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Boundary value problem for fractional diffusion equation
in a curvilinear angle domain

We consider a boundary value problem for the fractional diffusion equation in an angle domain with a
curvilinear boundary. Existence and uniqueness theorems for solutions are proved. It is shown that Holder
continuity of the curvilinear boundary ensures the existence of solutions. The uniqueness is proved in the
class of functions that vanish at infinity with a power weight. The solution to the problem is constructed
explicitly in terms of the solution of the Volterra integral equation.
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Introduction and problem statement

Consider the equation

« 2
(iﬂ_§;>wﬂw—f@wx 0<a<l) (1)

where (%—aa denotes a fractional derivative with respect to y of order o with the origin at the point
z=0.

The fractional diffusion equations and their generalizations have attracted great attention in recent
years. Research of (1) began in works [1-4].

To give an idea of the variety of problems considered for this equation and the multiplicity of
approaches to studying them, we mention [5-33]. An overview is provided in [31]. A more detailed
survey can be found in the article [34]. We also point out the monographs [35-37], which reflect many
of these approaches and contain vast bibliographies concerning the issue.

Interest in the study of fractional differential equations is also fueled by applications in physics and
simulation (see e.g. [38—41]).

Fractional differentiation is given in the Riemann-Liouville sense [38], i.e.

(67

_ «@ _ 8 a—1
@U(Iﬂ,y) - DOyu(‘Tay) - 8yDOy u(x,y)

and
1

y
I‘(1_01)/0 u(t)(y —t)~“ dt.

We will consider the equation (1) in a curivilinear angle domain 2 that is defined by

D, tu(w,y) =

Q={(z,y): y>0, > z2(y)},

where z(y) is a non-decreasing continuous function such that z(0) = 0.
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A function u(z, y) is called a regular solution of equation (1) in the domain Q if y'~*u(z,y) € C (Q),
and, moreover, u(x,y) has continuous derivatives in 2 with respect to x up to the second order, and
the function Dg‘y_ 1u(w, y) is continuously differentiable as function of y for a fixed = at interior points
of Q, and u(x,y) satisfies equation (1) at all points of €.

Our purpose is to solve the following problem: find a regular solution of the equation (1) in the
domain Q satisfying initial and boundary value conditions

lim DG Mu(ey) = (@) (@ > 0) )

and
u(z(y),y) =¢y)  (y>0) (3)

where 7(z) and ¢(y) are given continuous functions.
The problems in domains with curvilinear boundary were considered in [42], [26]. For the problems
for parabolic equations in angles domains, we refer to [43-46].

1 Notations and preliminaries

In what follows, we use the denotations
wp(w,y) =2~ (=B, ~laly™) (4)

@
w(m,y) :'U)O(x,y), and 5: 5
In (4), ¢ denotes the Wright function [47], [48],
b; z) = _ —1).
¢(a.b; 2) g%mrmk+@ (@>-1)
The asymptotics of the Wright function can be given in the form [48]

O(—B. s —t) = exp (—pt7) AL + 0 (=) (t = o0), (5)

where § € (0,1), 0 = (15, p= (1 - B)BT7, and § = 52,

In particular, formula (5) implies

wu(z,y)| < C |2y, (6)
where (1) ¢ NU (0}
07 —HK U0 ) _
0> { 1, (—p) eNU{O) and C=0C(B,ub).

Here and subsequently, by C' we denote positive constants, which may be different in different cases,
indicating in parentheses the parameters on which they depend, if necessary, C = C(a, 3, ...).
The differentiation formulas for the Wright function [48|

d
and [49]
Dg, [y“_1¢ (—ﬂ, 1; —ycg)] =y <—57 p—v; —y%) (c>0)
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give

0 . v

% w#(xv y) = —szgn(x)wu_g(x, y)v DOy wu(l‘, y) = w,u—l/(x’ y)v
and

(03 82
(Doy - 83:2> wu(z,y) =0 (neR, 2| >0, y>0).

We need later the following two statements.

Lemma 1. Let ¥(t) € L(0,y), let the function 1 (t) be left continuous at the point ¢ = y, and let

0<z(y)—2() <Cly—y)° (6>5, 0<t<y).
Then

z—2(y)
z>2(y)

lim / Yt w(x —2(t),y —t)d /w —2(t),y —t)dt.

Lemma 2. Let t1=%¢(t) € C[0,y], let q(t) be Holder continuous in a left neighborhood of y with an

exponent § > «,
la(t) —a(y)| < Cly—t)°  (y—e<t<y, e>0),

and let
t%(t) <y'%q(y)  forall te(0,y).

Then
(Dgtq)t:y > 0,

and (Dgq),—, = 0 if and only if ¢(t) = ctet.
The proof of Lemma 1 is given in [26]. Lemma 2 is proved in [42] (see also [50]).

2 Existence theorem
Theorem 1. Let
0<2(y2) —2(y) SCl—wm)’  (0<y <y, §> ),
7(z) € C[0,00), ¥ %(y) € C0,00),  7(0) =T(a) [y (¥)] g
y' T f(z,y) € C(Q),
xlgl(’)lo 7(x) exp (—wxﬁ> =0,
xlgrolo y! " f(x,y) exp (—wxﬁ> =0,
for every w > 0, and let the function f(x,y) be representable in the form
f(2,y) = Dy, g(x,y)

for some § > 3 and y'~*Tg(z,y) € C(Q).

Then there exists a solution to problem (1), (2), and (3); it can be represented in the form:

u(z,y) /¢ (x —2(t),y —t)dt + T(z,y) + F(z,y),
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where
1 [ 1 (Y [
T(:an) =35 T(s)wg(m—s,y) dS, F(l’,y) =5 f(S,t)U]/@’(CL‘—S,y—t) deta
2 Jo 2 Jo J.o
and the function 1 (z) is a solution of the integral equation

+ /wa(t)w(Z(y) —2(t),y —t)dt = p(y) — T(2(y),y) — F(2(y),y). (14)

Proof. Consider separately each of three summands on the right side of (13), namely F(z,y),
T(z,y), and ¥(z,y), where

U(z,y) /1/} w(x — z(t),y —t) dt.
Let us start with F'(z,y). By (5), (6), and (7), with (11) and (12), we get
|[F(ay)l < Cy*,

and
—2 F(z,y) = 1o /y/ sign(z — s) g(s, )ws(x — s,y — t)dsdt =
) 2 Y 29 0 «(0) g ; 4 'Y

B Y (y — )01 1 (Y [ -
_—A mg(x,t)det+2A /Z(t) g(Syt)'LU&fﬁ(x_Svy_t)det—

1 voreo
:—f(a:,y)—i—zDg‘y/o /() f(s,t)wg(x — s,y —t) ds dt.
2(1

This means that
11—« e} : a—1 _
y' TF(z,y) € C (Q), 513% D§, F(x,y) =0, (15)

and
L0
(25, - 52z ) Fa) = Fla.0).

Consider now T'(z,y). By (5), (7), and (10), one can check that

Doy - W T(.f,y) = 0.

Rewrite T'(z,y) in the form

T(x,y) = ;/000 [7(s) — 7(x)] wg(z — s,y) ds + 7-(2@ /000 wg(z — s,y) ds.

Using (5), (6), and (7), leads to

/Ooowﬂ(l‘—sy </ / )wﬁ )dS—Qli/;)l—wa(%y)
< ( Jy f) 7(s) — 7(2) wa(w — 5,y) ds +
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+C  sup |7(t) — 7(y)| /::wﬁ(ﬂf —s,y)ds < Cy* [ye + w(s)] )

te(x—e,zr+e)

where 6 > 0 and w(e) — 0 as € — 0. This gives that
yl_O‘T(ac,y) =C (ﬁ\ {0, 0}) and Dgy_lT(:J:, y) = 7(x).

Let us examine the behavior of T'(x, y) in a neighborhood of (0, 0). Assume that o = o(y) is a continuous
function defined in a right neighborhood of the point y = 0 such that (o(y),y) € Q (i.e. o(y) > 2(y))
and o(y) — 0 as y — 0. It is easy to see that

a—1 po/y®
T(o(y),y) = 2 /O T(syﬁ)¢<—ﬁ,ﬁ; S‘;) ds +

2
a—1 o8
_|_y2 /0 T(syﬁ—ka)qb(—ﬁ,ﬁ; —s) ds
and
N 7(0)  7(0) o(v)
llg%yl T(o(y), y)=r(a) _gyﬁoqﬁ( bra P ) 1o

Finally, consider ¥(z,y). By (6) and (8), we have
[w(=(y) — 2(0),y — 8)] < Cla(y) — 2Ol (y — " < Cly — 1,

This means that integral equation (14) has a unique solution ¥ (y). A simple computation gives

o P
Dy, — 922 ¥(z,y) =0,

and

. a—1 _ 11—« _ re)
7}1_% Dg, ¥(z,y) =0 and y' U (z,y) = C (2\ {0,0}).

Now we investigate the behavior of ¥(x,y) in a neighborhood of (0,0). It follows from formulas
(9), (14), (15), (16) that

Y € C0e)  and Ty o) = o

(17)
Set Yo(y) = y = (y), (0(y),y) € Q (o(y) > 2(y)), and o(y) — 0 as y — 0. It is easy to see that

/ v) —2(t),y —t) —w(o(y) — 2(y),y — )] dt+
+ /Oy £ o (t) — Yo(y)] wlo(y) — 2(y),y — t) di+

Y
‘HZ)O(?J)/ t " w(o(y) — 2(y),y — t) dt.
0
This yields that
iy 0o (0).) = 0 (0) Ty~ —

y—0

Taking into account (16), (17), and
lim ¢ (_»B,Oz; _J(y)y—ﬁz(y)> = hmgf)( B, o —if?) ,

y—0 y—0

G(y)y—ﬁ Z(y)> .
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we get B
y' W (2, y) + Tla,y)] € C(Q)
and, consequently,

y %z, y) € C(Q).

To complete the proof, it remains to show that the function (13) satisfies (3). Indeed, by Lemma 1
we have

u(z(y),y) = lim W(z,y)+T(2(y),y) + F (2(y),y) =

x—z(y)

=Y(y) + V(2(v),y) + T (2(y),y) + F (2(y),y) -

Due to (14) we get
V() + ¥ (z),y) =(y) =T (2(v),y) — T (2(y),y) -

Combining the last two equations leads to (3).
& Solution uniqueness

Theorem 2. Let z(y) € C[0,00). There exists at most one regular solution to the problem (1), (2),
and (3), satisfying

lim sup }ylfau(x,y)‘ =0 (18)
=0 0<y<T

for every T > 0.

Proof. Let u(x,y) be a solution of the homogeneous problem

aa 62 a—1

(5 = oz ) ue) =0 (D& M) =0 ate)n) =o. (19)
Set

Qr=Qn{y<T} forsome T >0, and v(z,y) =y "ulz,y).
By (18), (19), and the equality (Dgy_lu) = I'(a)v(z,0), we can conclude that there is a point

y:
(&,m) € Qp such that
v(&n) Zv(z,y)  forall (z,y) € Qr. (20)

Lemma 2, with (19) and (20), yields that
[Dgyu(ﬁ,y)]y:n >0 and (&) <O0.

This means that [Df)"yu(ﬁ,y)]y:?7 = 0, and consequently u(¢,y) = Cy®~!. Taking into account that
v(x,0) = 0, this implies that C' = 0. Thus, we get

u(z,y) <0 for all (z,y) € Qr.
Similarly, considering the function v(z,y) = —y'~%u(z,y) gives
u(z,y) >0  forall (z,y) € Qr.

Thus, we can conclude that u(z,y) = 0 for all (z,y) € Qp. The arbitrary choice of the number T
implies that u(z,y) =0 in .
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KuchIK CBIBBIKTHI OYPBIINTHIK ODJIBICTAaFbI OOJINIEK PETTIi
andpPy3usabIK TeHJley YIIiH IMeTTIK ecern
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bap 6oJIybIH KaMTaMachl3 eTeTiHairin kepcerkeH. [lemnmiMHiH KaJFBI3BIFBI MEKCI3IIKTE TOPEXKENTIK caMaK-
[eH HOJITe aifHAJAThIH (DYHKIUSIAp KIAChIHIA T eaen . Kcenrin mernryi BosbTeppaHblH HHTErpasIbIK,
TEHJIEYIHIH IIenTyi apKblIbl affKbIH TYypJe KYpPbLIa/ Ibl.

Kiam cesdep: nMIMHAPIIK eMeC 00JIBbIC, KUCHIK, CBI3BIKTBI OYPBIIITHIK, OOJIBIC, IIETTIK €Cel, OeJIIEeK PeTTi
T Y3USITBIK, TEHIEY.

A.B. Tlexy!, M. Pamazanos?, H.K. I'yapmanos?, C.A. Vckakos?

L Mnemumym npukiadnoti Mamemamuky u aemomamusayul,
Kabapouro-Baarxapekuti mwayunoud yuenmp PAH, Harvuuk, Poccus;
2 .
Kapazandurckuti ynusepcumem umenu axademuxa FE.A. Bykemosa, Kapazanda, Kazaxcman

KpaeBas 3ajada a5 apodbHoro anddpy3noHHOro
ypaBHEHHUsSI B KPUBOJIMHEIHOI yIJIOBOI1 obJiacTn

B crarbe paccmoTpena n mokazaHa TeoOpeMa CyIIECTBOBAHUS U €IMHCTBEHHOCTH PACCMATPUBAEMON KPaeBOit
3agaun. [lokazaHo, YTO HEIPEPHIBHOCTH KPUBOJIMHENHON rpaHuIibl 1o ['€1pnepy obecriednBaeTr CymecTBOBa-
HUe pereHnii. KInHCTBEHHOCTD pelleHns 3aa49n JOKa3aHa B Kiiacce OYHKIUH, 0OpaIaomuXcs B HYJIb Ha
OECKOHEYHOCTH CO CTEIIEHHBIM BeCOM. BhIdmcienne oTBeTa 3a/1a4u MOCTPOCHO B sIBHOM BH/IE Uepe3 pelreHne
WHTEIPAJIbHOrO ypaBHeHHsI BosbTeppa.

Karoueswie crosa: HempmHIputIecKas 00IacTh, KPUBOJINHEHAs yIyioBasl 00JIacTh, KpaeBas 3ajada, Jpoo-
HOoe M dy3nOHHOE ypABHEHUE.
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