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Best approximation by «angle» and the absolute Cesàro summability
of double Fourier series

This article is devoted to the topic of absolute summation of series or Cesaro summation. The relevance of
this article lies in the fact that a type of absolute summation with vector index which has not been previously
studied is considered. In this article, a sufficient condition for the vector index absolute summation method
was obtained in terms of the best approximation by «angle» of the functions from Lebesgue space. The
theorem that gives a sufficient condition proves the conditions that are sufficient in different cases, which
may depend on the parameters. From this proved theorem, a sufficient condition on the term mixed
smoothness modulus of the function from Lebesgue space, which is easily obtained by a well-known
inequality, is also presented.

Keywords: trigonometric series, Fourier series, Lebesgue space, best approximation by «angle», absolute
summability of the series.

Introduction and preliminaries

Let I2 = {(x1, x2) ∈ R2 : 0 ≤ xj < 2π}.
We denote by Lq(I2) the space of all measurable by Lebesque, 2π-periodic on each variable functions

f(x1, x2), such that

‖f‖q =

(∫ 2π

0

∫ 2π

0
|f(x1, x2)|qdx1dx2

) 1
q

< +∞, 1 ≤ q < +∞.

Let Yn1n2(f)q is two-dimensional best approximation by «angle» of function f ∈ Lq(I2). By
definition [1–3],

Yn1n2(f)q = inf
Tn1,∞,T∞,n2

‖f − Tn1,∞ − T∞,n2‖q ,

where the function Tn1,∞ ∈ Lq(I2) is a trigonometric polynomial of degree at most n1 in x1, and the
function T∞,n2 ∈ Lq(I2) is a trigonometric polynomial of degree at most n2 in x2.

Let r ∈ N, h1, h2 ∈ R. For a function f ∈ Lq(I2), the difference of order r ∈ N with respect to
the variable x1 and the difference of order r ∈ N with respect to the variable x2 are defined as follows
[1–3]:

∆r
h1,x1f(x1, x2) =

r∑
ν1=0

(−1)r−ν1 · Cν1r · f(x1 + h1ν1, x2),

and, respectively

∆r
h,x2f(x1, x2) =

r∑
ν2=0

(−1)r−ν2 · Cν2r · f(x1, x2 + h2ν2).
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Denote by Ωr(f ; t1, t2)q the mixed module of smoothness of an order r of function f ∈ Lq(I2) [1–3]:

Ωr(f ; t1, t2)q = sup
|hj |≤ tj
j=1,2

‖∆r
h2,x2

(
∆r
h1,x1(f)

)
‖q.

Consider a double trigonometric series

∞∑
n1=1

∞∑
n2=1

(an1,n2 cosn1x1 cosn2x2 + bn1,n2 sinn1x1 cosn2x2 +

+cn1,n2 cosn1x1 sinn2x2 + dn1,n2 sinn1x1 sinn2x2) ≡
∞∑

n1=1

∞∑
n2=1

Bn1,n2(x1, x2). (1)

Let’s write it down

A(β)
n =

(β + 1)(β + 2) . . . (β + n)

n!
,

where β is a real number, n is a natural number.
The sum

σ(β1,β2)n1,n2
(x1, x2) =

n1∑
k1=1

n2∑
k2=1

2∏
j=1

A
(βj−1)
nj−kj

(
A

(βj)
nj

)−1
Bk1,k2(x1, x2)

called (C;β1, β2) mean of series (1).
The series (1) called |C;β1, β2|λ1,λ2-summable (or absolute summable with vector index), λj ≥ 1,

j = 1, 2, at the point (x1, x2) ∈ I2, if the following series converges:

∞∑
n2=1

nλ2−12

[ ∞∑
n1=1

nλ1−11

∣∣∣∣σ(β1,β2)n1,n2
(x1, x2)− σ(β1,β2)n1−1,n2

(x1, x2)−

−σ(β1,β2)n1,n2−1(x1, x2) + σ
(β1,β2)
n1−1,n2−1(x1, x2)

∣∣∣∣λ1
]λ2
λ1

. (2)

Let

τ (β1,β2)n1,n2
(x1, x2) =

 2∏
j=1

A
(βj)
nj

−1 n1∑
k1=1

n2∑
k2=1

 2∏
j=1

kjA
(βj−1)
nj−kj

Bk1,k2(x1, x2).

Then the convergence of the series (2) is equivalent to the convergence of the following series

∞∑
n2=1

n−12

[ ∞∑
n1=1

n−11

∣∣∣∣τ (β1,β2)n1,n2
(x1, x2)

∣∣∣∣λ1
]λ2
λ1

.

In case λ2 = λ1 = λ we will write |C;β1, β2|λ (absolute summability with scalar index) instead of
|C;β1, β2|λ1,λ2 .

Issues related to the absolute Cesàro summability of series began to be studied intensively in the
twentieth century. Among the many scientists we can mention the work of F.T. Wang [4], I.E. Zhak and
M.F. Timan [5], K. Tandori [6], L. Leindler [7], M.F. Timan [8], Yu.A. Ponomarenko and M.F. Timan [9],
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I. Szalay [10, 11], G. Sunouchi [12], who studied the conditions of the absolute Cesàro summability
of trigonometric and orthogonal series. In recent years, various generalizations of absolute Cesàro
summability have been defined, and the former classical results have been proved for these generalizations.
For example, we can cite the works of H. Bor [13–15], Yu. Dansheng and Zhou Guanzhen [16], S. Sonker
and A. Munjal [17, 18], E. Savaş [19, 20], B. Rhoades and E. Savaş [21]. In addition, L. Leindler [22]
and H. Bor [23] gave a new application of power increasing sequence by applying absolute Cesàro
summability for an infinity series. Problems of absolute Cesàro summability of multiple trigonometric
Fourier series of functions from different spaces studied in works [24–29]. Almost all of this work is
devoted to the topic of absolute Cesàro summability with scalar index. The absolute Cesàro summability
with vector index was first defined in [24]. In the article [24] the condition β1 = β2 is considered and
only sufficient conditions are obtained. Feature of our work is that under sufficient conditions β1 6= β2.

Main results

Now we prove the main results.
We denote ρk1k2 =

√
a2k1k2 + b2k1k2 + c2k1k2 + d2k1k2 .

Theorem 1. Let 1 < q ≤ 2, 1 ≤ λ2 ≤ λ1 ≤ q, 1
q + 1

q′
= 1. Then for |C;β1, β2|λ1,λ2-summability

almost everywhere on I2 Fourier series of function f(x1, x2) ∈ Lq(I2) is sufficiently,
1) in case of 1

q′
< β1 < +∞, 1

q′
= β2, for the condition to be met:

∞∑
n2=2

(lnn2)
λ2
q n

λ2
(

2
q
−1

)
−1

2

[ ∞∑
n1=1

n
λ1

(
2
q
−1

)
−1

1 · Y λ1
n1n2

(f)q

]λ2
λ1

< +∞;

2) in case of 1
q′
< β1 < +∞, −1 < β2 <

1
q′
, for the condition to be met:

∞∑
n2=1

n

(
1
q
−β2

)
λ2−1

2

[ ∞∑
n1=1

n

(
2
q
−1

)
λ1−1

1 · Y λ1
n1n2

(f)q

]λ2
λ1

< +∞;

3) in case of −1 < β1 <
1
q′
, 1

q′
= β2 for the condition to be met:

∞∑
n2=2

n
λ2

(
2
q
−1

)
−1

2 (lnn2)
λ2
q

[ ∞∑
n1=1

n

(
1
q
−β1

)
λ1−1

1 · Y λ1
n1n2

(f)q

]λ2
λ1

< +∞.

Proof of item 1). It was proved in work [29] that in case of 1
q′
< β1 < +∞, 1

q′
= β2, if the next

series

∞∑
n2=0

 ∞∑
n1=0

2n1+1−1∑
k1=2n1

2n2+1−1∑
k2=2n2

ρqk1k2 ln k2


λ1
q


λ2
λ1

converges, then series (1) is |C;β1, β2|λ1,λ2-summable almost everywhere on I2.
By simple calculations, we get

S =

∞∑
n2=0

 ∞∑
n1=0

2n1+1−1∑
k1=2n1

2n2+1−1∑
k2=2n2

ρqk1k2 ln k2


λ1
q


λ2
λ1

=
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=

∞∑
n2=0

 ∞∑
n1=0

2n1+1−1∑
k1=2n1

2n2+1−1∑
k2=2n2

ρqk1k2(k1k2)
q−2 ln k2(k1k2)

2−q


λ1
q


λ2
λ1

≤

≤ C
∞∑

n2=0

 ∞∑
n1=0

2n1(2−q)2n2(2−q)n2

2n1+1−1∑
k1=2n1

2n2+1−1∑
k2=2n2

ρqk1k2(k1k2)
q−2


λ1
q


λ2
λ1

≤

≤ C
∞∑

n2=1

2
n2λ2

(
2
q
−1

)
n
λ2
q

2

 ∞∑
n1=0

2
n1λ1

(
2
q
−1

)2n1+1−1∑
k1=2n1

2n2+1−1∑
k2=2n2

ρqk1k2(k1k2)
q−2


λ1
q


λ2
λ1

.

Hence, using the Hardy-Littlewood theorem [30], we obtain

S ≤ C
∞∑

n2=1

2
n2λ2

(
2
q
−1

)
n
λ2
q

2

 ∞∑
n1=0

2
n1λ1

(
2
q
−1

) ∥∥∥∥∥∥
2n1+1−1∑
k1=2n1

2n2+1−1∑
k2=2n2

Bk1k2(·, ·)

∥∥∥∥∥∥
λ1

q


λ2
λ1

. (3)

Now, using inequality [1]∥∥∥∥∥∥
2n1+1−1∑
k1=2n1

2n2+1−1∑
k2=2n2

Bk1k2(·, ·)

∥∥∥∥∥∥
q

≤ C · Y2n1−1,2n2−1(f)q, (4)

due to the monotonicity of the best approximation by an «angle» from (3), we have

S ≤ C
∞∑

n2=1

2
n2λ2

(
2
q
−1

)
n
λ2
q

2

[ ∞∑
n1=0

2
n1λ1

(
2
q
−1

)
Y λ1
2n1−1,2n2−1(f)q

]λ2
λ1

≤

≤ C
∞∑

n2=2

(lnn2)
λ2
q n

λ2
(

2
q
−1

)
−1

2

[ ∞∑
n1=1

n
λ1

(
2
q
−1

)
−1

1 Y λ1
n1n2

(f)q

]λ2
λ1

.

Proof of item 2). In case of 1
q′
< β1 < +∞, −1 < β2 <

1
q′
, by Theorem 2 in [29], the convergence

of series

∞∑
n2=0

 ∞∑
n1=0

2n1+1−1∑
k1=2n1

2n2+1−1∑
k2=2n2

ρqk1k2k
q(1−β2)−1
2


λ1
q


λ2
λ1

implies the |C;β1, β2|λ1,λ2-summability of series (1) almost everywhere on I2.
Carrying out simple calculations, using the Hardy-Littlewood theorem [30] and inequality (4), we

obtain

∞∑
n2=0

 ∞∑
n1=0

2n1+1−1∑
k1=2n1

2n2+1−1∑
k2=2n2

ρqk1k2k
q(1−β2)−1
2


λ1
q


λ2
λ1

=
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=

∞∑
n2=0

 ∞∑
n1=0

2n1+1−1∑
k1=2n1

2n2+1−1∑
k2=2n2

ρqk1k2(k1k2)
q−2k

q(1−β2)−1
2 (k1k2)

2−q


λ1
q


λ2
λ1

≤

≤ C
∞∑

n2=0

2
n2λ2

(
1
q
−β2

)  ∞∑
n1=0

2
n1λ1

(
2
q
−1

)2n1+1−1∑
k1=2n1

2n2+1−1∑
k2=2n2

ρqk1k2(k1k2)
q−2


λ1
q


λ2
λ1

≤

≤ C
∞∑

n2=0

2
n2λ2

(
1
q
−β2

)  ∞∑
n1=0

2
n1λ1

(
2
q
−1

) ∥∥∥∥∥∥
2n1+1−1∑
k1=2n1

2n2+1−1∑
k2=2n2

Bk1k2(·, ·)

∥∥∥∥∥∥
λ1

q


λ2
λ1

≤

≤ C
∞∑

n2=0

2
n2λ2

(
1
q
−β2

) [ ∞∑
n1=0

2
n1λ1

(
2
q
−1

)
· Y λ1

2n1−1,2n2−1(f)q

]λ2
λ1

≤

≤ C
∞∑

n2=1

n

(
1
q
−β2

)
λ2−1

2

[ ∞∑
n1=1

n

(
2
q
−1

)
λ1−1

1 · Y λ1
n1n2

(f)q

]λ2
λ1

.

Proof of item 3). Let −1 < β1 <
1
q′
, 1

q′
= β2. Then by Theorem 2 in [29] the convergence of series

∞∑
n2=0

 ∞∑
n1=0

2n1+1−1∑
k1=2n1

2n2+1−1∑
k2=2n2

ρqk1k2k
q(1−β1)−1
1 · ln k2


λ1
q


λ2
λ1

implies the |C;β1, β2|λ1,λ2-summability of series (1) almost everywhere on I2.
In a similar way to the proof of the previous points, using the Hardy-Littlewood theorem [30] and

inequality (4), we get

∞∑
n2=0

 ∞∑
n1=0

2n1+1−1∑
k1=2n1

2n2+1−1∑
k2=2n2

ρqk1k2k
q(1−β1)−1
1 · ln k2


λ1
q


λ2
λ1

=

=
∞∑

n2=0

 ∞∑
n1=0

2n1+1−1∑
k1=2n1

2n2+1−1∑
k2=2n2

ρqk1k2(k1k2)
q−2k

q(1−β1)−1
1 (k1k2)

2−q · ln k2


λ1
q


λ2
λ1

≤

≤ C
∞∑

n2=1

2
n2λ2

(
2
q
−1

)
n
λ2
q

2

 ∞∑
n1=0

2
n1λ1

(
1
q
−β1

)2n1+1−1∑
k1=2n1

2n2+1−1∑
k2=2n2

ρqk1k2(k1k2)
q−2


λ1
q


λ2
λ1

≤

≤ C
∞∑

n2=1

2
n2λ2

(
2
q
−1

)
n
λ2
q

2

 ∞∑
n1=0

2
n1λ1

(
1
q
−β1

) ∥∥∥∥∥∥
2n1+1−1∑
k1=2n1

2n2+1−1∑
k2=2n2

Bk1k2(·, ·)

∥∥∥∥∥∥
λ1

q


λ2
λ1

≤
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≤ C
∞∑

n2=2

n
λ2

(
2
q
−1

)
−1

2 (lnn2)
λ2
q

[ ∞∑
n1=1

n

(
1
q
−β1

)
λ1−1

1 · Y λ1
n1n2

(f)q

]λ2
λ1

.

Thus, the theorem is fully proved.
Using the following inequality [1]:

Yn1n2(f)q ≤ C · Ωr(f ;
1

n1 + 1
,

1

n2 + 1
)q

we can formulate another result.
Theorem 2. Let 1 < q ≤ 2, 1 ≤ λ2 ≤ λ1 ≤ q, 1

q + 1
q′

= 1 and r is a natural number. Then for
|C;β1, β2|λ1,λ2-summability almost everywhere on I2 Fourier series of function f(x1, x2) ∈ Lq(I2) is
sufficiently,

1) in case of 1
q′
< β1 < +∞, 1

q′
= β2, for the condition to be met:

∞∑
n2=2

(lnn2)
λ2
q n

λ2
(

2
q
−1

)
−1

2

[ ∞∑
n1=1

n
λ1

(
2
q
−1

)
−1

1 · Ωλ1
r (f ;

1

n1
,

1

n2
)q

]λ2
λ1

< +∞;

2) in case of 1
q′
< β1 < +∞, −1 < β2 <

1
q′
, for the condition to be met:

∞∑
n2=1

n

(
1
q
−β2

)
λ2−1

2

[ ∞∑
n1=1

n

(
2
q
−1

)
λ1−1

1 · Ωλ1
r (f ;

1

n1
,

1

n2
)q

]λ2
λ1

< +∞;

3) in case of −1 < β1 <
1
q′
, 1

q′
= β2 for the condition to be met:

∞∑
n2=2

n
λ2

(
2
q
−1

)
−1

2 (lnn2)
λ2
q

[ ∞∑
n1=1

n

(
1
q
−β1

)
λ1−1

1 · Ωλ1
r (f ;

1

n1
,

1

n2
)q

]λ2
λ1

< +∞.
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7 Leindler L. Über die Absolute Summierbarkeit der Orthogonalreihen / L. Leindler // Acta Sci.
Math. — 1961. — 22. — P. 243–268.

Mathematics series. No. 4(112)/2023 61



S. Bitimkhan, O. Mekesh

8 Timan M.F. A remark on the question of absolute summability of orthogonal series / M.F. Timan
// Dokl. Akad. Nauk Ukr. SSR. — 1966. — 12. — P. 17–20.

9 Ponomarenko Yu.A. On the absolute summability of Fourier multiple series / Yu.A. Ponomarenko,
M.F. Timan // Ukr Math J. — 1971. — 23. — P. 291–304. https://doi.org/10.10 07/BF01085351
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— 2008. — 56. — P. 25–29.

22 Leindler L. A new application of quasi power increasing sequences / L. Leindler // Publ. Math.
(Debr.). — 2001. — 58(4). — P. 791–796.

23 Bor H. On a new application of power increasing sequences / H. Bor // Proc. Est. Acad. Sci. —
2008. — 57(4). — P. 205–209.

24 Битимхан С. Об абсолютной суммируемости кратных рядов с монотонными коэффициен-
тами / С. Битимхан, М. Битимхан // Вестн. Караганд. ун-та. Cер. Математика. — 2010. —
№ 1(57). — С. 3–11.

25 Akishev G. The conditions of absolute summability of multiple trigonometric series / G. Akishev,
S. Bitimkhan // AIP conference proceedings. — 2015. — 1676. — No. 1. — 020095-1 – 020095-6.
https://doi.org/10.1063/1.4930521

26 Битимхан С. Абсолютная суммируемость рядов Фурье функции из классов Бесова / С. Би-
тимхан // Вестн. Караганд. ун-та. Сер. Математика. — 2016. — № 3(83). — С. 28–32.

27 Битимхан С. Об условиях абсолютной чезаровской суммируемости кратных тригонометри-
ческих рядов Фурье / С. Битимхан // Тр. Ин-та мат. и мех. УрО РАН. — 2019. — 25. —
№ 2. — С. 42–47.

62 Bulletin of the Karaganda University



Best approximation by «angle» ...

28 Bitimkhan S. Partial best approximations and the absolute Cesàro summability of multiple
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«Бұрышпен» ең жақсы жуықтау және екi еселi Фурье қатарының
Чезаро бойынша абсолюттi қосындылануы

Мақала қатарлардың абсолюттi қосындылануы немесе Чезаро бойынша қосындылану тақырыбына
арналған. Бұл жүмыстың өзектiлiгi мынада: бұрын көп зерттелмеген векторлық индекстiң абсолюттi
қосындылану түрi қарастырылатындығында. Авторлар векторлық индекстiң абсолюттi қосындылану
тәсiлi үшiн Лебег кеңiстiгi функциясының «бұрышпен» ең жақсы жуықтауы терминiндегi жеткiлiктi
шартты алған. Жеткiлiктi шартты беретiн теорема параметрлерге байланысты әртүрлi жағдайларда
жеткiлiктi шарттарды дәлелдейдi. Осы дәлелденген теоремадан белгiлi теңсiздiктiң көмегiмен Лебег
кеңiстiгi функциясының аралас тегiстiк модулi терминiндегi жеткiлiктi шарт алынады.

Кiлт сөздер: тригонометриялық қатар, Фурье қатары, Лебег кеңiстiгi, «бұрышпен» ең жақсы жуық-
тау, қатардың абсолюттi қосындылануы.
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Наилучшее приближение «углом» и абсолютная суммируемость
по Чезаро двойных рядов Фурье

Cтатья посвящена теме абсолютного суммирования рядов, или суммирования Чезаро. Актуальность
данной работы заключается в том, что рассматривается не изученный ранее вид абсолютного сум-
мирования с векторным индексом. Авторами получено достаточное условие для метода абсолютного
суммирования с векторным индексом в терминах наилучшего приближения «углом» функций из
пространства Лебега. Теорема, дающая достаточное условие, доказывает достаточные условия в раз-
личных случаях, которые могут зависеть от параметров. Из этой доказанной теоремы выводится
также достаточное условие в термине смешанного модуля гладкости функции из пространства Лебе-
га, которое легко получается с помощью известного неравенства.

Ключевые слова: тригонометрический ряд, ряд Фурье, пространство Лебега, наилучшее приближение
«углом», абсолютная суммируемость ряда.
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absolute Cesàro summability. Math. Comput. Model., 53, 832–838.

17 Sonker, S., & Munjal, A. (2017). Absolute summability factor ϕ− |C, 1, δ|k of infinite series. Int.
J. Math. Anal., 10 (23), 1129–1136.

18 Sonker, S., & Munjal, A. (2017). Absolute ϕ− |C,α, β; δ|k summability of infinite series. Journal
of Inequalities and Applications, 168. https://doi.org/10.1186/s13660-017-1445-5
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summability of multiple Fourier series. Bulletin of the Karaganda University. Mathematics series,
3(103), 4–12.

29 Bitimkhan, S., & Alibiyeva, D.T. (2022). Absolute Cesaro summability conditions for double
trigonometric series. Lobachevskii Journal of Mathematics, 43 (2), 337–344.

30 Bugrov, Ya.S. (1990). Summability of Fourier transforms and absolute convergence of multiple
Fourier series. Proc. Steklov Inst. Math., 187, 25–34.

Mathematics series. No. 4(112)/2023 65


