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The Schrodinger equations generated
by ¢-Bessel operator in quantum calculus

In this paper, we obtain exact solutions of a new modification of the Schrédinger equation related to the
Bessel g-operator. The theorem is proved on the existence of this solution in the Sobolev-type space Wq2 (R;’)
in the g-calculus. The results on correctness in the corresponding spaces of the Sobolev-type are obtained.
For simplicity, we give results involving fractional g-difference equations of real order a > 0 and given real
numbers in g-calculus. Numerical treatment of fractional g¢-difference equations is also investigated. The
obtained results can be used in this field and be supplement for studies in this field.

Keywords: g-integral, g-Jackson integral, ¢g-difference operator g-derivative, the g-Bessel Fourier transform,
the Sobolev type space,the Schrédinger equation, ¢-Bessel operator.

Introduction

The origin of the g-difference calculus plays an important role due to their numerous applications and its
importance in mathematics and other scientific fields. This calculus can be traced back to the works in [1,2]
by F. Jackson and R.D. Carmichael [3] from the beginning of the twentieth century, while basic definitions and
properties can be found e.g. in the monographs [4, 5]. Recently, the q-difference calculus has been proposed by
W. Al-Salam [6] and R.P. Agarwal [7]. Today, maybe due to the explosion in research within the fractional
differential calculus setting, new developments in this theory of fractional g-difference calculus have been
addressed extensively by several researchers.

The Schrodinger equation is the fundamental equation of the science of submicroscopic phenomena known as
quantum mechanics. This equation studied by the Austrian physicist Erwin Schrodinger in 1926 [8]. Moreover,
it is widely used in modern science in such areas as quantum information and econophysics [9,10].

Nowadays, the several methods and techniques have been developed to study exact and approximate
analytical solutions to the modern models of the Schrédinger equation for a better understanding of its dynamical
behavior [11,12]. The Exact solutions of the Schrédinger equation play an important role not only from a pure
mathematical point of view but also for the conceptual understanding of the physical phenomena.

The paper is organized as follows: The main results are presented and proved in Section 2. To not disturb
these presentations we include some necessary Preliminaries in Section 1.

1 Preliminaries
Throughout this paper, we assume that 0 < ¢ < 1. We start by recalling some basic notation in the

g-calculus, see e.g. the books [4] and [13].
Let @ € R. Then a g-real number [a], is defined by

. 1—g®
where lim 4% = a.
g—1 74
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‘We introduce for k € N:

(@0 =1, (@ahn = [ (1 - ") (@) = I (a,q)n (aiq)e =~

P n—co (405 q)oc

The g-analogue of the binomial coefficients [n],! are defined by

in],! = 1, ifn=20
T [y x [2]g X -+ X [n]y, f nEN.
The ¢>-differential operator is defined by (see [14] and [15])

flato) + f(—q"'z) — f(a@) + f(—qz) — 2f(—=)

aqf(x) = 22(1— q) )

where z # 0.
Note that if f is differentiable at x, then 1irri 0gf(x) = f'(z).
q—

A repeated application of the g2-analogue differential operator n times is denoted by:
0p n+lp n
0, f =1, 9 f—aq(aqf).

The definite g-integral or the g-Jackson integral of a function f is defined by the formula (see [1] and [2])

[0 = - 0a Y- st we 0.
0 k=0

and the improper g-integral of a function f(z) : [0,00) — R, is defined by the formula

[rodt=a-0 Y 1@,

k=—oc0
We denote RY = {¢", k € Z} and define

P

L (B]) = A fllpa = | [ IF@P2 e | < o).
0
Definition 1. (see [16] and [14], [17]) The ¢-Bessel Fourier transform is defined for f € L}, ,(Rf), by

FoalHHA) = cqa /f x)ja(Ax;q ) 2O"qu:lc7 0<z<oo (1)
0

and its inverse F, Lg(x) is given by
o0

Fpdo@) = cp [ Frn@)WiaOa @A 0 <0< o, 2)
0
1 —
for g € Lé}q(R(}*‘), where ¢4 = F(qj((2+1).
Definition 2. (See [18]) For 1 < p < 0o, we define the Sobolev type space associated with the g-Bessel Fourier
transform W2 (R;") equipped with the norms

l ) = / L+ AR)E |F o (0)(N) Py
0
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Let 0 < T < co. We also introduce the spaces C* ([0, T]; WP(R])) and C* ([0,T]; LE(R])) defined by the
finiteness of the norms

k
Ilon oy e * 22 o 198 g
n—
and
k
H“Hck([o,T];Lg(R;)) = Oogl&x 107 u(t ')HL@(R;y
n—
respectively.

For A € C, the function j,(\z;¢?) is the unique even solution of the problem

{ Aq,ozf(x) = _)‘Qf(x)a
f0)=1,

where

1
Agaf(r) = W%Hl‘lm“@qﬂx)}

Moreover, if f and A, o f are in L}, ,(Rq ), then (see e.g. [14] and [17]):

FaalBgaf)N) = =N2Fga(f)(N). 3)
Theorem 1. 1) (Plancherel formula [17]) For all f € 9, .(R), we have
1Fg.0(Fll2,000 = [[fll2,00- (4)

2) (Plancherel theorem) The g¢-Bessel transform can be uniquely extended to an isometric isomorphism on
L2 (RF) with F 2 = Fya

2 Main problem
We consider the Schrédinger equation generated by the g-Bessel operator A, o f in the following form:
Opu(t, ) — ilg o zu(t,x) = f(t, ), (t,x)€[0,T] % R;‘, (5)

u(0,z) = p(x), = eR}. (6)

where the function ¢ is given functions listed above.
Theorem 2. Let 0 < a < 1. Suppose that f € C! ([0,T],L2 ) and ¢ € W(JQ(R(‘;). Then the problem

(5)-(6) has a unique solution u € C* ([0,T], L*(R])) N C ([0, T], W, ( +)) and can be represented by formula

u(t,r) = //exp —iANt)p(2) 70 (Ax; ) 2?0 (x5 )N d 2 d A
0

t
—I—cg/
0

Proof. We assume that

[=)

/exp (=i (t — 8)) f (5, 2)ja(A7; @) 2T 0 (A2; )N d 2 d Ads.
0
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for fixed A. Let us prove the existence first. Taking the g-Bessel Fourier transform F, , (see (1)) on both sides
of (5)—(6) we have a simple initial value problem (IVP) of linear ODE:

U'(t) +iN2U(t) = F(t) (7)

U0) =\ (®)
and 0 < t < T. The solution of the problem (7)—(8) is given by

t

U(t) = @\ exp(—i\*t) + /exp(—i)\2(t —5))F(s)ds. ©))
0

Now by using the inverse ¢-Bessel Fourier transform F, } in (2) to (9), we obtain the formula for the solution
of the problem (5)—(6), given by

exp(—iN*t)p(@)ja (A5 ¢°)a* T jo (Az; ¢*)N*H dgwd A

<
=
8
S~—"
Il

o
SN
Q

- 0\8

0\8 0\8

oo

/exp(—i)\z(t —35))f(s,z)ja(Az; q2)x2a+1ja()\x; q2))\20‘+1dqxdq)\ds.
0

2
o
0

Let o € W2(R}) and f € C ([0,T]; W2(R])). Using |exp (—2)| < 1 for z € C, Parseval’s identity(see (4))
and the relation (9) in the following form:

2

Faoo (u(t, D < B exp(—ia?h)]* + /eXp(—MQ(t—S))F(S)dS
0

IN

B+t / Fr (1)) ) ds.
0

Hence, using the Parseval’s identity (4) and (3)

lut, N30y = 1Faa (ult,)) 130,

N /IF a (ult ) ()P AZ* 1A
0

IN

t
1Faen () B+t [ 1Fpe (7050 By
0
t

A

ds

2 2
= ||w||2,a,q +1 / OISHSaSXT ||f(87 ) 2,a,q
0

||¢||%,a,q + TQHfHQC([O,T];Lg(Rqu)) < 0. (10)

IN
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Then,

lutt Mwaesy = [ (140 P (e, ) V) dgA

0\8 0\8

t oo
< @HN) BN oA +1 / /(1 + A2 [ Fga (f(s.9) (V)] dygAds
0 0
t
< H‘PHW(?(R;) + ohax, 1£(s, ')||W§(Rq+)d3
0
< H‘)OHW(?(RJ) + Hf”C([(),T],WqZ(Rqu)) < 00. (11)

From this, ||u\|c([07T])W3(R;)) < 00.
Finally, using the relation (9) and the Parseval’s identity (4) we have

0t Mhzry < [+ Fua () O A+ [ 1Fpa (78D O A
0 0
< llellwemsy + 17 )l L2 @)
< ||90||W3(Rq+) + ||ch([o,T}7Lg(Rq+)) < oo. (12)

From (10), (11) and (12) we conclude that the solluation u € C ([0,T], W2(R
unique. Assume that there are two different solutions u(¢, x) and v(t, z) of Problem

$)) U C ([0.T], Ly(R)) is
(5) and (6) such that
{ atu(tax) - iAq,a,mu(tﬂ :ZJ) = f(tvx)v (t71') € [OvT] X Rqua
u(0,z) = o(z), z €RY,
e { Duv(t, 1) — iBgaar(t,2) = f(t,2), (t,2) € [0,T) x RY,
v(0,2) = p(z), r e RS

Denote W (t,z) = u(t,x) — v(t,x). Then the function W (¢, z) is the solution of the following problem.

AW (t,2) — il W(tx) =0, (t,z)€[0,T] xRy,
W(0,z) =0, z € R

From (10) it follows that W (¢,x) = 0. Hence, u(¢,z) = v(t, ). This contradiction shows that our assumption is
wrong so the solution is unique. The proof is complete.
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C. Maitmapaan!, H.C. Toxkmaramberos!?

YILH. Nymunes amovmdaess Eypasus yammu yrusepcumemi, Hyp-Cyaman, Kasaxeman;
2 Axademur E.A. Boxemos amuwmdaes. Kapaeandv ynusepcumemi, Kapaeandw, Kazaxcman

KBaHTTBIK ecenrteyle ¢-Beccesib onepaTropbIMeH aJIbLIHFAH
IHIpeannarep Tenaeyepi

Maxkanana g-Beccens omepartopsiven Oaitnanpictel [llpemnnrep TenpeyiniH KkKaHa MOINMUKAINASICHIHBIH
HaKTHI mentimaepi ajgpiarad. Byut memivuin CobosieB Tuirrec Wq2 (]R(J{) KeHicTirinmeri g-ecenreyze 6ap ekeH-
Jiri TypaJibl TeopeMa jasesaerred. CoboJIeB TUNITEC TUICTI KEHICTIKTEP/Ieri YPBICTHIFBI TYyPaJibl HOTUKE-
Jiep anbiHapl. KapamafibIMapuiblK, YImH a > 0 HaKTBl PeTTi OOJIeK ¢-afbIPBIM/IBIK TEHJIEYJIEPIH YKOHE
g-ecenTeyneri OepiireH HaKTHI CAHIAP/AbI KAMTUTBHIH HOTHXKeJep Oepinren. Besek g-aibIpbIMIBIK, TeH1e-
yJIepiH CAHIBIK OHJEY e 3ePTTE . AJIBIHFAH HOTHUXKEIEP *KaHa *KoHe 91ebueTrTepieri 6e/riji HoTuKeTepIi
2KAKCAPTAbl 2KOHE TOJIBIKTBIPAIBL.

Kiam cesdep: g-unrerpad, g-/1>KeKCOH UHTErpaJIbl, g-albIPMAIIBLIBIK, OIIEPATOPbI, ¢-TybIH b, g-Pypbe Bec-
cesib Typaenaipyi, Cobosnes tunrec Kenicrik, IlIpeaunrep Tenmeyi, g-Beccennb omeparopsr.
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! Bepasutickuti nayuonarvnod yrusepcumem umenu JI.H. Dymuaesa, Hyp-Cyaman, Kasazcman;
2 Kapazandurckuti yrnusepcumem umenu axademura B.A.Byxemosa, Kapazanda, Kaszazcman

YpaBuenud Illpenunrepa, mopoxkJieHHbIE ¢-OIMEPATOPOM
Beccesist B KBAaHTOBOM MCYUCJIEHUN

B crarbe mambl mosrydennl TOUHBIE peleHus HOBOM Mommdukanuu ypaBHenusi [llpeauurepa, cBsS3aHHBIE
¢ g-oneparopoM bBeccens. lokazana TeopemMa O CyIIECTBOBAHHU ITOrO DEIIEHUs B IIPOCTPAHCTBE CODOJIEB-
CKOr'O THIIA qu (Rf{) B g-ucuucyieHuu. [loyrydeHbl pe3yibTaTbl O KOPPEKTHOCTA B COOTBETCTBYIOIIUX ITPO-
cTpaHCcTBaxX cOO0eBCKOro Tuta. st MpOCTOTHI aBTOPaMU IPUBE/IEHBI PE3Y/IbTATHI, CBSI3aHHBIE C APOOHBIMHU
Q-Pa3HOCTHBIMHM YPaBHEHUSIMU JIEHCTBUTEJILHOIO NOpsJKa a > 0 M 3a/laHHBIMU BEIIECTBEHHBIMHU YHCJIaMU
B g-ucuucyenuu. Mccnenopana dnciieHHasi oOpaboTKa JPOOHBIX ¢-pPasHOCTHBIX ypapHeHuil. [losyueHHble
pe3y/IbTaThl ABJIAIOTCA HOBBIMU U JOIOJHSAIOT U3BECTHBIE paHee B JIUTepaType.

Kmoueswvie cnosa: g-maTerpas, g-mHTerpaa J»KeKcoHa, ¢-pasHOCTHBIN oOIeparop, ¢-IPOU3BOIHAS, (-
npeobpazosanne beccens—Pyprbe, mpocTpaHcTBO cOH60IEBCKOrO THIA, ypaBHenue IlIpeaunrepa, g-oneparop
Becces.
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