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Construction of the differential equations system
of the program motion in Lagrangian variables
in the presence of random perturbations

The classification of inverse problems of dynamics in the class of ordinary differential equations is given
in the Galiullin’s monograph. The problem studied in this paper belongs to the main inverse problem
of dynamics, but already in the class of second-order stochastic differential equations of the Ito type.
Stochastic equations of the Lagrangian structure are constructed according to the given properties of motion
under the assumption that the random perturbing forces belong to the class of processes with independent
increments. The problem is solved as follows: First, a second-order Ito differential equation is constructed
so that the properties of motion are the integral manifold of the constructed stochastic equation. At this
stage, the quasi-inversion method, Erugin’s method and Ito’s rule of stochastic differentiation of a complex
function are used. Then, by applying the constructed Ito equation, an equivalent stochastic equation of
the Lagrangian structure is constructed. The necessary and sufficient conditions for the solvability of the
problem of constructing the stochastic equation of the Lagrangian structure are illustrated by the example
of the problem of constructing the Lagrange function from a motion property of an artificial Earth satellite
under the action of gravitational forces and aerodynamic forces.

Keywords: stochastic differential equation, stochastic basic inverse problem, stochastic equation of
Lagrangian structure, integral manifold, quasi-inversion method.

Introduction. Problem statement

At present, the theory of inverse problems of dynamics has been developed fully in the class of ordinary
differential equations (ODE) [1-9]. This theory originates from the fundamental Erugin’s work [10], in which a
set of ODEs with a given integral curve is constructed. A generalization of methods for solving inverse problems
of dynamics to the class of Ito stochastic differential equations is given in [11-18].

Using the given set

A(t) : Mz, 2,t) =0, € R™, z € R", (1)

it is required to construct stochastic equations of the Lagrangian structure

d (0L oL , .
dt(ajzy)_axy =0,;(z,2,t)¢, (uzl,mj:l,r), (2)
so that the set A(t) (1) is an integral manifold of equation (2).

Here {&1(t,w), ..., & (t,w)} is a system of random processes with independent increments, which, following
[19], can be represented as a sum of Wiener processes and Poisson processes: £ = &y + fc(y)Po (t,dy). & is a
Wiener process. PP is a Poisson process. P(t, dy) is a number of process P° jumps in the interval [0, ¢] that fall
on the set dy. c(y) is the vector function mapping space R?" to value space R" of process £(t) for any ¢.
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The assigned problem was considered in the class of ordinary differential equations in [20]. The stochastic
Helmbholtz problem (the problems of constructing stochastic equations of the Lagrangian structure equivalent
to the given second-order stochastic Ito equation) was considered in [21]. In [22, 23] the above problem was
considered under the assumption that the system {&;(t,w),....& (t,w)} is a system of independent Wiener
processes which are a particular case of processes with independent increments.

The scheme for solving the problem is as follows: First, the second-order Ito differential equation

&= f(z,@,t) +o(x,4,1)¢ 3)
is constructed so that the given properties of motion are the integral manifold of the constructed stochastic
equation (3). At this stage, the quasi-inversion method [3], Erugin’s method [10], and Ito’s rule of stochastic

differentiation of a complex function in the case of processes with independent increments [19] are used. Then,
using the constructed Ito equation, an equivalent stochastic equation of the Lagrangian structure is constructed.

1 Construction of Ito equation by the given properties of motion (1)

Previously, the equation of perturbed motion

. O0X 0O\ o\ o .
A= —+—F+ — S1+ S+ Ss+ — 4
ot Tant T gg! T TSt Sat pret )
. . . L . 162\ T 0%\
is compiled according to the Ito stochastic differentiation rule, here S; 3952 : oo’ , and by 952 . D,
fs i
D = ool following [19], we mean a vector whose elements are the traces of the products of the
matrices of the second derivatives of the corresponding elements \,(x,#,t) of the vector A\(z,#,t) with
, _ 92\ 9%\, P?xn \1"
respect to the components @ on the matrix D — : D = |tr —D|,... . tr| —5D ; Sy =
02 02 02

o\
f {)\(LIJ, z+ O'C(y),t) - A<xvx7t> + aZEUC(y)} dy7 S; = f[)\(.’l),.f + 0'C(y>,t) - )\(.’I},.’I},t)]PO(t, dy) FOHOWng
Eerugin’s method [1], we introduce arbitrary vector-function A and matrix B with the properties A(0, z, %, t) = 0,
B(0,z,2,t) = 0 such that
A=A\ z,&,t) + B\ z,&,t)E. (5)

Comparing equations (4) and (5), we obtain the relations

92 =A oA @x'—Sl—Sg—Sg,

RO VR 6
giazB. ©

To determine the required functions f and o from equalities (6) we need the following statement:
Lemma 1 [4, p.12-13]. The set of all solutions of a linear system

Hv=yg,H = (hu),v= (&), 9= (gu), p=1,m, k=1,n,m<n, (7)

here H is the matrix of rank m, is determined by the expression

v=avl +°. (8)
Here « is scalar,
€1 €n
h11 hin
T
v =[HC] = [h1-hmCms1Cno1] =| hBm1 o hmn
Cnl+1,1 Cm—i—l,n
Cp—1,1 v Cp—1n
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is the cross product of vectors h,, = (h,) and arbitrary vectors ¢, = (cpr), p = m + 1,n — 1; e}, are unit vectors

of space R™, vT = (v]')

0 1 0
hll hlk hln
T
vi=| hmi o hmk o hmn |, V" =HTg,
Cm+1,1 -+ Cm+ln -+ Cm+ln
Cn—1,1 Cn—1,k Cn—1,n

H*=HT(HHT)"!, HT is the matrix transposed to H.
By Lemma 1, using (7), (8) we define the vector function f and the matrix o in the form

)\ oA\ " ON 0N,
f = §1 |:85L'C:| + <ax> <A — ot — %Z‘ —S1 — 8y — 53) (9)
O\ oA\ "
o = 82 [&CC} + (31‘) B;, (10)
here o; = (014, 02iy - .-, crm-)T is the i-th column of the matrix o = (0,;),(v="1n, j=17);

B; = (Bi;,Bai, ..., Bmi)" is the i-th column of the matrix B = (Buj), (n=T1,m, j=1,7), s1,s2 are the
arbitrary scalars.

Consequently, it follows from (9), (10) that the set of the second-order Ito differential equations containing
a given integral manifold (1) has the form

i} 2\ N " N 0N,
x281|:a$0:|+(8$> (A—at_&ﬂx_51_52_53>+

oA oA\ T X AN\ T :
+ <821 |:8Z‘C:| + <8x> Bl, . Sop |:8$C:| + (83}) Br> f

2 Construction of the Lagrangian structure equation (2) according to the Ito equation (3)

d (0L
W d th ssion —
e expan e expression 7 ( 0,

processes with independent increments [19]:

) according to the Ito stochastic differentiation rule in the case of

d (0L %L 0%’L 0L N - .
d (oL _ . _o°L 1
dt (8IEV) al’yat + ai’yaxkl‘k‘i‘ ai‘yai}kwk—i_SlV +SQV+S3V) ( )
x 1 0L ~ OL(z,& + oc(y),t) OL(x,,t)
h e 47 .= ) . ) _ .7 ) ,
ere S1 = 3 g om0k S =] i, i, }dy
~ OL(x, & + oc(y),t OL(x,a,t
5y, = OB LoD OLEE Dy )
Therefore, equation (2), taking into account (11), can be written in the following form:
d(OLY_OL _ e L PL L
At \oi,) oz, TPV T Gi0t T w0z, ¢ 0d,0m ¢
3 _ 3 oL , L
+51, + S2u + Sz, — e oz, &, )¢ (12)
Or, taking into account (12) and equation (3), we have
9*L 9*L *L . - 5 oL .
3 i v v v - j ’ .at )=
D, 0t " By 0mn kT B0,k TSt Sa S = g = o (@ & 00
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=i, — fol@,@,t) + o (2, &, )¢ (13)
Relation (13) implies the equalities
0*L v O0°L 0*L

~ ~ ~ oL /

a. a. 5 3y 5 { SV Sl/ Su_ = Jvy Oyj 7.7t: vj- 14
Ji,0r O Beyat T B, omy kT TS S = 5 = o oy (08 0) = o (14)
Thus, the following theorem is proven.

Theorem 1. To construct the stochastic equation of the Lagrangian structure (2) by the given set (1), so that

set (1) is the integral manifold of the constructed equation, it is necessary and sufficient to satisfy conditions
(14).

8 An example

Let us consider the stochastic problem of constructing a Lagrange function for a given property of motion
by the example of the motion of an artificial Earth satellite under the action of gravitational and aerodynamic
forces [24].

Consider the properties of motion in the following form:

At): A=0%+a10* + s =0, A€ R (15)
Then the perturbed motion equation (4) takes the form
A =200+ 20100 + Sy + Sy + Sz = 200 + 2010f + S1 + Sy + Ss + 20100, (16)

here S = aj02, 52 = [ {2alac(y)[4é + ac(y)]} dy, Ss = [ {2alac(y)[49 + Uc(y)}} PO(t,dy).

Let us introduce Erugin’s functions a = a(}, 0, 0, t), b= b()\,e,é,t) with the property a(O,G,é,t) =
=0(0,6,0,t) = 0 and such that the relation

A =a\(8,6,t) +bA0,0, )¢ (17)
takes place. From relations (16), (17) it follows that the set of equations (3), in our example is having the form
0= 1(0,0,t)+0(0,0,t)E,

possesses the integral manifold (15) if f and o have, respectively, the forms
92+a192+a2)—299—51 — S5 — S5 b(92—|—a192+a2)
. , o= . . (18)
2010 20110

The equation of motion of an artificial Earth satellite under the action of gravitational and aerodynamic forces,
following [24], can be written in the form

y=

here 6 is a pitch angle, functions f, & have the forms
f = Qlsin20 — Qlg(0) + b, & = Qdlg(6) +nd). (20)

Let us construct the Lagrangian using equation (19). In equation (19), we take into account relations (18).
These relations give the integrality of the given set (15). It follows from the equalities f = f, 0 = & that four
parameters @, 9,7, [, determining the dynamics of the satellite motion (20), must satisfy the following relations

b(602 + 01 6% + o) = 2a,0Q8[g(0) + nd).

Then, by definition from [25], (19) admits an indirect analytical representation in terms of the stochastic
Lagrangian equation if there exists a function h such that the identity

oL\ oL ... . .
0(%) - 5%~ o0, =i - ot

{ a(0? + 010 + az) — 200 — Sy — Sy — S5 = 2016 {Ql sin 20 — Q[g(0) + ne’]} ,

takes place.
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Let us find the function h = h(t) so that the necessary and sufficient Helmholtz conditions |25, p.107] for
the existence of the Lagrangian are satisfied for the scalar equation 1;(6,0,t)0 + 12(0,0,t) = 0:

% all 0({%1

00 ot a8’

In particular, a function h = e~®"* satisfies this condition. Substituting h in (19), we obtain

.. . 2 . 2 . 2
ot p_ g = Py, PL; L 0L

— P /.
062" T 2a0e” T aear ~ a° ¢

Thus, the required Lagrangian is constructed in the form

1. 1
L= e*W[§92 —Q(Gleos20+ )], here G = /g(e)de,

which provides a representation of the equation (19) in the form of the Lagrangian structure equation:
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Kezneiicok TypTKijiep 6oaranaaa JlarpaHKabIH aifHbIMAaJIbLIaPbIHIAFbI

OargapJiaMaliblK KO3FAJBICTBHIH, U depeHImanabik
TeHJieyJiep >KyieciH Kypy

Maxkanaga VTo TunTi ekiHII PeTTi CTOXACTUKAJBIK, AuMMEPEHIINAIIBIK TEHIEYIEP KIAChIHIAFBl JTUHA-
mukanbd, Herizri (A.C. Tanmysmn xikremeci Goiibiama) Kepi ecenTepinin HYCKAIapBIHBIH 6ipi KapacThI-
pourrad. Mto Tumingeri croxacTukasibk, auddepeHIuaiablK, TeHaeyIep KaackiHaa Jlarpan:x tesaeysepi
GepinreH KO3FajbIC KaCHETTEepiHe ColiKec KypbLIaabl. By XKaFmaiiia KYIITiH Ke3IeHCOK, TYPTKLIepl Toyesi-
ci3 ecimimesi yaepicrep KJACBIHAH Jien GOJIKAJIBIHAILI. AJIIBIMEH €CelTi MIeNnty YIMH KBa3uKalTapy aici
OoibIHIIIA KO3FAJIBICTBIH OepijireH KacueTTepine coiikec Epyrun oicimen »koHe ToyeJici3 eciMmiesi yiepicrep
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JKaFTafbIHIa Kyp/aed pyHKIMSHBIH CTOXaCTUKAJBIK, auddepennuasaay dpopmyrackiMen ekinmri perti to
muddepeHnnaIbIK, TeHAeyl OeplireH KO3FaJIbiCc KACHeTTEpi CAJIbIHFAH CTOXACTUKAJIBIK, TEHJIEYIiH WHTE-
rpaJiIbIK, KeroeitHeci OoaThIHIal eTinn KypbLiaabl. EKiHII Ke3eH e, aabiaran VITo TeHeyine coiikec, oraH
9KBUBAJIEHTTI JlarpaH:k KypBIIBIMBIHBIH CTOXaCTHKAJIBIK TeH 1€y Iepi KypbLIaabl. OChLIalna, Toyesaci3 eciM-
resti yiepicrep KIachlHIa Ke3/IecoK TYPTKiep Oosran Ke3jie OepisireH Ko3raJbic KacuerTepinen Jlarpamxk
KYPBLIBIMBIHBIH, TEHJEYIH KYPY MOCeseCiHiH MeniMIiIir yImH KayKeTTi )KoHe KEeTKIJIKTI mapTTapbl ajiblH-
ran. Anbiaran mormkesep 2KepiiH kKacaHbl CepiriHiH TapTHIILIC KYIITEPl MEH adpPOJIUHAMUKAJIBIK, KYIII-
TepaiH ocepinen OepisireH KO3FaJbIC KacueTiHe coiikec Jlarpamk yHKIUSCHIH KYPYIbIH CTOXACTHKAJIBIK,
eceDiHiH, MBICAJIBIH/Ia KOPCETLITeH.

Kiam cesdep: VIto Tunti croxacTukaibik, auddepeHnmuaiiblK, TeHIeyl, CTOXaCTUKAIBIK, Heri3ri kepi ecebi,
JlarpaHX KypbLIBIMBIHBIH CTOXaCTUKAJIBIK, TEHIIEY1, MHTErPAJIBLIK, KObeliHe, KBasuKaiTapy o9Iici.

M.U. Trey6eprenos?, I' K. Bacmmmmal?, JI.T. Axbimbaes?

L Mnemumym mamemamusy, U Mamemamuieckozo modeauposanus, Aamamol, Kasaxcman;
2 Kasazcrutl HayuoHaivmod yrusepcumem ument atv-Papabu, Aimamo, Kazaxcman;
3 Anmamuncruti yrnueepcumem anepeemuru u ceéazu umeny I. Jayxeesa, Aamamol, Kazaxcman;
4 Axmiobuncruti pezuonasviol ynusepcumem umernu K. XKybanosa, Axmobe, Kasaxcman

ITocTpoenne cucrembl auddpepeHTUaIbHBIX YPAaBHEHUIH
MIPOrPaMMHOIO ABU2KEHNS B JIArPAH>KEBBIX II€PEMEHHBIX
NpU HAJUYUU CJIIYyYaNHBIX BO3MYIIEHUN

B crarbhe paccMOTpeH ofmH U3 BapuaHTOB OCHOBHOU (1o Kaaccudukammm A.C. Tamnymmaa) obpaTHOi 3a-
JladM JUHAMUKU B KJIACCE CTOXaCTUYeCKuX JuddepeHInaJlbHbIX YPABHEHNNH BTOPOro Mnopsijika Tuma MTo.
IlocTpoensr ypaBuenusi Jlarpan:ka 1mo 3aJaHHBIM CBOWCTBaM JBHXKEHUS B KJIACCE CTOXACTUYECKUX Jnd-
depenmmabHbIx ypaBaennit Tuna Uro. Ilpu sTom ciydaiiable BO3MYIIAIONINE CHAJIBI TMPEIOIATAIOTCS U3
KJIACCA MPOIIECCOB C HE3ABUCUMBIMU IPUPAIeHUsAMHA. [lJIs1 periennsi HOCTABJIEHHOM 3a/1a91 Ha TIEPBOM dTaIle
10 3aJI@HHBIM CBOHCTBAM JIBUXKE€HUSI METOJIOM KBa3MOOpaIleHusI B COYETaHUU ¢ MEeTOJA0M EpyruHa u B cuiry
CTOXaCTUIECKOTO b depeHITNPOBAHNS CIIOKHON (DYHKIINY B CJTy9Iae MPOIECCOB ¢ HE3aBUCUMBIMU TIPUPAIIIE-
HUSIMH TIOCTPOEHO JnddepeHrmaabioe ypaBuenre VITo BTOporo mnopsijika Tak, 9To0ObI 3aJaHHbIE CBOMCTBA
JIBUKEHUsl SIBJISUINCH MHTErPaJbHBIM MHOIM00Opa3sueM IIOCTPOEHHOIO CTOXaCTUYECKOro ypasHenusi. U, ma-
Jiee, HA BTOPOM 3Talle IO TMOCTPOEHHOMY ypaBHEHHIO VITO CTPOSTCS SKBUBAJEHTHBIE €My CTOXACTUIECKUE
YPABHEHUsI JIATDAHXKEBOM CTPYKTYpbI. TakuM 06pa3oM, MoJrydeHbl HEOOXOIUMBIE U JOCTATOYHBIE YCJIOBUS
Pa3pelMMOCTH 3aJla49U TIOCTPOEHUs] YPABHEHUS JIAUPAHYKEBOW CTPYKTYPbI 110 3aJIaHHBIM CBOWCTBAM JIBH-
KEHUsI TPU HAJUYIAU CJIydaiHbIX BO3MYIIEHUIH W3 KJacca MPOIECCOB C HE3aBUCUMBIMU MPUPAICHUSIMUA.
Tlony4dennble pe3ysabTaThl TPOUJIIOCTPUPOBAHBI HA MPUMEPE CTOXACTUYECKOH 3a/1adM MOCTPOEHUsT (DYHK-
nuu Jlarpamka 1o 3aJaHHOMY CBOWCTBY JIBUYKEHHsI MCKYCCTBEHHOTO CITyTHUKA 3€MJIM TIOJ JEHCTBUEM CHJI
TATOTEHUs] U A3POJIUHAMUIECKUX CHUJL.

Karoueswie caosa: croxacrudeckoe auddepeHimaibioe ypasaenne Mo, croxacTuaeckass OCHOBHasi 0bpaT-
Hasl 3aJada, CTOXaCTUYIECKOe ypaBHEHHE JIarDaHKeBOH CTPYKTYDBI, HHTErPAJILHOE MHOrooOpasue, MEeTO/T
KBa3uOOpAaIeHHsI.
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