]. If Ty and Ty are syntactically similar, then T} and T5 are semantically similar.

A property (or a notion) of theories (or models, or elements of models) is called semantic if and if it is
invariant relative to semantic similarity.

It is turned out that a lot important notion from classical model theory belongs to next list.

Proposition 2 [3]. The following properties and notions are semantic:

1) type;

) forking;
) A-stability;

) Lascar rank;

) Strong type;

) Morley sequence;

) Orthogonality, regularity of types;

(8) I(Rq4,T) — the spectrum function.

By virtue of this notice we can say that all above mentioned properties and notions from Proposition 2
in the class of centers of 3-complete perfect EPSCJ theories are semantic. Moreover if we are consider above
mentioned enrichments of signatures of such theories and we will consider central types of ones we got that
the situation will not change. And finally it is appropriate to consider the EPSCJ analogues of the list of
semantic properties and notions from classical model theory. All unknown notions and results which we used in
this article one can find out in [1-6].

(
(2
(3
(4
(5
(6
(7
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A .P. Emkeen

oHCOHABIK >KMBIHHBIH, 0AbITHLIYbIHA KAThICTHI
OPTaJIbIK, TUINITEPIiH KacueTrTepi

Makasiaziarel Herisri HOTH2KeJIep KaHa TeOPHUsIApP KJAChl YIIIH KAPACTBIPBLUIIABI, SFHU SK3UCTEHI[MOHAIIIbI
Kail KaTThl HOHCOH/IBIK, JIOHEC TeopUsiap YIIiH 3eprresiai. bepiiren kiacc aaredbpa GONbIHIIA KETKIIIKTI
TypZe KeH 00Ja/ibl, MBICAJIbI, OFAH OApJIBbIK abefbIiK TpyNnmajap KoHe 2Kail ITpymnmajap KIachl yKaTabl.
KapacTbIpblll OTBIpFaH CUTHATYpAaHBIH TUTHE »KAaHA IIPETUKATTHIK CHMBOJI KOCBUIFAHIA, OJ HOHCOHJBIK
JKUBIHHBIH, 0ap OOJIybIH KepceTei. O3 Ke3eriHae MOJIesble OChIHAN YKUBIHHBIH 6ap OOJIyhI 9JIEMEHTTEp-
IiH eseMi, K03 UIMEHTTEP] KoHEe iIKI »KUBIHAAP YIIH Heri3 O0JIbII TabbLIaIbl, SFHA HOHCOHIBIK, T€O-
PUSHBIH, HOHCOHBIK, »KUBIHBI CBI3BIKTBIK, KEHICTIKTIH OJIIEM/IJIIK YFBIMBIHBIH KAJIIbLIAYbl OPBIH AJIaJIbl.
O3 yakpireiaga T.1F. Mycradun cHHTAKCUCTIK KOHE CEMAHTUKAJIBIK, YKCACTBIKTAP/IBIH HETI3Tr KaCHeTTepiH
eHTi3i XkoHe JpJesaedi. by Mmakaiaia KeHeHTIINeH Tij/ie KapacThIPBLILIIT OThIPFaH TEOPUSIAP YIIMiH YKCAC
HoTuKejep Gepinren. Ochl GarbITTa >KYMBICTBIH, HETI3T1 HOTHUXKEIEpi OOJIBIN KeJieciyiep TabbLiaabl. [leHTp-
JIi TUIT YKOHE OHBIH IEHTPI YIMH p-CTabUIbIIMKTIH ColKecTirl. DK3uCTeHnona bl kait kemen EPSC.J-
TEOPUSIAPIbIH, CHHTAKCUCTIK YKCACTBIFBI YKOHE OJIAPIBIH, OPTAJIBIKTAPBIHBIH, CHHTAKCUCTIK YKCACTBIFBI Oip-
Gipine mapa-map. OcCbIJaH KeINTereH MaHBI3IbI JIepeKTep i baiikayra OoJiabl, MoceseH, 1epbec Karmaiia
CEMaHTHUKAJBIK YKCACTHIK. COHBIMEH KaTap CEMAHTUKAJIBIK, YKCACTBIKTHI CAKTANTHIH CEMaHTUKAJIBIK, KACHET-
TepiH Ti3imi KeaTipisaren. Mbicasbl, ceMaHTUKAJIBIK, KACUETKE, SIFHU OIpiHIN peTTi MHBapUaHTThI KACHETKE,
OpTaJIbIK, TUIITEP/1iH, Mop/n paHriH »KaTKbI3yFa Heridi 6ap.

Kiam cesdep: HOHCOHIBIK TEOPHs, TEOPUSIAD KJIACHI, HOHCOHIBIK, [IOHEC TEOPUSIIAD, HOHCOHJIBIK, »KUbBIH,
CHHTAKCHUCTIK YKCACTBIK, OPTAJIBIK THITEP/IH KACHETTEDI.

A P. Emikeesn

CBoiicTBa EeHTPaJbHBIX THUIIOB OTHOCUTEJILHO O0OralieHus
MOHCOHOBCKUM MHOXKECTBOM

OCHOBHBIE Pe3y/IbTATHI JAHHOW PAabOTHI MIPUBEIEHBI JJIsi HOBOTO KJIACCA TEOPUi, a MMEHHO JJIs SK3UCTEH-
[MAJIBHO IPOCTBHIX CUJIBHO MOHCOHOBCKHX BBIYKJIBIX Teopuil. /JTaHHBIN KJIacC sABJISETCS JTOCTATOYHO IITHPO-
KUM C TOYKHW 3PEHUsi ajredpbl, K MPUMEPY, B HETO BXOJIUT KJIACC BCEX abesIeBBIX I'PYIIl M MPOCTO T'PYIIIL.
ABTOPOM PacCMOTPEHBI BOIPOCHI, KACAIOIIMECS CJIEJYIOMEH TeMaTUKU. B S3bIK paccMaTpuBaeMOil CUTHATY-
PBI J100aBJIsIeTCS HOBBIN MPEIUKATHBI CUMBOJI, KOTOPBIA OTparkaeT HaJIuIue HOHCOHOBCKOI'O MHOXKECTBA.
B cBoio ouepesp, HaauuMe TAKOrO MHOXKECTBA B MOJIEJIH JIA€T OCHOBAHUE JIJIsI PA3MEPHOCTHBIX COOTHOIIIE-
HUH 3JIEMEHTOB U NOOMHOXKECTB, TaK KaK IIOHATHE HOHCOHOBCKOI'O MHOXKECTBA B HTOHCOHOBCKOI TEOPHUHU €CThb
000011IeHIE TTIOHATHS pa3MepHOCTH B JimHeitHOM npocTpancTse. T.I. Mycradun B cBoe BpeMsi BBeJI U JI0KA3AJI
OCHOBHBIE CBOMCTBa CHHTAKCUYECKOTO M CEMAHTHUIECKOTO MMOI00ust. B craThe B paclimpeHHOM BUJIE TIPUBEIE-
HBI AaHAJIOTUYIHBIE PE3YJIBTATHI JJIsT PACCMATPUBAEMBIX Teopuii. B 9ToOM HaIpaBIeHNN OCHOBHBIMU SIBJISTIOTCST
CJIe/IyIole Pe3yJIbTAThl: COBIJIEHNE P-CTAOMIBHOCTU /ISl IPOTOTHUIIA IIEHTPAJIBHOIO TUIA U €ro IEHTPA,

Cepust «Maremarnkas. Ne 1(85)/2017 39



AR.

Yeshkeyev

40

9KBUBAJIEHTHOCTh CHHTAKCHYECKOTO TO00MUsT IK3UCTEHITNAIBHO TOJHBIX coBepinenHbix FPSCJ-Teopuit u
CHHTAKCHYIECKOI'O MO00MsI UX IMEHTPOB. VI3 9TOro BBITEKaeT MHOTO MOJIE3HBIX (PAKTOB, B YACTHOCTH, CEMAH-
TH4yeckoe nonobue. Kpome Toro, aBTOpoM npuBeIeH CIIMCOK CEMaHTUYECKUX CBOMCTB, KOTOPBIE COXPAHSIIOT-
Csl IPU CEMAHTUIECKOM Toobun. Hampumep, K ceMaHTHIeCKUM CBOMCTBaM, T.€. MHBAPUAHTHBIM CBOMCTBAM
MIEPBOTO MOPSIAKA, OTHOCUTCHA U PAaHr MopJu meHTPAJIbHBIX TUIIOB.

Karouesvie crosa: HOHCOHOBCKAs TeOPUsl, TEOPUs KJIACCOB, HOHCOHOBCKUE BBIITYKJIbIE TEOPUU, HOHCOHOBCKOE
MHOYKECTBO, CHHTAKCUIECKOe TI0/1001e, CBOMCTBA IeHTPAIbHBIX TUIOB.
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