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Asymptotic solutions of scalar integro-differential equations with
partial derivatives and with rapidly oscillating coefficients

The work is devoted to the development of an asymptotic integration algorithm for the Cauchy problem for
a singularly perturbed partial differential integro-differential equation with rapidly oscillating coefficients,
which describe various physical processes in micro-inhomogeneous media.This direction in the theory of
partial differential equations is developing intensively and finds numerous applications in radiophysics,
electrical engineering, filtering theory, phase transition theory, elasticity theory, and other branches of
physics, mechanics, and technology. For studies of such processes, asymptotic methods are usually used. It
is known that currently rapidly developing numerical methods do not exclude asymptotic. This happens
for a number of reasons. Firstly, a reasonably constructed asymptotics, especially its main term, carries
information that is important for applications about the qualitative behavior of the solution and, in
this sense, to some extent replaces the exact solution, which most often cannot be found. Secondly,
as follows from the above, knowledge of the solution structure helps in the development of numerical
methods for solving complex problems; therefore, the development of asymptotic methods contributes to
the development of numerical methods. Regularization of the problem is carried out, the normal and unique
solvability of general iterative problems is proved.

Keywords: singularly perturbed, partial integro differential equation, regularization of an integral, solvability
of iterative problems.

Introduction

A mathematical description of physical processes in micro-inhomogeneousmedia suggests that the local
characteristics of the latter depend on a small parameter which is a characteristic scale of the microstructure
of the medium. To construct mathematical models of such processes, an asymptotic analysis of the problem is
performed for It turns out that the limits of the solutions to the problem are described by some new differential
equations that have relatively smoothly varying coefficients and are considered in simple domains.These
equations are mathematical models of physical processes in micro-inhomogeneousmedia, and their coefficients
are effective characteristics of such media. For mathematical studies of such processes, asymptotic methods
are usually used. It is known that currently rapidly developing numerical methods do not exclude asymptotic
ones. This happens for a number of reasons. Firstly, a reasonably constructed asymptotics, especially its main
term, carries information that is important for applications about the qualitative behavior of the solution
and, in this case to some extent replaces the exact solution, which most often cannot be found. Secondly, as
follows from the above, knowledge of the solution structure helps in the development of numerical methods for
solving complex problems; therefore, the development of asymptotic methods contributes to the development
of numerical methods. Thirdly, for some problems, especially those related to fast oscillations, there are simply
no effective numerical methods that give a sufficient degree of accuracy. The first of the problems with an
irregular dependence in perturbation theory that arose in connection with the problems of celestial mechanics
and electrical engineering were nonlinear equations, which are often called oscillating equations at present. Tasks
of this kind arise everywhere where certain transient processes take place. Studies of oscillating and singularly
perturbed oscillating systems described by ordinary differential equations to the splitting methods were carried
out in [1-4] and regularization methods in [5-8]. An analysis of the main results of the study for systems
of homogeneous and inhomogeneous differential equations prompted the idea to study singularly perturbed
integro-differential equations with rapidly oscillating coefficients.A system of integro-differential equations in
the absence of resonance is considered, i.e. when the integer linear combination of frequencies of the rapidly
oscillating cosine does not coincide with the frequency of the spectrum of the limit operator [9, 10]. It should be
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noted that when developing an algorithm for constructing an asymptotic solution to the problem, the ideas of
the regularization method used to study ordinary integro-differential equations [11-21] and integro-differential
equations with partial derivatives [23-24] were used.
We consider the Cauchy problem for the integro-differential equation with partial derivatives:
8% =a(x)y(z, t,e) + [ K(z,t,8)y(s,t,e)ds + h(z,t)+ )
o
+€g($)008@y($7t78), y($05t75> :yo(t) ((xat) € [x07X] x [07T])7

where fB'(z) > 0, g(z), a(z) is a scalar functions, y°(t) constant, € > 0 is a small parameter. Denote
by M(z) = —a(z), 8/(x) is a frequency of rapidly oscillating cosine. In the following, functions
A2(x) = —if'(x), As(x) = +if'(x) will be called the spectrum of a rapidly oscillating coefficient.

We assume that the conditions are fulfilled:

(i) a(z), g(x), B(z) € C®[xg, X]; h(x,t) € C>®[zg, X]| x [0,T], the kernel K(z,t,s) belongs to the space
K(z,t,s) eC¥{zp <z <s<X,0<t<T}

(i) Mi(z) = a(z) # N\j(z), j=2,3, N(z)#0, (Vo € [xo,X]), i1=1,2,3;

(iii) M (z) <0, (Vz € [zg, X]);

(iv) for Vx € [z, X]| and ny # ng inequalities

n2a(z) + ngAs(x) # Ai(z),
)\1(%) + ng)\z(fﬂ) + ng)\g(m) 7é )\1(1})7 (ViE € [iE(),X])

for all multi-indices n = (ng,n3) with |n| = ny +mn3 > 1 (n2 and n3 are non-negative integers) are holds.
We will develop an algorithm for constructing a regularized [5] asymptotic solution of problem (1).

1 Regularization of problem (1)

Denote by o; = 0; (¢), independent of ¢ magnitudes o, = e~ :8(t0) g, = ¢+28(t0) and rewrite system (1)
as
i [t / i [t ’
e M@y, te) — 5P (¢ Ho M OWo, 4 0 T ON0, ) y (a6 -

(2)
—f; K (z,t,8) y(s, t,e)ds = h(x,t), y(zo,t,€) = y°, ((z,t) € [x0, X] x [0,T]).

We introduce regularizing variables (see [5, 6]):

and instead of problem (2), consider the problem

- 3 N
eZL 4+ 3 N () 2L — Ai(2)f — eLE (e 0y + €T on) § —
i=1 g

3)

— [ K (x.t,5) §(s,t, X2 e)ds = h(z,t), , §(2,t,7,)amgr—0 = 1°, ((2,1) € [20, X] x [0,T]),

for the function § = g (x,t,7,¢), where is indicated: 7 = (71,72,73), ¥ = (¥1,%2,%3). It is clear that if
Y(=)

€

g =g (z,t,7,€) is a solution to problem (3), then the vector function y = g (w, ,5) is an exact solution to

problem (2), therefore, problem (3) is extended with respect to problem (2). However, it cannot be considered
fully regularized, since it does not regularize the integral term Jg = f;ﬂ K (x,t,8)g(s, wis) ,€)ds. To regularize
the integral operator, we introduce a class M. that is asymptotically invariant with respect to the operator Jy
(see [5], p. 62). Recall the corresponding concept.

Definition 1. A class M, is said to be asymptotically invariant (with ¢ — 40) with respect to an operator
Py if the following conditions are fulfilled:

1) M. C D(Py) with each fixed € > 0;

2) the image Pyg(z,e) of any element g(x,e) € M, decomposes in a power series

Pyg(z,e) = Za"gn(x,e)(a — 40, gn(z,e) € Mc,n=0,1,...),

n=0

convergent asymptotically for ¢ — 40 (uniformly with x € [z, X] ).
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From this definition it can be seen that the class M. depends on the space U, in which the operator P, is
defined. In our case Py = J. For the space U we take the space of vector functions y (z,t,7), represented by
sums

3 *
y(z,t,7,0) = yo (x,t,0) + Zyi (z,t,0)e™ + Z y™ (z,t,0) e(moT) 1
=1 2<|m| <Ny
Y T (0) ey (2, t0) g™ (. 1,0) T (2, 8,0) € O, X] X [0,T), (4)

1<|m|<Ny
m = (07m27m3)71 < ‘m‘ =mg +m3 < Ny,l':ﬁ,

where is denoted: A (z) = (A1, A2, A3), (M, A(x)) = mada () +msAs (z), (e1 +m, A () = A () + maAs (2) +
+mgAs3 (x); an asterisk x above the sum sign indicates that the summation for |m| > 1 it occurs only over
multi-indices m = (0, mg, mg) with mg # mg, e = (1,0,0), 0 = (01,02) .

Note that here the degree N, of the polynomial y (z,t, T, o) relative to the exponentials e™ depends on the
element y. In addition, the elements of space U depend on bounded in £ > 0 terms of constants o1 = o1 (&)
and o3 = 03 (¢), and which do not affect the development of the algorithm described below, therefore, in the
record of element (4) of this space U, we omit the dependence on o = (01, 03) for brevity. We show that the
class M. = Ul —y)/e is asymptotically invariant with respect to the operator J. The image of the operator on
the element (4) of the space U has the form

£/ xi(9)do
zq

x 3 xT
Tyatr) = [ Kbl 0ds+ Y [ Kt sils e ds+
xo izlxo

x x

- L [ (mA(0))d0 * 1 [ (er+m,(8))d6
+ Z K(x,t,s)y™ (s, t)e "o ds + Z K (z,t,8)yt T (s,t) e =0 ds.

2<|m|<N- 5o 1<|m|<N. 5

Integrating in parts, we will have

[ L J Ai(0)do F Kt 9w (s.t) 2T r(0)d0
Ji(z,t,¢€) :/K($7t78)yi(87t)€ =0 dSZE/WSZ;Z(S’)de %0
2
xo

Zo
K ; éf’ki(@)de - 7 K ) gfxi(e)de
_ (J:,t,s)yz(s,t)e J B / 0 K(z,t,8)yi(s,t) o ds| —
s=xo Zo
K(x,t,x)y;(x,t) = S 2@ K (x t 20)y(zo,t) / D K(z,t,8)yi(s,t)\ =) Xi©)do
=g | —2 127 T o - —€ — A e 0 ds.
xo
Continuing this process further, we obtain the decomposition
o ) L[ xi(0)do
Ji(z,t,e) = 20(—1)”5’”‘ (I} (K(x,t,8)yi(s,t)) € ™ — (I (K(2,t,5)yi(5,1))) y—y, | -
1 v 1 v—1 .
I?:W"Ii bwe) I (v>1,i=13).
Applying the integration operation in parts to integrals
. 1 [ (m,A(0))do
Im(x, t,e) = [ K(z,t,s)y™(s,t)e o ds,
Zo
x 1 [ (ex+m.A(6))do
Jeram(z, t,e) = [ K(x,t,s)yT™ (s,t)e *0 ds,

Zo

we note that for all multi-indices m = (0, m2, m3) , ma # mg, inequalities

(m, A(z)) = mada(z) + mgAs(z) #0 Vz € [xg, X|, ma+m3 > 2.
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are satisfied. In addition, for the same multi-indices m = (0, mg, m3) we have
(e1 + m, A(x)) # 0V € [z, X], ma # mg, |m|=ma+mg > 1.
Indeed, if (e; +m, A(z)) = 0 for some z € [xg, X] and my # mg, ma + m3 > 1, then maoda(z) + mgAz(z) =

= —X1(x), ma+mg > 1, which contradicts condition (iv). Therefore, integration by parts in integrals is possible.
Performing it, we will have:

[ L ma0)d0 K(z,t, 1 [ (m,(8))do
Jm(x,t,e):/K(x,t,s)ym(s,t)e =0 / (2,4 5) ® 5,1) e o =
_ K(x,t,s)y’”(:c,t)e%fo (m,2(6))d6 _E/ ( 9 K(z,t,8)y™ (s, t))eil{] (mA@)d0 |

(m, A(s)) ds  (m,A(s))
s=xg xo

. K(m,t,x)ym(x,t)eéxf; (m MO0 K (2, t, 20)y™ (0, 1)

(m, A(x)) ~ (mA(x0))

ds.

[0 Kt s)y™(s.t)\ L] (mA@)de
_5/<a (e, 1,5)5™ s, ))e

Therefore, the image of the operator J on the element (4) of the space U is represented as a series

Tz (t,7) = [} K (t,5) 20 (s) ds + > f( 1) e (1Y (K (t,8) 2 (5))),_, e o MO

1=1v=0

= (Y (K (t,5) = <s>>>52t0}+§( e (I (K (1) 2 () oo 0 T2

— (I, (K (t,8) 2™ (5))) g, ] + J;l - Z|<N 20(—1)1’51/4-1[(];,7” (K (t,s) zcatm <s)))s:t X

L[t (ej+m,\(0 ” eitm
xes Jiy (e+mA(0)) (Ij,m (K (t,s) 257 (S)))s:to]T:Mt)/E'

Continuing this process, we obtain the series

oo 1 [ (mA(0))do
Jm(x,t,zs) = Z (_1)V€V+1 (151 (K(x7t78)ym(87t>))s:te o -
v=0

- (ITI:’L (K(gjv t? S)ym(s, t)))s:to] )

1 1
— Oz Lm| > 2),
s

1 [ (er+m,A(8))d6
Joy+m(z,t,8) = f K(z,t,s)yert™ (s, t)e o ds =

e1+m f (ex+m, A(a))da
(x,t,8)y°1T™ (s,t) -
=€ f GETmYO) de” 0 =

j (e1+m,\(0))do N

K(x,t s)y61+m(s t) B 50 N

=¢ (e1+mA(5))

S=xq

1 (ertm
—sf (2 W)en{( 1M A(9))do

(e A ds| —

K(x, t, x)yel+m (-7;7 t) %zjo (ex-+m.A(6))df K(x’ t, xO)yeﬁ_m (.%‘0, t)
=& e — _

(e1 +m, A(x)) (ex +m, A(z0))
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S.

- / 0 K(x,t,s)y" " (s,8)\ 1) (ertma@)is
9s (e +mA(s) )°©

Zo

Continuing this process, we obtain the series

1
e

oo (e1+m,\(0))do
Je1+m(xvt7€) = Z (_1)U6U+1 (Ig1+m (K(xvtvs)yel+m(57t)))s:ze ’ ’
v=0

S ==

~ (I (Kt )y (5,1))) |

1 1 0
1° R A ——— (N (T | >1
fm = e v AE) ™ T e rmaE) 05 2 b ImE 2D,

Therefore, the image of the operator j on the element (4) of the space U is represented as a series

1 a(0))do
y(x,t,7) thsyostds—l— Dev T (17 (K (z,t,8)yi(s,1))) ., e *© —
s=t

— (1Y (K (z,t, S)yi(S,t)))s:to] +

1/ 1/+1 v m %f(m,)\(e))dO v m
+ Z Z (L (K(z,t,8)y™ (s,1))) o€ ™ = (L (K (2, t,8)y™ (5,1))) gy | +

2<|m|<Ny v=0

1 [ (ex+m,A(8))d6

o0
+ 2 X 0t (I (K (s, 8)y ™ T (s,8))) e 70 -
1<|m|<Ny v=0 -

(I (Rt )y (1), ]

It is easy to show (see, for example, [25], pp. 291-294) that this series converges asymptotically for ¢ — +0
(uniformly in (x,t) € [z, X] x [0,7T]). This means that the class M. is asymptotically invariant (for e — 40)

with respect to the operator J.
We introduce operators R, : U — U, acting on each element y(z,t,7) € U of the form (4) according to the

law:

Roy (x,t,7) = /K(x,t,s)yo(s,t)ds, (50)
3
Riy(z,t,7) = Z (I (K (x,t,5)yi(s, 1)) ,_, €™ — (I} (K(Ivtas)yi(sat)))s:$0}+
Y [ (Rt (5,1) oy 0 — (1 (Kot g™ (5,8) |+ 61

1<|m|<N-

* el1+m T e]+m
+ 0y |:<Igl+m (K(as,t,s)y 1 (S’t)))s:w elertmm) _ (121+m (K(x,us)y ' (S,t)))s_m}

1<|m|<N,
3
Rysry(e,t.7) = 3 [(1F (B (ot )y (5.)) g €7 = (0 (K (2, 6,803 (5.00)) oy, ] +
O [ Kt )y (5.0)) oy € = (I (K (st )y™ (5,1))) 2, | + (5041)
2<|m|< Ny

+ Z [(I§1+m (K(x,t, 5)zertm (S’t)))szm elertmr) _ (Ié’l+m (K(x,t, 5)zertm (s,t)))szzo] ,v> 1.

1<|m|<N,
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Now let §(x,t,7,€) be an arbitrary continuous function on (z,t,7) € [z, X] x [0,T] x {ReA1(z)} with
asymptotic expansion

gz, t,7,¢€) ZE ye(z,t,7), yk(z,t,7) €U, (6)

converging as € — +0 (uniformly in (z,t,7) € [:co,X] x [0,T] x {ReAi(x)}). Then the image Jg (x,t,7,¢) of
this function is decomposed into an asymptotic series

JZ (z,t,7,¢€) Zs Jyi (z,t,7) = Zar ZRT_SyS (2,8, 7) | r=yp(a) fe-
=0 s=0

This equality is the basis for mtroducmg an extension of an operator J on series of the form (6):

Jij(x,t,7,e) = <Zs Yk mt7‘>éisri:fir—sys(%t77)~
r=0 s=0

Although the operator .J is formally defined, its utility is obvious, since in practice it is usual to construct the
N—th approximation of the asymptotic solution of the problem (2), in which impose only N-th partial sums of
the series (6), which have not a formal, but a true meaning. Now you can write a problem that is completely
regularized with respect to the original problem (2):

Lej(u,t,7.e) = 3t + z Xj(@) 2L — M (2)§ — Jj — eX (€01 + e an)j =
= h(z, t) y(mo,t 0 5) =9y ((z,t) € [xo, X] x [0,T]).

(7)

2 Solvability of iterative problems

Substituting the series (6) into (7) and equating the coefficients with the same degrees ¢, we obtain the
following iterative problems:

3
0
Lyo (z,t,7) = Y \; (2) 873(-) — Mi(@)yo — Royo = h (2, 1), yo (0, 1,0) = y°(1); (80)
j=1 /
ayo ( ) T2 T3 — .
Lyl (.’I},t,T) 89: + — 9 (6 o1 +e 02) Yo + R1y07 Y (anta()) - O, (81)
0 T
Ly (@.t,7) = _% + % (€01 +e™o2) y1 + Riy1 + Rayo, Yo (20,t,0) = 0; (82)
Oy
Ly (z,t,7) = Lt 9(@) (€01 +e™0o2) yp—1 + Rryo + ... + Riyr—1, Yk (20,£,0) =0,k > 1. (8k)

ox 2
Each of the iterative problems (8;) can be written as

z (z,t,7) EZ)\J ——)\1( )y — Roy = h(x,t,7), y(x0,t,0) = y~, 9)
j=1

where

*

h(x,t,7) = ho(x,t) + Zh (z,t)e" + Z hm(ac,t)e(m’T) + Z h61+m(x7t)e(el+m’7) el,
=1 2<|m|<N, 1<|m|<N,

is the known vector function of space U, y* is the known constant vector of the complex space C, and the
operator Ry has the form (see (59))

3 * *
Roy(l'ﬂf,’r) =R, yo(it,t) + Z yi(ac,t)e”-i- Z ym(l',t)e(m’T) 4 Z ye1+m(l.7t>e(e+m,‘r) 2
i=1 2<|m|<N, 1<Im|<Ny

x

2 J K(z,t,s)yo(s,t)ds.

xo
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We will determine the solution of equation (9) as an element (4) of the space U:

*

3 *
y(x,t,7) = yo(x,t) + Zyi(m, t)e’ + Z Y™ (x, )™ + Z yertm (z, t)elertmT) =
i=1

2<|m|<N. 1<|m|<Ny

*

3 *
= yo(x,t) + Z yi(z, t)ei+ Z Y™ (x, t)e ™) 4 Z y™ ()™ (10)
i=1

2<|m|<N, 2<|m! <Ny
where for convenience introduced multi-indices

mlzel+m5(1am27m3)7 |m1|:1+m2+m322a

mg and mg are non-negative integer numbers. Substituting (10) into equation (9), and equating here the free
terms and coefficients separately for identical exponents, we obtain the following equations:

=M (2)yo(x,t) — /K(x,t, $)yo(s,t)ds = ho(x,t), (11)
[)‘l(‘r) - )\1(1’)} yi(xvt) = hi(xat)v i=1,3, (111)
[(m, A(@)) = A(2)]y™ (2, 8) = K™ (2, 1), mg #ms, 2<|m|< Ny, (11,,)
[(m", AMz)) — A1 ()] yml(a:,t) = (,t), ma#ms 1< |m'| < Ny (12)
The equation (11) can be written as
yo(z,t) = / (f)\l_l(:c)K(x,t, s))yo(s,t)ds - Al_l(x)ho(x,t). (11p)

to

Due to the smoothness of the kernel —\[ ! (x) K (z,t, s) and heterogenei ty —\[ ! (x)ho(z, ), this Volterra integral
system has a unique solution yg(z,t) € C*®[zg, X]| x [0, T]. The equations (112) - (115) also have unique solutions

yi(z,t) = (@) — A (@) Rz, t) € OF[zo, X] x [0,T], i=2,3,
since \;(z) # A1 (z), i = 2,3. Equation (11;) are solvable in space C*°[xg, X] x [0, 7T if and only
P, t) = 0 (W, 1) € [0, X] x [0,7]). (13)

Further, since (m, A(z)) = mada(x) + msAs(x) # A1(x), |m| = ma + mg > 2 (see condition (iv) the absence of
resonance), the equation (11,,) has a unique solution

y" (1) = [(m, Ax)) = Mi(@)] " W™ (@, t) € C=[wo, X] x [0,T], 2 < |m| < Ny
We now equation (12). Let us show that when ‘ml‘ > 1 the functions (m',A(z)) # Ai(z). Indeed, let
(m* A(t)) = A1(t), |m!'|>1. Then
A1 (l‘) + mg/\g(l‘) + m3)\3(x) = )\1(1‘) =4 mg/\g(l‘) + m3)\3(x) =0 < mo 75 ms, Mg +mg > 1,

which cannot be (see definition of class U). Thus, equation (12) for |m!| > 1 has a unique solution

2 (2,t) = [(m @) = Au@)] T R (2,), 1< | < Na,
inn class C*°[zg, X] x [0,T].

We have proved the following statement.

Theorem 1. Let conditions (i)-(#), (iv) be fulfilled and the right-hand side

3 *
h(z,t,7) =ho(w,t) + Y hi(z, )™ + > W@, )™ 4 > haT (g, et e U

i=1 2<|m|<N. 1<|m|<Ng

*
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of equation (9) belongs to the space U. Then, for the solvability of equation (9) in space U, it is necessary and
sufficient that condition (13) is satisfied.

Under constraint (13), equation (9) has the following solution in space U:

3
y(@,t,7) = yolx, 1) + £(x,1) ﬁ+Z = Ni(@)] " Hilw, e+
+ > A=) = M(@)] T H™ (2, )™+ (14)

2<|Im|<Ng

*

ST [(mh @) = (@) T HO (@ el ),

1<|m|<NH

where £(xz,t) € C®[xg, X| x [0,T) are arbitrary function, yo(x,t) is the solution of an integral equation (11p),
m= (Oam27m3) , M2 #m?n |m| =my+mg > 1.
Subject the solution (14) to the initial condition y(zg,t,0) = y.(t). Then we have

3
E(xo,t) — Ay H(zo)ho(zo, t) + Z i (o) — Ar(zo)] ™ hilzo, t)+

+ > [m Axo)) — Ma(zo)] T A (o, 1)+ [(m", Mxo)) = Aa(wo)] ™ B (o, t) =y &
2<|m|<Np 1<|m|< Ny
3
& &(r0,t) =y + AT (o) ho(xo, t) = > ilwo) — M (o)) P (o, 1) — (15)
=2
— > lmy A@o)) = M(@o)] T A (o, 1)~ [(m", Mzo)) — A (xo)] ~ A+ (o, 8).
2<|m|< Ny, 1<|m| <Ny,

However, the functions £(z,t) were not found completely. An additional requirement is required to solve
problem (13). Such a requirement is dictated by iterative problems (8), from which it can be seen that the
natural additional constraint is the condition

oy 9(93)(

_|_

o 5 e + ey + Ry +plx,t,7) =0, (Y(a,t) € [z, X] x [0,T7]), (16)

*

3 *
where p(z,t,7) = po(x,t) + > pi(z,t)e™ + S p™(z,t)e™T) 4 3T patm(z t)elt™T) € U is the

i=1 2<|m|<N. 1<|m[<Ny
known vector-function. The right part of this equation:
0
Gz, t,7) = — a—gz + % (e™01 +eoa)y + Qz,t,7) =

8 *
=5 yo(z,t) +Zyl (z,t)e™ + Z Y™ (z, )™ 4 Z yrtm(z, t)elartmn) | 4

2<|m|<Ny, 1<|m|<N,
(z) 3 *
+g (o1t ehan) ?/O(mvt)JrZ;yi(w,t)e”Jr%Zl;N Y™ (, )el™ )+

+ Z yel+m(x,t)e(el+m’T) + p(z,t,7),
1<|m|<N,
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may not belong to space U, if y = y(x,t,7) € U. Indeed, taking into account the form (14) of the function
y =y(z,t,7) € U, we will have
3

T .
) (s + em) o, t) + Y yilw, t)e™ +

=1

Jy
Z(x.,t = t — =
(:E? 77-) G(x’ 77—) + ax

*

+ Z ym(z,t)e(m’T)+ Z yel+m(x,t)e(ej+m’7)

2<|m|<N; 1<|m|<N.

3
= —g(;)y (z,t) (€01 + €og) + Z 792 z) (2, 1) (e”JrTQJl + eTl+T302) +
i=2

% *
+7g(2x) (€01 +€%an) | > g™ t)e™ 4 Yy (@ )el T 4 (7).

2<|m|<N, 1<|m|<N.
Here are terms with exponents

et =MD 011y, €T (my + 1 =mg), e M) (my + 1 = my),
(%)

er2+(e1+mﬂ')( me +1= mg)’ eTst(er+m,T) (m3 +1= m2)

do not belong to space U, since in multi-index m = (0, ma, m3) of the space U must be msy # ms, ma +mg > 1.
Then, according to the well-known theory (see [5], p. 234), we embed these terms in the space U according to

the following rule (see (x)):

o —

Tt = 1, e tmm) =1 (my + 1 =ms3, my # mg), e+m7) =1 (mg + 1 = ma, my # ma),

()

er2t(etmT) = el (mgy + 1 = mg, ma # mg3), estertm) =72 (mgz + 1 = my, mg # ms3).
In Z(z,t,7) need of embedding only the terms

3
M(z,t,7) = Z % ) (€7 ™01 + €T ay) + @yl(%t) (e 20y + €M 0y)

i=

*

79(2 z) (e™01 + €™ o9) Z ym(x,t)e(m’T) + Z yeﬁm(x,t)e(eﬁm’ﬂ
2<|m|<N, 1<|m|<N,

Sz, t,7) =

We describe this embedding in more detail, taking into account formulas (%) :

2
M(xz,t,7) = Z % ( T2 eT’“+T302) + @?ﬂ(%t} (eTl+T2U1 + 671"'7302) =
k=1

- %x) 107401 + 3 (0,07 o0 + (o e +
+yo(z,1)e™ oy + y3(z,t)e™ oy + y3(z, t)e 2735 ] =

= M(z,t,7) = @ [y1(z,t)e™ ™0y + yy (2, t)e™ TP op+

+y2 (2, t)e*™ 0y + yo(z, t)o2 + ys(z, t)oy + y3(33,t)€27302] .
(note that in M (z,t,7) there are no members containing e™ measurement exponents |m| = 1);

*

S(Q? ¢ 7_) — g(Qx) ( 20+ 67—30'2) Z y'rn(x7t>e(m,7') + Z yel+m($,t)€(el+m’T)
2<|m|<N, 1<|m|<N,
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] S e ()
2<|m|<N.
+ z*: yel+m(x’t) (e(el+m,7)+720.1 +6(61+m,r)+730—2) =
1<|m|<N:

*
-~ X
= S(xvtaT) = % Z ym(x,t)01+ Z zm(x,t)ag—i— Z ym(x,t)e(m77)+
2<|m|<N., 2<|m|<N., 2<|m|<N.,
mao+1=ms mz+1=ms mao+1#ms,ma+1#mo
*
+ Z Yy (2, t)oy + Z yr (@, )0 | €™ + Z Yot (z, t)elert ),
1<|m|<N., 1<|m|<N., 1<|m|<N.,
mo+1l=m3s ms+1l=mgo mao—+1#mg,mz+1#mo

After embedding, the right-hand side of equation (16) will look like

*

~ 0 > _ -
G(:L’, t, 7_) _ _a o (:L’, t) + Z vi (:E, t)e“—ﬁ— Z Y™ (:L’, t)e(m;r) + Z ye1+m(x’ t)e(61+m,r) 4
i=1

2<|m|<N. 1<|m|<N-

+M(z,t,7) + S(z,t,7) + Riy(z, t,7) + p(x, t,7),

moreover, in S (z,t,7) the coefficient at €™ do not depend on y(z,t). As indicated in [5], the embedding
G(z,t,7) — G(x,t,7) will not affect the accuracy of the construction of asymptotic solutions of problem (2),
since Z(I, t, 7') |7':1l1($)/8 = Z(I, t, T) |T:¢(z)/5.

We show that the problem (9) has the unique solution in the space U if (16) is satisfied.

Theorem 2. Let the conditions (i)-(iv) take place and the right-hand side

3 *
h(a,t,7) = ho(z, )+ Y hi(z,t)e™ + Y h"(z,t)e™D + Y h T @ et e U

i=1 2<|m|<N. 1<|m|<Ng

*

satisfy the condition (13). Then the problem (9) is uniquely solvable in the space U under the additional
condition (16).
Proof. To use the condition (16), we calculate the expression —% + @(672 +e™)y+ Ry +p(z,t, 7). Since

3 * *
0 ,
o yo(a,t) + Y wilw, )™+ > y(@ )™ 4 >yt (g el | 4
. i=1 2<[m[<N. 1<|m|<N.

3
+M (2, t,7) + St )+ Y (10 (K (2t 8)yi(s, 1))
1=1

— eTi — (IZO (K(z,t,s)yi(s,t)))szmo}ﬂL

> U8 K@ty (5,6) e = (19, (K (@t s)y™ (s,1), |+
1<|m|<N.

+ > wLAmmmﬁWm» wmﬂﬂﬁm@mmwm@M)]+
1<|m|<N. =T s=zg
+p(z,t, 7).
therefore(16) takes the form

0(E(,t) | K(ata)

O )\1(.’17) f(l’,t) +p1(f£,t)€ﬁ +p0(x,t) =0.
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Taking into account the initial condition (15), this equation has the unique solution

x

E(z,t) = e | ¢ (o, t) +/pi(s,t)e_q(5’t)ds

Zo

where ¢(z,t) f At (s,t,s)ds. Hence, under the conditions of Theorem 2, the solution (14) in the space

U is uniquely determlned
Applying theorems 1 and 2 to iterative problems ( we construct the series (8y), with coefficients in the class

U. Let yn(z,t) = Z eFyy. (x,t,7(z, €)) be the restriction of the N-th partial sum of this series at 7 = ¥(z, ¢).

As well as in [2], 1t is not difficult to prove the following
Theorem 3. Let the conditions (i)-(iv) be satisfied. Then for e € (0,g0], where g9 > 0 is sufficiently small,
the problem (1) has the unique solution y(z,t,€) € [xo, X] % [0,T], and the estimate

ly(z,t, e = yen (2, 0l (120, x1x0,7) Cye¥tl (N =0,1,2,...),
takes place, where the constant Cy > 0 does not depend on € € (0, o).
8 Construction of the solution of the first iteration problem in space U

Theorem 1, we will try to find a solution to the first iteration problem (8). Since the right side h(z,t) of
the equation (8g) satisfies condition (13), this system has (according to (14)) a solution in space U in the form

vo(z,t,7) = y8 (2, 1) + oV (@, t)e™, (17)

where y(()o) (z,t) is the solution of the integrated equation

x

y(()o)( t) = / (fafl(x)K(m,t,s))y((] )(s,t)ds —a Yz)h(z,1),

Zo
where ago)(x, t) € C*[xg, X] x [0, T] are arbitrary functions. Subjecting (17) to the initial condition
yo(zo0,t,0) = 3°, we will have

(0) (0)

y$ (o, t) + oV (w0, t) = y ©

LEEEPEN oy (xo,t):yo—l—a_l(xo)h(;vo,t).

To fully compute the functions ago) (z,t), we proceed to the next iteration problem (8;). Substituting into it
the solution (14) of the equation (8y) we arrive at the following equation:

d d .
Lyi(z,t,7) = 0 y(()o)( ) — o (ozgo)(%t)) e+

+@ (6T201 + 6T302) (y(()O)( ) + agm (m,t)eTl> + (18)

+

K(w,t,x)ago) (1) , K(x,t,xo)ago)(;vo,t)
Ai(x) A1 (o) 7

(here we used the expression (51) for Riy(x,t,7) and took into account that for y(z,t,7) = yo(z, ¢, 7) only the
terms with e™ remain in the sum (51)). It is not difficult to see that the right side

d d
H(a,t,7) = ==yl (0,8) = = (" (@,0)) ™ +

9 (g, 4 ) (W 1) + 00 (@)™ ) +
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K(z,t,2)al” (2,1) o Kt al? (20, 1)

Ai() A1 (o) ’
of equation (18) belongs to space U. Equation (18) is solvable in this space U if and only if condition (13) are
satisfied, which in our case take the form

_d o K(z,t,x) (0 _
. (0‘1 (x,t))+ M) a3 (x,t) = 0.

+

Attaching to this system the initial conditions Otgo)(ﬂio, t) = y° + a1 (x0)h(xo,t), we find uniquely functions

© ) 1y O [ (K(st.s)
t) = t —)d
a; ' (x,t) = oy ' (xg, t)exp / ( e s 9,
zo
therefore, we uniquely calculate the solution (17) of the problem (9p) in the space U. Moreover, the main term
of the asymptotic of the solution to problem (2) has the form

T

K(s,t L J a0)do
sl t) =3 .0)+ oot § [ (B2 Jast e n ™
1

Zo

where ago)(mo, t) = y° + a=(z0)h(xo, 1), y(()o)(x, t) is the solution of the integrated system y(()o)(a:,t) =

= [ (—a (@)K (2 t, )5 (s, )ds — a= (@) h(z, 1),

Acknowledgement

This work is supported by the grant N AP05133858 «Contrast structures in singularly perturbed equations
and their application in the theory of phase transitions» (2018-2020) by the Committee of Science, Ministry of
Education and Science of the Republic of Kazakhstan.

References

1 ®emenko C.@. AcuMnroruueckue MeTOIbI B TeOPHUU JUHEHHBIX nudbepeHIuaibHbIX yPABHEHUid /
C.®. ®emenko, HU. llkuib, JI.J. Huxkosenko. — Kues: Hayk. mymka, 1966. — 261 c.

2 Hanenxuit FO.JI. Acumnrornaeckuii MeTo 1Jisi HEKOTOPBIX JuddepeHIMaIbHbIX YPABHEHUN ¢ OCIUILIN-
pytomumu koabdurmenramu / FO.JI. Hanenkuit // JAH CCCP. — 1962. — 143, Ne 5. — C. 1026-1029.

3 Mkwie HU. Acumnrorudeckue meronbl B auddepenimanbupix ypasaenusx /, H.U. kuns. — Kues:
Hayxk. nymka, 1971. — 226 c.

4 Haneuxuit }0.JI. Yeroiiunsocrs pemenuit auddepenimaibubix ypaBHenuii B 6aHAXOBOM IPOCTPAHCTBE /
FO.JI. Jasmenkwuit, M.I. Kpeita. — M.: Hayka, 1970. — 534 c.

5 Jlomos C.A. Beesenue B 06myio Teopuio cunryisapubix Bo3myrenuii / C.A. Jlomos. — M.: Hayka, 1981.
— 400 c.

6 Jlomor C.A. OcuoBbl MaTemarudeckoil Teopuu norpanuunoro ciog / C.A. Jlomos, 11.C. Jlomos. — M.:
Nzx-Bo MI'Y, 2011. — 456 c.

7 Pookux A.Jl. Acumrrorudeckoe perienne JimHEAHOTO quddepeHinalbHOr0 yPaBHEHUS ¢ OBICTPO OCIIHJI-
mupytommm koabdunmentom / A.Jl. Peikux // Tpymer MOU. — 1977. — 357. — C. 92-94.

8 Pwokux A.Jl. IlpuMeHeHue MeToia Peryjsipusaliy JJjisl yPaBHEHHs C OBICTPO OCIMJLIMPYOMIUMUA KO3h-
dunmenramu / A.JI. Perkux // Marepuanst Beecoros. koud. mo acumi. meromam. — 9. I. — Ajma-Ara:
Hayxka, 1979. — C. 64-66.

9 Kalimbetov B.T. Integro-differentiated singularly perturbed equations with fast oscillating coefficients /
B.T. Kalimbetov, V.F. Safonov // Bulletin of the Karaganda University-Mathematics. Series Mathematics.
— 2019. — Ne 2(94). — 33-47.

Cepust «Maremarukas. Ne 1(97)/2020 63



B.T. Kalimbetov, Kh.F. Etmishev

64

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

Kamumberor B.T. UaTerpo-nmuddepermaibable CHHTYJISIPHO BO3MYIIIEHHBIE YPABHEHUs C OBICTPO OCITHUJI-
supyormumu Koddpdunuenramu / B.T. Kamumberos, B.®. Cadonor // marepuansr Mexaynap. nayd.
koH®d. «CoBpeMeHHbIe TTPOBIEMBI MATEMATHKU U MexaHuku». — M., 2019. — C. 299-302.

Nmanbaes H.C. AyiropurM MeTO1a pEryJIsipU3aIiiy JJisi CHHTYJIIPHO BO3MYIIEHHON 3391 ¢ HECTAbUIIb-
HBIM 3HAYEHMEM siZpa uaTerpajgbuoro omneparopa / H.C. Umanbaes, B.T. Kaaumberos, M.A. Temup6exos
// Bectu. Kaparany. yu-ta. Cep. maremaruka. — 2013. — Ne 4(72). — C. 64-70.

Kamumbero B.T. Maremarudeckoe OmNMCaHWE BHYTPEHHETO TMOTPAHUYIHOTO CJIOS JJIsT HEJTUHEHHON
unrerpo-muddepennpanshoii cucremsl / B.T. Kamumberos, B.U. Eckapaesa, M.A. Temup6exos // Becra.
Kaparang. yu-ta. Cep. maremaruka. — 2014. — Ne 3(75). — C. 77-87.

Eckapaesa B.11. JTucKpeTHDIH IIOrpaHUYHBIA CJIOM B CIydae HyJEBbIX TOUEK CIIEKTPA IJIs CUCTEM WHTETPO-
nuddepennmanbabix ypasaennit / B.1. Eckapaesa, B.T. Kamuv6eros, M.A. Temup6ekos // Becrn. Ka-
paramz. ya-ra. Cep. maremaruka. — 2014. — Ne 3(75). — C. 88-95.

Kalimbetov B.T. Internal boundary layer for integral-differential equations with zero spectrum of the
limit operator and rapidly changing kernel / B.T. Kalimbetov, B.I. Yeskarayeva, A.S. Tolep // Applied
Mathematical Sciences. — 9. — 141-144. — 2015. — P. 7149-7165.

Kalimbetov B.T. Regularized asymptotical solutions of integro-differential systems with spectral sin-
gularites / B.T. Kalimbetov, N.S. Imanbaev, D.A. Sapakov, L.T. Tashimov // Advances in Difference
Equations. — 2013. — Vol. 109. DOI: 10.1186/1687-1847-2013-109.

Safonov V.F. A regularization method for systems with instable spectral of the kernel of the integral
operator / V.F. Safonov, B.T. Kalimbetov // Differential Equations. — 31. — 4. — 1995. — P. 647-656.
Kalimbetov B.T. Asymptotic solution of singular perturbed problems with an instable spectrum of the
limiting operator / B.T. Kalimbetov, M.A. Temirbekov, Zh.O. Habibullaev // Journal Abstract and
Applied Analysis. — 2012. ID 120192.

Bobodzhanov A.A. A problem with inverse time for a singularly perturbed integro-differential equation
with diagonal degeneration of the kernel of high order / A.A. Bobodzhanov, V.F. Safonov // Izv. Math.
— 80. — 2. — 2016. — P. 285-298.

Bobodzhanov A.A. The method of normal forms for singularly perturbed systems of Fredholm integro-
differential equations with rapidly varying kernels / A.A. Bobodzhanov, V.F. Safonov // Sibir. Math J.
— 204. — 7. — 2013. — P. 979-1002.

Safonov V.F. «Splashes> in Fredholm Integro-Differential Equations with Rapidly Varying Kernels
/ V.F. Safonov, A.A. Bobodzhanov // Math. Notes. — 85. — 2. — 2009. — P. 153-167.

Safonov V.F. Regularized asymptotics of solutions to integro-differential partial differential equations with
rapidly varying kernels / V.F. Safonov, A.A. Bobodzhanov // Ufimsk. mat. zh. — 10. — 2. — 2018. —
P. 3-12.

Bobodzhanov A.A. A generalization of the regularization method to the singularly perturbed integro-
differential equations with partial derivatives / A.A. Bobodzhanov, V.F. Safonov // Russian Math.
(Iz. VUZ). — 62. — 3. — 2018. — P. 6-17.

Safonov V.F. Regularized asymptotic solutions of the initial problem of systems of integro-partial diffe-
rential equations / V.F. Safonov, A.A. Bobodzhanov // Mathematical Notes. — 102. — 1. — 2017. —
P. 22-30.

Kalimbetov B.T. Asymptotic solutions of integro-differential equations with partial derivatives and with
rapidly varying kernel / B.T. Kalimbetov, N.A. Pardaeva, L.D. Sharipova // Siber. Electr. Marh. Reports
(SEMR). — Vol. 16. — 2019. — P 1623-1632. DOI 10.33048/semi.2019.16.113.

Cadonos B.®. Kypc Boiciieit maremaruku. CHHTYIISIPHO BO3MYIIEHHBIE 38JIa40 U METOJ PEryJIspU3AITT

/ B.®. Cadonos, A.A. Bobomxanos. — M.: Uznar. mom MIU, 2012. — 414 c.

Bectnuk Kaparanmurckoro yHuBepcurera



Asymptotic solutions of scalar integro-differential...

Bb.T. Kamumberon, X.®. Ermutien

2KbpurjaM ociuIgnusJIaHaTbIH KO3 DUIIMEeHTTi
Jaepoec TYBIHABLIBI CKAJIAP MHTErpo-and depeHmanablk
TeH/leyJIepAiH, AaCUMIITOTUKAJIBIK, IITenriMaepi

MakaJtasia MUKpPO-6ipTeKTi eMec opTaiarbl OpTYPJIi (PUBUKAJIBIK, [TPOIECTEP/Il CUTIATTANTHIH »KBLJIIAM OCITHJI-
JIUSATUSIAHATBIH KO3(MOUITMEHTT] Aepbec TYBIHABLIBI CHHTYJISP aybITKBIFAH WHTErpPOo-IuddepeHInaIIbIK,
Tegaey yrrH Kommn ecebiH acMMITOTHKAJIBIK WHTETPaJIay aJrOPUTMIH 93ipseyre apuaaraH. By gepbec
TYBIHJBLIBI TUddEPEHITNAIIBIK, TEHIEYIED TEOPUICHIHIAFBI OAFbIT KAPKBIH/IBI JIAMBII KeJIe/l »KoHe Pauo-
dusnka1a, 3JIEKTPOTEXHUKAA, CY3y TEOPUSICHIHIA, (Da3asIbIK 6Ty TEOPUSICHIHIA, CEPIIM/IIIK TEOPHUSICHIHIA
JKoHe (PUBMKAHBIH, MEXaHUKa MEH TeXHUKAHBIH OacKa ja 0esiMjepiHje KenTereH KOJIIaHbiCc Tabaabl. MyH-
Jai IporecTep/i 3epTTey YIIMH 9/IeTTe aCUMIITOTUKAJIBIK 9/icTep KOJIJAHbLIa bl Ka3ipri yakpITTa KapKbIH-
JIbI TAMBIT KeJle YKATKAH CAHJIbIK 9IiCTEP ACUMITOTUKAJIBIK, 9ICTEPIl YKOKKA IBIFApMAaUThIHEI 6esrimi. By
GipHere cebenrrepre baittaHbICThI 601a b1, BipiHimigeH, Heri3ae/reH acuMITOTUKAJIBIK, IIEITiM, dCipece OHbIH
Heri3ri MyIieci, mernriM/IiH camachl TypaJibl KOCBIMIIA aKIIapaTThl aJIyFa KoHe OChl MarbIHa 18 KobiHece Taby bl
MYMKIiH GOJIMaFaH HaKThI MIENIIMJI aybICTBIPYFa MYMKIHIIK Oepemi. Exinmmigen, korapbiia afiTbLIFaHIal],
HIeITiM KYPBUIBIMBIH OLITy KYPZesi ecenTep/i MeNyIiH CAHIIK, 9JiCTEPIH 2KacayFa KOMEKTECe/Il, COHIBIKTaH
ACUMIITOTUKAJIBIK, 9JIICTED/IIH JJaMybl CaH/IBbIK, 9JIICTEP/iH JaMybIHa BIKIIAJI eTe/ii. EcenTin peryispusanusichl
JKYPri3iJIreH, KA/l UTEPAIUSIIBIK eCeNTEPIiH, KAIBIITHI KoHe 6ip MOH/II e IiM/ LTI 19J1e/IeHTeH.

Kiam cesdep: cuHryisip aybITKY, Aepbec TYBIHIBLIbI AuddOEpEeHITnaIbIK, TeHIEYIeD, HHTETPAJIIBI PEryJlsi-
pU3alusIay, UTePAIUSIbIK €CeITePIiH MIeiMIiJIir.

B.T. Kaamum6eros, X.®. Ermuren

AcumMmnToTndeckne perneHusl CKaJIsIPHBIX
nHTErpo-And pepeHnaabHbIX YPAaBHEHUI C YaCTHBIMUA
MMPOU3BOJHBIMI 1 C OBICTPO OCHUIINPYIOIUMEI KO3(DPUImeHTaMmn

CraTbsi IOCBsIIIEHa Pa3paboTKe aJropuTMa aCUMITOTHYECKOIO WHTErpUpOBaHUs 3aja4du Kormm st cuH-
TYJISPHO BO3MYIIIEHHOTO MHTErPO-InddepeHNnaIbHON0 YPABHEHNST B YACTHBIX MTPOU3BOIHBIX € OBICTPO OC-
NULUTHPYIOMUMU KO3 DHUIIMEHTAMHU, ONUCHIBAIONUMA PAa3IndHble (DU3UIECKUE IIPOIECCHI B MUKPOHEOIHO-
POIHBIX Cpeax. DTO HaIpaBJE€HUE B TEOPUU YPABHEHUI C YACTHBIMU MPOU3BOIHBIMUA WHTEHCUBHO pa3BU-
BAETCsI M HAXOJWT MHOTOYNCJ/IEHHBIE TPUMEHEHUS B PAJUOMUINKE, IJTEKTPOTEXHUKE, TEOPUH (PUIHTPAIUN,
Teopun (HA30BBIX [IEPEXOIOB, TEOPUU YIIPYTOCTH U JIPYTUX pasfestax (PU3NKH, MEXAHUKH U TexHuku. Jlms
HCCJIETOBAHNUS TAKUX IPOIECCOB OOBIYHO UCIIOIB3YIOTCSI aCUMITOTHYECKHE METOAbI. VI3BeCTHO, YTO OYPHO
pa3BUBAIOIINECS B HACTOSIIEE BPEMS UNCIEHHBIE METO/bI HE MCKIIOYAIOT ACUMIITOTUIECKUAX. DTO MTPOUCXO-
JHUT 1O Py IpuduH. Bo-11epBhIX, pa3yMHO HOCTPOEHHAs aCHMITOTHKA, OCOOEHHO ee IJIABHBIN 4JIeH, HeCeT
CYIIIECTBEHHYIO J[JIsl TIPUJIOXKEHUI MHQMOPMAIUIO O KAYECTBEHHOM IOBEJIEHUN PEIIEHNs M B 9TOM CMBICJIE B
OIpEIETIEHHOM Mepe 3aMeHsIeT TOYHOE PEIleHre, KOTOPOe Jallle BCero He MOXKeT ObITh HaiineHo. Bo-BTOpBIX,
KaK 9TO CJIeJlyeT U3 CKA3aHHOI'O BBIIIE, 3HAHNE CTPYKTYPBI PEIIeHIsI TIOMOTaeT Ipru pa3paboTKe YNCIIEHHBIX
METOJIOB PEeIleHNUs] CJIOXKHBIX 3aJ1a4, MMO3TOMY Pa3BUTHE ACUMIITOTUIECKUX METOIOB CIIOCOOCTBYET pa3BU-
THUIO YUCJIEHHBIX MeTONOB. llpom3Benena perynspuzanus 3ajadu, JTOKA3aHA HOPMAJIbHAS W OJHO3HATHAS
Pa3peNmMOCThb OOIIIX UTEPAIMOHHBIX 3334,

Karouesvie crosa: CUHTYIIpHOE BO3MYIIEHHE, AuddepeHnnaabHoe ypaBHEHNE ¢ YaCTHBIMA TPOU3BOIHBIMU,
peryisapu3aliisl HHTerpajia, pa3pelnMOCTb UTEPAIMOHHBIX 33/1a4.
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